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SYLLABUS 


JEE MAIN 


UNIT I Sets, Relations and Functions 
Sets and their representation, Union, 
intersection and complement of sets and their 
algebraic properties, Power set, Relation, Types 
of relations, equivalence relations, functions, 
one-one, into and onto functions, composition 
of functions. 


UNIT Il Complex Numbers and 


Quadratic Equations 

Complex numbers as ordered pairs of reals, 
Representation of complex numbers in the form 
atib and their representation in a plane, Argand 
diagram, algebra of complex numbers, modulus 
and argument (or amplitude) of a complex 
number, square root of a complex number, 
triangle inequality, Quadratic equations in real 
and complex number system and their 
solutions. Relation between roots and co- 
efficients, nature of roots, formation of quadratic 
equations with given roots. 


UNIT III Matrices and Determinants 
Matrices, algebra of matrices, types of matrices, 
determinants and matrices of order two and 
three. Properties of determinants, evaluation of 
deter-minants, area of triangles using 
determinants. Adjoint and evaluation of inverse 
of a square matrix using determinants and 
elementary transformations, Test of 
consistency and solution of simultaneous linear 
equations in two or three variables using 
determinants and matrices. 


UNIT IV Permutations and 
Combinations 

Fundamental principle of counting, permutation 
as an arrangement and combination as 


selection, Meaning of P(n,r) and C (n,n), simple 
applications. 


UNIT V Mathematical Induction 
Principle of Mathematical Induction and its 
simple applications. 


UNIT VI Binomial Theorem and its 
Simple Applications 

Binomial theorem for a positive integral index, 
general term and middle term, properties of 
Binomial coefficients and simple applications. 


UNIT VII Sequences and Series 
Arithmetic and Geometric progressions, 
insertion of arithmetic, geometric means 
between two given numbers. Relation between 
AM and GM Sum upto n terms of special series: 
Yn, Xn’, Xn’. Arithmetico - Geometric 
progression. 


UNIT VIII Limit, Continuity and 


Differentiability 

Real valued functions, algebra of functions, 
polynomials, rational, trigonometric, logarithmic 
and exponential functions, inverse functions. 
Graphs of simple functions. Limits, continuity 
and differenti-ability. Differentiation of the sum, 
difference, product and quotient of two 
functions. Differentiation of trigonometric, 
inverse trigonometric, logarithmic, 
exponential, composite and implicit functions; 
derivatives of order upto two. Rolle's and 
Lagrange's Mean Value Theorems. Applications 
of derivatives: Rate of change of quantities, 
monotonic - increasing and decreasing 
functions, Maxima and minima of functions of 
one variable, tangents and normals. 


UNIT IX Integral Calculus 

Integral as an anti - derivative. Fundamental 
integrals involving algebraic, trigonometric, 
exponential and logarithmic functions. 
Integration by substitution, by parts and by 
partial fractions. Integration using 
trigonometric identities. Evaluation of simple 
integrals of the type 


| dx ; | dx ; f dx ; f dx ; 
x*+q? \ x24? a?— x? VY q?-x? 

j dx dx , (px + q) dx 
ae Lbeee L ax2-+ bx +c ax? + bx +¢ 


(px + q) dx 
[2 Pil a?+x? dx and J x?-a? dx 
ax’ + bx+c 


Integral as limit of a sum. Fundamental Theorem 
of Calculus. Properties of definite integrals. 
Evaluation of definite integrals, determining 
areas of the regions bounded by simple curves 
in standard form. 


UNIT X Differential Equations 

Ordinary differential equations, their order and 
degree. Formation of differential equations. 
Solution of differential equations by the method 
of separation of variables, solution of 
homogeneous and linear differential equations 
of the type oy + p(x)y = q(x) 


UNIT XI Coordinate Geometry 

Cartesian system of rectangular coordinates ina 
plane, distance formula, section formula, locus 
and its equation, translation of axes, slope of a 
line, parallel and perpendicular lines, intercepts 
of a line on the coordinate axes. 


Straight lines 

Various forms of equations of a line, intersection 
of lines, angles between two lines, conditions 
for concurrence of three lines, distance of a 
point from a line, equations of internal and 
external bisectors of angles between two 
lines, coordinates of centroid, orthocentre and 
circumcentre of a triangle, equation of family of 
lines passing through the point of intersection 
of two lines. 


Circles, Conic sections 
Standard form of equation of a circle, general 


form of the equation of a circle, its radius and 
centre, equation of a circle when the end points 
of a diameter are given, points of intersection of 
a line and a circle with the centre at the origin 
and condition for a line to be tangent to a circle, 
equation of the tangent. Sections of cones, 
equations of conic sections (parabola, ellipse 
and hyperbola) in standard forms, condition for 
y=mx + c to be a tangent and point (s) of 
tangency. 


UNIT XII Three Dimensional Geometry 
Coordinates of a point in space, distance 
between two points, section formula, direction 
ratios and direction cosines, angle between two 
intersecting lines. Skew lines, the shortest 
distance between them and its equation. 
Equations of a line and a plane in different 
forms, intersection of a line and a plane, 
coplanar lines. 


UNIT XIII Vector Algebra 

Vectors and scalars, addition of vectors, 
components of a vector in two dimensions and 
three dimensional space, scalar and vector 
products, scalar and vector triple product. 


UNIT XIV Statistics and Probability 
Measures of Dispersion: Calculation of mean, 
median, mode of grouped and ungrouped data. 
Calculation of standard deviation, variance and 
mean deviation for grouped and ungrouped 
data. 


Probability: Probability of an event, addition 
and multiplication theorems of probability, 
Baye's theorem, probability distribution of a 
random variate, Bernoulli trials and Binomial 
distribution. 


UNIT XV Trigonometry 
Trigonometrical identities and equations. 
Trigonometrical functions. Inverse 
trigonometrical functions and _ their 
properties. Heights and Distances. 


UNIT XVI Mathematical Reasoning 
Statements, logical operations And, or, implies, 
implied by, if and only if. Understanding of 
tautology, contradiction, converse and contra 
positive. 


JEE ADVANCED 


Algebra 

Algebra of complex numbers, addition, multiplication, conjugation, polar representation, properties 
of modulus and principal argument, triangle inequality, cube roots of unity, geometric 
interpretations. 


Quadratic equations with real coefficients, relations between roots and coefficients, formation of 
quadratic equations with given roots, symmetric functions of roots. 


Arithmetic, geometric and harmonic progressions, arithmetic, geometric and harmonic means, sums 
of finite arithmetic and geometric progressions, infinite geometric series, sums of squares and cubes 
of the first n natural numbers. 


Logarithms and their Properties 
Permutations and combinations, Binomial theorem for a positive integral index, properties of 
binomial coefficients. 


Matrices as a rectangular array of real numbers, equality of matrices, addition, multiplication by a 
scalar and product of matrices, transpose of a matrix, determinant of a square matrix of order up to 
three, inverse of a square matrix of order up to three, properties of these matrix operations, 
diagonal, symmetric and skew-symmetric matrices and their properties, solutions of simultaneous 
linear equations in two or three variables. 


Addition and multiplication rules of probability, conditional probability, independence of events, 
computation of probability of events using permutations and combinations. 


Trigonometry 
Trigonometric functions, their periodicity and graphs, addition and subtraction formulae, formulae 
involving multiple and sub-multiple angles, general solution of trigonometric equations. 


Relations between sides and angles of a triangle, sine rule, cosine rule, half-angle formula and the 
area of a triangle, inverse trigonometric functions (principal value only). 


Analytical Geometry 

Two Dimensions Cartesian oordinates, distance between two points, section formulae, shift of 
origin. 

Equation of a straight line in various forms, angle between two lines, distance of a point from a line. 
Lines through the point of intersection of two given lines, equation of the bisector of the angle 
between two lines, concurrency of lines, centroid, orthocentre, incentre and circumcentre of a 
triangle. 


Equation of a circle in various forms, equations of tangent, normal and chord. 


Parametric equations of a circle, intersection of a circle with a straight line or a circle, equation of 
a circle through the points of intersection of two circles and those of a circle and a straight line. 


Equations of a parabola, ellipse and hyperbola in standard form, their foci, directrices and 
eccentricity, parametric equations, equations of tangent and normal. 


Locus Problems 
Three Dimensions Direction cosines and direction ratios, equation of a straight line in space, 
equation of a plane, distance of a point from a plane. 


Differential Calculus 

Real valued functions of a real variable, into, onto and one-to-one functions, sum, difference, 
product and quotient of two functions, composite functions, absolute value, polynomial, 
rational, trigonometric, exponential and logarithmic functions. 


Limit and continuity of a function, limit and continuity of the sum, difference, product and 
quotient of two functions, I'Hospital rule of evaluation of limits of functions. 


Even and odd functions, inverse of a function, continuity of composite functions, intermediate 
value property of continuous functions. 


Derivative of a function, derivative of the sum, difference, product and quotient of two functions, 
chain rule, derivatives of polynomial, rational, trigonometric, inverse trigonometric, exponential 
and logarithmic functions. 


Derivatives of implicit functions, derivatives up to order two, geometrical interpretation of the 
derivative, tangents and normals, increasing and decreasing functions, maximum and minimum 
values of a function, applications of Rolle's Theorem and Lagrange's Mean Value Theorem. 


Integral Calculus 

Integration as the inverse process of differentiation, indefinite integrals of standard functions, 
definite integrals and their properties, application of the Fundamental Theorem of Integral 
Calculus. 

Integration by parts, integration by the methods of substitution and partial fractions, application 
of definite integrals to the determination of areas involving simple curves. 


Formation of ordinary differential equations, solution of homogeneous differential equations, 
variables separable method, linear first order differential equations. 


Vectors 
Addition of vectors, scalar multiplication, scalar products, dot and cross products, scalar triple 
products and their geometrical interpretations. 


Complex Numbers 


Topic 1 Complex Number in lota Form 


Objective Questions I (Only one correct option) 6. Acdece Rewhicn  enurdiiamnety 
oy cai tn, BESTE 2 1—2isin 8 (2016 Main) 
1 Let z¢C with Im (z) =10 and it satisfies =2i-1 rc 4 
22-1 Gy ) = (c) sin (2) (d) sn 5 
for some natural number n, then (2019 Main, 12 April II) 3 6 4 V3 
(a) n = 20and Re(z) =- 10 (b) n = 40and Re(z) = 10 61 -31 1 
(c) n= 40and Re(z) =-10 (d) n= 20and Re(z) =10 7. If 4 8i -ll=x+ Ly, then (1998, 2M) 
2 All the points in the set S = {2 thy R) G=4-T)lie 0 8 
a -i 
3 1 1 1 0. d 0. 0 
ona (2019 Main, 9 April I) wel ne ee 09-2 Wye Oy 
(a) circle whose radius is V2. 8. The value of sum )° (i" + i”*1), where i=V-1, equals 
(b) straight line whose slope is —-1 n=1 (1998, 2M) 
(c) circle whose radius is 1. (a) i (b)i-1 (c) -t (d) 0 
(d) straight line whose slope is 1. aa . 114i) 
Bae 9. The smallest positive integer n for which -| =l,is 
3 Let zeC be such that |2|<1. Ifm= , then 1-1 
5(1—z) (a) 8 (b) 16 (1980, 2M) 
(2019 Main, 9 April 11) (c) 12 (d) None of these 
(a) 4Im@)>5 (b) 5Re @)>1 
() 5Im@)<1 (d) 5Re@)> 4 Objective Question II 
P iAP ang (One or more than one correct option) 
Let | —2 J) = | =V/-1), wh d ] 

( 3 ‘| 27 @ aati al 10. Leta, b, xand ybe real numbers such that a —- b= land 
numbers, then y— x equals (2019 Main, 11 Jan 1) y#0. If the complex number z= x+ iy satisfies 
erat tb). 25 ke) 8) ay oe Im{ © ee y, then which of the following is(are) 

i si z+ 
5. Let A=40e€ ( : .*] : ai celciasa is purely imaginary . 
2 1 -2isin® possible value(s) of x? (2017 Adv.) 
Then, the sum of the elements in A is (2019 Main, 9 Jan I) (a)1- 1+ 9” (b)-1-J1-y” 


(a) = (b) = () x (a) = (c)1+ 1+»? (-14 fi-¥ 


Topic 2 Conjugate and Modulus of a Complex Number 


Objective Questions I (Only one correct option) Oe er ca ae ee P aes 
1 Th ti -il=lz-1|,i=V-1 t an 
peduaab me 2) tle! in aaa equal to (2019 Main, 10 April 1) 

(a) a circle of radius J (2019 Main, 12 April I) (a) 1 3; (b) 1 3; 
9 Pa? 22.2 
5 5 5 5 

(b) the line passing through the origin with slope 1 1 3. 3°41. 

(c) a circle of radius 1 (©) 5 + 5 7 (d) - 5 6B b 


(d) the line passing through the origin with slope — 1 
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2 Complex Numbers 


3 Let z, and z, be two complex numbers satisfying | z, | =9 


and |z.-3-4i|=4. Then, the minimum value of 


|Z, —Z,|is (2019 Main, 12 Jan Il) 
(a) 1 (b) 2 (c) V2 (d) 0 

If : na (a € R)is a purely imaginary number and 
|z|=2, then a value of a is (2019 Main, 12 Jan I) 
@v2 5 (1 (a)2 


Let z be a complex number such that |z|+ z=3+1 


(where i = J- 2). 


Then, | z|1is equal to (2019 Main, 11 Jan II) 


34 5 Al 5 
(a) ve (b) — (c) “a (d) — 
3 3 4 4 
6. A complex number zis said to be unimodular, if| z| #1. 
—2z. 
If z, and z, are complex numbers such that a a is 
— 9 
unimodular and z, is not unimodular. 
Then, the point z, lesona (2015 Main) 


10. 


11. 


(a) straight line parallel to X-axis 
(b) straight line parallel to Y-axis 
(c) circle of radius 2 

(d) circle of radius V2 


If z is a complex number such that |z|>2, then the 


a 1 
minimum value of | z+ 5 


(2014 Main) 
(a) is equal to 5/2 

(b) lies in the interval (1, 2) 

(c) is strictly greater than 5/2 

(d) is strictly greater than 3/2 but less than 5/2 


Let complex numbers a and 1/qa lies on circles 
(w~- Xp)” £O= Yo)” =r and («- Xo)” al Gd yoy ae ae 
respectively. 

If 2) = X% + iy satisfies the equation 2|z,|" = r? + 2, then 


|a|is equal to (2013 Adv.) 
1 1 1 il 
— b) = a d) = 

“ V2 ©) 2 2 V7 @) 3 


Let z be a complex number such that the imaginary part 
of zis non-zero and a = z’ + z+ lis real. Then, a cannot 
take the value (2012) 


faye 1 


(b) 2 @ + @ 2 

3 2 4 
Let z=x+1y be a complex number where, x and y are 
integers. Then, the area of the rectangle whose vertices 
are the root of the equation zz’ + Zz’ = 350, is (2009) 
(a) 48 (b) 32 (c) 40 (d) 80 


If|z|=1 and z#+1, then all the values of id 


3 lie on 


(a) a line not passing through the origin 
(b) lzl= V2 

(c) the X-axis 

(d) the Y-axis 


(2007, 3M) 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


If w=a+iB, where B40 and z#1, satisfies the 


= | is purely real, then the set of 


condition that 
Ll=2 
values of zis 


(a)|zl=1z#2 
(c)z=Z 


(2006, 3M) 


(b)|z|=landz#1 
(d) None of these 


If|z|=landw= an (where, z#-1), then Re (w) is 
Zz 


(2003, 1M) 
al 1 rl 2 

(a) 0 1, to 
jz+ 1) z+] [z+ jz+ 1) 


For all complex numbers z,,2, satisfying | z,|=12 and 
|Z, -3 —41|=5, the minimum value of | z, — z,| is 


(a) 0 (b) 2 (2002, 1M) 

(c) 7 (d) 17 

If z,Z, and z, are complex numbers such that 
1 1 1 ‘ 

ieee hiihcu pace ee 
I 22 al 


(b) less than 1 
(d) equal to 3 


For positive integers n,,n, the value of expression 
(+i 4042) 44 2?) + (14 i7)”2, here 
(1996, 2M) 


(a) equal to 1 
(c) greater than 3 


(2000, 2M) 


i =~-1 is a real number, if and only if 


(a) ny =Ngt+1 (b) ny =ng-1 

(c) ny = Ng (d) n, > 0, n> 0 

The complex numbers sin x+ 1 cos 2x and 
cos x — i sin 2x are conjugate to each other, for 
(a)x=nn (b) x=0 (1988, 2M) 


(c)x=(n + 1/2) a 


The points 2, , 2,2; and z, in the complex plane are the 


(d) no value of x 


vertices of a parallelogram taken in order, if and only if 
(a)Z + 2% =2t% (b) z, + &% =2Z, + 2, (1983, 1M) 
()At+wy=eat 2% (d) None of these 

If z=x+ iy and w= (1 — iz)/(z—i), then |w|=1 implies 
that, in the complex plane (1983, 1M) 
(a) z lies on the imaginary axis (b) z lies on the real axis 
(c) z lies on the unit circle (d) None of these 


The inequality |z-—4|<|z—2| represents the region 


given by (1982, 2M) 
(a) Re (z)=0 (b) Re (z)< 0 
(c) Re (z) > 0 (d) None of these 
\5 5 
re-(2 : | (2 | , then 
2 2 2 2 (1982, 2M) 


(a) Re (z) = 0 (b) Im (z) = 0 

(c) Re (z) > 0, Im (z)> 0 (d) Re (z)> 0, Im (z) < 0 

The complex numbers z=x+iy which satisfy the 

equation lz = a | =1, leon 
|z+5i | 

(a) the X-axis 

(b) the straight line y= 5 


(c) a circle passing through the origin 
(d) None of the above 


(1981, 2M) 


Objective Questions II 
(One or more than one correct option) 


23. 


24. 


25. 


Let s, ¢, rbe non-zero complex numbers and L be the set of 

solutions z=x+iy (x,yeR,i=./-1) of the equation 

sz+tz+r=0, where z=x-iy. Then, which of the 

following statement(s) is (are) TRUE? (2018 Adv.) 

(a) If LZ has exactly one element, then| s|#|¢ | 

(b) If|s|=|¢ |, then L has infinitely many elements 

(c) The number of elements in L¢ {z:| z -— 1+ i] =5}is at most 
2 

(d) If Lhas more than one element, then Lhas infinitely many 
elements 


Let z, and z, be complex numbers such that z, #z, and 
|z,|=|z,|. If z, has positive real part and z, has negative 


. ; Zatz 
imaginary part, then +“? may be 


(1986, 2M) 
% — &2 


(a) zero 

(b) real and positive 

(c) real and negative 

(d) purely imaginary 

If z =a+ib and z,=c+ id are complex numbers such 
that |z,|=|z,)=1 and Re(z,zZ.)=0, then the pair of 
complex numbers w, = a + icand w, = b + id satisfies 
(a)|w,|)=1 (b) |w,| = 1 (1985, 2M) 
(c) Re (w,w,) = 0 (d) None of these 


Passage Based Problems 


26. 


27. 


28. 


Read the following passages and answer the questions 
that follow. 
Passage I 
Let A, B, C be three sets of complex number as defined 
below 
A={z: 1m (z)>1} 
Bz={z:|z-2-i|=3} 


C ={z:Re((1 - i)z) = V2} (2008, 12M) 
min|1 — 37 — z| is equal to 
(a) 2= J3 (oy 2+ J3 
2 2 
3-3 34+ 3 
d 
(c) 5 (d) 5 
Area of S is equal to 
(a) Fwy ME (a) 22% 
3 3 3 3 


Let z be any point in AN BOC and let w be any point 
satisfying | w —2 — i| <3. Then, |z|-—|w|+ 3 lies between 
(a) - 6and 3 (b) —- 3and 6 

(c)-— 6 and 6 (d) - 8and 9 


Complex Numbers 3 


Passage II 
Let S=S,; 1S,S,, where : 1) 
z-1+,3i 
S, ={zeC:|z|<4!,S,=4zeC:lm —|>0 
1=t },So | eer | i 
and S, :{zeC:Rez>0} (2008) 


29. Let zbe any point in AN BOC. 
The|z+1-i)?+|z—-5-— il’ lies between 
(a) 25 and 29 (b) 30 and 34 
(c) 35 and 39 (d) 40 and 44 
30. The number of elements in the set AN BOC is 
(a) 0 (b) 1 
(c) 2 (d) 00 
Match the Columns 
31. Match the statements of Column I with those of 
Column II. 
Here, z takes values in the complex plane and Im (z) 
and Re (z) denote respectively, the imaginary part and 
the real part of z (2010) 
Column | Column II 
A. _ The set of points z satisfying p. anellipse with 
|z—i/| z2\|=|z+/| zis eccentricity 4/5 
contained in or equal to 
B. The set of points z satisfying q. the set of points z 
|z+ 4| + |z-4|=Ois satisfying lm (z) = 0 
contained in or equal to 
C.  If|w|=2, then the set of r. the set of points z 
points z = w— 1 is contained satisfying |Im(z) |< 1 
w 
in or equal to 
D. —If|w|=1,,then the set of points s. _ the set of points 
z=w-+-—iscontainedinor 4, _ Satisfying/Re(z)|< 2 
Ww ; the set of points z 
equal to satisfying | z| < 3 
Fill in the Blanks 
32. Ifa,B,y are the cube roots of p, p <0, then for any x, y 
+ yB+ 
and z then eee) ee 
xB+ yy + zo (1990, 2M) 
33. For any two complex numbers z,,z,. and any real 
numbers a and b, | az, — bz,|"+ | bz, + az,|"=... . 
(1988, 2M) 
[. (x x). | 
~ e + cos ope titan | 
34. If the expression 


1 + 2isin (z) 

l 2) | 

is real, then the set of all possible values of x is... . 
(1987, 2M) 


4 Complex Numbers 


True/False 

35. If three complex numbers are in AP. Then, they lie ona 
circle in the complex plane (1985 M) 

36. If the complex numbers, 2,2, and z, represent the 
vertices of an equilateral triangle such _ that 
1z, l=lz,l=lz% |,then z + 2+ % =0. (1984, 1M) 

37. For complex numbers z, =x, + iy, and 2, = 2X2 + iyo, we 


write ZO 2», if x, <x, and y, < yo. Then, for all complex 
-z 

0. 
+2 


numbers z with 1 - z, we have 


(1981, 2M) 


Analytical & Descriptive Questions 


38. 


39. 


40. 


Find the centre and radius of the circle formed by all the 
points represented by z= x + iy satisfying the relation 


| ss a | =k(k#1), where a and £ are the constant 
g 
complex numbers given by & =, + i%., B= B, + iPs. 


(2004, 2M) 
Prove that there exists no complex number z such that 


|zl<1/3 and by a,z’ =1, where |a,|< 2. 


r=l (2003, 2M) 

If z, and z, are two complex numbers such that 
1-2z 

|zZ|<1<|z|, then prove that peti <1. (2003, 2M) 
@ — 29 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


For complex numbers z and w, prove that 
| z Pw-|wlz=z2-u,if and only if z=worzw=1. 


(1999, 10M) 

Find all non-zero complex numbers z satisfying 
Z=i2". (1996, 2M) 
If iz+2%-z+i=0, then show that [z/=1. 
(1995, 5M) 


A relation R on the set of complex numbers is defined 
by z, R Zo, if and only if A *2 is veal. 
4 + 2 


Show that R is an equivalence relation. (1982, 2M) 


Find the real values of x and y for which the following 
equation is satisfied 
(l+i)x-2i | @-Si)yt+i_ 


—— 4 i. ( 1980, 2M) 
3841 3-1 
Express : —— in the form A + iB. 

(1—cos8) + 2isin8 (1979, 3M) 

: 2 22 

Ifx+iy= = He, prove that (x*+ y”)?= ail us a 

c+d 

(1978, 2M) 


Integer Answer Type Question 


48. 


If z is any complex number satisfying | z—3 -27|<2, 


then the maximum value of |2z—6+ 5i |is...... (2011) 


Topic 3 Argument of a Complex Number 


Objective Questions I (Only one correct option) 


1. 


Let z, and z, be any two non-zero complex numbers such 
Z 225 


that 3] z,|=4lz,l. ieee — ,then 
22, 3% (2019 Main, 10 Jan 1) 
(a) lal=2 [2 (b) Im(z) = 0 
2\2 
(c) Re(z)=0 (d) |z|= i 


If zis a complex number of unit modulus and argument 


6, then arg (} = 


:| is equal to 


_ (2013 Main) 
(a) -@ ) 7-0 (c) 0 (a) x-0 
If arg (z) <0, then arg (-z) — arg (z) equals (2000, 2M) 
(a) % (b) - 2 
(c) — 2/2 (d) 2/2 


Let z and w be two complex numbers such that | 2] <1, 
|w|<land|z+iw|=|z-iw|=2, then z equals 

(1995, 2M) 
(a) 1 ori 
(c) 1 or -1 


(b) i or -i 
(d) ior -1 


5. 


Let z and w be two non-zero complex numbers 
such that |z|=|w| and arg (z)+ arg (w)=7, then z 
equals (1995, 2M) 
(a) w (b) -w (d) -w 


If z, and z, are two non-zero complex numbers such 


(c) Ww 


that|z, + Z| =|z,|+ |Z, then arg (z,) — arg (Z.) is equal 
to (1987, 2M) 
T T 
(a) -2 (b) - = (c) 0 d) = 
) ) 5 ) (d) 5 
If a,b,c and u,v,w are the complex numbers 
representing the vertices of two triangles such that 
c=(l-r)a+rb and w=(1-r)u+rv, where r is a 
complex number, then the two triangles (1985, 2M) 
(a) have the same area 
(c) are congruent 


(b) are similar 
(d) None of these 


Objective Questions II 
(One or more than one correct option) 


8. 


For a non-zero complex number 2z, let arg(z) denote the 
principal argument with —1<arg(z) < x. Then, which of 
the following statement(s) is (are) FALSE ? (2018 Adv.) 


(a) arg (-1- i) = = where i=-1 


(b) The function f:R- (2,7), defined by 
f(t) = arg (-1+ it) for all te R, is continuous at all 
points of R, where i = J-1. 

(c) For any two non-zero complex numbers z, and 2, 
arg [2 — arg (z,) + arg (z,) is an integer multiple of 

29 
27. 

(d) For any three given distinct complex numbers z,, Z, and 
z,, the locus of the point z satisfying the condition 
are Ga 2) =a) 

(2-2) @-%) 


= 7, lies on a straight line. 


9. Let z, and z, be two distinct complex numbers and let 


z=(1-t)z, + tz, for some real number ¢ withO <t<1.If 
arg (w) denotes the principal argument of a non-zero 
complex number w, then (2010) 


(a) |lz—-2,|+ lz-z2]=lz, -2,|(b) arg (z-z,) = arg (z- 2.) 
() |?-% 774 
=e 2.-% 


=0 (d) arg (z—z,) = arg (z,- 2) 
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Match the Columns 


10. Match the conditions/expressions in Column I with 
statement in Column II (z #0 is a complex number) 


Column | Column II 
A. Re(z)=0 Re (z*) = 0 
B. arg(z) = = Im(z?) = 0 
4 
r Re(z*) = Im (z°) 


Analytical & Descriptive Questions 
11. |z|<1,|w|<1, then show that 

|z-wl/’<(lal—-|wl)? + @rgz—arg w)” (1995, 5M) 

12. Let z,=10+6i and z.=4+6i. If z is any complex 


number such that the argument of (z- z,)/(z- 22) is 
n /4, then prove that |z— 7 —9i| =3V2. (1991, 4M) 


Topic 4 Rotation of a Complex Number 


Objective Questions I (Only one correct option) 


\S \5 
1. tote (B ) (2 ) _ If R(z) and I(z) 
22 2 2 


respectively denote the real and imaginary parts of z, 


then (2019 Main, 10 Jan II) 
(a) R(z) > Oand I(z) > 0 (b) I(z) = 0 
(c) R(z)< Oand I(z)> 0 (d) R(z)=-3 


2. A particle P starts from the point z) =1+2i, where 
i = J-1. It moves first horizontally away from origin by 
5 units and then vertically away from origin by 3 units 
to reach a point z,. From z, the particle moves 2 units 
in the direction of the vector i + j and then it Moves 


T ‘ ; ; : 
through an angle e in anti-clockwise direction on a 


circle with centre at origin, to reach a point z,. The point 
Z, 1s given by (2008, 3M) 
(a) 6+ Ti (b) -7 + 61 (c) 7+ 67 (d)- 6+ Ti 

3. A man walks a distance of 3 units from the origin 
towards the North-East (N 45° E) direction. From there, 
he walks a distance of 4 units towards the North-West 
(N 45° W) direction to reach a point P. Then, the 
position of P in the Argand plane is (2007, 3M) 
(a) 3¢7/4 + 4i (b) (8- 4i)é"* (© (44 3i)é"* 

(3+ 4i)é™4 

4. The shaded region, where P = (-1,0),Q=(-1 + v2, V2) 

R=(-1+ V2,-~2), S = (1,0) is represented by (2005, 1M) 


(a)|z+ 1|> 2,| arg (2+ pi<4 Q 
r 
(b) |z+ 1|< 2,| arg (2 + ns, Ye aan xX 
(©) |z+ 1l> 2,| arg (z+ DI>4 
R 


(d) |z -1]< 2,| arg (z+ D> 


5. If 0<a< = is a fixed angle. If P=(cos0,sin®@) and 
Q ={cos@ 26) sin —6)}, then @ is obtained from P by 
(2002, 2M) 
(a) clockwise rotation around origin through an angle a 
(b) anti-clockwise rotation around origin through an anglea 
(c) reflection in the line through origin with slope tan a 


(d) reflection in the line through origin with slope tan 5 


6. The complex numbers 
- 1-1 : : ee 

a 1-iv3 are the vertices of a triangle which is 
(2001, 1M) 


4,2, and 2, satisfying 


22 — 3 

(a) of area zero 

(b) right angled isosceles 
(c) equilateral 

(d) obtuse angled isosceles 


Objective Questions II 
(One or more than one correct option) 
7. Leta,b¢ Rand a?+ b? #0. 


Suppose S =|: Cz ' te R10}, where 
a+ bt 


i=.—-1.Ifz=x+ iyandzéS, then (wx, y) lies on 
(2016 Adv.) 
(a) the circle with radius = and centre (=. 0| for 
2a 2a 

a>0,b#0 

(b) the circle with radius — Ls and centre (- = 0| fora< 
2a 2a 

0,b+#0 

(c) the X-axis for a # 0,b=0 
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(d) the Y-axis fora=0,b#0 


8. Let W = = ‘ and P ={W":n =1,2,3,...}. 
Further H, = fz e C:Re(z)> x} 
and H,= E eC:Re(z)< +} where C is the set of all 
complex numbers. If z,¢POH,, z,¢ PAH, and O 
represents the origin, then Z z,Oz, is equal to 
(2013 JEE Adv.) 
T 
a) 
(a) 5 
(b) = 
6 
oo 
3 
By 
qd) 2% 
(d) é 
Fill in the Blanks 
9. Suppose 2, 2,2, are the vertices of an equilateral 
triangle inscribed in the circle |z|=2. If z, =1+ iv3, 
then 2) =..., 2, =... (1994, 2M) 
10. ABCDisarhombus. Its diagonals AC and BD intersect 
at the point M and satisfy BD = 2AC. Ifthe points D and 
M represent the complex numbers 1+i and 2-i 
respectively, then A represents the complex number 
sR ves (1993, 2M) 
11. Ifaandb are real numbers between 0 and 1 such that 


the points z=a+i,zZ,=1+ bi and z,=0 form an 
equilateral triangle, thena=...and b=... . (1990, 2m) 


Analytical & Descriptive Questions 


12. 


If one of the vertices of the square circumscribing the 
circle|z—1|= 2 is2 + V3i. Find the other vertices of 
square. (2005, 4M) 


13. 


14. 


15. 


16. 


1 


18. 


Let bz+ bz =c, b £0, be a line in the complex plane, 
where 6 is the complex conjugate of b. If a point z, is the 
reflection of the point z, through the line, then show 

that c=2,b + 2b. (1997C, 5M) 


Let z, and z, be the roots of the equation z+ pz+q=0, 


where the coefficients p and g may be complex numbers. 
Let A and B represent z, and z, in the complex plane. If 
Z AOB =a #0 and OA = OB, where O is the origin prove 


that p? =4q cos'( 
2 (1997, 5M) 
Complex numbers Z,, 25,23, are the vertices A, B,C 


respectively of an isosceles right angled triangle with 
right angle at C. Show that 


(2 - Za) = 2(2, — 23) (2 — 2). (1986, 2 M) 


Show that the area of the triangle on the argand 
diagram formed by the complex number z, iz and z + iz 
elk 
is —| 2). : 
2 (1986, 2 5 M) 
Prove that the complex numbers 2,,Z. and the origin 
form an equilateral triangle only if a + a — % 2, =0. 
(1983, 2M) 
Let the complex numbers Z, , 2, and z, be the vertices of 
an equilateral triangle. Let z) be the circumcentre of the 
triangle. Then, prove that ze + 2 + ae = 322. (1981, 4M) 


Integer Answer Type Question 


19. 


For any integer k, let «,,= cos (=) + 7sin (= } where 


i = -1. The value of the expression 
12 
»y 100,41 — Op 
k=1 
3 
sy |O.4p-1 — 4p —al 
k=l (2016 Adv.) 


1s 


Topic 5 De-Moivre’s Theorem, Cube Roots and nth Roots of Unity 


Objective Questions I (Only one correct option) 


1. 


If z and w are two complex numbers such that | zw|=1 


Tt 
and arg(z) — arg(w) = ce then (2019 Main, 10 April II) 


_ 5 ig 
a) zw=-1 zw = 
(a) (b) a 
= : — -l+i 
c) ZW=1 d) zw= 
(c) (d) B 
Ifz= “ , (i = J-1), then (1+ iz+ 2 + iz¥)® is equal 
to (2019 Main, 8 April II) 


(a) 1 (b) (-1+ 2i)® (©) -1 (d) 0 


3. 


Let z) be a root of the quadratic equation, x7 + *2+1=0, 


If z=3 + 6izp' — 3izg, then arg zis equal to 
(2019 Main, 9 Jan II) 


@= 
3 


15 
Let z = cos 6+ isin 0.Then, the value of » Im (2”""1) at 


@)* 7 () 0 


m=1 
6 =2°is (2009) 
1 1 
(a) — (b) — 
sin 2° 3 sin 2° 
1 
(c) —— (d) — 
2 sin 2° 4 sin 2° 


5. The minimum value of |a + bm + cw*|, where a, b andc 
are all not equal integers and @ (#1) is a cube root of 
unity, 1s 

(2005, 1M) 
(a) V3 (b) 5 (1 (a) 0 

6. Ifw (#1) be a cube root of unity and (1 + w”)”" = (1+ *)”, 
then the least positive value of n is (2004, 1M) 
(a) 2 (b) 3 ()5 (d) 6 

7. Let @=- ; +1 = then value of the determinant 

1 1 1 
1 -1-@ o’|is (2002, 1M) 
1 oo @ 

(a) 30 (b) 30 (@-1) (©) 30” (d) 3@ (1- @) 

8. Let z, and z, be nth roots of unity which subtend a right 
angled at the origin, then n must be of the form (where, k 
is an integer) (2001, 1M) 
(a)4k+1 (b)4k+2 (c) 4k+3 (d) 4k 

p 334 . 365 

9. Ifi=~V-1, then 4+5 1, iv3 +3 1, iv3 is 

2 2 2 2 
equal to (1999, 2M) 
(a)1-iV3 (b)-1+iV3 (@)iv3 (d) -i V3 
10. Ifwis an imaginary cube root of unity, then (1 + @ — 7)! 
is equal to (1998, 2M) 
(a) 1280 (b)-128@ = (c) 128.0” (d) -128 w” 
11. If (1) is a cube root of unity and (1+ )' = A+ Ba, 
then A and B are respectively (1995, 2M) 
(a) 0, 1 (b) 1,1 
(c) 1, 0 (d) =, 1 
6 
. 2mk 2mk). 
12. The value of [sin ——icos a is 
u = = (1998, 2M) 
(a)-1 (b) 0 (c)-i (dji 
Match the Columns 
13. Let z, =cos (=) + isin (=) ;k=1,2,...9. 
10 10 
Column | Column Il 
P. For each z,, there exists a z; such that (i) True 
ZZ) = 1 
Q. There existsake {1,2,...,9}suchthat (ii) False 
Z,- Z = z, has no solution z in the set of 
complex numbers 
R.  |1— 2] |1— Z5 ...|1— Zl equal (i) 4 
10 
S. 1- Fcos (=) equals Mm. 2 
k= 10 
(2011) 
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Codes 

P Q R S 
(a) @ ~~ Gi) (iv) (iii) 
(b) Gi) (i) (iii) (iv) 
(©) @ Gi) (iii) (iv) 
(d) (ai) (i) (iv) (iii) 


Fill in the Blanks 


14. Let m be the complex number cos +isin x Then 


the number of distinct complex number z satisfying 


z+1 @ o” 
0 z+o" 1 |=0is equalto.... 


wo” al 


ve (2010) 
15. The value of the expression 
1(2-@) 2-@”)+ 28-0) 8-0) +... 
+(n-1)-(n-@)(n-@”), 
where, ® is an imaginary cube root of unity, is.... 
(1996, 2M) 
True/False 
16. The cube roots of unity when represented on Argand 


diagram form the vertices of an equilateral triangle. 
(1988, 1M) 


Analytical & Descriptive Questions 


17. 


18. 


19. 


Let a complex number a, @ #1, be a root of the equation 
gP*a_2P_274+1=0 

where, p and q are distinct primes. Show that either 
1+0+07+ ... +a? 1 =0 

or 1+a0+07+ ... +071 =0 

but not both together. 


(2002, 5M) 


If 1, a,,@9,...,@,,_, are the n roots of unity, then show 
that (l-a,) (l-a,) 1-3)... l-a,_,)=n 

(1984, 2M) 
It is given that 7 is an odd integer greater than 8, but n 


is not a multiple of 3. Prove that x° + «7+ x is a factor 
of (x+1)"-x"-1 ; 
(1980, 3M) 
If x=a+b, y=aa + bf, z=afh+ ba, where a,f are 


then show that 
(1979, 3M) 


complex cube roots of unity, 
xyz=a? +b. 


Integer Answer Type Question 


21. 


Let =e" and a,b,c,x, y,z be non-zero complex 

numbers such that a+b+c=x,a+ bw+cw'=y, 
») 

at 60° + c@ =z. 


2 2 
Then, the value of re er IS: ssae'ss 
lal+l]b/ + 


Download More Books: www.crackjee.xyz 


8 Complex Numbers 


Answers 
Topic 1 46. A+iB= : z= eOvNeIe) os 
1. (oc) 2. (c) 3. (b) 4, (a) a(1 ee °) 1 +3 cos’ (6/2) 
5. (d) 6. (d) 7. (d) 8. (b) 2 
9. (d) 10. (b, d) Topic 3 
Topic 2 1. (*) 2. (c) 3. (a) 
1. (b) 2. (b) 3. (d) 4, (d) 4. (c) 5. (d) 6. (c) 7 @) 
5. (b) 6 (c) 7. (b) 8. (0) 8. (a, b, d) 9. (a,c,d) 10. A>q:B>p 
9. (d) 10. (a) 11. (d) 12. (b) Topic 4 
13. (a) 14, (b) 15. (a) 16. (d) 1. (b) 2. (d) 3. (d) 4, (a) 
17. (d) 18. (b) 19. (b) 20. (d) 5. (d) 6. (c) 7. (a) 8: (ed) 
21. (b) 22. (a) 23. (a,c,d) 24. (ad) Recs Ieee ‘iat oer 
25. (a,b, c) 26. (c) 27. (b) 28. (d) 2 2 
29. (c) 30. (b) 1. a=b=24 3 
31. A> qr; Bop; Cp,s,t; D>q,1,s,t 32. o” 12. z,==- 3 i,z, =(1-V3) + iandz, =(1+ V3) -i 
38. (a? + b”)(\z,/° + |zo|”) 19. (4) 
34. x =2nm + 20,0 = tan 'k, where k € (1, 2) or x = 2nt Topic 5 
35. False 36. True 37, True 1. (a) 2. (c) 3. (a) 
38. Centre = a= Ee Radius = lk (a -B) | 4. (d) 5. (c) 6. (b) 
1-k | 1-k* | 7. (b) 8. (d) 9. (c) 10. (d) 
r a al 11. (b) 12. (d) 13. (c) 14. (1) 
42. |z =i, —-- n(n + 1) 
22 15 ; 16. True 21. (3) 


45. (x =3 andy =-1) 


Hints & Solutions 


a2-1)" ( 2 \ 
Now, «7+ y= = } ( 
. (Sr ; a7 +1 


Topic 1 Complex Number in lota Form 
1. Let z=x+10i, as Im (z) = 10 (given). 
Since z satisfies, 
0S oad weWe 
2Qz+n 
(2x + 20i — n) = (2i —1) @x + 207 + n) 
=> (x-n)+ 201=(-2x-n-40) + (4x4 2n -20)i 
On comparing real and imaginary parts, we get 
2x-n=-2x-—n-40 and 20 =4x + 2n —20 
> 4x =-40 and 4x + 2n =40 
=> x=-10and-40+ 2n =40 >n =40 
So, n=40 and x= Re (z) =-10 
at+1 


2. Let x+iy= 


Qa-tl 
(+i)? _ ©@?’-1)+ @a)i_ a?-1 


>xtiy= 
a7 +1 a7 +1 a7+1 


On comparing real and imaginary parts, we get 
a?-1 20 


x= and y= 
a? +1 a+] 


( 2a). 
+|—4 i 
o*+1 


_att+1-207+407 ©? 4 


@ +1? 2412 


> + yal 


Which is an equation of circle with centre (0, 0) and 


radius 1 unit. 


80,5 = {24 50 eR} lies 
a-i 


3. Given complex number 
_ 54+32 


on acircle with radius 1. 


@O= 
5(1 — z) 


> 5@-50z=5+4 82 
> 84+ 5@)z=5@-5 
> 38+ 5olla=5bo-5 


| (i) 


{applying modulus both sides and | 2z,Z4| =| ZI| Zl ] 


A jal<1 
-. |(3+50|>[o-5| 


[from Eq. (i)] 


=> is Sia ai 
| 5 


2 
Let o=x+ iy, then{x+ 2) +> (x-1P + 
pa 2 es 2x 
25 5 


=> x>535x>1 


16x 
> 
5 25 
> 5 Re(m) >1 


i) (ate. al 
xi] [3 6F)| 


= (216 + 108i + 187 + i?) 
27 


4. We have, ca v_[ 2 
27 


x+ iy | 
27 
al ; 
=—-— (198 + 1077) 
27 


[- (a + bY =a? + b8 + 3a7b + 3ab?, i? =-1, i? =-i] 
On equating real and imaginary part, we get 
x=-198and y=-107 
=> y-x=-1074+198=91 
3+ zane 7 [ a9 oe 
1-2isin®@ 14+2isin0 


5. Let 2+( 


(rationalising the denominator) 
_ 3-4sin’@ + 8isin® 
1+4sin’0 
[- a? — 6? = (a+ b)(a — b) andi? =-1] 
_ 3-4sin70 ; 8sin8 : 
: + aes ; + ont 


As zis purely imaginary, so real part of z=0 


2 
3~ tsin 8 0 3—4sin26 =0 
1+4sin“60 
= aioe! > sing =+ 22 
4 2 
Yn 
{ y=sin 0 
ene NOI os 
, —1/2_ —n/3 
jn "Onis ona * 
rr ae ©.) ee 

YY 
= 6 <{-2,2,2 

3.3 °~=38 

20 
Sum of values of 6 = ny 
6. Let z= zone’ is purely imaginary. Then, we have 
1-27 sin 8 
Re(z) =0 
2+ 31sin0 


Now, consider z= — 
1-2isin@ 


10. 


Complex Numbers 9 


_ 2+ 8isin 6) (1 + 2i sin 0) 
(1 — 2i sin @) (1 + 2i sin @) 
_ 2+ 4isin @ + 3isin 0 + 6i’ sin’ 6 
1? — Qi sin 6)? 
_ 2+ Tisin®@-6sin?@ 


1+4sin’6 
_ 2-6sin’6 , _Tsin® 
1+4sin?@ 1+4sin’@ 
Re(z) =0 
— 7 2 
2—6sin © 9 2=6sin76 
1+4sin* 0 
=> Pr ee 
3 
> swe aan 
ee 
1 
=> 6 =sin (24g) =2sin (S| 
B B 
6i  -3i- 1 | 
Given, | 4 383i -1 |=x+t iy 
|20 3 i | 
| 6i 1 1 | 
> -3i| 4 -1 -1|=x+iy 
| 20 i | 
=> x+ iy=0 [. C,andC, are identical] 
> x=0, y=0 
13 13 13 
yaerti*)=V 7 0+)=04+H he a 
n=1 n=l n=1 


=(1+ G++? +...4+i%)=04+i) eee 
—1 


.|td-t Bb 

=(1+ i) |i D) asni =i-1 

[a-i | 

Alternate Solution 

Since, sum of any four consecutive powers of iota is zero. 
13 

ro Vem )=64 7 +..470") 
n=1 


4(P4+Pa.ti 


> ial 
The smallest positive integer n for which i” = 1 is 4. 
He n=4 
az+b_ax+b+aty_ (ax+ 6+ aiy)((x+ 1) — iy) 
zt+1. = (w+ 1+ iy (+1)? + 9 
az+b)_ —(ax+ b)y+ ay(x+ 1) 
Im = 5 3 
zt+1 (x+1)°+y 
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(a-b)y_ _ 
(x+1)?+ 9” 
a-b=1 
(e+ 1)? + y=1 
x=-1+/j1-y 


Topic 2 Conjugate and Modulus of 


1. 


Complex Number 
Let the complex number z= x + iy 
Also given, |z—i|=|z-1| 
=>|x+w-tl=|x+iy—-1| 
= |x? +(y-1) = Ve- 1)*4+ y? 
[- |z1=/(Re@)” + (im@)"] 


On squaring both sides, we get 


x4 yr -Qyt lant y-Ox41 


=> y=, which represents a line through the origin with 
slope 1. 


aw) 
The given complex number z= eo. 
a-i 
1-14+21)(@+i : 
ae a 
_2i(a+t) -2+2ai (i) 
a7+1 pa ” 
|z|= [given] 
4+ 4a” ae -- 
(a? iv ee 
== 5a"+1=10 
1+a? : 
=> a?=9>a=3 [a >0] 
as =e [From Eq. (i)] 


S (=a") ( 1 2] = 1 3. 
So, Z= = +—t|/3Z= i 
10 5 5 5 5 


[.ifz=x+ iy, then Z =x - iy| 
Clearly |z,|= 
and radius 7, =9. 


9, represents a circle having centre C, (0, 0) 


and |z,—3-—4i|=4 represents a circle having centre 
C,6, 4) and radius 7, = 4. 


The minimum value of |z, —z,| is equals to minimum 
distance between circles | z,|=9 and |2,—3 —4i|=4. 


* C:Cy = \(8—0)"+ (4-0)? = V94+16 = V25 =5 
rm9-4|=5 = CC, 17, -nI 
-. Circles touches each other internally. 


~ Zolmin =0 


and |7, 


Hence, |Z 


. z-O 
Since, the complex number 


(a <¢ R) is purely 


z+a 
imaginary number, therefore 
Z-Q Zz-Q 
+= =0 [a € Rl 
z+ Z+40 
=> —oz + oz—07 + 22-oz+0z -—a7=0 
2 = 
=> 2|z|-207=0 [22 =| 2/71 
=> a =|z[ =4 [| z|=2given] 
=> a=+2 


We have, |z|+z=3+i 


Let zZ=x+ly 


{x+y . . 
i, x+y t+ut+w=3tt 
> (x+ Vx? + y*)4+iy=34i 
> x+ x+y? =3and y=1 


Now, V¥x7+1=38-x 

=> x7 4+41=9-6x4 x7 

> 6x=8 => gue 
3 


Ba “ao 
> lzl= J +1= fe 


PLAN If zis unimodular, then| z|= 1. Also, use property of modulus 
Le. zz =| z|? 


Given, Z, is not unimodular i.e. | z,| #1 


and Ai Aas is unimodular. 
2-225 

=> 2m =1 => |z,-22,/?42-2,2,/ 
2-225 

=> (% —22)(% — 222) = 2-2 2_) @- AZ) [ez =|z/7] 

> lz, I? +4| oF 2229 —22,Z9 

= 442, [7 | 29l?-22,25 -2e2> = (12e?-1)(1z2-4) =0 

|Z] #1 
lz | =2 

Let Z=xtiy > x+y? =) 


-. Point z, lies on a circle of radius 2. 
|z| =21s the region on or outside circle whose centre is 
(0, 0) and radius is 2. 


Minimum | z+ —| is distance of z, which lie on circle 


|z|=2 from (—1/2, 0). 


-. Minimum 


= (2+3) 


zt é ; = Distance ot(- ; 0} from (—2, 0) 


26 
o 


oe 


Y 


nr 


(-2,0) ee 


2+ 5|-4D 


Geometrically Min 


Hence, minimum value of lies in the interval 


(1, 2). 


il 
z+ 
2 


PLAN Intersection of circles, the basic concept is to solve the 


equations simultaneously and using properties of modulus of 
complex numbers. 
Formula used ld? =2-2 
2 = = 
lz — Zh = (& — 2) (&% — a) 


Bee = 2 
HAF — 229 — 29% + 1 Ze 


and 


Here, (x— x9)” + (y— 99) = 1" 


and («- Xq)” + (y- Yo)” = 4r” can be written as, 


2 


lz-al’=r and |z—2)l? =4r? 


: ile : ; 
Since, «© and — lies on first and second respectively. 
2 


la — 29/7 =r? and |——- 2) =4r" 
a 
> (a - 2) @-%)=r° 
2 a, a) : 
> Jal” — 2% — Za+ zl =r seed) 
2 
1 2 
and ——£ =4r" 
a 
1 1 ee 
=> (2 oa “| (= = 2] =47" 
a a 
1 Zz Zz 
=> 5-— =o) + zo? = 47? 
Kea a a 
Since, lal? =a-0 
1 ZA 2 
=e 95-0 + |Z =4r? 
lal’ lal faa 
> 1 — zo — 2,0 + lal? |zol?=477Ja/? (ii) 


On subtracting Eqs. (i) and (ii), we get 
(la? — 1) + lzpl? 1 lor?) =r? 0. - 4?) 


= (lal? -1) A -lag?) = 721 - 4 lal?) 
2 
iad (lal? of: mt?) <0 —ala) 
2 
Given, are us 


10. 


11. 
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= 2 
= cia [= =a ala) 
=> lal? -1=—-2+ 8lal’ 
> Tal? =1 
lol=1//7 


PLAN Ifax®+ bx + c=Ohas roots a, B, then 
—bt 2_ 
Gee ,{b°—4ac 
2a 
For roots to be real b?- 4ac>0. 


Description of Situation As imaginary part of 
Z=x+ iyis non-zero. 

=> y#0 

Method I Let z=x+ iy 


a = (x+ iy)? + (x+iy)+1 
> (x? — y? + x+1-a)+i(2xy+ y)=0 
=> (x? — y? + x+1-a)+ iy 2x+1)=0, (i) 


It is purely real, if y 2x+1)=0 
but imaginary part of z, i.e. y is non-zero. 
=> 2x+1=0 or x=-1/2 


oe oe | 
From Eq. (i), —-y°-~+1-a=0 
q. (i) ac 


3 
=> a<— 


=> a2 
4 4 


Method II Here, z?+ z+ (1—a)=0 


_-14,1-40-a) 


2x1 

= 1 + — 

= ee 4a —3 
2 

For z do not have real roots, 4a-3<0 > a <2 
Since, gz (z" +2") = 350 
=> 2 (x? + y*) (x? — y”) = 350 
> (x7 + y’) (x? - y*) =175 


Since, x, ye, the only possible case which gives 
integral solution, is 


x+y? =25 .. Gi) 

x yt=7 ... (ii) 
From Kgs. (i) and (ii), 

x7 =16,y?=9=> x=+4, y=t3 


-. Area of rectangle =8 x6= 48 


Let z= cos0+isin0 
Zo cos@+isin6 
1-2? 1-(cos2 6+isin20) 
cos8+isin0 


=> 


2sin?6—2isin@ cos® 
_ cos0+izsin0 . 4 
—2isin@(cos8+isin0) 2 sin®@ 


2 a é . — : 
Hence, ——, hes on the imaginary axis i.e. Y-axis. 
1 


12 


12. 


13. 


14, 


15. 
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Alternate Solution 


z Zz ae F : 
Let E 3 = = = Which is an imaginary. 
BZ Ze-zZ 2-2 
Let z, = ~~ ”* be purely real > 2 =% 
W-WZ_ W- We 
1-z 1-z 
> w-wzZ-W2Z+Wwz-2=W-ZW —wz+ We-Z 
=> (w-w)+ W-w)|zl=0 
=> (w-w) (1-|z/)=0 
=> |z=1 [as w—w £0, since B #0] 
=> |zl|=1 and z¥1 
; =] 
Since, | z|=1 and w= : 
z+1 
1l+w j1+ wl 
> zg-l=wzt+w > z= > |zl= 
l-w jl-w| 
> [l-—wl=|1+ w| [-lzl=]] 


On squaring both sides, we get 
1+|wi?-2|w| Re (w) =1+|wl? + 2|w| Re (w) 


. 2 2 2 
[using |z, + zl” =|a/° + |zl> £21 ell Zo] Re (% 2.) 


> 4|w|Re|w|=0 
> Re (w) =0 
We know, |z, — Z| =|% - (@.-3-41) -@+41)| 
>|z|-|z,-3-47|-|8 + 47] 
2>12-5-5 [using|z, - z]2/z1-|2.] 
|Z, — Z| 22 


Alternate Solution 


Clearly from the figure | z, — za|is minimum when 2, Z, 
lie along the diameter. 


xX’< 


|Z — Z| 2C,B-C,A212-10=2 


Given, |41=|2l =l2,1=1 
Now, jz)=1 
> ljaPai = 22. <1 
Similarly, Zoo =1, 25%, =1 
‘ 1 il il 
Again now, It fo 4 =1 


21 zg &% 


=> |44+2.+%)=1 > la 4+ 2+ %l=1 
=> |Z + 2Z,+ 4/=1 


16. 


17. 


18. 


19. 


20. 


> Re (z) >3 


Q+i"%+0-H%4+04+1/"+0-i)” 
=("Cy 4 Cas Ca eC +c] 
$C, 370 14 0 = Or Sa) 
+ [%Cy + @Cyit+ @Ci? + Ci +...) 
4 [3G = Ct BC — PCP 4. 
so" Co + "C,7 +r *...] 


+2 [Cy + Coli? + @C,i4+...] 
=2 [™Cy — "Cy + ™C,—...] +2 [@Co — @Cy 
AC | 

This is a real number irrespective of the values of n, and 
No, 
Alternate Solution 

{1 4+i)%7+0-i)7}4+ {04+ )"4+ 0 
= Areal number for all n, and nz € R. 


iy”? } 


[. z+2=2Re(z) > (+ i)" + (1 -i)” is real number 


for allne R| 
Since, (sin x + i cos2x) = cos x —i sin 2x 
> sin x—icos 2x = cos x—isin2x 
> sin x= cos x and cos2x=sin2x 
> tanx=1 and tan2x=1 


=> x=1/4 and x=71/8 which is not possible at same 
time. 


Hence, no solution exists. 


Since, Z,, 29, 23, Z, are the vertices of parallelogram. 


C(@s) 


Ag) Bt) 


-. Mid-point of AC = mid-point of BD 


Zt+2 Zotz 

5, 1+ %g _ gt 2 
2 2, 

=> Z + =2g+ 24 
. 1—iz| 

Since, | w| =1 =| —l=1 
z-i 


|z-t|=|1-i2| 


=> 
=> |z—il=|z+i| [e |l-il=|-i|lz+7|=|z+i|] 


..It is a perpendicular bisector of (0, 1) and (, —1) 


i.e. X-axis. Thus, z lies on the real axis. 

Given, |z-—4|<|z-2| 

Since, |z-z|>|z- 2 | represents the region on right 
side of perpendicular bisector of z, and Zp. 


|z-2|>|z-4| 
and Im(z)eR 


21, 


22. 


23. 


~=< 


x i x 
“O| @0 60 40 
y’ 
Given, z= : } 
Z 2 2 2 
[ ais 5 hs | 
 @ =———_ and * = ———_. 
2 2 
V3+i (= + 8] ; 
Now, =-1 =-10 
2 2 
V3 -i (4 ie 
and =1 =10 
2 2 
z=(-iw) + (iw”)? =-iw? + io 
= i@ — 0”) = i(iv3) =- V3 
> Re(z) <0 and Im (z) =0 
Alternate Solution 
We know that, z+2=2Re(z) 
AB \5 
If 2-(%8, 3 : v8 _ i , then 
2 2 2 


zis purely real. i.e. Im (z) =0 


Given, 2=5# |=4 = |z—-bil=|z+5il 
|z+5i | 


[. if|z-z|=lz2- 2], then itis a perpendicular 
bisector of z, and z.] 


.. Perpendicular bisector of (0, 5) and (0, — 5) is X-axis. 
We have, 
sz+tz+r=0 vse) 
On taking conjugate 
sz+iz+r=0 ... (ii) 
On solving Eqs. (i) and (ii), we get 
_ rt—rs 
Is? —| 2)? 
(a) For unique solutions of z 
Is? -|t? 40 > Is 4ltl 
It is true 
(b) If | s| =| ¢|, then ré — rs may or may not be zero. 
So, z may have no solutions. 
.. LZ may be an empty set. 


24, 


25. 


26. 


27. 
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It is false. 


(c) If elements of set L represents line, then this line 
and given circle intersect at maximum two point. 
Hence, it is true. 

(d) In this case locus of zis a line, so L has infinite 
elements. Hence, it is true. 


Given, | z,| =| 2Z,] 


& t+ 29 , 2g By — B29 + 2% — 2g Zo 


Now, 


Z-2Z 4-2 lz, — 29)” 


2 = = 2 
_ lal + @% — & 2y) - lee) 


2 
|Z — Ze] 
Zo — ZZ 
=e fe leP =l2s] 
|Z, — Zo] 
As, we know z — Z = 2i Im (2) 


2% — % Zo = 2i Im (z,2,) 
& +2, 2i Im (222,) 


2 — Zo lz ae 

which is purely imaginary or zero. 

Since, z,;=a+ib and z,=c+id 

=> |z|?=a?+ b7=1 and |2)?=c?+ d?=1 .. (i) 
[= | Zl =|Zol = 1] 


Also, Re (4Z.)=0 = ac+ bd=0 

- a_d@iy, [say]...(ii) 
b Cc 

From Eas. (i) and (ii), b7A7 + 6? = + 72 

> b?=c? and a*=d? 


Also, given w, =a+icand w, = b+ id 

|w,|=a2+ 2 = Ja?+ b? =1 

| wo = 0? + d? = Ja? +b? =1 

and Re(w, Wy) =ab+cd=(bA)b+c-Ac) [from Eq. (i)] 


Now, 


=2(b? — *) =0 
min [1 - 3% — 2|=perpendicular distance of point (1, —3) 
from theline J3x+y=0 > |V3 -3|_ 3-3 

J3+1 2 
Since, S = S, A Sy 0 Ss 
AY 
150° 
X’< »X 
A (4,0) 
y =-3vx 


14 
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Clearly, the shaded region represents the area of sector 
5x 20% 
6 3 


eet, nee ee 
2, 2 


28. Since, Jw-@2+i)|<3 > |wi-2+i/<38 
=> -3+ V5 <|wi<3+ v5 
=> 3-5 <-|w<3-V5 i) 
Also, |z-(2+1)|=3 
> =§ 44/5 <|a<3 +45 (ii) 
-3 </2a-|wl+3<9 
29. |z2+1-iP+lz-5-i? 
= («+ 1)? + (y-1)? + @-5)? + (y-1)? 
=2(x7 + y? 4x -2y) + 28 
=2(4) + 28 =36 [en x? + y? 4x -2y =4] 
30. Let z=x+ iy 
Set A corresponds to the region y>1 ..-(i) 
Set B consists of points lying on the circle, centre at 
(2, 1) and radius 3. 
1.e. x + y?-d4x-Qy=4 ... (11) 
Set C consists of points lying on the x+ y= 2 __ ...(iii) 
aY 
p 
(0,V2) 
x’ « (50) >X 
vy 
Clearly, there is only one point of intersection of the line 
x+ y=+2 and circle x7 + y*-4x-2y=4. 
31. A. Let z=x+iy 
=> we get y. x+y? =0 
=> y=0 
> Tn (2) =0 
B. We have 
2ae=8, 2a =10 
=> 10e=8 
> e= = 
5 
= b2=25 (1-22) -9 
25 
x? a? 
a a 2 
C. Let w=2 (cos0+isin@) 


z=2 (cos0+isin0) : <a 
2 (cos@+i7sin8) 


32. 


33. 


34, 


=2 (cos0+isin@) 5 (e050 i sin ®@) 
= nese isin®@ 
2 2 
Let zZ=x+1ly 
3 5. 
=> x=-—cos@ and y=—sin0 
2 2 
2 2 
- ey 
3 5 
2 2 
= 242i 
9/4 25/4 
e= 1-2/4 _4 
\ 25/4 5 
D. Let w=cos0+isin@ 
Then, ew case: in) = 
cos8+zsin0 
=2cos0 
=> x=2cos0, y=0 
xat yB+zy_ x(p) + y(py'? w+ 2(p)? 


xB+yy+20  x(p)®o? + y(p)? 0? + 2(p)""?@ 
wo”? («+ yo + 2”) 
wo” (xm + yo” + Z) 
_ @ («+ YO + 207) _ 


x+ yo + 20? 


laz, — bz,|" + | bz, + azql” 
= [a*| z,|? + b*| z,|? —2ab Re (z,2,)] 
+ [bl z,|? + a7|zql? + 2ab Re (z,2,)] 


= (a? + b”) (lal? + |z9!”) 


ee oe x : 
(sin¥4+ cos) ~itan x 
2 2 


z eR 
1+2isin— 
2 
[sin 5+ cos —itan | (1-2isinZ] 
3 2 2 
1+4sin2~ 
2 


Since, it is real, so imaginary part will be zero. 


2 sin =(sin 2 + COS *) tan x=0 
2 2 2 


> 2sin (sin + cos 3) cosx+2sin cos =0 
2 2 2 2 2 


; * (si x =) gx. 22) x| 
>sin sin — + cos cos sin + cos — | =0 
2 | 2 2 2 2 2 | 
sin ~ =0 
2 


> x=2nTn .. (i) 


( ee *) ( QX 
or sin~+cos~|] cos 
2 2 2 


sin? a cos = 0 
2 2 


35. 


36. 


37. 


38. 


On dividing by cos? > we get 


(tan . + 1} (2 tan? *) + (1 + tan” z) =0 
2 2 2 


> tan? * — tan~—2=0 
2 2 
Let tan==t 
2 
and f= -t-2 
Then, f Q)=-2<0 
and f 2)=4>0 


Thus, f (¢) changes sign from negative to positive in the 
interval (1, 2). 
.. Let t=k be the root for which 

f(k)=0 and ke(i,2) 


t=k or tan > = k= tana 


> x/2=nt+a 
x=2nn + 20,0 =tan' k, where ke (1,2) 
or x=2nt 
Since, Z,, 2,23 are in AP. 
> 2=44+% 


i.e. points are collinear, thus do not lie on circle. Hence, 
it is a false statement. 


Since, Z,, Z), 2, are vertices of equilateral triangle and 
IZ | =|Zl =| 251 
=> 2, Z, 2, lie on a circle with centre at origin. 
= Circumcentre = Centroid 
> 0 = ——>—+ 
Z + 2+ % =0 


Let z=x+ ly > 1lnzgives1nx+ ly 


or l<xandO0<y sea) 
; it — -~x-i 
Given, = ANEW 6 
LeahzZ l+x+1y 
= is ey) (ED aaah; 
(1+ «+ iy) (1+ x- iy) 
1-3-7 2i. ; 
=> a a 2 3004+ 01 
d+axy°+y (+x) +y 
> x+y 21 
and —2y <0 


or x’ + y?>1and y 20 which is true by Eq. (i). 


As we know, |2l° = 2-2 


Given, ies ls =k? 
lz—-Bl 
> (z-a)(@ - 0) =k*(z-B) @ -B) 


=> |zP-oF —Gz+ lal? =k*(|2? —Bz — Bz + IPI?) 
= |2?Q-k’?)-@-kP)z-©@- Bk’) z 


39. 


40. 
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+ (lal? — k71B/) =0 


a — ape 2 2%, 
= | - © ae GBR?) |, lal KBP gw 
(l-k*) (1 —k°) (1-k*) 
On comparing with equation of circle, 
|zl?+ aZ+az+b=0 
whose centre is (—a) and radius = ,| al —b 
. a-k 
-. Centre for Eq. (i) = 
q. (i) ink 
— ian — 2R YO — R 
and radius = S dy et i bal EE 
1-k 1-k 1-k 
_|k@ -B) 
fim | 
Given, a,2+ a 27+...4a,2"=1 
and iajet ...(i) 


3 
2 3 ny 
|ayZ+ oz +32 +...+a,2"1=1 
=> Jaalt+laz1+lazl+...+1a,2"121 
{using |Z, + Zl <1z,)+ 121] 


=> Alat+la?+lee+...4]2"}>1 [usingla,|<2] 


2 1-|2l" : 
ao >1 [using sum of n terms of GP] 
—|z 
=> 2l2a-2\zI"**>1-l2 
> 3)2l>1+2|2\"*7 
1 2 n+1 
=> ja >—+-—lal 
3. 3 
1 : ; “3 
=> 2|> 3° which contradicts ... (11) 
.. There exists no complex number z such that 
n 
|z|<1/3and )'a,2" =1 
r=1 
Given, | z,| <1 and |z,|>1 ...(i) 
Then, to prove 
t= 2%, = ai2,| <1 Ging [a 7 lal] 
| 2, — Z| [Z| |Za 
> lL — ZZ] < 1% - Zal ..-(i1) 


On squaring both sides, we get, 


(1 — 22). — %2y) < (& — 29)(@ — 2) [using (ars zz] 


=> 1-220 -Zqt BR 20% < BZ — BZq — Zo% + ZZ 
> 1+lz2,PlzP?<lz,P+lz? 
2 2 21,12 
> 1-|alr-lz)+ lal lel° <0 
> (1-121?) -lz,1?) <0 ... (iii) 
which is true by Eq. (i) as|z,|< 1 and|z|>1 
(1-|2z,|?)>0 and (l -|z,|?) <0 
. Eq. (iii) is true whenever Eq. (ii) is true. 
1-23 
> Ket | Hence proved. 
{4 — 2 
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41. Given,|zl?w-l|wl? z=z-w 


=> 2 wW-wwz=z-w fe ld? =22 ]...@ 
Taking modulus of both sides, we get 
|zw||zZ-wl=|z-w 
> |zw||Z-wl=|z- wl [. lal=l21] 
=> |lzwl|z-wl=|z-w| 
=> |z-w|(|zw|—1)=0 
> lz-wl=0 or |zw|-1=0 
> |z-w|=0 or |zw|= 
> z-w=0 or |zwl= 
z=w or |zw|= 
Now, suppose z # w 
Then, |zw|=1 or|z||w|=1 
= |zl=——=r [say] 
| w| 
Let z=ré° and w=—é 


On putting these values in Eq. (i), we get 
rt de |_* (rd®) = rd® -+ a 
r r? 


r 


= rd? + d® = pd? _1 ge 
r 

7 [r+t)e-(re2]o 

r r 
=> d= 29 > o=0 
Therefore, z=ré® andw= Z 2° 

r 

> Span ee =1 


r 
NOTE ‘If and only if’ means we have to prove the relation in 
both directions. 


Conversely 
Assuming that z= wor zw =1 
If z=w,then 


LHS = 22 w- w wz=|z/-z—|w/*z 
=|2|22—-|z/22=0 

RHS = z-w=0 

If zw =1, then zw =1 and 


and 


LHS = 2z w- ww z=Z-1-wW-1 
z-w=0=RHS 


Z-W 


Hence proved. 


Alternate Solution 
We have, |zPw-lwPz=z-w 
eS lz? w—-lwhz-z+w=0 


eS (iz? + Dw-(lwl+1)z=0 

S (Iz? + lw=(lwP+ Dz 
z |zP4+1 

= ae Dan tat 
w |wl +1 


>: 
*, —is purely real. 
w 


Se 


S][ NI 


wwa(l) 


42. 


43. 


44, 


Again, led? w-lu?z= z-w 

S ZZW-W-Wz=Z-wWw 

S z (zw —-1)-— w (gw -1) =0 

S (z — w)(zw — 1) =0 [from Eq. (i)] 
eS zZ=w or zw=1 


Therefore, |2|? w—-|wl?z=z-w if and only if z=w or 
zw=l1. 


Let Z=X4+1y. 

Given, Z = iz 

= (wt iy)=i (+i y)? 

> x — iy = i(x? — y* + 2i xy) 


iy =—2xy + i (x? — y) 

NOTE It is acompound equation, therefore we can generate 
from it more than one primary equations. 

On equating real and imaginary parts, we get 


=> x 


x=-2xy and -y=x"°-y 


> x+2xy=0 and x7- y?+ y=0 
> x(1 + 2y)=0 
=> x=0 or y=-1/2 
When x=0, x y+ y=0 > 0 y+ y=0 
=> yil-y=0 => y=0 or ye=l 
When, y=-1/2,0°- y+ y=0 
o 2 1 a8 
=> x =0 > #= 
4 2 4 
> po 
2 
Therefore, z=0+i710, 04 isa. ¥8 : 
2 2 
> anit 08_i [.. 2 #0] 
2 2 
Given, iz? + z7-z+i=0 
=> ig? — i727 -z+i=0 fe @=-1] 
=> iz*(z-i) -1(z¢-i)=0 
> (iz” —1)(¢-i)=0 
> z-i=0 or iz*-1=0 
2 1 
> z=t or 2g =—=-i 
L 
If z=1, then|z|=|z|=1 
If 2? =—i, then |z27|=|-i|=1 
=> Iz?=1 => |zl=1 
a — 2p. 
Here, z,Rz.< is real 
2 + 2 
(i) Reflexive z,Rz, = nea [purely real] 
a + 2 
z,Rz, is reflexive. 
(ii) Symmetric z,Rz, 6 1 —* is real 
Z + 2, 


—@_-%) 
2+ 25 


=> is real > 2,Rz, 


qRz. => z,hz 


Therefore, it is symmetric. 


45, 


46. 


(iii) Transitive zRz, 

Z— Zo. 

=> “1 “2 is real 
Z t+ 2 

and Zz, 
Zg-%. 

= 2 “3 is real 
Zot %& 


Here, let z, =x, + iy,, Z) =X_ + iygand % =% + ij, 


4 €2 


(x, — %) + U (M1 — Yo) 


isreal > 
Z + 2, 


is real 


(x + X_) + 1 (y, + Yo) 


{(% = Xq) + 1 (D1 = Yo) + XQ) — 1 (, + Yo)} 


(x, + Xp)” + (9 


+ ¥o)" 


=> (= Vo) Oy + Xp) — (% — %) (Y + Yq) =0 

= 2 Xgy — 2x, = 0 

=> FA as BE .@ 
‘M2 

Similarly, Zh, 

= cea .. (ii) 

es) 
From Eas. (i) and (ii), we have 1 = “8 = z,Rz, 
‘N 8 

Thus, z,Rz, and z,.Rz, > z,Rz;. [transitive] 

Hence, FR is an equivalence relation. 

(l+i)x-2i  Q@-3i)yti _j 

ce ee 

=> (1+ i) @-i) x-2i @-i)+ B+ i) 2@-3i)y 
+1(8+1)=101 

> 4x + 2ix-—6i -—24+ 9y—- Tiy+ 381 -1=101 

=> 4x+9y-3=0 and 2x-7y-3=10 

=> x=8and y=-1 

Now, . 


1 


(1 —cos8) + 27 sin8 2sin?? + deci bos” 


Bd oo tees”. 
. 2 


Agni” (sin? + 21 cos 
2 2 


. 86 . 8 
sin — — 2i cos— 
2 2 


>) ( :) : 5] 
sin 21cos 
2 2 2 


2 (sin’$ + 4 cos” 
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47. Since, eae 
c+id 
=> |x L pole! | a 
lc+ id| "le 


48. Given,|z—3-2i|<2 


To find minimum of |2z-6 + 57| 
, using triangle inequality 


or 2 gests AG 
2 


ie. [lal—-lzJl sla + 2 


z a lel g 3 g 1995.8 
2 2 
he Wns 
=|(z2-3-21)+— 

( 1) ah 
>/|z-3-21| 9]5/9 a2 
2] 2 

> z G4 Oss? weide 64+ 51/25 
2 2 


Topic3 Argument of a Complex Number 


: 4 
1, (2) Given, 314,|=4la—3 2 = 2 [. Z #0 >| Z| 40] 
oo) 
AL —|41) d® ang 2 =|22| ¢® 
Z |Zq a4 |& 


[.. z=|2z|(cos® + i1sin8) =|z| é°| 


2, FL Se gag eee 2 gi 
Z 3 Zz 4 
> 8 Ft 250) aps at a 
2 2 384 2 
On adding these two, we get 
8 Ai Fin ig Fy 
22, 3% 2 


=2cos6 + 2isin®0 + 5 0056 ~Fisine 


_lal| 


: i24|| 


Hence proved. 


(i) 


[- e* = (cos@+ isin®)] 


=? cose + Prem 


2 
5 2 
=> lz|= 
2 


Daca 


Note that zis neither purely imaginary and nor purely 


real. 
“* None of the options is correct. 
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3. 


Complex Numbers 


Given, |z|=1, arg z=0..z= 2° 


= = eel 
zZ=6"% az= 


Zz 
+z 
arg f 2 larg —— |=arg (z)=0 
1+2 tae 
Zz 
Since, arg (z)<0 => arg (z)=—-0 


> z=rcos (0)+ isin (9) 
=r (cos 8 —i sin 8) 

and —z=-—r[cos0-isin 0] 

=r [cos (t —9)+ isin (x —8)] 
ne arg (-z)=1 -0 
Thus, arg (-z) — arg (2) 

=m -0-(-O8)=7 

Alternate Solution 


Reason arg (—z)-arg z =arg (=} =arg(-l)=a 
Zz 


and also arg z—arg (- z)=arg (=) =arg(-l)=n 
-Z 


Given, |z+ iw|=|z—-itw|=2 
=> |z— (-iw) |=|z—- (iw) |=2 
> |z—(-iw) |=|z- (-iw) | 


-. zlies on the perpendicular bisector of the line joining 
—iw and — iw. Since, — iw is the mirror image of — iw in 
the X-axis, the locus of z is the X-axis. 

Let z=x+iy and y=0. 

Now, Iz|<1 = x74+0?<1 5 -1<x<l. 


. zmay take values given in option (c). 


Alternate Solution 


lz+iulslaltliwl=la+lwl 
<14+1=2 
|z+iw|<2 
=> |z+iw|=2 holds when 


arg z-argiw=0 


Zz 
> arg — =0 
iw 


24 
= — 1s purely real. 
iw 


Zz. ; ; 
= —1is purely imaginary. 
w 


Similarly, when |z—-iw|=2 , then = is purely 
imaginary 
Now, given relation 
|z+iw|=|z-iw|=2 
Put w =i, we get 
lz+ P=lz+ i] =2 
> |jz-1/=2 
> z=-1 [elz| <1] 
Put w=-1, we get 
lz-@l=|z-7]=2 
> |jzgzt1l|=2 > z=l [e l2zl <1) 
*. g=1 or —1is the correct option. 
Since, | z|=|w| and arg (z) = 1 —arg (w) 
Let w=re”,then w=re® 
za=rd™—%) = pei. 6% —_ pe —_ 


Given, |z, + Zo =| + |2Zol 


On squaring both sides, we get 
? 


Jzl° + Ee + 2|z,||zZo| cos rg z, — arg 25) 
= lz, + | Zo] + 2 | 21] Zl 
> 2| z,||Z,| cos (arg 2, — arg 2) =21%||Zol 
> cos (arg Z, — arg 2) =1 
=> arg (z,) — arg (2) =0 


Since a, b, cand uw, v, ware the vertices of two triangles. 


Also, c=(1-r)a+rb 


and w=(l-r)u+ru ...(0) 
la wu 1| 
Consider |b v 1 | 
lc w 1| 
Applying R; > R; —{(1—r) R, + rRy} 
a u 1 
= b U 1 
c-(U-rna-rb w-(-rnu-rv1-(-nr)-r 
a u 1 
=|b v- 14=0 [from Eq. (i)] 
lo 0 0 | 
(a) Let z=-1-iand arg(z) =0 
Now, tano =|m@@|_|=1|_, 
| Reg) | | -1] 
> 6= us 
4 


Since, x <0, y <0 


arg @)=-(n-=)=-3% 


(b) We have, f(t) = arg(-1 + it) 
= =1 > 
areas nm — tan - t>0 
—-(n+tan ft), t<0O 


This function is discontinuous at t =0. 
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9. Given, z= 


(c) We have, 
arg [2 —arg (z) + arg (2,) 
2 
Now, arg (2) =arg (z,) —arg (22) + 2nn 
9 


arg (2) —arg (z,) + arg (Z,) 
22 


= arg (z,) — arg (Z.) + 2nn — arg (z,) + arg (Z,) 
=2nt 
So, given expression is multiple of 27. 
(2-2) Z2- 22 = 
(2 — 23) (2 - %) 


Z-Z \f Z-% ). 
=| ——1 || “3 | is purely real 
Z— 2, )\ Z-% 


(d) We have, a 


Thus, the points A(z,), B(Z,),C(g,) and D(z) taken in 
order would be concyclic if purely real. 
Hence, it is a circle. 

C(Z3) 


A(1) 


..(a), (b), (d) are false statement. 
-t)a+tz, 


(l-t)+t 
A P B 
Z, Z Zo 


t:(1-d 


Clearly, z divides z, and z, in the ratio of ¢:(1-?), 
O0<t<1 


> AP+ BP=AB ie. |z-4|+|2-2)=1q -2Zol 
= Option (a) is true. 
and arg (z-z,) =arg (2-2) 
= arg (Z.— 2) 
= Option (b) is false and option (d) is true. 
Also, arg (z-z,) =arg (2-2) 
Z-z 
=> arg [4] =0 
27% 
—2 
is purely real. 
227% 
= 2a. 
7 a a A 
Z-Z% 42 -Z 
or 2S 120 
Zg-B Bg - 


Option (c) is correct. 
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10. Let z=a+ ib. 


Given, Re(z)=0 => a=0 
Then, z=ib = 2z7=-b? or lm(z?)=0 
Therefore, A> q 


‘ T 
Also, given, arg (z) = a 
Let z=r (cost + isin 
Then, Z= ros’ T _ sin? =) + 2ir? cos sin ™ 
4 4 4 4 


= ir’ sin 1/2 = ir? 


Therefore, Re (z”)=0 = Bp. 

=> a=b=2-V3 [- a,b @,))] 
Let z= 7, (cos 0, + 7 sin 0,) and w= 1,(cos 8g + 7 sin Og) 
We have, |z|=7,,|w| = 7, arg (z) =98, and arg (w) = 0, 
Given, |z| <1,|w|<1 

=> mn Slandrn<l 


Now, 
zZ—w=(n cos 8, — 7, c0s Og) + i (% sin 8; — r2sin 84) 
=>|z- wl? = (7, cos ®, — 72 cos 05)” 
+ (7, sin 0, — sin 0,)” 
2 
= 77 cos”0, + 73 cos”0, — 27,7, cos , cos 05 


+77 sin?6, + ry sin’, —27,7rsin 0, sin 85 
= 1r/(cos”@, + sin”@,) + r;(cos”@, + sin”@,) 

—27,72(cos 8, cos 8, + sin 8, sin 85) 
= 1 + ry — 27,7, cos @, — 8») 


= (1, - rs) + 2n7[1 — cos @, - 95)] 


= (7, — %)" + 4n7,8in” (Ast 5) 


<|7,— 7)? +4] sin (*: =") [eo 5% <1] 
and |sin@|<|60|,VO6eER A 
Therefore, lz-w [PP <|7,-—1% P+ P= ee 
<|r,— rl’ +10, — 041" 
> lz-wl’< (Ja-|w)? + (arg z-arg w)” 


Alternate Solution 
lz-wl?=|z/? + |wl? —2\z||wlcos (arg z — arg w) 


=|z+|wl?-2lzllwlt 2lzllwl 
—2|z||w|cos (arg z —arg w) 


=(lz|—|wl)?+ 2l\|w)-2sin‘{ “82 Ste “| (i) 


2 
lz— wh? <(Iz|—-lwl)?4 4-11(82— a “| 


[. sin ® <6] 
=> |z-wl’<(lz|-lwl)?+ @rg z-arg w)” 


20 Complex Numbers 


12. Since, z, = 10+ 67, z,=4+ 67 
and arg (Z=4] aft represents locus of z is a circle 
2-2 
shown as from the figure whose centre is (7, y) and 
Z AOB=90°, clearly OC =9 => OD=6+3=9 


: 6 
Centre = (7, 9) and radius = — = 3V2 
oe B 


ay 


6+ (4,6)A 


x 
(4.0) 5 (7,0) (10.0) 


= Equation of circle is | z— (7 + 9i)|=3V2 
Topic 4 Rotation of aComplex Number 


i. Given, 2=[B ) (2 ) 
2 <2 


*: Euler’s form of 


v8 ge = (cos E+ isin Z) = of# 
6 6 


2 2 
and v8 _ i = cos{ isin{ = = @itl6 
Do 2, 6 6 
51 51 


So, g= (yp + (ep = 
( St. =) ( Gy ae =) 

=] CoS +isin +] cos — —1sin — 

6 6 6 


6 
oa [i's é° =cosO@+isin 6] 
=2cos e 


I(z)=0 and R(@) =—2 cos 7 = - V8 <0 


E cos = cos{ n- = =—cos x | 
[" 6 6 6 | 


2. Imaginary axis 


> Real axis 


27 = 6+ V2 cos45°,5 + V2 sin 45°) = (7,6) = 7+ 6i 
By rotation about (0, 0), 
7 


a 
“2 m2 _, 2 =2,/| e? 
22 


= (7+ 61) [cos isin Z| =(7 + 6i) (i)=—-6 + Ti 


3. 


Let OA = 3,so that the complex 
number associated with A is 
3e'4 If zg is the complex 
number associated with P, 
then 

a-3e" _ 4 ein? _ 4i 


0-3d"74 38 3 
= 3z-92"4 =12id™4 
=> z=(8+4i)é™4 


Since, |PQ|=|PS|=|PR|=2 

Shaded part represents the external part of circle 
having centre (—1,0) and radius 2. 
As we know equation of circle having centre z) and 
radius r,is|z—Zl=r 
: |z—(-1+0i)|>2 
> Jz+1/>2 


Also, argument of z + 1 with respect to positive direction 
of X-axis is 1/4. 


arg (z+ y<t ...(i) 


and argument of z + 1in anticlockwise direction is —1 /4. 


ae —1/4<arg (z+ 1) .. (iI) 
From Kgs. (i) and (ii), 

jarg (+ 1) |< 1/4 
In the Argand plane, P is represented by e’° and Q is 
represented by e%®) 
Now, rotation about a line with angle @ is given by 
e° +e) Therefore, Q is obtained from P by reflection 
in the line making an angle a /2. 


Z—% _1-iv3 _ (1-iV3)(. + iv3) Zp 
a 2 24-143) 
_ 1-13 
2 (1 + iv3) 
= 4 23 4 
2 (1 + iv3) 
_. 2 
(1+ iv3) 
Za —% _1+iV/3 T 2s % 
=> = = COs + 2 Sin 
a-& 2 3 
=> lze= 45] and arg| “28 |=" 
|2, — 2 yA-a) 8 


Hence, the triangle is an equilateral. 
Alternate Solution 


2-2, _1-iv38 
Zo — 2 2 
Z_— % 2 1 +iv3 7 <4 % 
> = —= =cos—+i7sin 
a- 1-iv3 2 3 3 
=> arg i aaa and also bo eai | P| 
2 — 23 3 Z- % 


Therefore, triangle is equilateral. 


: al a -—ibt 
Here, x + iy= - - 
a+ibt a-vibt 
Sane a —ibt 
a? + b7¢? 
Let a#0,6+0 
x= 7 and y= =t8 
a+ bt? a’ + bt? 
= Ce eg! 
os oa bx 
On putting x = —_—_,5, we get 
a” + bt? 
2,2 
ofa! + b?. o|=0 => a(x? 4+ y*)=ax 
b*x 
or + ya sh .. (i) 
a 
(33) ta 
or lel + y =o 
2a 4a 
., Option (a) is correct. 
For a #0Oand b=0, 
: al 
x+ly=—>x=-, y=0 
a a 


= zlies on X-axis. 

.. Option (c) is correct. 

1 
bt 


For a=Oand 60#0, x+iy= = 32=0, y=- 
L 


=> zlies on Y-axis. 
.. Option (d) is correct. 


PLAN It is the simple representation of points on Argand plane and 


to find the angle between the points. 


n 
Me ete I nue .. nt 
Here, P=W" =(cos + isin = cos + isin — 
6 6 6 6 


Hh, =|2€C: Ret) > 3} 


‘ . Tv. 
.. PO Hy, represents those points for which cos is +ve. 


Hence, it belongs to I or IV quadrant. 


11n 
or cos 


un .. 0 .. lin 
ne Oe + Tsin Ue 


a + — or we 
a er a @ 


Similarly, z. =P © H,1.e. those points for which 


cos 7 <0 
(Fale | a(S 
(1, 0) Zp xaral 
ars 
Sap (ba 
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a 4 5m. . 5X cos7t 
Z = cost +1sin 1, cos + isin —, 
a 6 6 6 
.. 70 
+ 1sin — 
6 
=48 ¢ =8 4 
> 2, =-1, t—, 
2 2 2 
Thus, Pee PM 
3. 6«6 
9. z =1+iV3 =r (cos@ + isin ®) [let] 
> rcos@=1,rsin@ = V3 
> r=2 and 0=7/3 
So, Z, =2 (cos 7/3 + sin 1/3) 
Since, |Z) =|z|=2 [given] 
Y-axis 
>X-axiS 


10. 


Now, the triangle z,, z. and z, being an equilateral and 
the sides z,z,. and z,z,; make an angle 2z /3 at the centre. 


Therefore, 


and 


, 5° 8 3 
Therefore, z,=2 (cos 7 + isin 2) =2 (-1+0)=-2 


and z, =2 [ow E+ isin) = F | 1-13 


2 2 


Alternate Solution 

Whenever vertices of an equilateral triangle having 
centroid is given its vertices are of the form z, z@, zo”. 
.. If one of the vertex is z, =1+ iV3, then other two 
vertices are (z,0), (z,0”). 


= a $y8) aL) (1 + iV3) as a 


= =(143) G4 763) +223) 
a 2 

= 3 — =1-i3 
Z=-2 and 2 =1-iv3 


Given, D=(1+1),M=(2-i) 


and diagonals of a rhombus bisect each other. 
Let B=(a + ib), therefore 


Y Jv 

Q 

+ 

a 

l 

ES 

o 
& 
il 
Cc 
fl 
ise) 
& 
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Again, DM =@-1)?+(C1-1)?=,1+4=V5 
But BD=2DM => BD=2V5 


and 2AC=BD = 2AC=2\5 
=> AC =5 and AC =2AM 
=> J45=2AM => AM= % 


Now, let coordinate of A be (x + iy). 
But in a rhombus AD = AB, therefore we have 


AD? = AB? 


= (x — 1)? + (y—1)? = (x- 3)? + (y+ 3)? 
=> x41-2x4 y?4+1-2y=274+9-6ut y? +94 6y 
=> 4x-8y=16 
=> x-2y=4 
> x=2y+4 .. (i) 
Again, AM v5 > AM?=2 
2 4 

=> (e-2)? + (y+ 1? =2 

2 2_5 : 
> 2y+ 2)" + (y+ 1) =a [from Eq. (i)] 

2 5 
=> by i 
=> 20y" + 407 + 15=0 
=> Ay’ + 8y+3=0 
> 2y+1)@y+3)=0 
> 2y+1=0,2y+3=0 

y 9? y 2 


On putting these values in Eq. (i), we get 


o=a/ =) +4.x=2(-3] + 4 
2 2 


> x=3,x=1 
Therefore, A is either [3 - 5) or (a - =) ; 
Alternate Solution 

Since, M is the centre of rhombus. 


.. By rotating D about M through an angle of + 1/2, we 
get possible position of A. 


Dz,(1+/) A (2s) 
%&—-@2 De = ay Bi 2 Date 
—14+ 21 2 -14+2 2 


11. 


12. 


13. 


>2=2 i) #5 ii 1) =@2 ESC? i) 
_ 4-21-2 2 es 2+2+4 el a3 
2 2 2 


.. Ais either (2 = i or (3 2 ‘) 
2 2 


Since, Z,, Z. and z, form an equilateral triangle. 

+ wot wf = eq + Sols + Zp 

(a + i)? + (1+ ib)? + 0)? =(a t+ i) (1+ ib) +040 
b74+2ib=a+i(ab+1)-b 


=> 
=> 
=> a7-1+2ia+1 
=> 
=> 


(a? — b”) + 2i (a + 6) =(a— b) +i (€D4+ 1) 
a’—b’=a-b 
and 2(a+ b)=ab+1 
=> (a=b or a+ b=1) 
and 2(a+ b)=ab+1 
Ifa=b, 2(2a)=a74+1 
=> a?-4a+1=0 
4 = 
= Go OE veo -22v8 
If a+b=1,2=a(l-a)+1>a’-a+1=0 
14,/1-4 
i ee he 
.. Only solution when a=b 
> a=b=2+43 
=> a=b=2-V3 [. a,be @, 1)] 


Here, centre of circle is (1, 0) is also the mid-point of 
diagonals of square 


Yu 
23 
a+ 2 
=> pS SG 
2 
=> Zg=-vV31 [where, 2 =1+0 i] 
2, —1 ; 
and 3 = etinl2 
a4 -1 


=> g=1+ (1+ V3i)-(cos © isin aie zZ, =24+3i] 


=1+i(1+ V3i)=(F V3)ti=(1-Vv3)+i 
and z,=(1+ ¥3)-i 


Let Q be z, and its reflection be the point P(z,) in the 


given line. If O(z) be any point on the given line then by 
definition OR is right bisector of QP. 


OP =O0@Q or |z-4]|=l2- Zl 


14. 


15. 


> |z—z2,? =|z-2,]° 
> (2-4) @-%) = (- &) @ - Z) 
> 2 (% —2y) + 2 (& — 2%) HAA — A o2q 
Comparing with given line zb + Zb=c 
a = Zq _ 22 _ % ~ Zo _ x [say] 
b b c , 
Z— 2, b, 4 29 b, Zz — 2% _ (i) 
Xr Xr Xr 
A eee) 
Xr 
= ae =¢ [from Eq. (i)] 
Since, z, + Z,=—-pand z%2,=4q B (2) 
Now, ci lal (cos & + i sin &) 
Z| Zal 
- Zz _ cosa+isina 
Zo 1 O A (Z;) 
[-lal=12el] 
Applying componendo and dividendo, we get 
2% +2, cosa+isina+1 
2-2, cosat+isina—-1 
_ 2cos"(a/2) + 2i sin /2) cos (a/2) 
—2sin7(a/2) + 2i sin (a/2) cos (@/2) 
_ 2cos (/2) [cos @/2) + i sin @/2)] 
2i sin @/2)[cos (@ /2) + i sin @/2)] 
SOOT) pele SP ope Gg) 
i Zi — 25 
p 
On squaring both sides, we get ——,, =- cot” (a/2) 
2 — 22) 
pe 
> 5 =—cot?(a/2) 
(& + 29)" - 42,25 
Pe 
=> - =—cot?(@/2) 
p —4q 
=> p’ =—p’ cot?(@/2) + 4q cot?(a/2) 
=> p'(1 + cot?a/2) = 4q cot?(a/2) 
=> p’ cosec?(a/2) = 4g cot?(@/2) 
2 2 
> p =4q cos’ a/2 


Since, triangle is a right angled isosceles triangle. 


Rotating z, about z, in anti-clockwise direction 
through an angle of x /2, we get 


Z. 

2 — 23 _ |2 — 23| eit 2 @:) 

4-23 |% - 23| 
where, |Z. — 23/=12, — 23 | 
= (2g — 2) = 1% - %) B (@,) C (z,) 
On squaring both sides, we get 

2 2 

(2g — 23)" =-(& — 5) 

> wt 22 -Qe2, =—2) — 23 + 22,25 


> Zit 2h Qe eZ = 2x25 + Leo, — Qe? — QZ 


16. 


18. 


19. 
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z3) + (Z9%3 — 212Zy)} 


> (] - Zo) = 2(% — 25) (23 — 29) 


> (% - Zo) = 2(225 


We have, iz= zé™?. This implies that iz is the vector 


obtained by rotating vector z in anti-clockwise direction 
through 90°. Therefore, OA 1 AB. So, 


AY 
yB 
# j 
IZ 
5 A 
xX’ < 0 >X 
wy" 


Area of AOAB=~ OA x OB= lz |lizl=5lzP 


Since, z,, Z. and origin form an equilateral triangle. 


[-- if, 25, 2, from an equilateral triangle, then | 


are ee ee 
Zt 2423 =BSqt So%y t+ By 


=> 2+ 2240 = 2125+ 25-04+0- 2 
> G+ w= Azo 


> z+ 22-—22,=0 


Since, Z,,2),Z, are the vertices of an equilateral 
triangle. 

: (4 +242 : 
.. Circumcentre (z,) = Centroid Coos (i) 


Also, for equilateral triangle 
.. (ii) 


ze - ze te a = ZZ + Zo%s + 22 


On squaring Eq. (i), we get 


O22 = 2 + wht +2 (ezot Zor + eX) 
> 927 = z ze za 2 (e ze #) [from Eq. (ii)] 
=> 327 = 2 a Pa 


: (=) ns (=) 
Given, «, =cos| — |+isin| — 
7 7 


(==) ah (=) 
= cos} —— |+ isin] —— 
14 14 


. &, are vertices of regular polygon having 14 sides. 
Let the side length of regular polygon be a. 
oe | One1 — a4, = length of a side of the regular polygon 


=a .. (i) 
and |04,;—-G4,-9|= length of a side of the regular 
polygon 


=a .».(i1) 
12 
Ops, —Ap 
» | k+1 i| 7 12 (a) _ 
2 3(a) 


> | 44-1 —% 4p-9] 
k=1 
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Topic5 De-Moivre’s Theorem, Cube Roots 


1. 


and nth Roots of Unity 
It is given that, there are two complex numbers zand w, 
such that | z w|=1 and arg(z) —arg(w) =1/2 
lz||wl=1 Pele z.1=14 Ize] 
1 
and arg(z) = . + arg(w) 
1 : 
Let|z|=r7,then| w|=— .-(i) 
r 
1 ii 

and letarg(w) = 9, thenarg(z) = eS +0 vae() 
So, we can assume 

z= rel(t/2+ 8) (iii) 
[. if g=x+ iy is a complex number, then it can be 
written as z = ré® where, r =|z| and 0 = arg (z)] 

il : 
and w=—e® ...(iv) 
r 
= -i(n/2+0) 1 i6 
Now, Z-w=re -—e 
r 
= el m/2-0+ 8) gilm/2) _ _ | fe '® = cos@ — isin 6] 
ee 2m = reit/2+ 0) 1 18 
r 
— pin/2+ 0-9) _ pi(m/2 _ ; 
Key Idea Use, e!® ~cos@+ isin® 


j= 


: V3 Is) Me. Se ce Th x 
Given, z= : i=cos—+isin—=e8 
2 2 6 6 


so, (1+ izt+ P+ iz’)? 


1 OT 87 9 
afl i eat 
=|1+ie&+e% + ie ® 


as 1 51 1 4n 9 
L L L L 
=|1+e2-e%+e% +e?-e8 


20 51 lin 2 
—— —— —— 
l+e% +e8 +e 8 


[ ( Qn, *n) ( on =n) 
=!1+]| cos +7sin + | cos + 7S1n 
| 3 3 6 6 


i. sey ( nm .. =) 
= + =| cos + 7S1n 
2 2, 3 3 


=cos3m+isin3n 
(cos® + isin)” = cos(n@) + isin(n6)] 


[.: for any natural number ‘n’ 


=-1 


6. 


Given, «7+ x+1=0 
~1+ ¥Bi 
2 
[.- Roots of quadratic equation ax” + bx + c=0 


— b+ yb* ~dac, 


2a 


> x= 


are given by x= 


-14+/37 
> 2 =0,0" {where o=—** 9 ang 


1-31 
“4 


are the cube roots of unity and @, o” ¥ 1) 


o 


Now consider z =3+ 6i 29) — 3i 223 
=3+ 6i -3i ¢: 0?” = @?)?” = 1) 
=3+ 31=3(1 + i) 

If @ is the argument of z, then 


tan 0 = ing) [.: zis in the first quadrant] 
Re(z) 
Se 
3 4 


Given that, z=cos0+isin0 =e” 
= Qu-l = égut. < (2u-1)0 
o PIC )= Puce’ yh = Ip et hP~ 
=sin 8+sin30+sin50+...+sin 29 0 
(“e °) . [Pe °) 
mn sin 
: 2 2 
: (? °) 
sin | — 
2 


_sin (15 @)sin (156) ~— 1 


sin 4 sin 2° 
Let z=|a + bw + cw?| 
=> 27 =|a+ bot co’ = (a? + 67 + C8 — ab — be- ca) 
or 2 => Ka b)? + (6-07 + (c- a)?} .. i) 


Since, a, b, care all integers but not all simultaneously 
equal. 

=> Ifa=bdthena#candb#c 

Because difference of integers = integer 

=> (b — 0)” >1 {as minimum difference of two consecutive 
integers is (+1)} also (c— a)? >1 


and we have takena =b => (a—b)*=0 


From Eq. (i), 2 >> O+1+1) 


> Z>1 

Hence, minimum value of |z| is 1. 
Given, (1 + @”)" = (1+ @*)" 
=  — €0)"=C0)" 
> wo” =1 

> n=3is the least positive value of n. 


[-o? =landl1+@+7=0 


1 1 1 
7. LetA=|1 -1-07 @? 
1 o 
Applying R, > R, — R,; Ry > R, - R, 
1 1 1 
=|0 -2-@? @?-1 
[0 @2-1 o-1 | 
= (-2-@”)@ - 1) - @’ - 1)? 
=-20 + 2-0 + @?— @! - 207 + 1) 
=307-30=30 @-1) [- o* =o] 
8. Since, ae 
Z 2 
yy ae 
> 1 =cos—+isin—=i 
29 2 2 
gt 
AL = (jy" > i"=1 [sled =la l= 
Z2 
> n=4k 
Alternate Solution 
— B22) 
Since, arg 2 =— 
Zz 2 
1 
22 _|72| 03 
Zz |\&y O A (21) 
2 
> 2 = j [|Z] = |Z = 1] 
al 
n 
=> 2 =i" 
a 


z, and z, are nthr 


oots of unity. 


zy = 25 =1 
es [2) 4 
al 
> iv~=1 
> n=A4k, where k is an integer. 
9. We know that, 
f 48; 
=-—+—i 
2 2 
: 334 : 365 
ee eee iva tg WS 
2 2 2 
= 5 p24 + 365 
=44+5-@?).04+3-@*)?!-@? 
=4+50+30" [. @? =1] 


=14+3+4+20+30+30" 


=14+20+3(1+@+07)=14+20+3x0 
-- 1+ 0+ 07 =0] 
=1+ (1+ ¥3i) = V3i 
10. (1+0-«@7)' =(-@? -0?)' f- 1+@+07=0] 


= (-20?)" = (-2)'o!4= -1280? 


Complex Numbers 


11. +0)’ =(1+0)0+o)® 
=(1+ 0) -w’)®=1+0 
=> A+ Bo=1+@ 
=> A=1,B=1 
6 
12. Y: (sin B - icos =) 


k=1 


25 


6 i2kn 
=} ye 7 = i{een!7 eittl7 eibnl7 
h=1 
pighell ¢ guomit 4 glamiTy 
i120 /7 
_ | ini7 Ue ) 
Prey e 72n17 
l-e 
[ ell4n/7_ 4] 


_{ gaRlT_ gl4ns7 
--i| 1—-e2! | 


13. (P) PLAN e®%.e% =e +) 


Given 


Z, is 10th root of unity. 
= 2Z, will also be 10th root of unity. 


Taking, z; as Z,, we have z, -z; = 1 (True) 
id 


(Q) PLANS = >) 


ia 2kn 20 } 


i(-= 
z=z,/z,=e\'0 Wise 5 


Tv 


i% (k-1) 


For k =2;z= e5 which is in the given set (False) 


(R) PLAN 
(i)1 — cos 20 = 2 sin*6 
(ii)sin 28 = 2 sin®@ cos 8 and 


(i)cos 36° = v5 = 1 
4 
(ijcos 108° = YO* 11 411 1= 201-11 20! 
4 10 
NOTE | 1— z,| cos 27K isin | 
10 10 
=|2sin me sin mk i cos m |=2| mK 
10 10 10 10 
Now, required product is 
9. N . 2k . 38H 8n . OT 
2° sin -sin ‘sin ... s1n —-sin — 
10 10 10 10 10 
10 
9 ( _ um . Qn. 3x a) 
2° | sin sin sin sin sin 
= 10 10 10 10 10 
10 
2 
‘ ae 2 
2° (sin cos Z sin z cos = 1 
1 10 10 10 
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; 10 
_ 2° (sin 36°-sin 72°)” 
10 
5 


2 = 5 @sin 86° sin 72°)? 
x 


92 
= e (cos 36° — cos 108°)” 


2 (821). (S22 25.1 
al 4 4 | 5 4 


(S) Sum of nth roots of unity =0 18. 
l+ata?+a? +...409=0 
9 
1+) a*=0 
k=1 
9 
1+ [cos ann + 1 sin =) =0 
Fol 10 10 
9 
1+ pe 
| 10 
9 
So, 1- ae, 
k=1 10 
(P) > @), (Q) > (i), (R) > Git), (S) > Gv) 19. 
1 @ ol 
14. Let A=|o ow” 1 
|@” 
[0 O a 
Now, A’=|0 0 Ola =0 
10 0 0 
A’ =0 
zt+1 @ wo” 
> o z+" 1 |=[A+a2l] =0 
wo” 1 2z+@ 20. 
> 2 =0 
= z=0, the number of z satisfying the given equation 
is 1. 
15. Here, T. = (r—1) (r-—@) (r—)”] = (7? - 1) 
= [n(n + yr 
S= r? —1)= 
" LI ) — a0 


16. Since, cube root of unity are 1, @,’given by 


40,0, 5, 7 Bcf =: 4) 


2 2 2 


= AB = BC =CA=4V3 
Hence, cube roots of unity form an equilateral triangle. 
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http://tinyurl.com/y3avd3wd 


: 2m 17. 


21. 


Given, zPtT_zP_2741=0 sxs(I) 
=> (2? -1)(e7 -1)=0 
Since, is root of Eq. (i), either a? -1=0ora? —1=0 
Pp _ q_ 
= Bither "= zoo © ==0 [asa #1] 
=Either 1l+a+07+...40?7'=0 
or l+at+...¢0%-!=0 
But -1=0 and a’%-1=0 cannot occur 


simultaneously as p and q are distinct primes, so 
neither p divides q nor q divides p, which is the 
requirement for 1 =a? =a?. 


Since, 1, a,, dy,... 
=> (x”-1)=(«-1) (x-a,) &- ay)... 


wae ee dy) (x — dg) .....("- Ay _1) 
x-1 


,@,_, are nth roots of unity. 


(x-a,,_1) 


=> x + Xx eee be +041 
(x — ay) («- ag)..... (x-a,_1) 
a 
RE aye, gO dae 
x-1 
On putting x=1, we get1+1+...n times 
=(1-a,)(1—-ag)..... (l-a,_1) 
=> (l-a,)(l-a,)...d-a,_,)=n 


Since, n is not a multiple of 3, but odd integers and 


et+x7+x=0 > x=0,0,07 
Now, when x =0 
=> (x+ 1)" -x" -1=1-0-1=0 


x=0 is root of (c+ 1)" -x"-1 
Aveta, when x=@ 
=> (x+1)"-x"-1=(+0)" -0" -1=-0” -@ 
[as n is not a multiple of 3 and odd] 
Similarly, x =” is root of {(x+1)"—x"-1} 
Hence, x =0, @, 7 are the roots of (x + 1)” —x"-1 
Thus, x + «+ xdivides («+ 1)” -x”"-1. 


Since, a, B are the complex cube roots of unity. 
-. We take a = andB =”. 

Now, xyz =(a + b)(aa + bB)(aB + ba) 

=(a + b)[a*oB + ab@” + B”) + b%aB] 

= (at b)[a2@-”) + ab@? + 0") + 67@-”)] 
=(a + b)(a? — ab + b”) 
=a? +b? 


[-1+0+07=O0and@ =1] 


2% 
jo 


Priniting error = e 3 
IxPltlyP+leP 
(a)? + (6) +e? 


Qn 
ja 
NOTE Here, w =e &, then only integer solution exists. 


a 
or ol 


Theory of Equations 


Topic 1 Quadratic Equations 
Objective Questions I (Only one correct option) 


1. 


If a and B are the roots of the quadratic equation, 


x’ + xsin@ —2sin@ =0,0¢€ (0. ) then 


12 12 
a+ $ 
=5 8 [aaa 18 equal to 
@ ~~ +B ~)@-B) (2019 Main, 10 April 1) 
gi2 98 
(a) ———__, ) ——_—_. 
(sin 6 + 8)” (sin 6+ 8)” 
92 92 
sin 0 — sin 0 — 
( 6-4) ( 6 - 8) 


Let p, g ER. If2 — V3 is a root of the quadratic equation, 
x’ + px+q=0, then (2019 Main, 9 April 1) 
(a) q?-4p-16=0 
(b) p?- 4q-12=0 
(c) p?-4q+12=0 
(d) q?7+4p+14=0 


If m is chosen in the quadratic equation 
(m? + 1)x”-3x+ (m?+1)2=0 such that the sum of its 
roots is greatest, then the absolute difference of the 
cubes of its roots is (2019 Main, 9 April Il) 
(a) 10/5 (b) 8/5 
() 8V3 (da) 4V3 


If aw and B are the roots of the equation x” —2x+2 =0, 


then the least value of n for which (=) =lis 


(a) 2 (b) 5 
(c) 4 (d) 3 


The number of integral values of m for which the 
equation (1 + m”)x" —2(1+ 3m)x+ (1+ 8m)=0, has no 
real root is (2019 Main, 8 April II) 
(a) 3 (b) infinitely many 

(c) 1 (d) 2 


The number of integral values of m for which the 

quadratic expression, (1 + 2m) x” —2(1 + 3m) 

x+4(1+m), xe R, is always positive, is 

(2019 Main, 12 Jan II) 
(d) 3 


(2019 Main, 8 April I) 


(a) 6 (b) 8 () 7 


10. 


11. 


12. 


13. 


14. 


If be the ratio of the roots of the quadratic equation in 
x, 3m7x2 + m(m — 4)x + 2 =0, then the least value of m for 


; 1 ; 
which A + x =1,1s (2019 Main, 12 Jan 1) 


(a)- 2+ /2 (b) 4- 2/3 
(c) 4- 3V2 (d) 2-3 
If one real root of the quadratic equation 


81x? + kx + 256 =Ois cube of the other root, then a value 


of kis (2019 Main, 11 Jan |) 
(a) 100 (b) 144 
(c) -81 (d) -—300 


If5,5r,5r7are the lengths of the sides of a triangle, then 
(2019 Main, 10 Jan 1) 


3 
(a) a 


r cannot be equal to 


5 7 3 

(a) — (b) — (c) = 
4 4 2 
The value of 4 such that sum of the squares of the roots 
of the quadratic equation, x” + (8-’)x+2=A has the 
least value is (2019 Main, 10 Jan II) 


4 15 
(a) — (b) 1 (c) — d) 2 
) : ) ) (d) 
The number of all possible positive integral values of a 
for which the roots of the quadratic equation, 
6x" — 11x +a =0 are rational numbers is 
(2019 Main, 9 Jan II) 
(a) 5 (b) 2 
()4 (d) 3 


Let and B be two roots of the equation x” + 2x +2 =0, 
then a’ +'° is equal to (2019 Main, 9 Jan 1) 


(a) 256 t(b) 512 
(c) —256 (d) -512 
Let S={xeR:x20 and 2|Vx —3| + Vx(/x -6) + 6=0. 
Then, S (2018 Main) 


(a) is an empty set 

(b) contains exactly one element 
(c) contains exactly two elements 
(d) contains exactly four elements 


If a,BeC are the distinct roots of the equation 


x’ —x+1=0, thena’! +B!” is equal to (2018 Main) 
(a) -1 (b) 0 
(c) 1 (d) 2 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


Theory of Equations 


For a positive integer n, if the quadratic equation, 
x(xe+1)+ (e+ 1) (e+ 2)4+... + (x+n-1) («+ n)=10n 


has two consecutive integral solutions, then n is 
equal to (2017 Main) 
(a) 12 (b) 9 (c) 10 (d) 11 


The sum of all real values of x satisfying the equation 
(x? -5x+5)* +4 =1is (2016 Main) 
(a) 3 (b) - (d) 5 


Let — 7 <0<- a Suppose a, andB, are the roots of the 


(c) 6 


equation x7 — 2xsecO +1=0, anda, and, are the roots 
of the equation x’+2xtan0-1=0. If a,>8, and 


Oy > Bo, then a, + By equals (2016 Adv.) 
(a) 2(sec6 — tan@) (b) 2sec8 
(c) -2tan® (d) 0 
Let @ and B be the roots of equation x” —6x—2 =0. If 
a, =a” —B", for n > 1, then the value of Sig = 245 is 

ag 

(a) 6 (b) — (2015 Main) 
(c) 3 (d) — 


In the quadratic equation p(x) =0 with real coefficients 


Then, the equation 
(2014 Adv.) 


has purely imaginary roots. 
p[p(x)] =0 has 

(a) only purely imaginary roots 
(b) all real roots 

(c) two real and two purely imaginary roots 
(d) neither real nor purely imaginary roots 


Let @ and B be the roots of equation px”? + qx +r =O, 


p#0. If p,qand r are in AP and ataes then the 
(or 


value of |a—Blis (2014 Main) 
61 34 
@ maT ot @ 
9 9 
Let a and B be the roots of x” — 6x—2 =0, with a >. If 
a, =a” —§” for n >1, then the value gp ti = 208 2 
ag 
(a) 1 (b) 2 (c) 8 (d)4 (2011) 


Let pand q be real numbers such that p #0, p® #q and 

p #-q. If « and B are non-zero complex numbers 

satisfying 0 +B =— p and a? +B? =q, then a quadratic 

equation having ; and — as its roots is (2010) 
a 

(a) (p® + q)x”-(p® + 2q)x+(p® + q) = 

(b) (p + ge - (p* - 2q)x+(p* + g) = 

(c) (p? - gx” - Gp* — 2q)x+(p* - @) = 

(d) (p* — q)x”— Gp? + 2q)x+(p? — gq) = 0 

Let a, B be the roots of the equation x” - px+r=0and 


kal , 2B be the roots of the equation x” —qx+r=0. Then, 


the value of r is (2007, 3M) 


(a) <(p- a 2a-P) 2 


(b) gt PCP-® 


(c) “(a-2p) (2q- p) (a) <@p-@) (2q- p) 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


If a,b,c are the sides of a triangle ABC such that 
x2 (a+ b+ 0) x+ 8A (abt bc+ ca)=0 has real roots, 
then (2006, 3M) 


4 45 15 
@)a<= @re(s, ;) (a) he (5. 2) 


If one root is square of the other root of the equation 
+ Be +q=0, nen the relation between p and gq is 

(a) p® - g(8p -1)+ q =0 (2004, 1M) 
(b) p° -q(3p+)+q=0 

(c) p® + (8p - 1) + ? 0 

(d) p? + q3p+)+q’=0 

The set of all real numbers x for which x” —|x + 2|+ x>0 
is (2002, 1M) 
(a) -,—2)U (2,00) (b) (-,-/2) U@/2,<) 

(c) (-%,- NUCL) (a) (V2, 0) 


The number of solutions of log, (x — 1) = log,(x — 3) is 


(b)2>2 


(a) 3 (b) 1 (2001, 2M) 
(c) 2 (d) 0 

For the equation 3x7 + px +3=0, p>0, if one of the root 
is square of the other, then p is equal to (2000, 1M) 
(a) 1/3 (b) 1 (c) 3 (d) 2/3 


If «@ and B @<f) are the roots of the equation 


x” + bx + c=0, wherec <0 < 6, then (2000, 1M) 
(a) 0<a<B (b) a< 0< 8 <lal 
(c)a<B<0 (dja<0<lal<B 


The equation af +1 ae 1= 4x 1has (1997¢, 2m) 


(a) no solution 

(b) one solution 

(c) two solutions 

(d) more than two solutions 


nee x)? + logy x-— 
The equation x4 


aoe 


(1989; 2M) 
(a) atleast one real solution 

(b) exactly three real solutions 

(c) exactly one irrational solution 

(d) complex roots 


If « and B are the roots of x” + px+q=0 and a’*,B‘are 


the roots of x’-rx+s=0, then the equation 
x” — 4qx + 2q” —r =0 has always (1989, 2M) 
(a) two real roots 
(b) two positive roots 
(c) two negative roots 
(d) one positive and one —— root 
The equation x — =1- “aaa 

x-1 x (1984, 2M) 
(a) no root (b) one root 
(c) two equal roots (d) infinitely many roots 
For real x, the function oo will assume all real 

x-C 

values provided (1984, 3M) 
(a)a>b>ec (b)a<b<ec 
(c)a>c<b (d)asc<b 


35. 


36. 


37. 


The number of real solutions of the equation 


|x??-3 |x] + 2=Ois (1982, 1M) 
(a) 4 (b) 1 (c) 3 (d) 2 

Both the roots of the equation 

(x — b) («-—c) + («- a) K-00) + (x-a) &- 5) =0 

are always (1980, 1M) 


(a) positive 

(b) negative 

(c) real 

(d) None of the above 

Let a>0,6>0 and c>0. Then, both the roots of the 
equation ax” + bx + c=0 (1979, 1M) 
(a) are real and negative 

(b) have negative real parts 

(c) have positive real parts 

(d) None of the above 


Assertion and Reason 


For the following question, choose the correct answer 

from the codes (a), (b), (c) and (d) defined as follows : 

(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; 
Statement II is not the correct explanation of 
Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


38. Leta,b,c, p,qbe the real numbers. Suppose o,f are the 
roots of the equation x7+2px+ q =0. 
and m5 are the roots of the equation ax” +2bx+ c=0, 
where B? ¢ {-1,0, 1}. 
Statement I (p?—q) (b’—ac) =0 
Statement II b¢pa or cé€qa. (2008, 3M) 
Fill in the Blanks 
39. The sum of all the real roots of the equation 
|x-2[? +|x-2|-2=Ois...... ; (1997, 2M) 
40. Ifthe products of the roots of the equation 


x” — Bkx + 2e78* 1 =O is 7, then the roots are real for 
R23 (1984, 2M) 


41. If 2+ iv3isa root of the equation x7 + px + gq =0, where 
pand qare real, then (p, q) = (...,...). (1982, 2M) 
42. The coefficient of x? in the polynomial 
(x —1)(x-2)...(x-100) is... (1982, 2M) 
True/False 
43. If P(x) =ax"+ bx+c and Q(x) =- ax’ + bx+¢ where 
ac #0, then P(x) Q(x) has atleast two real roots. 
(1985, 1M) 
44. The equation 2x” + 3x+ 1=0 has an irrational root. 


(1983, 1M) 
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Analytical & Descriptive Questions 


45. 


46. 


47. 


48. 


49. 


50. 
51. 


52. 
53. 


54. 


55. 


56. 


If x? — 10ax—11b =O have roots c and d.x?—10cx—11d =0 


have roots a and b, then finda+6+c+d. (2006, 6M) 


If o,B are the roots of ax*+bx+c=0,(a #0) and 
a + 6,6 +6 are the roots of Ax? + Bx+ C =0, (A #0) for 
some constant 6, then prove that 
b’-4ac_ B’-4AC 
a A 
Let f (x)= Ax°+Bx+C where, A,B,C are real 


numbers. prove that if f (x) is an integer whenever x is 
an integer, then the numbers 2A, A+ Band C are all 


(2000, 4M) 


integers. Conversely, prove that if the numbers 
2A, A+ Band Care all integers, then f (x)is an integer 
whenever x is an integer. (1998, 3M) 
Find the set of all solutions of the equation 
gly! —jgy-1 yaa 41 (1997 C, 3M) 
Find the set of all x for which 
7 st > (1987, 3M) 
Q2x°+5x4+2 x+1 
Solve| x7+ 4x+3 |+2x+5=0 (1987, 5M) 


For a <0, determine all real roots of the equation 


x’ —2a|x-—al—3a7 =0 (1986, 5M) 


Solve for x:(6 + 2V6)" ~3 + 6 —2V6)" ~3 = 10 (1985, 5M) 


If one root of the quadratic equation ax” + bx+c=0 is 


equal to the nth power of the other, then show that 
1 1 


(ac”)" +1 + (a”c)" +1 4+b=0 (1983, 2M) 


Ifa and are the roots of x7 + pxt+q=Oand y, 6 are the 
roots of x°+rx+s=0, then evaluate (a —y)@-y) 


(a —5)(@ —5)in terms of p, g, rands. (1979, 2M) 
Solve 2 log, a + log,, a+ 3 log, a=0, 

where a >0,b=a’x (1978 , 3M) 
If a and £B are the roots of the equation 


x? + px+1=0;y,6 are the roots of x7 + qx+1=0, then 
q’ - p= @-y)G-y)O+5)G+8) (1978, 2M) 


Passage Type Questions 
Let p, q be integers and let «,£ be the roots of the equation, 


x?—x-1=0 where 


af. For n=0,1,2,...... , let 


a, = pa” + gp”. 
FACT : Ifa and bare rational numbers and a + bV5 =0, then 


a=0=0). (2017 Adv.) 
57. ay= 

(a) q, + 2a (b) 2a; + ao 

(Cc) G1 - Ao (d) a1 + ao 
58. Ifa, =28, then p+ 2q= 

(a) 14 (b) 7 () 21 (d) 12 
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Topic 2 Common Roots 


Objective Questions I (Only one correct option) 3. A value of 6 for which the equations x?+ bx-1=0, 


1 If a,B and y are three consecutive terms of a x” + x+ b=0 have one root in common is (2011) 
non-constant GP such that the equations (a) - V2 (b) -iv3 (c) iv (a) V2 
ox? + 2Bx + y=0 andx? + x—1=0 have a common root, er 
then, «(B + ¥) is equal to (2019 Main, 12 April II) Fill in the Blanks 
(a) 0 4. If the quadratic equations x*+ax+b=0 and 
(b) a8 x7 + bx+a=0 (a#b) have a common root, then the 
(c) ay numerical value of a + bis... . (1986, 2M) 
(d) By 

2. If the equations x7+2x+3=0 and ax*+ bx+c=0, True/False 


a,b,ce¢ Rhave a common root, then a:b: cis 
(a) 1:2:3 (b) 8:2:1 
(c) 1:3:2 (d) 8:1:2 


5. Ifx—risa factor of the polynomial f(x)=a,, x”, 


(2013 Main) +Q,_1 x") +... + dp repeated m times (1 <m <n), then 
ris a root of f’ (x)=0 repeated m times. (1983, 1M) 


Topic3 Transformation of Roots 


Objective Question I (Only one correct option) Analytical & Descriptive Question 


1. Leta, be the roots of the equation,(x— a)(x— b)=c,c#0. 


Then the roots of the equation (x -— a) («- 8) + c=O are 
(a) a,c (b) b,c (c) a,b (d) at+c,b+c (1992, 2M) 


2. Leta, bandcbe real number s witha #0 and leta, Bbe 


the roots of the equation ax’ + bx + c=0. Express the 
roots of a°x* + abex + & =O in terms of a, B. (2001, 4M) 


Topic 4 Graph of Quadratic Expression 


Objective Questions I (Only one correct option) 


1. Let P(4,-4) and QQ, 6) be two points on the parabola, 4. If aeR and the equation —3 (x— [x])? + 2 (x— [x]) 


y”? =4x and let X be any point on the arc PO@ of this 
parabola, where O is the vertex of this parabola, such 
that the area of APXQ is maximum. Then, this 
maximum area (in sq units) is (2019 Main, 12 Jan I) 


+ a” =0 (where, [x] denotes the greatest integer < x) has 
no integral solution, then all possible values of a lie in 
the interval (2014 Main) 


(a) -1, 0) UO, 1) (b) CL, 2) 


@= (b) © (©) -2,-D (a) (00, - 2) U (2, &) 
hse ae For all ‘x’, x? + 2ax + (10 —3a)>0, then the interval in 
(c) — (d) —— rae 
4 4 which ‘@ lies is (2004, 1M) 
2. Consider the quadratic equation, (c— 5) x’—2cx + (c—4) mesa: See = ae? )2eas 8 
=0,c#5. Let S be the set of all integral values of c for . If6>a, then the equation (x — a) (x— 6)—1=Ohas 
which one root of the equation lies in the interval (0, 2) (a) both roots in (a,b) (2000, 1M) 
and its other root lies in the interval (2, 3). Then, the (b) both roots in (— ©, @) 
number of elements in S is (2019 Main, 10 Jan I) (c) both roots in (b, +) 
(a) 11 (b) 10 (d) one root in (—c0,a) and the other in (6,0) 
() 12 (d) 18 . Ifthe roots of the equation x” —2ax+ a7 + a-—3=0 are 
3. If both the roots of the quadratic equation real and less than 3, then (1999, 2M) 
x” —mx+4=0 are real and distinct and they lie in the (a)a<2 (b) 2<a<3 (0) 8< as4 (d) a>4 


interval [1, 5] then m lies in the interval 
(2019 Main, 9 Jan II) 


. Let f(x) be a quadratic expression which is positive for 


(a) (4, 5) (b) (-5, — 4) all real values of x. If g(x) =f (x) + f’ (x) + f’’ (x), then for 
(c) (5, 6) (d) (3, 4) any real x (1990, 2M) 
(a) g(@x)<0 (b)g@)>0 ©g@=0 @dg(x)20 


Analytical & Descriptive Questions 


9. 


10. 


If x? + (a — b)x + (l—a — b) =O where a, b € R, then find 


the values of a for which equation has unequal real roots 
for all values of b. (2003, 4M) 


Let a, b, cbe real. If ax” + bx + c=0 has two real roots a 
and 8, where a<-1 and B>1, then show that 


reece al Br, 
a jal (1995, 5M) 


Topic5 Some Special Forms 


Objective Questions I (Only one correct option) 


1. 


The number of real roots of the equation 


5+/2* -1|=2*2* -2)is (2019 Main, 10 April II) 
(a) 1 (b) 3 
(c) 4 (d) 2 


All the pairs (x,y) that satisfy the inequality 
in? x — si 1 F : 
ae eee -—— < Lalso satisfy the equation 


4my (2019 Main, 10 April 1) 
(a) 2|sin x= 3sin y (b) sin x=|sin 9| 
(c) sin x=2sin y (d) 2sin x= sin y 


The sum of the solutions of the equation 


| vx —2|+ Vx(Vx -4) + 2 =0(x>0) is equal to 
(2019 Main, 8 April I) 


(a) 9 (b) 12 

(c) 4 (d) 10 

The real number k for which the equation, 

2x? + 3x+ k =0 has two distinct real roots in [0, 1] 
(2013 Main) 


(a) lies between 1 and 2 (b) lies between 2 and 3 

(c) lies between-land0O (d) does not exist 

Let a,b,c be real numbers, a0. If a is a root of 
a’x? + bx + c=0, B is the root of a*x? — bx —c=0 and 
0 <a <f, then the equation a7x” + 2bx + 2c =O has a root 


y that always satisfies (1989, 2M) 
a+B B 

aye =a+5 

(a) 5 (b) y 3 

(c) Y=a (ja<y<B 

Ifa+6+c=0, then the quadratic equation 

3ax” + 2bx + c=Ohas (1983, 1M) 


(a) at least one root in (0, 1) 

(b) one root in (2, 3) and the other in (—2, — 1) 
(c) imaginary roots 

(d) None of the above 


The largest interval for which 


v9 + xt —x4+1>0is (1982, 2M) 
(a) -4< «<0 (b) 0<x<1 
(c) -100< x< 100 (d) -co < x < 00 


Let a,b,c be non-zero real numbers such that 


1 
J, (1+ cos® x)(ax? + bx+ odx (1981, 2M) 


7 8 2 
= [, (1+ cos” x)(ax" + bx+ c)dx 
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11. Find all real values of x which satisfy x” — 3x +2>0Oand 
x” -2x-4 <0. (1983, 2M) 


Integer Answer Type Question 


12. The smallest value of k, for which both the roots of the 
equation x”—-8kx+16(k?—-k+1)=0 are real, distinct 
and have values atleast 4, is ...... : (2009) 


Then, the quadratic equation ax” + bx+ c=0 has 
(a) no root in (0,2) (b) atleast one root in (1,2) 
(c) a double root in (0, 2) (d) two imaginary roots 


Objective Questions II 
(One or more than one correct option) 
9. Let Sbe the set of all non-zero real numbers @ such that 
the quadratic equation ox? —x+0. =0 has two distinct 
real roots x, and x, satisfying the inequality |x, — x,| <1. 


Which of the following interval(s) is/are a subset of S? 
(2015 Adv.) 


1 1 1 1 1 ee 
--,--—| ()| -——,0 0, —]| (d)| —, = 
@(- 5-3) ©(-ze9) (9%) Oz 5] 
10. Let ae R and f:R- R be given by f(x) =x -5x+a. 
Then, 
(a) f(x) has three real roots, if a> 4 
(b) f(x) has only one real root, if a> 4 


(c) f(x) has three real roots, if a< —4 
(d) f(x) has three real roots, if-4< a< 4 


Passage Based Problems 

Read the following passage and answer the questions. 
Passage I 

Consider the polynomial f(x) = 1+ 2x + 3x7+ 4x°. Let s be 


the sum of all distinct real roots of f(x) and let t =| s|. 
(2010) 


11. The real numbers s lies in the interval 
1 i} 3 1 1 
at) 11, ; d) | 0, = 
@)( i ) 0 )o/ : q @( ‘] 


12. The area bounded by the curve y= f(x) and the lines 


x=0,7=0 and x =t, lies in the interval 


@ (4,3) (2.2) (c) (9, 10) @ (0.2) 
4 64 16 64 


13. The function /’ (x) is 
(a) increasing in (-s - ;| and decreasing in (- 7 7 
ae 1 : aa 1 
(b) decreasing in | — t, — i and increasing in | — 4 


(c) increasing in (-t, t) 
(d) decreasing in (-t, t) 
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Passage II 

If a continuous function f defined on the real line R, 
assumes positive and negative values in R, then the 
equation f(x)=0 has a root in R. For example, if it is 
known that a continuous function fon R is positive at some 
point and its minimum values is negative, then the 
equation f(x) = Ohas a root in R. Consider f(x) = ke* — x for 
all real x where k is real constant. (2007, 4M) 
14. The line y=x meets y= ke" fork <Oat 

(a) no point 

(c) two points 


(b) one point 
(d) more than two points 


15. The positive value of k for which ke* — x =0 has only one 


16. For k>O0, the set of all values of k for which ke* —x=0 
has two distinct roots, is 
w(2,1} 
e 


(a) Q *) 
e 
(2°) (a) 0,1) 
e 


True/False 


17. If a<b<c<d, then the roots of the equation (x—a) 
(x —c) +2 (x- b) (x- d) =O are real and distinct. 
(1984, 1M) 


Analytical & Descriptive Question 


root is 18. Let -1< p<1. Show that the equation 4x° —3x- p=0 
ai (b) 1 (c)e (d) log , 2 has a unique root in the interval [1/2, 1] and identify it. 
e (2001, 4M) 
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1. 


2. 


4, 


Hints & Solutions 


Topic1 Quadratic Equations 


Given quadratic equation is 
x’ + xsin@ —2sin@ =0,0¢€ (0. ) 


and its roots are a and B. 
So, sum of roots =a + B =—sin®@ 
and product of roots = af =—2sin0 


> of =2@ +B) sea (1) 
12, p12 
: woo 4 + 
Now, the given expression is——, o aa TI 
@- "+B *)@ —B) 
ot? 4 pl? ol? 4 pl? 


1 1 5 2 12 


of | -( a ) 
@-By| (@+p)?—40p 


2 + B) i 


; 
l 

_| [from Eq. @)] 
| @+B)?-8@+p)| . 


2 12 2 12 
mee (25 ea 


~ (gin + 8)2 


Given quadratic equation is x’+ px+q=0, where 
p,q € Rhaving one root 2-3 , then other root is 2+ V3 
(conjugate of 2-3) [ irrational roots of a quadratic 
equation always occurs in pairs] 

So, sum of roots =-—p=4 > p=-4 

and product of roots = q=4-83 >q=1 

Now, from options Dp 4q-12=16-4-12=0 


Given quadratic equation is 
(m? + 1)x" -— 8x4 (m?+ 1)? =0 Gi) 
Let the roots of quadratic Eq. (i) are a and B, so 


a+B= 
m+1 


and ap =m? +1 


According to the question, the sum of roots is greatest 
and it is possible only when “(m? + 1) is minimum” and 
“minimum value of m? + 1=1, when m =0”. 
“a+8=3 andof=1, asm=0 
Now, the absolute difference of the cubes of roots 

= la? = B? | 

=|a —Blla? +B + afl 

= (a + B)” — 408 | (a + B)” — oI 

= /9-4 |9-1|=8V5 


Given, a andf are the roots of the quadratic equation, 
x” -2x+2=0 
=> (-1)7+1=0 


=> («-1)7=-1 
> x-l=ti [where i = J-1] 
> x=(1+i)or (1-2) 


Clearly, if~ =1+ i, thenB=1-i 


n 
According to the question (=) =1 
i2¢) : 
=> : =1 
1l-i 


(¢ +i+ 2) = 
(Q-id+i)) 


+2 a \ ft +\n 
> vt a 1 > (2) 1S i’ =1 
1-1 2 


So, minimum value of n is 4. 


[by rationalization] 


Key Idea 
(i) First convert the given equation in quadratic equation. 


(ii) Use, Discriminant, D = 6? — 4ac< 0 


Given quadratic equation is 
(1 + m”)x? —2(1 + 3m)x + (1 + 8m) =0 . i) 
Now, discriminant 
D=[-2(.+ 3m)]? -4(. + m?)(1 + 8m) 
=4[(1 + 3m)? - (1+ m?)(1 + 8m)| 
=4[1 + 9m? + 6m — (1+ 8m + m? + 8m*)] 
=4[-8m° + 8m? —2m] 
= -—8m(4m? — 4m + 1)=—8m(2m - 1)” 
According to the question there is no solution of the 
quadratic Eq. (i), then 
D<0 
-8m2m-1)?<0 = m>0 
So, there are infinitely many values of ‘m’ for which, 
there is no solution of the given quadratic equation. 


The quadratic expression 

ax’ + bx + ¢,x€ Ris always positive, 

ifa>Oand D<0. 

So, the quadratic expression 

(1 + 2m) x” —2 (1+ 3m)x+ 4(1 + m), xe Rwill be 
always positive, if1+2m>0 #9a(1) 


and D =4(1 + 3m)? -4@m + 1)4(1 +m) <0 ..- (di) 
From inequality Eq. (i), we get 
ees” eG) 
2 


From inequality Eq. (ii), we get 
14+ 9m? + 6m —4 Qm? + 3m+1)<0 
=> m*-6m-3<0 
= [m- (3+ V12)][m - @ -12)] <0 
+ 36+ 12 
‘pact Se” = =3+ V12] 


[m 
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> §-/122m<34/12 ...(iv) 
From inequalities Eqs. (iii) and (iv), the integral values 
of mare 0,1,2,3,4,5,6 

Hence, the number of integral values of m is 7. 


. Let the given quadratic equation in x, 
3m7x" + m(m—4)x+ 2 =0, m #0 have roots a and B, then 


at+Bp=- MA =) nd op =—2, 
Also, let =n 
B 
Then, A+—=1> = : Bis 1 (given) 
; B a 
=> a7+B7=o8 
=> (a +B)? = 308 
Qe 42 
x m*(m—4) =3 2 : 
9m* 3m 
=> (m—4)” =18 [- m #0] 
> m—-4=+3/2 
= m=4+32 
The least value of m =4-3V2 
. Given quadratic equation is 
81x" + kx + 256 =0 
Let one root be a, then other is a’. 
Now, a + a? =——anda-a? a8 
81 
[. for ax” + bx + c=0, sum of roots =— & 
a 
and product of roots = S 
a 
4 
=> a4 = (=) >a=t s 
3 3 
k=-81@+a°) 
=-81a (1+40”) 


--81(+4)(145)= +300 
3 9 


. Leta =5, b=5randc=5r" 


We know that, in a triangle sum of 2 sides is always 
greater than the third side. 
. @+6>¢66+c>aandc+a>b 
a+b>c 
=> 5r7-5r—-5<0 


ae 
4). oe 


PCS *) 
er oots of ax” + bx+ c=Oare given by 


—b+./b?-4 
x= A 0 and r? r-1=0 


2a 
_ityl+4_14 5, 
2 2 


Now, 
=>5+5r>5r? 


>r 


10. 


1-V¥5 14+-5 
=> re ; ...(i) 
2 2 
+ = t+ 
1-V5. 1+ V5 
2 2 
Similarly, b+c>a 
=> 5rt+5r2>5 
> re+r—1>0 
. eae 5). a8) 
eae ii 
[ + /1 1+ 415 | 
ret r—-1=05r=— Ens = = v5 
2 2 | 
nr ” : 
=> r °°, U , 00 .- (iI) 
2 2 
ae - t+ 
-1-V5 —14-V5 
2 2 
and c+a>b 
=> 5r?+5>5r 
=> r2—-r+1>0 
2 2 
=r? -2 r+(5] +1 (5) >0 
2 2 
2 
> (7-5 Pee 
2 
=> reR ... (iii) 
From Kgs. (i), (ii) and (111), we get 
- -14+J5 145 
2 ° Q 
—_ > 
< > 
“? 4-V5 1-VE. -14V50 14-5 . 
2 2 2 2 


re ‘ 
and ri is the only value that does not satisfy. 


Given quadratic equation is 
x’ +(B-A)xt+2=A 
x7 + (B-A)x+ (2-2) =0 . Gi) 
Let Eq. G) has roots a and B, then a+B=A-3 and 
ap=2-2 


b 
[.. For ax” + bx + c=0, sum of roots = — — 


and product of roots = xy 
a 


Now, 0.7 + B? = @ + 8)? — 208 
= (A —3)?-22-A) 
=27-61 49-4424 
= -4.45=(A7-444+4)41 


=(A-2) +1 
Clearly, a?+ B? will be least when A = 2. 


11. 


12. 


For the roots of quadratic equation ax” + bx + c=Oto be 

rational D = (b” — 4ac) should be perfect square. 

In the equation 6x” — 1lx+a=0 
a=6,b=-llandc=a 

.. For roots to be rational 

D = (- 11)? — 46) @) should be a perfect square. 

=> D(@) = 121-240 should be a perfect square 

Now, 

D(1) =121 -—24 =97is not a perfect square. 

D2) =121-24 x2 = 73 is not a perfect square. 

D@) =121-24x3=49is a perfect square. 

D(4) =121-24x4=25is a perfect square. 

D() =121-24x5=1isa perfect square. 

and for a >6, D(@) <0, hence imaginary roots. 

..For 3 values of a ( = 3, 4, 5), the roots are rational. 


We have, x7 + 2x+2=0 


_-24 4-8 


=> x 5 [: roots of ax’ + bx + c=Oare 
. —~b+./b? —4ac 
given by x =~] 
2a 
=> x=-1l+i 


Leto =-1+iandB=-1-i. 
Then, «7° +B =(-1+4 iy + C1-i)% 


=-[(1-i° +(4+0)"] 
15 


{lotsa od)" 
{2 [cos —isin ae 


15 
+ 1 { cos + isin®) 
| 4 4 


= -(62)9| (cos ae isin = [cos zr + isin 6) 
| 4 4 4 a) | 


[using De’ Moivre’s theorem 
(cos0 + isin@)” =cosnO + isin nO, n € Z] 
5 |. 150 | wl 1 | 
=— (J2)" | 2. cos — j= (V2)*| 2 x = 
ease ah Pr v2 | 


[ 152 ( z) 
*. cos —— =cos| 47 =cos— = 
| 4 4 


a 
H 


= — (V2)'6 = 28 =- 956. 
Alternate Method 
od + pS =( 14 i) esl i) 
=-[1-i1)" +(0+i)"] 
fa-j* , a+0" | 


1-i 1+i 
_ ffa-a'*  (a+i 8 | 
- l 1-i sd i | 


13. 


14. 


15. 


16. 
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ie ame es ae till 
1-i sid: | 
_ [eai®, en§] 
1-1 1+i| 
a! Ee | [ei =1,n eZ] 
roe 1+i| 
= abel. 2 -|- o56| 2 |= 256 
lz 1 | 2 | 
We have, 2| Vx —3|+ Vx(Vx —6)+6=0 
Let Jx -3=y 
=> Vx=y+38 
s 2lyl+ (y+ 3)(y-3)+6=0 
=> 2\y|+ y7-3=0 
=> ly? +2lyl-3=0 
> (lyl+3)(ly|-1)=0 
=> lyl#-3 => lyl=1 
= yeti S ay -3=h1 
= Vx=4,2 > x=16,4 
We have, o,f are the roots of x’ —x+1=0 


Roots of x? -x+1=O are -0,-0” 
Let & =—@ and B =-@” 
= ol 4 B17 = Coy! + Co?)!7 = — @!! + 2") 
=-(@"+@) [-- o*® =1] 
[-1+@+07=0 


Given quadratic equation is 
x(xt+1)4+ (v+ 1+ 2)4+...4+ («+ n-1)(x+n)=10n 


(74074 ...4 07%) 4 [14 3454...4 Qn-D]x 
¢10-24+2-3+...+(—1)n]=10n 
> nv + n'x+ 22D _ ton =0 
2 
=> Pies Oe? SG 
=> 3x7 + 8nx+ n?-31=0 
Let o and B be the roots. 
Since, « and Bf are consecutive. 
la-Bl=l1 = (@-Bf)?=1 


Asiahi (a —B)? =(@ +8)? —4a8 


si 1=[ =") 4” 31 
3 3 


=> =n 5 (n® 31) = 3=8n?-4n7? +124 
=> n?=121 3 n=+11 
n=11 [en > 0] 


Given, (x? —5x«+ 5)" + 4x ~ 60 4 
Clearly, this is possible when 


I. x7 +4x-60 =O and x7-5x+5 40 
or 
Il. x°-5x+5=1 
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17. 


18. 
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or 
Ill. x?-5x+5=-1 and x’ + 4x —60 = Even integer. 


Case I When x” +4x-—60=0 
=> x” + 10x —6x-—60 =0 
> x(x + 10) —6(« + 10) =0 
> (x + 10) («-6)=0 
> x=-100r x=6 


Note that, for these two values of x,x°-5x+5+0 
Case II When x —5x+5=1 


> x -5x+4=0 

=> x? -—4xn-x+4=0 

=> x(x -—4)-1 («-4)=0 

=> (x—4) «-1)=0>5 x=4or x=1 


x? -5xt5=-1 
x" —5x+6=0 
x” —2x—3x+6=0 
x(x — 2) — 8(x -— 2) =0 
(x — 2) («- 3) =0 
x=2orx=38 

Now, when x =2, x” + 4x - 60=4 + 8 -60=— 48, which is 

an even integer. 


When x =3, x + 4x -60=9 + 12 -60=—- 39, which is not 
an even integer. 


Case III When 


UUUUY 


Thus, in this case, we get x= 2. 
Hence, the sum of all real values of 
x=-10+6+4+1+2=3 


Here, x”-2xsec0 +1 =Ohas roots a, and ,. 


2secO + ./4sec"6 — 4 


Pas Bi 2x1 
_ 2sec6+2|tan@| 
2 
Since, Oe (-2 - =) 
6 12 


2sec0+ 2 tan® 

2 

a, =sec8 — tanOandB, =sec6+ tanO [asa, > By] 
and x*+2xtan@—1=0has rootsa, and B,. 


—~2tand+ V4tan70+4 


ie. Oe IV quadrant = 


le. Os, Bo 5 

2 Q, =—tan@+secd 

and B, =—tan6 —secO [asQ > Ba] 
Thus, O, +P. =—-2 tand 


Given, @ and £ are the roots of the equation 
9 
x" -6x-2=0. 
a, =a” —B” forn>1 
10 _ al0 
Ay =a —-B 
a, =a°® — B® 


Ag =a? —p? 


20. PLAN 


Now, consider 
Ayo 20g _ a? = ad = 28 = B*) 


2dy 2° - 0°) 
_ 0°” —2)—B°@" -2) 
2° —B*) 
_a®-6a-B°6B 6a?-6B? 6 _ 
2°-B°)  2@°-68°) 2 
[-. a and Bare the roots of 1 


x? —6x—2=0 or x° =6x42 
=> a'=6a+2 > a7-2=6a 
and B’=68+2 = B?-2=68 

Alternate Solution 


Since, a and are the roots of the equation 


x —6x-2=0. 
or x? =6x+2 
a” =60 +2 
=> a =6 a9 +208 ...(i) 
Similarly, po =6 6° +2p8 ... (ii) 


On subtracting Eq. (ii) from Eq. (i), we get 


ot!” — BI = 6" —B*) + 2@°-B") (+ a, =a" —B") 
=> Q19 =6dg + 2ag 
M9 24g _ 


=> jo —2ag =6dyg > 3 


2a 


19. If quadratic equation has purely imaginary roots, then 


coefficient of x must be equal to zero. 
Let p(x) = ax” + b with a, b of same sign anda, be R. 
Then, plp(x)] = a(ax” + b)? +b 
p(x) has imaginary roots say ix. 
Then, also ax’ + 6 € Rand (ax” + b)?>0 
a (ax? + b)? + b#0,V x 
Thus, P [p@] #0,V x 


If ax®+ bx+c = Ohas roots a and, thena + B = —b/a 

andap = © Find the values of o + B and af and then put 
a 

in(a —B)° = (a + B)* — 4a8 to get required value. 

Given, « and are roots of px" + qx+ r=0, p #0. 


a+p=—4, op = ..-(i) 
Pp Pp 
Since, p, g andr are in AP. 
2q=ptr ... (ii) 
Also, tered > a+B_y 
a £6 ap 
= oehetep S 2a [from Eq. ()] 


On putting the value of gin Eq. (ii), we get 


> 2(C-4r)=pt+tr => p=-9r 


21, 


22. 


23. 


24, 


Now, a+B 
p p -9r 9 
and i eee ae 
p -9r -9 
2 2 16 4 16+36 
a—-B)"=Q@+ 4a0B = f= 
(@-B)=@+ 8) =. 5 81 
2 52 
=> CQ ——— 
@ —B) Tl 
2 
=> Ja —Bl=—V13 
is, —2a, _ @' —B!°) _2 @® — p>) 
2d 2@" =B*) 
_ aa? 2) - BG? -2) 
2(a° - B°) 
‘a is root of x7-6x-2=0 => a?-2=6a 


[and B is root of x7-6x-2=0 = B?-2=68] 
_a°a)-B* 6B) _6 @-B)_, 


2 @° —B”) 2 @° —B°) 
a? +B? 

Sum of roots = and product = 1 

ap 
Given, a +B =— panda? +B* =q 
= (a +B) @?-aB +B”) =q 

02+8?-ap = —4 _@ 

Pp 

and (+8)? = p? 
— a” +B” + 208 = p® ...(ii) 


From Kgs. (i) and (ii), we get 


3 3 
o24p2=P —74 and p=? 79 
3 3p 
3 — 
.. Required equation is, x” _ @ ~2a)x +120 
(p" +q) 


=> (p’+ q)x"-(p* -2q)x+ (p> + q) = 0 


The equation x — pxtr=0 has roots a, B and the 


: (04 
equation x” — gx+r=0 has roots = 2B. 


> r=of and 0+BP=p, 


_2@p-q) 
3 


and 5 t2B=4 > p=? and a 


=> ap=r=" G4 p)2p-q) 


Since, roots are real, therefore D>=0 
12 (ab + bc+ ca) >0 


=> 4(a+b+0" 


=> (a+ b+ 0)? >3A (ab + bc+ ca) 
=> a? + b?+ > (ab + bc+ ca) (BA -2) 
2, p2, 2 
= a, uge 2 Pee i) 
ab + bc+ ca 
Dek 
Also, waa! = 4 


2bc 


25. 


26. 


27. 


28. 
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> b?+ 7 —a*« 2be 
Similarly, c+ a? — b? <2ca 
and a’ + b*-¢ <2ab 
> a? +b? + <2 (abt bet ca) 
a+ b74+¢ 
=> —— 29 (ii) 


ab + bc+ ca 
From Eqs. (i) and (ii), we get 
8A-2<2 SA< ; 


Let the roots of x7 + px+ q=Obea anda”. 


=> at+a7=-p and a =q 
=> a(@+i1)=-p 
=> afo2 +1430 @+1)}=-p* — [cubing both sides] 
= q@q+1-3p)=-p 
= p’ -@p-1)q+q’=0 
Given, x’ —|x+2|+x>0 we(i) 
Case I When x+22>0 
xv—x-2+x>0 = x7-2>0 

=> x<— 2 or x> V2 
=> xe [-2,— V2) U (V2, ~) ... (ii) 
Case II When x+ 2 <0 

e+ x+24+x>0 
> x? +2x+2>0 
=> (x+1)7+1>0 
which is true for all x. 

x <-2 or x € (-00, —2) ... (111) 


From Kgs. (ii) and (iii), we get 
xE (29, -J/2) U (2, 00) 
Given, log, (x — 1) = log.(x- 3) = log java (x-3) 


logy(« — 1) =2 log, (x — 3) 
logy (c— 1) = log, (x - 3)? 
(x-3)2=x-1 
7 +9-6x=x-1 
x’ —7x+10=0 
(x — 2)(x —5) =0 


x=2, or x=5 


VUUDTUUUY 


x=5 [. «=2 makes log (x — 8) undefined]. 
Hence, one solution exists. 


Let a, &7 be the roots of 3x7 + px+3=0 


Now, S=at+oa7=- pi, 
P=0° =1 

=> a =1,0,07 

Now, a+0°=-p3 

=> 0+? =—-p/3 
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29. 


30. 


31. 


32. 


33. 
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=> -1=-pB 

> p=3 

Given, c<0<b 

Since, a+Bp=-b ...(i) 
and ap =c << (1L) 


From Eq. (ii), c<0O =aB <0 

= Either o is —ve, Bf is —ve or @ is + ve, B is — ve. 

From Eq. (@), b>0 >-b<0>5>a+8<0=5 the sum is 
negative. 

= Modulus of negative quantity is > modulus of positive 
quantity but a <f is given. 

Therefore, it is clear that a is negative and f is positive 
and modulus of © is greater than modulus of B 


=> a<0<B<lal 

NOTE This question is not on the theory of interval in which root 
lie, which appears looking at first sight. It is new type and first 
time asked in the paper. It is important for future. The actual 
type is interval in which parameter lie. 


Since, jx+1—Jfx-1=4x-1 


=> (x+1)+ («@-1)-2 427-1 =40-1 


=> 1-2x=2,/0?-1 > 1442? -4x=4" -—4 


> 4x=5 > 2 
4 


But it does not satisfy the given equation. 
Hence, no solution exists. 


3 2 5 
—(logg x)" + logg x -— 
ri 2x) B2x— 7 


Given, x =/2 
3 2 5 
=> 4 (log, x)~ + logs x — a = log, V2 
3 9 5 1 
> — (log, x 08ox = 
4 (log. %) Pe 4 2logyx 
=> 3(log, x)* + 4(log, x)? — 5(log, x) -2 =0 
Put log,x=y 


3y +4y?-5y-2=0 


=> (y-1) (y+ 2) By +1) =0 

> y=1,-2,-1/3 

> logs x=1,-2,-1/8 
5,64 

> sala Tar 


Since, a, 8 are the roots of x + px+q=Oanda’, B4 are 
the roots of x7 —rx+s=0. 
>0+P=—-p;aB=q; «4+ =randa‘p=s 
Let roots of x? —4qx + (2q”—r)=0 bea’ and B’ 
Now, «’B’=(@q?-r)=2 @p)?-(@*+8*) 
=-(a' + Bt — 208”) = - @? -B?)? <0 

= Roots are real and of opposite sign. 

D4 2 
x-1 
But at x=1, the given equation is not defined. 


Given, x >x=1 


x-1 


Hence, no solution exist. 


34, 


35. 


36. 


37. 


x*—(a+ b)x+ab 
e=¢ 
=> yx—-cy=x"-(a+ b)x+ab 
=> x*-(a+ b+ y)xt (ab+ cy) =0 
For real roots, D=0 
=> (a+ b+ y)?-4(ab + cy) =0 
=> (a+ b)*+ y?+2(a+ b)y—4ab—4cy 20 
> y?+2(a+ b-20y+ (a—b)* 20 
which is true for all real values of y. 
D<0 
A(a + b-207-4(a—b)? <0 
= 4(a+ b-2c+a-—b)(a+ b-2c-—a+b)<0 


Let y= 


> (2a —2c)(2b—-2c) <0 
=> (a—c)(b-c) <0 
> (c—a)(c— 6) <0 


= cmust lie between a and b 
1e.as<csborb<c<a 
Since, |xl?-3]x]+2=0 
=>  (Ixl-1) (lxl-2)=0 
> |x| =1,2 
x=1,-1,2,-2 
Hence, four real solutions exist. 
(x— a) (x— b) + (x— b) (x- 0) + (x-0) (x- a) =0 


=> 3x7-2 (a+ b+0x+ (ab+ bet ca) =0 
Now, discriminant =4 (a + b + ©)? —12 (ab + bc+ ca) 
=4fa? + 6? + 7 -—ab-—be-ca} 


=2{(a — b)? + (6-0)? + (c—a)*! 


which is always positive. 


Hence, both roots are real. 

Since, a, b,c>0 and ax? + bx+ c=0 

_ —b + b? —4ac 
2a 2a 

CaseI When b?-4ac>0 


_-b yb’ -4ac 


> x 


> x= 
2a 2a 
-b b’-4 
and 5. + a both roots, are negative. 
a a 


Case II When b? —4ac=0 


>x= = i.e. both roots are equal and negative 
a 


Case Ill When b? —4ac <0 


-—b  .,4ac— b? 

= x= — +54 
2a 2a 

have negative real part. 

.. From above discussion, both roots have negative real 

parts. 


38. 


39. 


Given, x"+2px+q=0 
a+B=-2p (i) 
ap =q .. (ii) 
And ax" +2bx+c=0 
ges .. (iii) 
B a 
and — .. (iv) 
B a 
Now, (p?- q) (b” - ac) 
aye] 
2 a+ 
=|(*22) | B a az 
= 2 B 
2 2 
ae («-2) i SO 
16 B 
. Statement I is true. 
Again, now pa= (28) a i (a +B) 
2 2 
and b=—S[ast) 
2 B 
Since, paz#b => a+—#a+8 
> B? #1, B #{-1, 0,1}, which is correct. 
Similarly, if c# ga 
> a ¢aaB > u(p-t) #0 
1 
> a#0 and eee 
> B #{-1, 0, 1} 


Statement II is true. 


Both Statement I and Statement II are true. But 
Statement IT does not explain Statement I. 


Given, |x — 2|? + |x-2|-2 =0 
Case I When x>2 


=> (x — 2)" + (x-2)-2=0 
> x7 +4—-4x+ x-2-2=0 
=> x” —3x=0 
> x (x-3)=0 
> x=0,38 [0 is rejected] 
x=3 ..-(i) 
Case II When x <2 
{- («-2)}? — (w-2)-2=0 
=> (x-2)? -x+2-2=0 
= 7 +4-4x-x=0 
=> x” — 4x —(x- 4) =0 
=> x(x -4)-1(x-4)=0 
> («-—1) (-4)=0 


40. 


41. 


42, 


43. 


44, 


45. 
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=> x=1,4 [4 is rejected] 
- x=l ii) 


Hence, the sum of the roots is 3+ 1=4. 
Alternate Solution 
Given, | x-2|?+|«-2|-2=0 


=> (|x-2]4+ 2) (|x-2|-1)=0 

|x-2|=-2,1 [neglecting —2] 
> jx-2|/=1 > x=3,1 
> Sum of the roots = 4 


Since, x? — 3kx + 2e7!8* 


=> agree _1=7 


—1=0has product of roots 7. 


=> 2 l0ke ke 4 
> ke =4 
> k=2 [neglecting —2] 


If2 + iV3 is one of the root of x? + px + q =0. Then, 
other root is 2 — i3. 


=> p=2+t iv3 +2-iv3 =4 
and q= (2+ iv3) 2 -iv3)=7 
> (p, q) = (-4, 7) 


The coefficient of x®? in (x—1)(x—2)... (¢—100) 
=-(14+24+3+...+ 100) 


= a (1+ 100) = —50(101) = -5050 


P(x). Q(x) = (ax? + bx + ©) (ax? + bx + ¢) 
D, = 6? —4ac and D, = b* + 4ac 
D, + D,=2b7>0 


.. Atleast one of D, and D, is (+ ve). Hence, atleast two 
real roots. 


Now, 


Clearly, 


Hence, statement is true. 
Given, 2x7 + 3x+1=0 
Here, D = (8)?—4-2-1=1 which is a perfect square. 


. Roots are rational. 
Hence, statement is false. 


Here, a+b=10c andc+d=10a 
=> (a-oc+(b-d)=10(c-a) 


> (b- d)=11 (c-a) ..-(i) 
Since, ‘c’ is the root of x” —10ax—11b =0 
=> c —10ac—11b =0 ...(ii) 


Similarly, ‘a is the root of 
x” —10cex -—11d =0 


=> a’ —10ca —-11d =0 ... (iii) 
On subtracting Eq. (iv) from Eq. (ii), we get 
(7 - a”) =11 (b-d) (iv) 


(c+ a) (c— a) =11 x11 (c-a) 
=> c+a=121 


[from Eq. (i)] 


a+6+c+d=10c+ 10a 
=10(c+ a)=1210 
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Cc 


46. ee ee eee 
a a 


and a+6+B6+6= 7 @ +8) 6+8)=" 


Now, a—-B=Q@+6)-@+5) 
=> @ -B)?=[@+8)- G+)? 
=> (@+)?-4o8B =@+5+6+5)2-40 +5) G+5) 
( a 4c ( By 4C 
> = 
a a A A 
b? 4c B® 4C 
an - 
a’ a A? A 
b?-4ac B?-4AC 
=, = 


a AZ 
47. Suppose f (x) = Ax* + Bx+ C is an integer, whenever x 
is an integer. 
-. £@), f GQ), f C1) are integers. 
=> C,A+B+C,A-B+C are integers. 
=> C,A+B,A- Bare integers. 
=> C,A+B,(A+ B)-(A-B)=2A are integers. 
Conversely, suppose 2A, A+ Band C are integers. 
Let n be any integer. We have, 


fn)=An?+ Bn 4 C=2A) 2 GD), (A+B)n+C 


Since, n is an integer, n (n —1)/2 is an integer. Also, 
2A,A+ Band C are integers. 


We get f (n) is an integer for all integer n. 
48. Given, 2!”!— |a7-l-1)=2)-141 
Case I When ye(-~,0] 
2% 4 @-t-1)=2"1 41 
> 27 =2 
> y=-1e(-~,0] ..-(i) 
Case II When ye (0, 1] 
2? + 2-1 -1)=2) 141 


> =? 

> y=1e(,1] .. (ii) 
Case III When ye (1, ) 

“ QO by. =27 141 

=> 27 —2.99-1 =0 

> 2” — 2” =O true for all y>1 ... (ili) 


From Eas. (i), (11) and (i1i), we get 
y €{-1} U [1, ©). 
2x 1 
> 
27+ 5xt+2 x41 
2x 1 
>0 
(2x+1)(«+2) (x+4+1) 
- 2x (x + 1)—- @x4+ 1) (x4 2) 50 
(2x + 1) (x + 2) (x + 1) 


49. Given, 


50. 


51. 


52. 


— Gar 2) >0; using number line rule 
(2x + 1) («+ 1) &+ 2) 
i ea a 
2, 1 
xe(-2, nul 3° 5) 
Given, | x? + 4x+ 3|+ 2x+5=0 
Case I e+4e+3>0 = (x<-30rx>-1) 
x + 4x+34+2x+5=0 
=> x + 6x + 8=0= (x + 4) (x + 2) =0 
=> x=—4,-2 [but x<-3 or x>-1] 
te x =-—4is the only solution. #63,(1) 
Case II x? 4+4x4+3<0 => (-3<x<-]) 
x x? —Ax-3+2x+5=0 
=> x +2x-2=0 => (x4+1)?=3 
=> lxt+1|=V3 
=> x=-1-3,-14++3 [but xe(-3,-1)] 


x =—1- 3 is the only solution. 
From Kgs. (i) and (ii), we get 


..(ii) 


x=-4and (-1 — /3) are the only solutions. 
Here, a<0O 

Given, x’ —2a|x-al—3a7=0 
CaseI Whenx 2a 

=> x” —2a (x—a)-3a7=0 

> x” —2ax— a? =0 

> x=at 2a 


[as a (1+ V/2)<aand a(1-2)>a] 
. Neglecting x = a (1+ V2) as x2a 
> x=a (1—~2) ...(i) 
Case II Whenx<a= x° + 2a (x-a)-3a7=0 
=> x7 4+2ax-5a7=0 => x=-at 6a 
[as a (V6 -1)<aanda (-1-V6)>a] 


». Neglecting x=a (-1-V6) >x=a (V6 -1) (ii) 
From Eqs. (i) and (ii), we get 

x={a (1-2), a (V6-1)} 
Given, 6 + 2v6)" = + 6 —2V6)* ~8 =10 Ai) 


Put y=(6+2V6)" > = 6-26" -3 =2 
y 


From Eq. (i), y+ = =10 
y 


=> y-10y+1=0 > y=5+2V6 

= (6 +26)" 8 =5 + 2V6 

or (+ 26)" ~§ =5 -2V6 

x7 -3=-1 
x=t2orx=+- 2 
x= +2,4 2 


> x°-3=1 or 


Y 


U 
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54, 


55. 


56. 


Let a, B are roots of ax? + bx + ¢=0 


Given, a=” 
c c 
> oB=— = p*tt=— 
a a 


e 1(n+1) 
- #9 
a 


It must satisfy ax”? + bx+c=0 


2K(n+1) 1/(n+1) 

: Cc c 

1.e. a( } +8 + c=0 

a a 

= a. chant 1) b. hat 1) eo, 
qzknt) qilnt 1) 

us ath a.cln* 1) ee cegiint 1) 4 

qiint 1) qiint 1) ant 1) 
= qint DY unt+ 1) +b+ clr Yagil (nt 1) =0 
= (a”oyin+ 1) fe (craylr* 1) +b=0 


Since, a, B are the roots of x7+ px+ q=0 
and y,6 are the roots of x” + rx + s=0 
a+B=—p, oB=q 
and y+d=-r,Y=s 
Now, @ — y)@ —8)6 — y)6 - 8) 
= [a — (7 +8) a + 98) [B° 
=? + ra + s)@?+ rB + 8) 


(y+ 5)B + ¥6] 


= Gf)? + ra@+P)oB + sa?+P?) +r? + rsa +B) + s” 
= q’—rgp + s(p*-2q) + gr?-rsp+ s” 
= (q-8)”—rgp — rsp + sp’ + qr” 
The given equation can be rewritten as 
2 + + E 7 =O[- b= ax, given] 
log, x log,ax log, ax 
Zo 1 ‘ 3 _ 
log, x : l+log,x 2+ log, x 
Z : + x =0, where ¢t = log, x 
t 1l+t 2+ 
>2(1+t)@+t)+38t0++t@+t)=0 
=> 6¢7+11t+4=0 
> 2t+1)@6t+4)=0 
1 4 
=> ¢t=-— or a3 
2 3 
log peas or log = 
e 2 “ 3 
=> x=q il? 
or x =a “8 


Since,a+B=-p,aB=1 and y+6=-q,ys=1 
Now, @ — y)®G-y)@ + 5)G+ 5) 

= {oP — y@ +B) + yHop+8@+B)+8"} 
{1-y-p) + Y°}{1 + 8(- p) +8} 


57. 


58. 
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=(1+ y+ y)(-8p + 8°) = -ay + p)(-Sp — 89) 
[. y7+ qy+1=0 andd?+ g6+1=0] 


= (q’ - p)(¥8) =" = p” yee] 
o7-=a41 
B°=B+1 


a, = pa.” + gp” 
= pa"! a” *) qe"? p=) 
=an-1 of an-2 


Qj9 = 11 + Ayo 


14+ V5 1-5 
Oo = B= 
2 2 
A, = a3 + Ag 
=2d,+ ay 
=3a, + 2a, 


28 = p@a + 2) + g@B + 2) 
28= (p+ of $42) + 0-0 
p-q=0 
and (p+ qx 5=28 


8) 


2 


=> p+q=8 
> p=q=4 
pt+2q=12 


Topic 2 Common Roots 


1 Given o,f and y are three consecutive terms of a 


non-constant GP. 


Let a =0,8 =ar, y=ar7, {r #0, 1} 
and given quadratic equation is 
ax? + 2Ba+ y=0 i) 


On putting the values of a,f, yin Eq. (i), we get 
ox” + 2arx + ar? =0 
x + 2rx+r7=0 
(x+r)?=0 
> x=-r 


=> 
=> 
The quadratic equations ox”+2Bx+y=0 and 


x? + x-1=Ohave acommon root, so x = — r must be root 
: 2 
of equation x“ + x—-1 =0, so 


r?-r-1=0 (ii) 
Now, a G+ y) =e @rt+ar’) 
=o7 (r+r) 


From the options, 
By =or- or? =077? =07 (r +r’) 
Pe r?-r-1=05Pr =rer7J 


a B+ y)=By 
Given equations are x” + 2x+3=0 ...(i) 
and ax’ + bx + c=0 ... (iI) 


Since, Eq. (i) has imaginary roots, so Eq. (ii) will also 
have both roots same as Kq. (i). 
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Thus a_b_e¢ > x=aB8a,06 8 are the roots 
1 2 3 > x = 0B, a8” are the roots 
Hence, a: 6:cis1:2:3. Divide the Eq. (i) by a®, we get 
3. If a,x" + bx+ q =0 2 be (£) 
x+—-—- x =0 
and dx" + box + c,=0 aa a 
have a common real root, then => x*— (a + B)- @B) x + @B)® =0 
= (ay Cy - asc)” = (6, C2 — bye, ) (a, bg — yb) => x” —0."Bx - a8” «+ @B) =0 
x + bx-1=0 => x (x — 7B) — a8? (« — 7B) =0 
P have a common root. 5 
x+x+b=0 = (x — a"B)(x — 0B") =0 
og (1+ b)2=(b2 +1) (1-5) = x=a'8, a8” which is the required answer. 
= b2742b41=027-b2 +1-—b Alternate Solution 
os b? + 3b =0 Since, a’x’ + abex+ @ =0 
b (627 + 3) =0 _, ew Tabet V (abo)” = 4-0" +e! 
=> b=0,+ 8 i 2a" 
4, Given equations are x” + ax+ b=Oand site (bla)(cla) + \(bla)*(cla)? - A(cla)y? 
2 


x’ + bx + a =0 have common root 


On subtracting above equations, we get hs (@ +B) @B)+ J@ +B)” @B)? -4@B)’ 
(a — b)x+ (b-—a)=0 


2 
= ae p= G+ BOB) +o BY@ +B)” - 4 08 
2 


. => 

“. x=11s the common root. 

> 1l+a+b=0 7 3 | @rB# la -B)? | 
> a+b=-1 =e | 2 | 


5. Since, (x —r) is a factor of the polynomial 


[a+ p)+@-B)] 
f@)=a,x" +a, 1x" 1 +...4 ay = al 5 | 
Then, x =r is root of f’ (x) =0 repeated (m — 1) times. [a+B+a-B a+B-a+8] 
Hence, statement is false. pe 2 , 2 
4 5 [2a 2B] 
Topic3 Transformation of Roots = eal = | 


1. Given, a, Bare the roots of (x — a)(x — 6) — c=0 
> (x — a)(x — b) — c= (x- a) (x- 8) 


= x=078,o B? which is the required answer. 


> (x— a)(x— b) = (x-a)(x—B) + Topic4 Graph of Quadratic Expression 
=> a, bare the roots of equation (x -a)(x-—B) + c=0 1. Given parabola is y? = 4x, 
9. Since. ax? + bx + c=0 has roots a and B. Since, X lies on the parabola, so let the coordinates of X 
, be (t”,2t). Thus, the coordinates of the vertices of the 
=> a+B=—b/a triangle PX@ are P(4,—4), X (t?,2t) and Q Q, 6). 
and op =c/a y 
Now, a°x’?+abext+ & =0 wi) y QQ,6) 


X (P,2t)_ a — Y= 4x 


On dividing the equation by c’, we get 


a» abcx @ 
+ 


x +>=0 / 
C C Cc X’« o) >X 
2 
= a(=) +0(2)+e-0 : 
c c 
ax L P(4,-4) 
> — =a,f are the roots Y 
c 
e Ps 4 -4 1 
=> x=—a,—fare the roots » hee P APO = 2 24 4 
a a ) 


9 6 1 


=; [4(2t — 6) + 4(¢? -9) + 162? - 184] 


=; | [St —24 + 4¢7 - 36 + 6t? -187]| 


=|54?—5t -30|=|5(¢ + 2) (¢-3)| 
Now, as X is any point on the arc PO@ of the parabola, 
therefore ordinate of point X, 2t « 4,6) >t € (2,3). 
. Area of APXQ =—5(t + 2) (¢-3)=—5t? + 5t + 30 
[e|x-al=-(«-a), ifx<a] 


The maximum area (in square units) 
[25 —4(—5) (80)]_ 125 
4(-5) 4 


[.: Maximum value of quadratic expression 


: D 
ax” + bx + Gq poe 
a 


. Let f(x) = (c—5)x” —2 cx + (c-4) =0. 
Then, according to problem, the graph of y = f(x) will be 
either of the two ways, shown below. 


s © 
rot 
9-4 


In both cases f(). f(2) <0 and f(2)f(8) <0 


Now, consider fO)fQ@) <0 

> (c—4) [4 (c-—5) —4c+ (c-4)] <0 

> (c—4) (c—24) <0 

=> ce (4,24) wi) 
+ = + 


Similarly, f(2)- f(@) <0 
=> [4(c-5) -—4c+ (c-4)] 
[9(c -5) —6c + (c-4)] <0 


> (c— 24) (4c- 49) <0 
+, -  , + 
49/4 24 
> ce (24) ..(11) 
4 
From Kgs. (i) and (ii), we get 
ce (2 ; 24) 
4 
.. Integral values of care 138, 14, ...... , 23. 


Thus, 11 integral values of care possible. 
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3. According to given information, we have the following 


graph 


Now, the following conditions should satisfy 
(i) D>0>b? - 4ac> 0 


=> m2—4x1x4>0 
=> m”—16>0 
> (m— 4) (m+ 4)>0 
> me (—0, — 4) U (4, 2») 


(ii) The vertex of the parabola should lie 
between x =landx=5 


be 1 28S me G.40) 
2a 2 


(ii) f() >O>1-m+ 4>0 
=m<5>me (--, 5) 


(iv) f6) >0>25-5m+4 >0>5m <29 =m e(- =] 


From the values of m obtained in (i), (ii), (iii) and (iv), we 
get me (4, 5). 


4 2 4 5 29/5 
< 


. Put t=x- [x] ={X}, which is a fractional part function 


and lie between 0 < {X} <1 and then solve it. 
Given, a e Rand equation is 
3 {x — [x]}? + 2{x- [x]}+ a” =0 
Let t=x- [x], then equation is 
~317+2t+a7=0 


, it yl +3" 


3 
t=x-— [x] ={X} [fractional part] 
O<t<l 
| 2 
2 1+ Vj1+3a Z 
3 


Taking positive sign, we get 


2 14+V1+43a? 


a ne. fe {a} > 0] 
=> V¥1+8a7<2 = 143a7<4 
=> a?-1<0 => (a+1)(a-1)<0 


a € (-1, 1), for no integer solution of a, we consider 
(-1, 0) U 0, 1) 
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5. As we know, ax? + bx+c>0 for all xe R, iff 


a>OandD<o0. 

Given equation is x” + 2ax+ (10-3a)>0,VxeR 
Now, D<0O 

=> 4a” — 4(10 —3a) <0 

=> A(a + 3a —10) <0 

> (a + 5)(a —2) <0 5a €(-5,2) 


y = (x-a)(x-b) -1 


2 [] 


ae oy" 


From graph, it is clear that one of the roots of 
(x—a)(x- 6)-1=0 lies in (-,a) and other les in 
(6, ). 


. Let f(x) = -2axt+ a7+a-3 


Since, both root are less than 3. 


=> a<3,B<3 

> Sum, S=a+ {<6 

> Ga 2 
2 

=> 2G. ia 
2 

=> a<3 


Again, product, P=aB 


> P<9 => of<9 
=> a*+a-3<9 
=> a?+a-12<0 
> (a —3) (a+4)<0 
=> -4<a<3 ...(i) 
Again, D = B?-4AC >0 7 
= (-2a)?-4-1(a7+a-3)20 
> 4a® —4a?-4a +1220 
=> -4a+122>0 > as<3 ... (ili) 
Again, af (@)>0 
=> 1[(@)?-2a @)+a?+a-3]>0 
=> 9-6a+a?+a-3>0 
=> a*-5a+6>0 
> (a —2) (a-3)>0 
a a € (-%, 2) U GB, ~) ... (iV) 
From Eqs. (i), (ii), (iii) and (iv), we get 
ae (-4, 2). 


NOTE There is correction in answer a < 2 should be -4< a< 2. 
. Let f(x)=ax?+ bx+ c>0, VxER 


=> a>O 
and b” —4ac<0 (i) 


10. 


gi) =f@)+ f+ f’’ 
=> g(x) = ax" + be + c+ 2axt+ b+2a 
=> g(x) = ax? + «(b+ 2a) + (c+ b+ 2a) 


whose discriminant 

=(b + 2a)? —4a (c+ b+ 2a) 

= 6? + 4a? + 4ab — 4ac—4ab - 8a? 

= b” — 4a? — 4ac= (b? — 4a0) — 4a”? <0 [from Eq. (i)] 
“. g(x) >0V x,as a >0 and discriminant < 0. 
Thus, g(x) >0, Vxe R. 


Given, 


x7 + (a—b) x+ (1—a — b) =Ohas real and unequal roots. 
=> D>0 

=> (a-b)’-40)(1-a-b)>0 

2ab—-4+4a+4b>0 

Now, to find the values of ‘a’ for which equation has 
unequal real roots for all values of b. 

i.e. Above equation is true for all 6. 

or 6? + b(4 —2a) + (a? + 4a — 4) >0, is true for all b. 

.. Discriminant, D <0 

(4-2a)” —4 (a7 + 4a —4) <0 

=> 16 —16a + 4a” —4a?-16a + 16 <0 
-82a+82<0 > 


=> a+b? 


iV 


a>l 


Y 


a>0O 


y=ax?+bx+c 
>X 


From figure, it is clear that, if a >0, then f (-1) <0 and 
f ()<0 and if a<0,f(C1)>0 and f (1)>0. In both 
cases, af (—1) <0 and af(1) <0. 


> a(a-b+c)<0 and a(a+b+o0<0 


On dividing by a”, we get 
eee and eG 
a a a a 


On combining both, we get 
ear eae, 
aa 
c 


> ie | lg <0 
lal a 


11. 


12. 


Since, x? -3x+2>Oand x7-2x-4<0 


=> (x-1)(@-2)>0 and 


x? -2Qet1<5 


=> (x<lorx>2) and (l1-V5<x<1+-5) 
xe [l1—V5, l)U [1 + V5, 2) 


(i) Given, x*-8kx+16(k?—k+1)=0 

Now, D =64{k?-(k?-k+1)} =64 (k-1)>0 
k>1 

(ai) Ped > La => k>1 
2a 2 

(iii) f (4) 20 

=> 16-32k+16(k?-k+1)20 

=> k?-3k+2 20 

=> (k-2)(k-1) 20 

> k<1 or k2=2 

Hence, k=2 


Topic5 Some Special Forms 


1. 


Given equation 5 + |2* —1|=2*(2* -2) 
Case I 

If2* -1>0>x20, 

then 5 + 2* —1=2*@* —2) 

Put 2* =t, then 


5+t-1=t?-2t = t?-3t-4=0 
=> t-4t+t-4=0 => t(t-4)+10-4)=0 
> t=4or-1 => t=4 (2 £=2* >0) 
=> 2* =4>x=2>0 
=x =21s the solution. 
Case II 


If2* -1<0>x<0, 
then 5 + 1—2* =2*Q* —2) 
Put 2* = y, then6- y= y?-2y 


=> y—y-6=0 = y*-3y+2y-6=0 


=> (y+ 2) (y-3)=0 => y=3o0r-2 
> y=38(as y=2* >0) >2* 
=> x=log,3>0 


So, x = log, 31s not a solution. 
Therefore, number of real roots is one. 


Given, inequality is 


g\\sin® x — 2sin x +5 : 1 <1 


gin? y 
= g\(sinx -1)” +4 resin” y <1 
= 2 (sin x - 1)? +4 < g2sin” y 


= ,/(sinx-1)?+4 <2sin? y 


3 


fifa >landa” <a" >m<nl] 


-: Range of «/(sin x — 1)” + 4 is [2, 2V2] 


and range of 2sin’ y is [0, 2]. 
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.. The above inequality holds, iff 


(sinx—1)?+4 =2=2sin? y 


= sinx=1landsin? y=1 


=> sin x=|sin | [from the options] 


3, | Key Idea Reduce the given equation into quadratic equation. 


Given equation is 
vx —2|+ VxG/x -4)+2=0 
=> |Jx —-2|4 x-4vx+4=2 
=> |Vx -2|+ Wx -2)? =2 
= (vx -21)?+1vx-2/-2=0 
Let | Vx -2|= y, then above equation reduced to 
y+ y-2=0 => y+2y y-2=0 
=> yy t+ 2)-1l(yt+ 2)=0 = (y+ 2)(y—-1) =0 


= y=1,-2 

y=l [- y=|vx -2] 20] 
=> vx -2|=1 

= Vx -2=+1 

=> Vx =30r1 

=> x=9orl 


.. Sum of roots =9+1=10 


. Let f(x) =20? + 8x+hk 


On differentiating w.r.t. x, we get 
f’ (x) =6x7+3>0,VxeER 
=> f(x) is strictly increasing function. 


= f(x) =0 has only one real root, so two roots are not 
possible. 


. Since, a is a root of a7x? + bx + c=0 


=> ao + ba + c=0 ... (i) 
andBisarootof a’x*-bx—c=0 
=> ap? — bB — c=0 ... (ii) 
Let f (x) = a7x? + 2bx + 2c 


f @) =a’? + 2ba + 2c 
= an? - 2070" =- ao” 
[from Eq. (i)] 


and f @) =a°B? + 2B + 2c 
= a'8" + 2a°B” = 308” [from Eq. (ii)] 
> f @) f @)<0 
f (x) must have a root lying in the open interval @, B). 
s, a<y<B 
. Let f(x) = ax? + bx* + ex+d ...(i) 


f@O)=d and fd)=a+b+c+d=d 
[-a+6+c=0] 


fO)=f@) 


f is continuous in the closed interval [0,1] and f is 
derivable in the open interval (0, 1). 


Also, fO)=f(). 
.. By Rolle’s theorem, f’ (@) =0 for0<a<1 
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Now, f’ (x) =3ax" + 2bx + c From Eqs. (i) and (ii), we get 
= f’ @) =3aa” + 2ba + c=0 ae( 5 Yl 1 4 
2°/5)  \J5’2 


.. Eq. (i) has exist atleast one root in the interval (0, 1). 
10. PLAN 


Thus, f” (x) must have root in the interval (0, 1) or (i) Concepts of curve tracing are used in this question. 


3ax” + 2bx + c=O0 has root € (0, 1). 


E F ‘i (ii) Number of roots are taken out from the curve traced. 
7, Given, 17-29 + xt -x+1>0 


Let y=x —5x 

Here, three cases arises: (i) As x 0, y oo and asx — ©, y— — 00 
Case I When x<0 = x? >0,-x* >0,x* >0,-x>0 (ii) Also, at x=0, y=0, thus the curve passes through 

x? 99 + xt x 4+1>0, V x50 see) ane 
Case II When0<x<1l (ii) apr -~5=5 (x -1) =5 (?-1) (+1) 
x <xt and x<1 > -x°+x'>0 and 1-x>0 “5 -1)e 16241) 

x? — x9 + xt — x 4+1>0,V0<x<1 (ii) ‘ 7 rm 

Case III Whenx>1 => x”>x°and x*>x a 1 
MAP 4b —xt1>0,Vx>1 ..- (iii) ay . 
From Eqs. (i), (ii) and (iii), the above equation holds for DO ee ee a ae ee 
allxeR. 


increasing in these intervals. 
8. Consider, Also, a <0in (1,1), thus decreasing in (- 1, 1). 
_f 8 2 Xx 
f@)= J (+ cos” x)(ax'+ bx+ ¢) dx (iv) Also, at x =-—1, dy/dx changes its sign from + ve to 


Obviously, f(x) is continuous and differentiable in the “NE: 


interval [1, 2]. “. £=—11s point of local maxima. 
Also f(1) = FQ) ive Similarly, «x = 1 is point of local minima. 


. . Local maximum value, y = (— 1)” —5 (-1) =4 
By Rolle’s theorem, there exist atleast one point Local minimum value, y= ay? fijs—4 
ke (1,2), such that f’ (k) =0. ; 


Now, f (x) = (1+ cos® x)(ax? + bxt+ 3) 
f (k) = 0 Te 


= (1+cos® k)(ak* + bk+ 0) =0 (1,4) 
=> ak? + bk+c=0 [as (1+ cos® k) #0] 


. x=kis root of ax*+ bx+ c=0, 


Now, let y=-a 

As evident from the graph, if — a € (—4, 4) 
where ke (1,2) ie. ae(-4,+4) 

9. Given, x, and x are roots of ax? —-x+a=0. Then, f(x) has three real roots andif -a>4 

or — a <—4, then f(x) has one real root. 


1 
a oo = ie. for a <—4 ora >4, f(x) has one real root. 


Also, | — X54] <1 11. Given, f(x) = 42° + 3x7 + 2x41 
= Iq —x?<1 > ( -%)’<1 f' (x) =2 6x2+3x41) 
or (xq + Xp)” 4a %y <1 sy D=9-24<0 
1 di = 
a a OF oo Hence, f (x) =0 has only one real root. 
=> 5a” -1>0 or W5a-1)(V5a+1)>0 r( s)=1 145 570 
+ - + 
TTT TTT Mm (-2)=1-$+ 2 
15 1N5 7 =e oe 
64-96 + 108-108 
1 1 = <0 
7 [-~. Jef =) A) 64 
V5) 5 3 1 
Also, D>0 f (x) changes its sign in (-2 ; -3) 


11 a 
( 2° *) a) Hence, f (x) =O has a root in (-2.-3} 


12. [fr @de<f'f@ar<[F (x) dx 
Now, | f (x) dx =| (1 + 2x + 3x? + 4x°) dx 


=xtx7 tx 4x4 


a 


< > 
t 3 
4 


[°F @dx= 22 <a 


1 

2 

15 _ 3 
>, 

4 256 


16 
13. As, f” (x)=2 (12x + 3) 


V2 
=> I, f (x) dx = 


f (x) >0, when x > — 


f (x) <0, when x < - 


It could be shown as 


Blo 


14. Let y=xintersect the curve y = ke” at exactly one point 
whenk <0. 


Vx 
X’« »X 
y’ 
15. Let f (x) =ke“-x 
f’ (*) =ke* -1=0 
=> x=-lInk 
f’’ (x) = ke® 
[f’’ @] .=-mp =1>0 
Hence, f (Ink) =14+Ink 


For one root of given equation 
1+Ink=0 


> pe 
e 
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16. For two distinct roots, 1+ Ink <0 (k>0) 
1 


Ink<-1> k<-— 
e 


Hence, ke (0. 2) 
e 


17. Let f(x) = («- a) (x— ce) + 2 (x — b) (x- d) 
Here, f(a)=+ ve 
{(b) =- ve 
f(c)=- ve 
f(d)=+ ve 


.. There exists two real and distinct roots one in the 
interval (a, 6) and other in (c, d). 
Hence, statement is true. 


18. Let f (x) =4x° -3x-p . i) 
i fly ali... 8 
wae r(5)=4(5) 3(5) ee a 
=—(1+ p) 


f @)=40)? -30)-p=1-p 


= (3)-ra=-a+ pa-p) 


=(p+ (p-1) =p*-1 
Which is <0, V pe [-1, 1]. 
7 


.. [(x) has atleast one root in E im : 


Now, f’ (x) =12x7-3=3 x-1) @x+1) 


“(e-etoom[ 


= f (x)is an increasing function in [1/2,1] 


Therefore, f (x) has exactly one root in [1/2,1] for any 
pe [-l, 1]. 
Now, let «= cos 9 


relia! > a<lo,2| 
[oo [3] 
From Eq. (i), 
4cos? 0-3 cos0=p => cos30=p 
> 30 =cos! p 
14 
=> 8 =— cos 
3 Dp 
(Foor?) 
=> cos 8 = cos Ps D 
[goora] 
> x=cos|—cos~ p 
3 
Oke 
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Sequences and Series 


Topic 1 Arithmetic Progression (AP) 


Objective Questions I (Only one correct option) 


1. Ifa,,a5,a3,...,a, arein AP anda, + a4+a,+...+ Ag 


=114, then a, + ag + a), + ayg is equal to 
(2019 Main, 10 April |) 


(a) 64 (b) 76 
(c) 98 (d) 38 

2. If 19th term of a non-zero AP is zero, then its (49th 
term) : (29th term) is (2019 Main, 11 Jan II) 
(a) 1:3 (b) 4:1 
(c) 2:1 (d) 3:1 

3. For any three positive real numbers a,b and «, if 
9 (25a7 + b*) +25 (7 —3ac) = 15b (Ba + ©), then(2017 Main) 
(a) b, cand a are in GP 
(b) 6, cand a are in AP 
(c) a, band care in AP 
(d) a, band care in GP 


4. If T, is the rth term of an AP, for r=1,2,3, .... . If for 


ae ; 1 
some positive integers m and n, we have T,, =— and 
n 


1 
T, =—, then T,, equals 
™—m mn OF (1998, 2M) 


Topic 2 Sum of n Terms of an AP 


Objective Questions I (Only one correct option) 


1. If a,,a9,a3,... are in AP such that a, + a, + ay, =40, 


then the sum of the first 15 terms of this AP is 
(2019 Main, 12 April II) 


(a) 200 (b) 280 (c) 120 (d) 150 
2. Let S,, denote the sum of the first n terms of an AP. If 
S,=16 and S, =— 48, then S,, is equal to 
(2019 Main, 12 April |) 
(a) -260 (b)-410 (©) —320 (a) — 380 


3. Forxeé R, let [x] denote the greatest integer < x, then the 
sum of the series 


al amo) oa a 


(2019 Main, 12 April |) 


1 


n 


(a) = 


(>) 1+ 
mn m 


(c) 1 (d) 0 


Analytical and Descriptive Question 


5. If ay,Q9..... ,@, are in arithmetic progression, where 
a; >0, Vi, then show that 


1 1 
+ bee 
Ja,+Ja, Ja.+Ja, 
1 n-1 


"Jent+ Ja, /a +a, 


(1982, 2M) 


True/False 


6. 1,,7,... »n, are p positive integers, whose sum is an 
even number, then the number of odd integers among 


them is odd. (1985, 1M) 


Integer Answer Type Question 


7. The sides of a right angled triangle are in arithmetic 
progression. If the triangle has area 24, then what is the 
length of its smallest side? (2017 Adv.) 


(a) — 1538 (b) — 133 
(c) -181 (d) —135 

4. Ifthe sum and product of the first three terms in an AP 
are 33 and 1155, respectively, then a value of its 11th 


term is (2019 Main, 9 April II) 
(a) 25 (b) —36 
(c) —25 (d) —35 
5. Let the sum of the ae: n ae of a non-constant AP 
n(in-7 


1, A, A3.....be 50n + A, where A is a constant. 


If d is the common difference of this AP, then the 
ordered pair (d, ds)) is equal to (2019 Main, 9 April 1) 
(a) (A, 50 + 46A) (b) (50, 50 + 45A) 
(c) (50, 50 + 46A) (d) (A, 50 + 45A) 
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10. 


The sum of all two digit positive numbers which when 
divided by 7 yield 2 or 5 as remainder is 
(2019 Main, 10 Jan 1) 
(a) 1256 (b) 1465 (c) 1356 (d) 1365 
30 
Let a), @g,.....d39 be an AP, S =)" a; and 


i=1 
15 


T=/)) 49j-1)- Ifa; =27 and S — 2T = 75, 
i=l 
then aj, is equal to 
(a) 42 (b) 57 
(c) 52 (d) 47 
Let 6; >1 for i=1,2,...,101. Suppose log, b,, log, bs, 
...,log, 6,9, are in AP with the common difference log, 2 
. Suppose Q,, dg,..., Ajo; are in AP, such that a, = b, and 
Qs, = bs}. If t=b, + bot... + bs; and 
S=Q,+dg+...+ G51, then (2016 Adv.) 
(a) s>tand ao, > Bo, (b) s> tand ajo, < Bo, 


(c) s< Cand ao; > bo; (d) s< tand ao, < bo; 


(2019 Main, 9 Jan 1) 


If the sum of first n terms of an AP is cn”, then the sum 


of squares of these n terms is (2009) 


ey n(4n?-1)¢c? (b) n(4n2+ 1c? 
6 3 

(c) n(4n?-1)¢? (a) n(4n7+ 1c? 
3 6 


If the sum of the first 2n terms of the AP series 2,5,8,..., 
is equal to the sum of the first n terms of the AP series 


57, 59, 61,..., then n equals (2001, 1M) 
(a) 10 (b) 12 
(c) 11 (d) 13 


Objective Question II 
(One or more than one correct option) 


11. 


4n k(k+1) 


Ifs,=) Cl) 2 k*. Then, S,, can take value(s) 

2 (2013 Adv.) 
(a) 1056 (b) 1088 
(c) 1120 (d) 1332 


Passage Based Problems 


12. 


13. 


Read the following passage and answer the questions. 


Passage 


Let V, denotes the sum of the first r terms of an 
arithmetic progression (AP) whose first term is r and 
the common difference is @r — 1). Let T, = V,,, — V,and 
Q, =T,,, —T, for r=1,2,... (2007, 8M) 


The sum V, + V.+...+ V,, is 


i wine Ae i ee a ee 
12 12 


(©) SnQn®—n+) (@) | @n’ —2n + 3) 


T,.is always 


(a) an odd number 
(c) a prime number 


(b) an even number 
(d) a composite number 


14. 


Sequences and Series 49 


Which one of the following is a correct statement ? 

(a) Q,, Qo, Qs... are in an AP with common difference 5 
(b) Q, , Qo, Qs... are in an AP with common difference 6 
(c) Q;, Qo, Q3 ,... ave in an AP with common difference 11 


(d) Qa =@Q, = Q3 Foe 


Fill in the Blanks 


15. 


16. 


17. 


Let p and q be the roots of the equation x” -2x+ A =0 


and let r and s be the roots of the equation 
x?-18x+ B=0. If p<q<r<s are in arithmetic 
progression, then A=...and B=.... (1997, 2M) 


The sum of the first n terms of the 


2 
124.9.22 4 374.9.424.5749.624... is ao 1) 


series 


, when 


nis even. When n is odd, the sumis..... (1988, 2M) 


The sum of integers from 1 to 100 that are divisible by 2 
or 51s ...... (1984, 2M) 


Analytical & Descriptive Questions 


18. 


19. 


20. 


The fourth power of the common difference of an 
arithmetic progression with integer entries is added to 
the product of any four consecutive terms of it. Prove 
that resulting sum is the square of an integer(2000, 4M) 


The real numbers %,,%5,%, satisfying the equation 


x —x2+Bx+y=0 are in AP. Find the intervals in 
which B and y lie. (1996, 3M) 


The interior angles of a polygon are in arithmetic 

progression. The smallest angle is 120° and the common 

difference is 5°. Find the number of sides of the polygon. 
(1980, 3M) 


Integer Answer Type Questions 


21. 


22. 


23. 


Suppose that all the terms of an arithmetic progression 
are natural numbers. If the ratio of the sum of the first 
seven terms to the sum of the first eleven terms is 6: 11 
and the seventh term lies in between 130 and 140, then 
the common difference of this AP is (2015 Adv.) 


A pack contains n cards numbered from 1 to n. Two 
consecutive numbered cards are removed from the pack 
and the sum of the numbers on the remaining cards is 
1224. If the smaller of the numbers on the removed 
cards is k, then k — 20 is equal to (2013 Adv.) 


Let a,, @9, @3,..., @j99 be an arithmetic progression with 
P 
a, =8andS, = y a;,1< p< 100. For any integer n with 


t=1 


1<n<20,letm =5n. If on does not depend on n, then a, 


n 


is equal to ...... (2011) 

Let a), 49, Ay,..., @,, be real numbers satisfying a, = 15, 

27 —2a,>Oand a, =2a;,_, — a, _» for k =3,4,...,11. 

If ay + a3 ch + it 90, then the value of 

ee es (2010) 
11 
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Topic 3 Geometric Progression (GP) 


Objective Questions I (Only one correct option) 


1. 


Let a, band cbe in GP with common ratio r, where a #0 
and0O<r< > If3a, 7b and 15care the first three terms of 


an AP, then the 4th term of this AP is 
(2019 Main, 10 April II) 
(a) 5a (a) xa 


rear () a 
3 


If three distinct numbers a, 6 and c are in GP and the 
equations ax” + 2bx+ c=0 and dx” + 2ex+ f=Ohavea 
common root, then which one of the following 
statements is correct? (2019 Main, 8 April II) 


(a) d,eandf areinGP (b) ££ and fare in AP 
a c 

(c) d,eandfareinAP (qd) © £and Fare in GP 
a c 


The product of three consecutive terms of a GP is 512. If 
4 is added to each of the first and the second of these 
terms, the three terms now form an AP. Then, the sum 
of the original three terms of the given GP is 

(2019 Main, 12 Jan 1) 


(a) 36 (b) 28 (c) 32 (d) 24 
» Let a), d9,...., aj) be a GP. If 23. = 25, then 
Ay ae 
re equals (2019 Main, 11 Jan |) 
5 
(a) 5 (b) 2(5") (c) 465°) (d) 5° 


Let a,b and c be the 7th, 11th and 18th 
respectively of a non-constant AP. If these are also the 


terms 


; a. 
three consecutive terms of a GP, then — is equal to 
c 


(2019 Main, 9 Jan II) 


7 il 
(a) 2 (b) — (c) 4 (d) = 
13 2 
If a,b and cbe three distinct real numbers in GP and 
a+b+c=xb, then x cannot be (2019 Main, 9 Jan I) 
(a) 4 (b) 2 (c) -2 (d) -3 
If the 2nd, 5th and 9th terms of a non-constant AP are 
in GP, then the common ratio of this GP is (2016 Main) 


8 4 7 
(a) : (b) z (c) 1 (d) i 


8. 


10. 


11. 


12. 


13. 


Let f(x) =ax?+ bx+c, a#0 and A=b?-4ac. If a+, 
a7 +B”? and a +B° are in GP, then (2005, 1M) 
(a) A #0 (b) bA = 0 (c) cA=0 (d) bc #0 

Let a,b, cbe in an AP and a”, b?,c’ bein GP. Ifa <b<c 


anda+ b+ o=5, then the value of a is (2002, 1M) 
1 1 1 1 1 1 

a) —~— b) —~ c) — - — d) = - — 

OTA 0) oF Os V3 @> v2 


Let a, be the roots of x? —x+ p=Oandy,6 be the roots 
of x” —4x+ q=0. Ifa,,y, § are in GP, then the integer 
values of p and q respectively are (2001, 1M) 
(a)-2,-32 (b)-2,3 (c) -6,3 (d) -6,- 32 
If a,b,c,d and p are distinct real numbers such that 
(a? + 6? +c’) p?-2 (ab + bc+ cd) p 

+ (0° + c? + d”) <0, then a, b,c¢,d 
(a) are in AP (b) are in GP (1987, 2M) 
(c) are in HP (d) satisfy ab = cd 


If a,b,c are in GP, then the equations ax” + 2bx+ c=0 


and dx” + 2ex + f =0 havea common root, ee ; 5 : f are 
a c 

in (1985, 2M) 

(a) AP (b) GP 

(c) HP (d) None of these 


The third term of a geometric progression is 4. The 


product of the first five terms is (1982, 2M) 
(a) # (b) 4° 
(c) 4" (d) None of these 


Analytical & Descriptive Questions 


14. 


15. 


16. 


Find three numbers a, b,c between 2 and 18 such that 
(i) their sum is 25. (ii) the numbers 2,a,b are 
consecutive terms of an AP. (iii) the numbers 0, c, 18 are 
consecutive terms of a GP. (1983, 2M) 


Does there exist a geometric progression containing 
27,8 and 12 as three of its term? If it exists, then how 
many such progressions are possible? (1982, 2M) 


If the mth, nth and pth terms of an AP and GP are equal 
and are x, y, z, then prove that x” *-y**-z** =1. 
(1979, 3M) 


Topic4 Sum of n Terms & Infinite Terms of a GP 


Objective Questions I (Only one correct option) 


1. 


20 


1. 
The sum )" Rok is equal to (2019 Main, 8 April II) 


k=1 
11 11 
(a) ae (b) 1~ a0 
3 21 
(c) ar (d) 2 20 


2. 


Let S,=1+qt+q?+...+q" and 


2 
T,=14 a1), (424) rat ( 
2 2 2 


real number and q #1. If 
BG eC Beta SO Cay Sign SO Liao: them: 1G 18 


n 
, where gis a 


equal to (2019 Main, 11 Jan II) 
(a) 210° (b) 202 
(c) 200 (ad) 2°° 


The sum of an infinite geometric series with positive 


terms is 3 and the sum of the cubes of its terms is 79 


Then, the common ratio of this series is 
(2019 Main, 11 Jan 1) 


4 2 2 1 
a) — b) = c) = d) = 
(a) qi (b) = (c) q (d) - 
Three positive numbers form an increasing GP. If the 
middle term in this GP is doubled, then new numbers 


are in AP. Then, the common ratio of the GP is 


(a) V2 + V3 (b) 34+ V2 (2014 Main) 
(c) 2- V3 (d) 2+ V3 
If (10)? + 2(11)' (10)8+ 3(11)7(10)"+ ... + 10(11)® = R(10)°, 
then k is equal to (2014 Main) 
igs iio (c) 100 (@) 110 

10 100 
The sum of first 20 terms of the sequence 
0.7, 0.77, 0.777,...,18 (2013 Main) 
(a) © a79-1072%) (b) 2 99-1072) 

81 9 

7 — 20 7 — 20 
c) — (179+ 10 d) — (99+ 10 
(c) = ( ) (d) 4 ( ) 
An infinite GP has first term x and sum 5, then x 
belongs to (2004, 1M) 
(a)x<-10 (b)-10<x<0 (ce) 0<x<10 (d) x>10 


Consider an infinite geometric series with first term a 
and common ratio r. If its sum is 4 and the second term 


is 3/4, then (2000, 2M) 
(a) a= 4/7, r= 3/7 (b) a= 2, r= 3/8 
(c) a= 3/2, r=1/2 (d)a=38, r=1/4 
Sum of the first n terms of the series 2 + 2 + is + » + 
2 4 8 16 
is equal to (1988, 2M) 


(a) 2" -n-1 (b) 1-2” (c)n+2-"-1 (d)2"4+1 


Topic 5 Harmonic Progression (HP) 
Objective Questions I (Only one correct option) 


1. 


Ifa), @9, d3,...are in a harmonic progression with a, =5 
and Gy) = 25. Then, the least positive integer n for which 
a, <0, is (2012) 


(a) 22 (b) 28 (d) 25 


If the positive numbers a,b,c,d are in AP. Then, 


(c) 24 


abc, abd, acd, bcd are (2001, 1M) 
(a) not in AP/GP/HP (b) in AP 
(c) in GP (d) in HP 


Let a, 9, ..., dg bein AP and h,, hy, equal to..... , Ayo be 
in HP. If a, =h, =2 and ayy =hy) =3, then ayh, is 

(1999, 2M) 
(a) 2 (b) 3 (c) 5 (d) 6 


Ifx>1,y>1,z>1 are in GP, then 


1+Inx’1l4+Iny’ 


are in (1998, 2M) 


1+Inz 


(a) AP (b) HP (c) GP (d) None of these 
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Objective Question II 
(One or more than one correct option) 


10. 


Let S,,S,, ... be squares such that for each n21 the 
length of a side of S,, equals the length of a diagonal of 
S.,.1-lIfthe length of a side of S, is 10 cm, then for which 
of the following values of n is the area of S,, less than 
1 sq cm? (1999, 3M) 
(a) 7 (d) 10 


(b) 8 (c) 9 


Analytical & Descriptive Questions 


11. 


12. 


13. 


1 acf2)-(J + +o eer. 


B,,=1-A,,. Find a least odd natural number ny, so that 
B,>A,,V n= No. (2006, 6M) 


iS 8S x 


series, whose first terms are 1, 2, 3,..., n and whose 


.,S, are the sums of infinite geometric 


F 1 ; 
common ratios are gett respectively, then 


3°74’ n+l 


find the values of S? + S3+S}+...+S3,_;. (1991, 4m) 


The sum of the squares of three distinct real numbers, 
which are in GP, is S”. If their sum is aS, then show that 


a? (2.1) U (1,8) 
3 (1986, 5M) 


Integer Answer Type Questions 


14. 


Let S,, where k =1,2,,...,100, denotes the sum of the 


and 


infinite geometric series whose first term is 


the common ratio is =. Then, the value of 

1002 129 

a YI (hk? - 3k + 1) 8; lis ease 

100! k=1 (2010) 
Assertion and Reason 

For the following question, choose the correct 


answer from the codes (a), (b), (c) and (d) defined as 

follows: 

(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; 
Statement II is not the correct explanation of 
Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


Suppose four distinct positive numbers a), dg, A3, a4 
are in GP. Let b, =a,, b,=b, + a, 6; =b,+ a, and 
by = bs + a4. 

Statement I The numbers 0,, bo, 6, b, are neither in 
AP nor in GP. 


Statement II The numbers 0,, bo, 6;, b, are in HP. 
(2008, 3M) 
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Fill in the Blank 


6. If cos(x— yy), cosx and cos(x+ y) are in HP. Then 


cos xX: sec (3) =... (1997C, 2M) 


Analytical & Descriptive Questions 


7. Ifa,b,care in AP, a’, b”,c’ are in HP, then prove that 


either a = b=cora,b,- Z form a GP. 
2, (2003, 4M) 


Let a and b be positive real numbers. If a, A,, Ao, b are 
in arithmetic progression, a,G,,G,, 6 are in geometric 
progression and a,H,,H,,B are in harmonic 
progression, then show that 

GG, _ A, +A, _ @a+t b)(a + 2b) 

MH, H,+H, 9ab (2002, 5M) 


(i) The value of x+ y+ z is 15. If a,x, y,z, bare in AP 
while the value of + Es + Z is B: Ifa, x, y,z, barein 
x ig 8 
HP, then find a and b. 
(ii) If x, y, z are in HP, then show that 
log (x+ z) + log («+ z-2y) =2 log (x-—z). (1978, 3M) 


Topic 6 Relation between AM, GM, HM and Some Special Series 


Objective Questions I (Only one correct option) 
Pee Varese 
14+2 14+2+4+38 


1. The sum of series 14 


3 3, 93 3 
ie oe vee ae 1 42434... +15)is 
14+2438+4+...415 2 


equal to (2019 Main, 10 April II) 
(a) 620 (b) 660 (c) 1240 (a) 1860 
3 3 3 
2. The sum of series ats as @ a ) 
1 1*+ 2° 
3 3 3 
fis a = = ) IF scianieirersaee + upto 10th term, is 
1° + 2° + 3° (2019 Main, 10 April 1) 
(a) 680 (b) 600 
(c) 660 (d) 620 
3. The sum of the series 1+2x3+3x5+4x 7+... upto 
11th term is (2019 Main, 9 April II) 
(a) 915 (b) 946 (c) 916 (d) 945 


4. Ifthe sum of the first 15 terms of the series 


(2) (5) (29) «2 o(ed)>- 


is equal to 225 k, then kis equal to 
(2019 Main, 12 Jan Il) 


(a) 108 (b) 27 (c) 54 (d) 9 
5 Deb Ge geet ete. gt a, 
k 12 
then A is equal to (2019 Main, 12 Jan 1) 
(a) 156 (b) 301 
(c) 283 (d) 303 


6. Let x,y be positive real numbers and m, n positive 
integers. The maximum value of the expression 


a 

(+x) (1+ y") (2019 Main, 11 Jan II) 
1 

(a) S (b) 1 

() a (a) m+n 
4 6mn 


re 


10. 


11. 


12. 


13. 


The sum of the following series 
9(17+27+37)  12(07+27+3" +4”) 


14+6+4 
2, 92 , 2 : 
+ ks — ae) +...up to 15 terms is 
(2019 Main, 9 Jan II) 
(a) 7510 (b) 7820 
(c) 7830 (d) 7520 
12 
» Let a1, @3, a3, ..., @49 be in AP such that )° a4, 41 =416 
k=0 
and dg + a4; =66. If af + a3+...+ af, =140 m, then m 
is equal to (2018 Main) 
(a) 66 (b) 68 (c) 34 (d) 33 


Let A be the sum of the first 20 terms and Bbe the sum 
of the first 40 terms of the series 


1? 2 O00? 4:9 4 OA eB 406" 4 5, 
If B—2A =100A, then A is equal to (2018 Main) 
(a) 232 (b) 248 (c) 464 (d) 496 
If the sum of the first ten terms of the series 


2 2 2 2 

(12) +(22) (32) + 474 (+2) +..., is ey then 
5 5 5 5 5 

m is equal to (2016 Main) 
(a) 102 (b) 101 (c) 100 (d) 99 

If m is the AM of two distinct real numbers / and 

n(l,n >1) and G,,G, and G; are three geometric means 

between J and n, then G} + 2G3 + G} equals (2015) 


(a) 41?mn ——(b) 4Im?n (c) Imn? (d) ?m?n? 
The sum of first 9 terms of the — series 


3 | 13 +2° 13 +23 +33 _— 
1 1+3 14+38+5 (2015) 
(a) 71 (b) 96 (c) 142 (d) 192 

2 
Ifae (0. | , then fx" +xu+ — is always greater 
than or equal to (2003, 2M) 


(a)2tana (b)1 (c) 2 (d) sec?o 


14. Ifa,,qay,..., a, are positive real numbers whose product 
is a fixed number c, then the minimum value of 


a, +d 9+...+a,_,+ 2a, is (2002, 1M) 
(a) n (2c)¥" (b) (n + 1c” 
(c) 2nc!” (d) (n + 1) (2c)"" 


15. If a,b,c are positive real numbers such that 
a+b+c+d=2,then M=(a+ b) (c+ d) satisfies the 


relation (2000, 2M) 
(a) 0<M<1 (b) 1s M<2 
(c) 2<M<3 (d) 3<M<4 

16. The harmonic mean of the roots of the equation 
6 +2) «*- (44+ V5) x+8+2V5 =0is (1999, 2M) 
(a) 2 (b) 4 (c) 6 (d) 8 

17. The product of n positive numbers is unity, then their 
sum is (1991, 2M) 
(a) a positive integer (b) divisible by n 
(c) equal ton +— (d) never less than n 

n 


18. If a,b and c¢ are distinct positive numbers, then the 
expression (b+ c—a) (c+ a—b) (a+ b-c)-abcis 
(a) positive (b) negative (1991, 2M) 
(c) non-positive (d) non-negative 


19. Ifx,,x9,...,x, are any real numbers and nis any positive 
integer, then (1982, 1M) 


2 2 
Es] onsee[S| 
i i=l i=l 

(c) ny" xe > (Es) (d) None of these 


Passage Based Problems 


Passage 
Let A,,G,,H, denote the arithmetic, geometric and 
harmonic means, respectively, of two distinct positive 
numbers. For n2 2, let A,_, and H,,_, has arithmetic, 
geometric and harmonic means as A,,G,,H,, 
respectively. (2007, 8M) 


20. Which one of the following statements is correct? 
(a) G, > G,> Gs, > ... 
(b) G, < Gy < Gy <... 
(c) G, =G,=G, =... 
(d) G, < G, < G; <...and G, > G,>G, >... 
21. Which of the following statements is correct? 
(a) A, > A, >A, >... 
(b) A, < Ay < A; <... 
(c) A, > Ay > A; >... and Ag < Ay < Ag <... 
(d) A, < A, < A; <...and A, > A, > Ag >... 
22. Which of the following statements is correct ? 
(a) H, > H,> H, >... 
(b) H, < H,< Hy <... 
(c) H, > H, > H; >...and H,< H,< Hg <... 
(d) H, < A, < H; <...and H,> H,> H,>... 


Sequences and Series 53 


Objective Question II 
(One or more than one correct option) 


23. 


For a positive integer n let 


ghiste = , then 

2 3 4 @")-1 (1999, 3M) 
(a) a (100) <100 (b) a (100) > 100 
(c) a (200)< 100 (d) a (200) > 100 


24. Ifthe first and the Qn —1)th term of an AP, GP and HP 


are equal and their nth terms are a,b and c 
respectively, then (1988, 2M) 
(a)a=b=c 

(b)a> bec 

(c)atc=b 

(d) ac- 6? =0 


Fill in the Blanks 


25. If x be is the arithmetic mean and y, z be two geometric 


means between any two positive numbers, then 


re _ 


XYZ (1997C, 2M) 
26. If the harmonic mean and geometric mean of two 
positive numbers are in the ratio 4 : 5. Then, the two 
numbers are in the ratio... . (1992, 2M) 
True/False 
27. Ifx and y are positive real numbers and m,n are any 
n,m 
Beet ats 1 
positive integers, then = y mee 
(+x")a+y") 4 (1989, 1m) 
28. For O<a<x, the minimum value of function 


log, x + log, ais 2. 


Analytical & Descriptive Questions 


29. 


30. 


31. 


32. 


If a, b,c are positive real numbers, then prove that 
{(L1+a)(1+ 6) (1+ 0} > 7 atbtc! (2004, 4m) 


Let a,,d,.. be positive real numbers in geometric 

progression. For each n, if A,,,G,,,H,, are respectively, 
the arithmetic mean, geometric mean and harmonic 
mean of a1, Qo, ....,@,. Then, find an expression for the 
geometric mean of G,,Go,...,G, in terms of 
A,, A», ..-, A,, MH), Ho, ...,H (2001, 5M) 


If pis the first of the n arithmetic means between two 


n 


numbers and q be the first on n harmonic means 
between the same numbers. Then, show that g does not 


2 
lie between p and [2 : 7 Dp. (1991, 4M) 
n- 
Ifa >0,b>O0and c>0, then prove that 
Cte eee (1984, 2m) 
a be 
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Integer Answer Type Question 


33. Let a,b,c be positive integers such that b/a is an integer. If a,b,c are in geometric progression and the arithmetic mean of 


2 
a,b,c is b + 2, then the value of eu is 


atl (2014 Adv.) 
34. The minimum value of the sum of real numbers a”, a~*,3a-°, 1, a8 and a” with a > Ois...... (2011) 
Answers 
Topic 1 Topic 4 
1. (b) 2. (d) 3. (b) 4. (c) 1. (a) 2. (a) 3. (b) 
6. False 7. (6) 4. (d) 5. (c) 6. (c) 7. (c) 
Topic 2 8. (d) 9. (c) 10. (b,c, d) 
1. (a) 2. (c) 3. (b) 4, (c) 11. (7) 12, = (2n)(an+1)(4n+1)-1 14. (4) 
5. (a) 6. (c) 7. (c) 8. (b) 6 
9. (c) 10. (c) 11. (a, d) 12. (b) Topic 5 
13. (d) 14. (b) 15. (A =—3, B=77) 1. (d) 2. (d) 3. (d) 4. (b) 
m es 4] ee 5. (c) 6. +2 9.(i) a =1,b =9 
2 12. 29 
19. Be [=o Jana ye a 20. (9) 21. (9) Topic 6 
3 27 1. (a) 2. (c) 3. (b) 4, (b) 
22. (5) 23. (9) 24. (0) 5. (d) 6. (c) 7. (b) 8. (c) 
. 9. (b) 10. (b) 11. (b) 12. (b) 
Topic 3 13. (a) 14. (a) 15. (a) 16. (b) 
1. (c) 2. (b) 3. (b) 4. (d) 17. (d) 18. (b) 19. (b) 20. (c) 
5. (c) 6. (b) 7. (b) 8. (c) 21. (a) 22. (b) 23. (a, d) 24, (a, b, d) 
9. (d) 10. (a) 11. (b) 12. (a) 25. 2 26. 4:1 27. False 28. False 
13. (b) 14. (a =5) (b =8) (c = 12) 15. Yes, infinite 34. (8) 


Hints & Solutions 


Topic1 Arithmetic Progression (AP) 


Key Idea Use nth term of an AP i.e. a, = a+ (n— 1)d, simplify the 


given equation and use result. 


Given AP is a), dy, dy,...,a 
Let the above AP has. common difference ‘d’, then 


a, + a,ta,t...+ Aye 
=a, + (a, + 3d) + (a, + 6d) +... + (a, + 15d) 

=6a, + 8+64+9+12+4+15)d 

“6a, + 45d =114 (given) 
> 2a, + 15d =38 ..-(i) 


Now, a, + dg + 4,1 + Aig 
=a, + (a, + 5d) + (a, + 10d) + (a, + 15d) 
=4a, + 30d =2(@a, + 15d) 


=2x38=76 [from Kq. (i)] 


2. Let t,, be the nth term of given AP. Then, we have t,, =0 


=> a+(19-1)d=0 fot, =a +(n-1)d] 


> a+18d=0 326) 
Now: tyg a+ 48d 
tog at 28d 
—18d + 48d ; : 
ec Eq. 
“18d + 28d ae 
= eld =3:1 
10d 


We have, 
225a7 + 9b? + 25" — 75ac — 45ab — 15bc =0 


= (15a)? + (8b)? + 6c)? - (15a)60) — (15a)(3b) 
— 8b)6c0 =0 
1 2 2 2 
> 5 ee 3b)° + (8b —50)° + 6c-15a)"] =0 
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=> 15a =36b,3b=5c and 5c=15a 


. 15a =3b =5c 
a be 
—= == 
1 6 3 ee) 


> @a=A,b=5/A,c=3A 
..b,c,a are in AP. 


4. Let Reged ..-(i) 
n 
1 i 
and T, =a+(n-l1)d=— aaa) 
m 
On subtracting Eq. (ii) from Eq. (i), we get 
ae 1 1 = m-n 
nom mn 
> d= 
mn 


Again, T,,, =a+ (mn-1)d=a+(mn-n+n-1)d 
=a+(n-1)d+(mn-n)d 
1 1 _ m1) _ 


=T, +n(m-1) 1 
mn m m 
5. Since, a), dy,...,@,, are in an AP. 
(Q_ — a) = (a3 — Gg) =... = (a, —a,_1) =d 


Thus, 


Ja we | Teale ie ieee 
[es ; Se 7 7 [Haye] 
d d d 


1 1 (a,-a,) (n -1) 
=— (Ja, - fa) == Se 
a." dJa,t+Ja,  Jfa,+ Ja, 
6. Since, n,, M9,..., n, are P positive integers, whose sum is 


even and we know that, sum of any two odd integers is 
even. 


.. Number of odd integers must be even. 


Hence, it is a false statement. 


7. Let the sides area—d,aanda+d. Then, 


a(a-—d)=48 
and a? -2ad + d7+ a?=a7+2ad +d? 
=> a’ =4ad 
=> a=4d 
Thus, a=8,d=2 
Hence, a-d=6 


Topic2 Sum ofnTerms of an AP 


1. Let the common difference of given AP is ‘d’. 


Since, a, + a; + ay, =40 
. a,+a,+6d+a,+15d=40 [- a,=a,+(n-1)d] 
=> 3a, + 21d=40 se) 
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Now, sum of first 15 terms is given by 
Sis = 2 [2a, + (15-1) d] 


-- [2a, + 14d] =15 [a, + 7d] 


From Eq. (i), we have 


=5 x 40 =200 


2. Given S,, denote the sum of the first n terms of an AP. 


Let first term and common difference of the AP be ‘a@’ 
and ‘ad’, respectively. 


S, =2[2a + 3d] =16 (given) 
E S, =< Rat (n- val] 
> 2a+38d=8 .. (i) 
and S, =32a + 5d] =- 48 [given] 
> 2a+5d=-16 we. (ii) 
On subtracting Eq. (i) from Eq. (ii), we get 
2d =-24 
=> d=-12 
So, 2a=44 [put d =-12 in Eq. (i)| 


Now, S,) =5[2a + 9d] 
=5[44 + 9(-12)] =5[44 - 108] 
=5 x (- 64) = — 320 


. Given series is 


Pala] a-ame Final 


[where, [x] denotes the greatest integer < x] 


Now, 


zh |-3 1 1 2 _|_1_ 66 
3/| 3 10l| 3 100f | 3 100 


all the term have value — 1 


and] : “Il t Sf | a oF all the term 
3 100 3 100 3 100 


have value — 2. 

ar esneh ao ee 
So, | + haga |S 

3 3 100 3 100 3 100 
=-—1-1-1-1...67 times. 
=(-1)x67=-67 

|-3 aa \-3 = | |-3 =| 
and } bit 

3 100 3 100 3 100 
=-2-2-2-2...33 times 
= (-2) x33 = -66 
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.[-2]+|-3 =|+|-3 =|: |-3 a 
“|g 3 100] | 3 100] “ | 3 100 
= (- 67) + (66) =-133. 


Alternate Solution 
+ [- x] =— [x] - 1, if x ¢ Integer, 


and il+[a+]+[as 2 J [e+ 22] = tna 
n n n 


neN. 
So given series 


Decade wt hema arn) 
“Clibe)+Cl* ool) 
+( E aa | 1}. ( E a 7 


= 1)x100 -| 3 x100|=~ 100-33 =- 138 


. Let first three terms of an AP asa-—d,a,a+d. 
So, 38a =33 >a=11 
[given sum of three terms =33 
and product of terms = 1155] 


=> (11—d)1101+ d)=1155 [given] 
> 11? - d?=105 

=> d7=121-105=16 

> d=+4 


So the first three terms of the AP are either 7, 11, 15 or 
15, 11, 7. 

So, the 11th term is either 7 + (10 x 4) =47 

or 15 + (10 x (-4)) = —25. 


Key Idea Use the formula of sum of first n terms of AP, i.e 


S,= 5a+ (n-1d] 


Given AP, is 
, Ay, Ag,... having sum of first n-terms 


Q 


= - 2a, + (n-1)d] 
[where, d is the common difference of AP] 


=50n+ ne 2 A (given) 


1 n-7 


= 5 Ba, + (n-1)d] =50+ A 


=> ja, +nd-a)-[50-7 A)+ 2A 


2 
= (a, s+ =(50 yale ta 


On comparing corresponding term, we get 


i= Aeiae 30 Fs 
2 2 


= a & = 50 ZA [-d = Al 
=> a, =50-3A 
So As) =a, + 49d 
= (50-3A)+49A [d= A] 
=50+46A 


Therefore, (d, a;,) = (A, 50+ 46A) 


. Clearly, the two digit number which leaves remainder 2 


when divided by 7 is of the form N = 7k +2 [by Division 
Algorithm] 


For, k=2, 
k=38 


N=16 
, N = 23 


k=18, N = 93 
12 such numbers are possible and these numbers 
forms an AP. 


New So= 


5 16+ 93] = 654 


n 
(- 5S Pia + | 
Similarly, the two digit number which leaves remainder 
5 when divided by 7 is of the form N = 7k +5 
For k=1, N=12 
k=2, N=19 


k=13,N = 96 
..13 such numbers are possible and these numbers also 


forms an AP. 


Now, S’= = [12 + 96] = 702 


n 
(- S,=F(a+ | 
Total sum = S + S’ =654 + 702=1356 


. We have, S =a, + dot... + Asq 


=15[2a, + 29d] .. (i) 
(where d is the common difference) 


E S,= - Ba +(n- ial 


and T =a, + ag +... + Agog 
2 . Pa, + 14x2d)] 
(.. common difference is 2d) 
> 2T =15[2a, + 28d] .. (il) 
From Kgs. (i) and (ii), we get 


S-2T =15d=75 [S$ -2T = 75] 


Sequences and Series 57 


> d=5 > 6n+1=574+n-1 => 5n=55 
Now, 19 =a, + 5d * n=11 
=27 + 25 =52 11. PLAN = Convertit into differences and use sum ofnterms of an AP, 


8. If log b,, log by,..., log bj), are in AP, with common ie. S$, = + (Nn -1)d] 
difference log,2, then 6,, by,..., bj; are in GP, with . 


common ratio 2. 4n Hes ” 
2B, = 29D, by =2"D,, by = 22D, y.20, yp, = 2, Now, S,=) Cl Re? 
Also, a,, @g,..., Qo, are in AP. = 
Given, a, =, and az, = bs =—(1)?-2° +37 +4?-5°-67 + 7°+87 4... 
> a, + 50D =2" b, = B°-1°) + 4-27) + (7°-5") + G6") +... 
=> a, +50 D=2"" a, [ee = 5, J.-C) =2(4+6+12+...)+ 6+144+22+4+...)} 
Now, f= b, + by +.o..t+ bs1 n terms n terms 
Bl i Py 
= jy tit -2/ Qx4+(n—-18}+22x64+( 18 
3-1 2 2 
and S=Q, + dgt...+ As, =2 [n4+4n-4)+ n6+ 4n-4)] 
_ 2 an = 
= 51 (a, + 50D) ae) =2 [4n* + 4n~ + 2n]=4n(4n + 1) 
2 Here, 1056 = 32 x 33, 1088 = 82 x 34, 
t =a," -1) [- a, =] 1120 =32 x 35, 1332 = 36 x37 
or t=2"'a, -a, < 2a, .(v) 1056 and 1332 are possible answers. 
51 2 
and s=o lat +50D)] [rom Eq.G)] 12, Here, V, = 2 [2r+ (1) (2r—-1)] =; (27? — 7? +r) 
51 4 
= te al wo. =5 [22% Er? + Er] 
51 Bil a ; 
ar ee ay, -3{o{2een) n(n+1)(2n+1), n(vtl1) 
“ s>2 a, (vi) 2 2 6 2 
From Kgs. (v) and (vi), we get s>t¢ n(n +1) 
> = 3 +1 2n+1)+3 
Also, do, = a, + 100 Dand by, = 2", geen 
620; 4400| 2 = 9) ands, ape = n(n +1) (8n? +42) 
101 = % 50 101 1 12 
= Ayo, = 0, +2 a - 2a, = 2a, — ay 18. V..,-V,=@ 41 =P [(r+1)?-r7] + £ 
=> Gig RO Gy and by SE : 2 2 
= bio1 > 0 =8r?4+2r-1 
9. Let S, = cn? ie = 8r742r-1 =(r+1)(8r-1) 
Se =o 1)? =¢n2 + e-2en which is a composite number. 
T,, =2cn—c [- T,=S,-S,_1] 14. Since, T. =8r7+2r-1 
T,? = Qcn-0* =4en? + 7? -4c’n and T,,, =3(r+1)°+2(r+ 1-1 


4c-n(n+1)2n+1) | Q.=T.,, -T, =3[2r+1]+2 [1] 


+BumetT? = ne’ —2c"n (n+1) 
6 > Q,=6r+5 
_ 2cen(n+1) @nt1)+ 8nc?-6e'n (n+ 1) > @,=67+1+5 
3 Common difference = Q,,, -Q, =6 
2742 2042 
_ ne (4n rr s -1) 15. Given, p+q=2,pq=A 
d =] =B 
10. According to given condition, an =) a earaaks : 
Ss, -S’ and it is given that p,q,7r,sare in an AP. 
2n—~“n 
2n 1 eee aoe or Therefore, let p=a-—3d,q=a-d,r=a+d 
pa + = =_— + = 
a 2 a pol yee| g BX eam) and s=a+3d 
=> ¢i6n—8y2> Gia on —9) Since, p<q<r<s 


2 
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16. 


17. 


18. 


We have, d>0 
Now, 2=p+q=a-38d+a-d=2a-4d 
> a-2d=1 seed) 
Again, 18=r+s=a+d+a+3d 

18=2a + 4d 
> 9=a+2d se (ii) 
On subtracting Eq. (i) from Eq. (ii), we get 

8=4d>d=2 


On putting in Eq. (ii), we get a =5 
p=a-3d=5-6=-1 
q=a-d=5-2=3 
r=a+d=5+2=7 
s=at+3d=5+6=11 
Therefore, A= pq=-3and B=rs=77 


and 


Here, 17+ 2-27 + 37+2-47+57+... upto n terms 


2 
=H ee [when n is even] ... (i) 
When n is odd, 17 + 2:27 + 37+ 2-47 4+57...4+ n? 
= {1742.97 4 3742-474 ...42(n-1)74 n? 


[from Eq. (i)] 


ay (tg) age 
2 2 


1749.27 4 3742-474 ... upto n terms, when n is odd 
_n(nt+)) 
~~ 3 

Integers divisible by 2 are {2,4,6,8,10, ...,100}. 

Integers divisible by 5 are {5,10,15, ...,100}. 

Thus, sum of integers divisible by 2 


-= (2 + 100) =50 x 51 =2550 


Sum of integers divisible by 5 
= 7. (5 + 100) =10 x 105 = 1050 


Sum of integers divisible by 10 
-> (10 + 100) =5 x 110 = 550 


-. Sum of integers from 1 to 100 divisible by 2 or 5 
= 2550 + 1050 — 550 
= 2550 + 500 = 3050 
Let four consecutive terms of the AP are a —-3d,a-—d, 
a+d,a+ 3d, which are integers. 
Again, required product 
P = (a-3d)(a—d)(a+ d)(a+3d) + (2d)* 
[by given condition] 
= (a -9d”)(a? — d”) + 16d* 
=a‘ —10a°d? + 9d* + 16d*= (a? -5d’)” 


19. 


20. 


Now, a” -5d? =a? -9d" + 4d? 
= (a —3d)(a + 3d) + 2d) 


=[.[+P [given] 
=[?+P=P 
=I [where, J is any integer] 


Therefore, P = (J)? = Integer 
Since, x, %2,% are in an AP. Let x1 =a-—d,x,=a and 
% =a + dand x, x2, % be the roots of x° — x” + Bx+ y=0 
i Ya=a-d+at+at+d=1 
> a=1/3 ..-(i) 

Lab = (a-d)a+a(a+d)+ (a-d) (a+ a)=fB ...(i) 
and apy = (a -d)a(a+d)=-y ... (11) 
From Eq. (i), 

8a=1 > a=1/3 

From Eq. (ii), 3a” - d” =B 
=> 3 (1/3)? - d?=B8 
=> 1/3-B=d? 
NOTE |In this equation, we have two variables B and y but we have 


only one equation. So, at first sight it looks that this equation 
cannot solve but we know thatd?> 0, Vd €R, thenB can 


be solved. This trick is frequently asked in IIT examples. 


[from Eq. (i)] 


> 5 B20 [-- a? 20] 
1 
=> Bs. => Be [-~, 1/3] 
From Eq. (iii), a (a2 -d?)=-y 
LT. o36 i a 
> a |= > d*= 
aE 1 973 ' 
1 1» 1 
> | =—d*>y+ =0 
"973 7 
> y2-1/27 
5 |- es 
Y oa 


Hence, B € (--, 1/3] and y € [-1/27, o) 


Since, angles of polygon are in an AP. 
.. Sum of all angles 
= (n —2) x 180° =52 (120°) + (n-1)5°} 


5n? —125n + 720 =0 


=> 

> n® -25n + 144=0 

> (n —9) (n -16) =0 
=> n=9,16 


If n=9, then largest angle = a + 8d = 160° 
Again, if n=16, the n largest angle 
=a+15d=120° + 75 =195° 
which is not possible. 
[since, any angle of polygon cannot be >180°] 


Hence, n =9 [neglecting n =16] 


21. 


22. 


23. 


24, 


Given, an and 130 < t, < 140 
ioe! 


7 
peered! 6 Testa) 
=> = => = 


1 pa + 10d] 11 a+10d) 
2 


> a=9d ..-(i) 
Also, 130 <t, < 140 

1380 <a+6d <140 
130 <9d+6d <140 


130 <15d <140 
2S eae 
3 3 


[from Eq. (i)] 


YUU 


[since, d is a natural number] 


d=9 


Let number of removed cards be k and (k + 1). 


ROD hh 1)= 1224 
= n®+n-4k=2450 => n® + n—-2450 =4k 
=> (n + 50) (n — 49) =4k 
Be n>4g 
Let n=50 
os 100 =4k 
=> k=25 
Now k-20=5 
Given, a, =3,m=5nand a, dy,..., is an AP. 

= = Ssn is independent of n. 


5n 
a exer ion= 10 _5{@—d)+5n} 


(6-d)+n 


5 2x8t@-Ddl 


independent of n 
If 6-d=0 => d=6 
ag=a,+d=38+6=9 


or If d =0, then Sn is independent of n. 


=> G1, Q9,...,@,, are in an AP. 
ee oe ee a _ la* +35 x11d"+10ad _ 4, 
11 11 
=> 225+ 35d"+ 150d =90 
= 35d7+150d+135=0=> d=-3,-5 
Given, a, <a 


d=-3andd 4-5 


Qa, + A,+...+ a, 
11 


> => [30-10 x3] =0 
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Topic 3 Geometric Progression (GP) 


Key Idea Use n‘ term of AP ie., gd, =a+(n—-1)d,lfa,A, bare in 
AP, then2A = a+ band n"™ term of GP. ie., a, = ar" |. 


It is given that, the terms a, b, care in GP with common 
: 1 

ratio r, where a #0 and0<r< o 

So, let, b= ar and c= ar" 


Now, the terms 3a, 7b and 15care the first three terms 

of an AP, then 

2(7b) = 8a+15c 
14ar =3a + 15ar” 


=> [as b =ar, c=ar" 
=> 14r=3415r? [as a #0] 
=> 15r?-14r+3=0 
=> 15r°-5r-9r+3=0 
=> 5r@r—-1)-3@8r-1)=0 
=> (r-—1) Gr-3)=0 
oe 
=> r=—or— 
3. OCS 


1 1 
as,re|0,—|sor=— 
( ;| 3 


Now, the common difference of AP = 7b — 3a 
2a 
3 


= Tar ~ 3a= a{ 2 ~ 3)=— 
3 


So, 4° term of AP = 3a + {=) =a 


. (b) Given, three distinct numbers a, b and care in GP. 


zi b? = ac sd) 
and the given quadratic equations 
ax” + 2bx+ c=0 ... (ii) 
dx” + 2ex+ f =0 iii) 


For quadratic Eq. (ii), 
the discriminant D = (2b)? — 4ac 

=4(b" — acd) =0 [from Eq. (i)] 
= Quadratic Eq. (ii) have equal roots, and it is equal to 


x=-—-—, and it is given that quadratic Eqs. (11) and (iii) 
a 


have a common root, so 


2 
af -2) +2e(-2]4f=0 
a a 


=> db” -2eba + a*f =0 
> d(ac) —2eab + af =0 [ b? =ad 
> dc—2eb + af =0 [a #0] 
> 2eb =dc+ af 
e dc. af 
> Q-—=-—_ 4+ 
b bv? BP 
[dividing each term by b?| 
> o(e]-24£ [- b?=ad 
b) a ec 
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Alternate Solution 
Given, three distinct numbers a, b and c are in GP. Let 
a =a, b=ar, c=ar’are in GP, which satisfies 
ax” + 2bx+c=0 
ax” + 2(ar)x + ar? =0 
=> x7 + 2rx+r7=0 [. a #0] 
=> («+ r)?=0 > x=-r. 
According to the question, ax” + 2bx+ c=0and 
dx” + 2ex+ f =O have a common root. 
So, x=-r satisfies dx’ + 2ex+ f =0 
d(-r)* + 2e(-r) + f =0 


> dr” —2er+ f =0 
Cc Cc 
= — 2)-of2}s 7-0 
a b 
=> d_2e f 0 
a b oe¢ 
> Cae aes [. c # 0] 
a c b 


: a 
Let the three consecutive terms of a GP are —, a andar. 
r 


Now, according to the question, we have 


® a-ar=512 
5 


= a® = 512 

=> a=8 ... 
Also, after adding 4 to first two terms, we get 

= 4,8+4,8r are in AP 


> page" 44a gy 

> pn” Bpcecd > 20=4[?+2r] 
r r 

=> 7 ae => 2r?-5r+2=0 


r 
= 2r?-4r—r+2=0 
=> 2r(r -2)-1(r-2)=0 
> (r —2) @r-1)=0 
> 5a 
2 


Thus, the terms are either 16, 8, 4 or 4, 8, 16. Hence, 
required sum = 28. 


. Letrbe the common ratio of given GP, then we have the 
following sequence a,, @y = Q,", @3 =,r",...,d49 =Qyr” 
Now, a3 =25 a, 


> ar? =25 a, 

=> r2 = 25 
a, ar® 

Consider, —? = 1 = r* = 5)" =5* 
as Qa r 


. Let A be the Ist term of AP and d be the common 
difference. 
; 7th term =a =A+6d 


[. nth term = A + (n —1)d] 


11th term = b=A+10d 
13th term =c= A+ 12d 
*: a, b, care also in GP 
- B=ac 
= (A+ 10d)? =(A + 6d) (A+ 12d) 
= A”+20Ad + 100d? = A* + 18Ad + 72d? 
= 2Ad + 28d? =0 
= 2d(A+14d)=0 
= d=0 or A+14d=0 


But d#0 
> A=-14d 
a=A+6d=-14d+6d=-8d 


[.: the series is non constant AP] 


and c=A+12d=-14d+ 12d =-2d 
a -8d 

> —=——=4 
c -2d 


. Let b=arand c=ar’, where r is the common ratio. 


Then, a+b+c=xb 
> a+ar+ar*=xar 
=> l+rt+r?=xr ... i) [ea ¢ 0 
l+r+r? 1 
> = =ltrt+ 
r r 
We know that, r+ Eg 2 (for r > 0) 
r 
and r+i<-2(forr <0) fusing AM> GM] 
r 
te74228 
r 
1 
or l+r+—-<-1 
r 
=> x2 8orx<-1 
> xe(-e,-1]U [3, c°) 


Hence, x cannot be 2. 
Alternate Method 


From Eq. (1), we have 
l+rtr?=xr 


> r?+(1—-x)r+1=0 

For real solution of r, D> 0. 

=> (1-x)?- 420 

=> x” — 2x - 320 

> (x- 8)(x+1)>0 
+ 


=> xe (-0o,- 1] U [B, 0) 
*, x cannot be 2. 


. Leta be the first term and d be the common difference. 


Then, we have a+ d,a+4d,a+8din GP, 

i.e. (a + 4d)” = (a+ d) (a+ 8d) 

=> a*+16d7+8ad =a7+8ad+ad+8d’" 

> 8d7=ad 

> 8d=a [. d#0] 


10. 


Now, common ratio, 
po at4d _8d+4d_12d_4 


a+d 8d+d 9d 3 


Since, (a + B), @” + 8”), @® + B*) are in GP. 


= (a? +B)” =(@ +B) @® + 8°) 

=> o.* + B* + 2078? = 04 + B* + of? + Ba? 
=> of @+B?-2ap) =0 

= aB (a - 8)” =0 

> aBp=0 or a=fB 

> £25 or A=0 

a 
=> cA =0 


. Since, a, b and c are in an AP. 


Let a=A-D,b=A,c=A+D 
Given, atbre=s 
3 
=> (A Drees y=, 
> a Ree 
2 2 
alk, Alt 
ca chenumberere See 
2 2 
Also, 5-D) =, s+D) are in GP. 
2 4 \2 
2 2 2 2 
Cle alee as 
4 2 2 16 4 
1 2 1 2 1 1 
> Dest > D > D=t 
4 4 2 V2 
al 1 
a=-+—— 
2° V2 
So, out of the given values, a aces is the right 
’ ’ 9 V2 
choice. 
a+B=1 A+6=4 
ap =p AO5=q 


Let r be the common ratio. 
Since, «,8, yand6 are in GP. 


Therefore, B=ar, y=ar" 

and 8 =ar° 

Then, a+oar=1 > a(dt+r=1 ...(0) 
and or?+o0r=4 => ar(+r)=4 (ii) 


From Eqs. (i) and (ii), r?=4= r=+2 
Now, a-ar=p andar?-ar® =q 
On putting r=—2, we get 


a=-1,p=-2andq=-382 


Again putting r =2, we get a =1/3 and p=-— 


wolnN 


Since, g and p are integers. 
Therefore, we take p =—2 and q =-82. 


11. 


12. 


13. 


14. 
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Here, (a7 + b? + c*) p?-2 (ab + bc+ cd)p 
+ (0° +c? + d’)<0 
= (a”p” —2abp + b”) + (b?p? —2bep + ¢) 
+ (c"p” —2cdp + d”) <0 
=> (ap — b)? + (op — 0)" + (cp— d)? <0 


[since, sum of squares is never less than zero] 


Since, each of the squares is zero. 
(ap — b)” = (bp — 0)” = (cp - d)” =0 


st ahr @ 
a be 
a,b,cd are in GP. 
Since, a, b,c are in GP. 
=> b? =ac 
Given, ax” +2bx+ c=0 
=> ax’ + 2Jacx+c=0 
=> (Ja x+-Ve)?=0 = r=- | 


Since, ax?+2bx+c=0 and dx*+2ex+f=0 have 
common root. 


x=—./c/la must satisfy. 
dx" + 2ex+ f =0 


=> ge! pee pp a ey 
a Vac ¢ 
> eS [ 6? = ac] 
b a ic 
Hence, De Togs ack. 
abe 
2 


Here, #, =4 = ar’ =4 
«. Product of first five terms = a-ar-ar?-ar® -ar* 


a rl (a ry 4° 


If a, b, ce (2,18), then 


a+b+c=25 . (1) 
Since, 2, a, b are in AP. 
> 2a=b+2 wes (ii) 
and b,c,18 are in GP. 
=> c” =18b .. (iii) 


From Eas. (i), (ii) and (iii), 
aa b+ V18b =25 


3b+24+6 2Vb =50 


=> 
=> 3b +6 V2Vb —48=0 
=> b+2/2/b -16=0 
=> b+ 4/26 -2,/2Vb -16=0 
=> Vb (Vb + 4V2) —2V2 (Jb + 4V2) =0 
=> (Vb —2V2) (Vb + 4V2) =0 
= b=8,a=5 
and c=12 
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15. Let 27,8, 12 be three terms of a GP. 
=> tn =27,t,=8 and ¢,=12 
AR™ | =27, AR""|=8 
and AR?~' =12 


(m-n) (n-p) 
R= (7) and R= (= 


12 
ey" ey" 
=> —= =| — 
8 3 
=> 33/(m— n), gu(n- P) = gun Pp) gBllm— n) 
3 ue 
+ 
gm-n n-p 
= i. = 
gn-Pp m-n 
22 20nd" 20 


m-n n-p n-p m-n 


=> 3(n-p)=n-m and 


Hence, there exists infinite GP for which 27, 8 and 12 as 
three of its terms. 


2n=3p-—m 


16. Let a,d be the first term and common difference of an 


AP and 0,r be the first term and common ratio of a GP. 

Then, x=a+(m—1)d and x= br" 
y=a+(n—-1)d and y=br"™™ 
z=a+(p-l)d andz=br?" 

Now, x- y=(m-n)d, y—z=(n- p)d 

and z-x=(p-m)d 

Again now, x *-y* *-2"” 

= [br™ lyr Pe . [br? tem 4 . [brP-tyr-ned 


= plr—pt p-m+m-—njd | ,[(n—1)(n— p)+ (n-1)(p—m)+(p-I(m— nd 


=b?.p®° =1 


Topic4 Sum ofn Terms and Infinite 
Terms of a GP 


20 1 
1. LetS= k| — 
otS= 9 Hor) 


1,2 ,3,4,  , 20 : 
a a ees sag() 


Onmultiplaine by (=) both ides mveset 


S 1,2 ,3, ,19 , 20 be 
5 pf os baer batt San? oa .-. (1) 
On subtracting Eq. (11) from Eq. (i), we get 


S V1, 4... 1. 20 
2 g g8 gs oY Gao g2t 
1 1 
a | eee 
S 2 920 20 
-_ - ~ 521 
2 1-1 2 
2 


[sum orap= 2079 py 
Ll—r 


S_, iL 20 l 1 10 _4 lg 
2 = 920 - g21 ~ 920 7 920 = 920 
11 


2. (a) We have, S, =1+qt+q7+...+q” and 


2 n 
T,,=14 a + 142) Bsns 157) 
2 2 2 
Also, we have 


101 101 101 101 = 
C,+ ~ CS, + C385 +...+ ~~ Gg1S190 = &Ti9 


a MC 2 Cd eee OO egg") 
ma 


$e a hee ty ed 
=0- Tyo . . 

= 1¢, 4 1¢, (l-q ba 1010, 1-q 
1 1-q 


_ 4 101 
is Igy L—@ Pe 1 1-q 
l-q l-q 


=0-Tio9 


[.for a GP, S, = (i id } r#1] 


1 
Spall + MC, +. 4 Co 

_ eae Oy Em ne OF ae ghd Cod} = oO: Ta 

i 


(1- q) 


[(2"°* — 1) - (1+ gy! — DJ = aT 99 


fe "Co + "Cy +...4 "C, =2”) 
201 _ (g 4 1)! 


=> 04 
1-q 
ae cee (1) . (s24)" 
a 5 be. . 
(21) 
101 101 a 
- 2°" -(q +1) estes 2 
1-q 1-9¢t1 
2 
[qelaqtie2> 2 te] 
_ (2?! - (q+ 1] => g, = 2100 
(1-q)-22 
3. Let the GP be a,ar,ar”,ar’,....0c; where a>0 and 
O<r<l. 
Then, according the problem, we have 
3-4 
l=; 
and < =a" +t (ar? + (ar?) + (ar? ye +... 
te 27 | a® se a a 
19 1-Pr 8 yer 


27 BA-ry a 
= “3= 

19 1-r 1l-r 

27_27(1-r) +r’ -2r) 

19 (l-r)d4+rer’) 
[-a-rf =ad-na-7) 

=> rtrt1=19(r?-2r41) 

= 18r?-39r+18=0 

=> 6r?-138r+6=0 

=> (@r-2)2@r-—3)=0 


>a=s(1-r) 


r=Zorr=5 (reject) [-O0<r<]] 
. Leta, ar, ar’ are in GP, where (r>1). 


On multiplying middle term by 2, we have 
a, 2ar, ar” are in an AP. 


> dar =a+ ar? 

=> r?—4r+1=0 

3 po EE ak 

= r=2++3 — [since, AP is increasing] 
. Given, 


k-10° =10° + 2 (11)'(10)° + 3(11)7(10)! +... + 10(11)° 


2 9 
=> k=14 (3) + (3) +... 10(3) (1) 
10 10 10 


2 9 10 
(Hle= (=) + 2(F] beet oF] + 10(33) +aa(i1) 
10 10 10 10 10 


On subtracting Eq. (ii) from Eq. (i), we get 
2 9 10 
k\1 a \a1+ i+ = ba ack _ 10 = 
10 10 \10 10 10 
10 
(esr 
« ¥ (= - >) 7 
10 


10 
L(t 
( _ i 10 
+: In GP,sum of n terms = 


10 
a(r"-1) 
ce 


10 10 

> —k=10}10 i] 10-10 7] 

10 10 

eS k=100 

6. Let S=0.7+0.77+ 0.777 +... 

me } ut. : ay +... upto 20 terms 
10 10 10 


-1|2 + ae iF + upto 20 terms 


-2|° + me + st ro apto 20 terms 
10 100 = 1000 


, whenr>1 


+...+upto 20 terms] 
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[((1+ 1+...+ upto 20 terms) 


olny 


(3 wo 7 +... + upto 20 terms) 


“|. 3 ( : (3) | 


=—|20 
9 _ i 
10 
20 
2 > =20 and sum of n terms of 
i=l 
GP,S,= ca) when (r <1) 


=—L 


20 
2/8 (5 - 7 179 + ao] 
9} 9 9\10 81 


We know that, the sum of infinite terms of GP is 


a 
——, Irl<1 
S.-fiy 


co ,|rl>1 
S.=— <5 [Irl<q 

1-r 
or tapes 

5 

5B-x_. 
> r= 5 exists only when |r| <1. 
1e 4 
or -10<-x<0 
=> 0<x<10 


. Since, sum =4 and second term = ; ; 


It is given first term a and common ratio r. 


=> . =4, eee 
1l-r 4 
3 
=> r=— 
4a 
a 
=4 
. 3 
4a 
2 
- 4a =i 
4a-8 
=> (a-1)(a-3)=0 
=> a=1 or 38 


When a =1,r=3/4 
and when a =3,r=1/4 


64 


9. 


10. 


11. 
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Sum of the n terms of the series z + a i + = +... 


4 8 16 
upto n terms can be written as 


(1 a}+( ge a} (2 jg) upto n terms 
2 4 8 16 


wo! ae. call 
=n t t +...+ n terms 
Gee 
+(1-3) 
=n 2 2 =n+2”"-1 
— 
2 


Let a,, denotes the length of side of the square S,,. 


We are given, a, = length of diagonal of S,, , ;. 


> Ay =V2 Gays 
an 
= Ons 


This shows that a,,d@,,a3,... form a GP with common 
ratio 1/2. 


n-1 
Therefore, a, =a, (<5 


[... a, = 10, given] 


2 
1 2(n-1) 
=> a? =100 (+5) 
2 
> ae <1 es ae <1, given] 
2" 
> 100 <2"? 


This is possible for n > 8. 
Hence, (b), (c), (d) are the correct answers. 
B,=1-A,>A, 


3\" 1 
> --| >-= 
eile 


Obviously, it is true for all even values of n. 
But for 


n=1, Sees 
4 6 
3 
aoe, ;| ._ a7 1 
4 64 «6 
A) 243. 1 
n=5, = < 
4 1024. «6 


and for n = 7, 
( 3) _ 2187 | 1 
4 12288 6 


Hence, minimum odd natural number ny = 7. 


12. Consider an infinite GP with first term 1, 2, 3, ..., 2 and 


: 111 1 
common ratios poets . 
234 n+1 
1 
ee =2 
1-1/2 
2, 
= =3 
can 
2n-1 


Sy, _, =——__— =2n 
2n-1 "1 -1/2n 


S2+ S3 + S? a Sron-1 
=27 437447 4...4 @n)” 


== Gn) @n+1)4n+1)-1 


13. Let three numbers in GP be a, ar, ar”. 


a? + ar? + a’rt =S? ...(i) 
and atar+ar?=aS ... (ii) 
On dividing Eq. (i) by Eq. (ii) after squaring it, we get 
az(l+r7t+r’) S? 
a? (l+r4+r°)? ~ a*S? 
1 


(ltr)? -r? 


(+r+r?)? a? 
l+r-r 1 
= : 2 = 
(d+r°+r) a 
1 
Pep 
2 r 
> Go = rl 
r+—-l 
r 
1 
Put r+—-=y 
r 
yt1l_o2 
y-1 
=> y+tl=a’y-a 
a’+1 i 
> YEG s |yl=|r+—>2 
a= 1 r 
a’+1 
> 5 >2. [where , (a? 1)# 0] 
a~-1 
=> (a 4.41|/>2(e7—1| 


=> (a?+1)?-{2 (a?-1)}7>0 
=> {(a7 + 1)-2 (a7-1)H{(a? + 1)+ 2 (a?-1)}>0 


=> (-a?+8)a7-1)>0 
Dag7as 
1 3 
ae(5 1} (1,3) fe a? 41] 
k-1 3 
k! 
14, We have, S;, =—* = 
1 &-)! 
k 


Now, (k2—3k+1)S, ={(k—-2)(k-1)-}x— 
(k-1)! 
a ee ee 
~ (k-8)! (k-1)! 
100 1 1 
=> hk? —~3k+1)S,/=14142 + = 
LI ta (5 a 
100? cs 
> ore —3k+1)S,|=4 


k=1 


Topic5 Harmonic Progression (HP) 
1. PLAN nth term of HP, t, = —— 


at+(n-1)n 
Here, a, =5, Ao) = 25 for HP 
225 aud — 255 
a a+19d 
> 1 19d es > 19d Be : 
5 25 25 5 25 
_ 74 
19x25 
Since, a, <0 
> st (m-Dd<o 
: : (n-1)<0 > (n is 
5 19x25 4 
=> n>1+2 or n >24.75 


Least positive value of n =25 


2. Since, a, b,c dare in AP. 
a b c d 
abcd’ abcd’ abcd’ abcd 
1 ul i 
bed’ cda’ abd’ abc 
=> bcd, cda, abd, abcare in HP. 
= abc, abd, cda, bcd are in HP. 


are in AP. 


are in AP. 


3. Since, a), @2, 3, ...,@,9 are in AP. 
Now, Q19 =a, + 9d 
=> 3=2+9d 
=> d=1/9 and a,=a,+3d 
=> a, =2+3(1/9)=24+1/3=7/3 
Also, hy, hg, hg, ..., 4 9 are in HP. 
> re are in AP. 
hy hy hs hyo 
Given, h, =2, hy) =3 
uae 19d, 3+ 1, 9d, 
hy hy 3 2 
=> need: 
6 
=> d, = Sande. 46d 
54 h, h, 
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1 1 6x1 
=> Ss ee 
h, 2 —-54 
1 11 18 
> = > h= 
h; 2 9 7 
7 18 
ayh, =—x — =6 
Ne ee 


. Let the common ratio of the GP be r. Then, 


y=arandz=xr" 


>In y=Inx+Inr andlnz=Inx+2Inr 


Let A=1+Inx,D=Inr 
a a 1 i 
+Inx A l+Iny 14Inx+Inr A+D 
1 iL 1 
and = = 
1l+Inz 14+Inx+2Inr A+2D 
Therefore, : : are in HP. 


1+nx’l+Iny’1l+Inz 


. Let a, =1,a,=2, => az =4,a,=8 


“ b, =1, b, =3, bs =7, 6, =15 
Clearly, 6,, by, 63, 64 are not in HP. 
Hence, Statement II is false. 


Statement I is already true. 

Since, cos (x — y), cos x and cos (x + y) are in HP. 

_ 2cos (x— y) cos (x + 9) 
cos (x— y) + cos (x + y) 


COs x 


= cos x (2 cos x- cos y)=2{cos” x— sin? y} 


=> cos” x: cos y = cos’ x—sin? y 

> cos” x (1 — cos y) =sin? y 

> cos?x-2sin?~ =4 sin?” cos? 
2 2 

> cos” x-sec? > =2 


cosx- see = 4 V2 


Since, a,b,c are in an AP. 
v 2b=at+e 
272 2 . 
and a“,b*,c’ are in HP. 
2 
2a2c? a+c 207? 
ar aac = 

a~+c 2 
(a? + &)(a7 + 2 +2ac) = 8a7e* 
(a7 + c*) + 2ac(a? + c*) = 8a" 


(a? 4+ 7) + 2ac(a? + 07) + a? =9a7e" 


b? 


Vv 


a?t+c? 


(a7 + + a0)? =9a7e 
a? +c+ac=3ac 
6 
a”+ b”—2ac=0 


(a—0?=0 > ag=ec 


VuUUUU 


. 2 
and ifa=c>b=cora’+c+ac=—3ac 


2 
> a” +c’ +2ac=—2ac 


=> (a+ 0”? =—2ac 
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ac 


> 4b” =-2ac > b? = 


2 


Hence, a,b,— 5 are in GP. 


Either a=b=cora, b,~ 5 are in GP. 


8. Since, a, A,, As, b are in AP. 


> A, + Ag=a+b 
a,G,,G,,bareinGP => G,G,=ab 
and a, H,, Hy, b are in HP. 
3ab 3ab 
> ,= ; = 
2b+a b+ 2a 


AA, 3ab 
2b+a)\b+2a 


3ab 


_ Qa + b) (a + 2b) 


9ab 
From Kgs. (i) and (ii), we get 


GG, _ A,+ A, _ (2a+b) (a+ 2b) 


H,H, H,+ 4H, 9ab 


9. G)Now, at+b=(a+x+yt+2z+5) 


5 
== b)-15 
.or ) 


(i) 


...(ii) 


(x+ y+ 2) 


[since, a, x, y, zare in AP] 


Sum =2 (a+b) >a+b=10 ..(i) 
Since, a, x, y, z, b are in HP, phen ge <* = 
are in AP. axyzob 
New. 1iiijt iyi 1 1 1 
a b\a x y z b x y 2 
5 (1 | 5 
=) Se 
2 Z b) 3 
a+b 10 9x10 . 
> — pab= from Eq. 
ab ye 
On solving Eqs. (i) and (ii), we get 
a=1, b=9 
(ii) LHS = log(x+ z)+ log(x+ z-2y) 
= log(x+ 2) loa +z o(2)| E y= = | 
x+Z x+2Z 


@=2y 
(x+ Z) 
=2log(x—z) = RHS 


= log(x+ z)+ log 


Topic6 Relation between AM, GM, HM 
and Some Special Series 
1. Given series, | , i . 
g-1i4l +2 4i +2°4+3 
1+2 14+2+8 
3 3 3 3 
1° +2° 43° +...415 ~+144243+4...4+15) 
142+ 84...4+15 2 
=, -—S, (let) 
where, 


S,=1+ 


+2) V+a+3 
1+2 1+2+3 
se 
14+24+3+...4+15 


n(n + 1) 
B&B P+Petn? & 2 


Am, 14+2t..40 py n(n + 1) 
2 
n 
y (229) aaa ye ee 
r= r=1 2 
15 15 
y n(n +1) 1 y(n? +n) 
n= 2 2 el 
-3)Pe® x18 
2 6 2 


_ zs 2_ n(nt+1)@n+1) 
| 


= 516 x8 x31) + 05 x8)] 
=(6x4x81)+ (15 x4) 
= 620 + 60 = 680 
and$,=>(1+2+3+... +15) 
2° 2 
Therefore, S = S, — S. =680 — 60 =620. 


2. Given series is 
38x 5x +2%) | 7x@? +2? +3°) 


1 15X16 _ 6, 


sl 12422 "12497438 
So, nth term 
+(n-1 1° + +3° 047 
7 - Bt 120" +2? +8)... +n?) 
m 174274+374+...4n? 
2 
@n+1)x{2@*2) 
= n(n +1)@n + 1) 
6 


n 2 i 
|: yr -|*=*9| and 5 pane pens?) 
pal 2 r=1 6 
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So, T= peel)? (n? + n) 5. Since, S; = pasa a 
2 2 k 
Now, sum of the given series upto n terms _R(k+1)_kt+1 
8, =2T, => [En* + En] a k - 2 1 
2 + = F 2 ‘ 
a ee, = oe Si ( 3 ee, a) 
2 6 2 10 
Now, 2 A=S?+S2+S82+...8%3=) 8? 
3[10x11x21 10x11 12 i 
Sio=5 6 2 5 120 1 
=>— A=— yy (e+ 1)? == 2743744? 4...117] 
3 2° 4h 4 
=—[6x11x7)+ 6x11)] 
2 -; eee | 
-: 38 _ 4 6 
a ea? a i > _n(n+1(2n+ Dy 
6 
=t2xno=600 oi [111828 5) pg sioey a 
3. (b) Given series is 4 6 “4 
1+ @x3)+ @8x5)+ 4x 7)+...upto 1 1 
11 terms. 4 [506 — 1] = ri [505] 
Now, the ren term of oe series is a, =r(@r-—1) _ 5 Ae 505 = A=303 
..Sum of first 11-terms is 12 4 
ul u rl u wry? 
Si=) r@r-l= Qr?-r)=2Y r?-Yr 6. Consider, ———~———__.— 
X dX X X (l+x°")(1+ y™”) 
_gilx@1+D@xiM+ 11x@1+) = 1 
6 2 (oP Py + *) 
og n(n t+ Qn+1) : ” nat) By using AM> GM (because x, y € R*), we get 
: ZF 6 os aa a (x” +x"°")>2and(y"+y")>2 
r= r= 1 
-(Haees) (2) Piet hen eh =e 
3 2 => (x” +x ™)(y” + y ")> 4 
= (11x 4x23) — (11 x6)=11092 —6)=11 x86 =946 1 eA 
=> = 
4, Given series is Pte) ty") 4 
Syl) xtaly 3) : 
Pa +{2 al g2) 4... .. Maximum ree 
4 2 4 4 
3) (6 (9? (12 7. General term of the given series is 
Let S= + + + 2, 92 2 
4 4 4 4 p aor +2°+...47r°)  3r[r(r +1) @r+1)] 
1B\° 7 2r+1 6Q2r +1) 
+ (+) +...+ upto 15 terms jee 9 
4 =a +r) 
3 
B) 8 438) 68 YS. BB 3 15 15 
- (3) [P+ 2+ 34+ 445 4+...415'] Now, required sum = a=; yo + 72) 
7 3)’ 16x16) , r=. r=1 
Fi 2 _1 jae] 4 Wnt 1) @n + 1) 
2 2 6 
1) 2 n=15 
fe oF ee ak no = (2D) neN _1[a@+y ntn  2nt+1 | 
| 2 2° S| 
27_ 225 x 256 — 
= x 1 |n(n+1) Bn? 4+ 7n+2) 
64 4 = 9 6 
= 27x 225 n=15 
1 15x16 (3x225+105 + 2) 
=> S$ =27x225 =225k [given] oa - = 7820 


=> k=27. 
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8. We have, aj, dg, a3, ... dyg are in AP. 


12 
mk ,, =4l6and a, + a4; = 66 


k=0 


Let a, = aand d=common difference 


a, + a5 + ag + +++ + Aggy = 416 
+ (a+ 4d) + (a+ 8d) + ...(a + 48d) = 416 

=> = (2a + 48d) = 416 

> a+ 24d = 32 (i) 
Also , Ag + aq, = 66 

Es a+ 8d+ a+ 42d= 66 

> 2a + 50d = 66 

=> a+ 25d = 33 (ii) 
Solving Eqs. (i) and (ii), we get 

a=8andd=1 


Now, a + a5 + az SH ee ae = 140m 


8° +97 4107 +... + 247 =140m 


=> (474 R4...424)-( +243 4...4 7) =140m 
- 24x 25x 49 7X 8X15 _aom 
6 6 
=> SRT Tx 1) =140m 
> 7xX4x5~x 34=140m 
=> 140 x 34=140m => m= 34 
9. We have, 

1742-24 3742-474 5742-674 
A =sum of first 20 terms 
B =sum of first 40 terms 
eA =? 42-2 43742-44574 2-67 4....42-207 


A=((424374...420)4 (2444 64... 4 20°) 
A=(P424374...4 207) + 40? + 2°74 374 ...4107) 


20x 21x41 4x10x11x21 
A= + 
6 6 
A = 20X21 gy 4 99 = 20X41 x 63 
6 6 
Similarly 
B=(74+ 274+ 374+...+ 407) + 4074 2? 4...+ 207) 
40x41x 81 4x20x 21x41 
B= + 
6 6 
pa 40X41 ig) 4 gy = 40% 41123 
6 


Now, B — 2A =100A 
_ 40x41 x123 2x 20x 21x 63 
; 6 6 


=100A 


= 49 (5043-1323 -1002 = 2° x 3720=1002 
é 6 
=> 40x 620=100A Sys 020 = oH 
100 


10. Let S,) be the sum of first ten terms of the series. Then, 
we have 


s(t) Ga) eel) 


+...to10 terms 


+...to 10 terms 


-(2) | (2) | (F) a (=) 


=3 (8? + 127 + 167 + 207 + 247 + ... to 10 terms) 
4? 
= GP + 3° 4? 457+... to 10 terms) 
ee 2 
=p @ +3°4+4°4+5°4+...411°) 
= (17 +27 4+...4117)-1’) 
_ 16 sees) 1 
25 6 
ane (606 — 1) = He a8 =e x 505 = 101 
5 25 


x505 => m= 
5 25 


11. Given, mis the AM of land n. 
l+n=2m .. (i) 
and G,,G,,G, are geometric means between / and n. 
1,G,,G5,Gs, n are in GP. 
Let r be the common ratio of this GP. 


. G.=lr,G,= 2, G, =I, n-Ir* = r-(4)' 


Now, Gi + 2G$ + G} = (Ir)* + 2(ir”)4 + (Ir’)* 
=I*xrt42rt4+r%) =i xrt(r4 41)? 


2 
= fa (att) = Inx4m? =4lm?n 


12. PLAN Write the nth term of the given series and simplify it to get its 


lowest form. Then, apply, S,, = yt 


' a2, Po ae Pao es? 
Given series is : : ee, 
1 1+38 14+8+5 
Let T,, be the nth term of the given series. 
— +2438 +...4n° 
"  14+8+45+...4 upton terms 


n(n+1)\" 
7 2 _ (n+1)? 
7 4 
> (n+ 1)? 1 43 102) 412-13] 
So = = : } 
: L 4 4 
=; eens? 1]- 24-96 
4 6 4 


13. Here, a € 0,7) => tana >0 


San @ >2tana 


LP ea tan?o 
irs +x SH dP es tan? o 
7 fxr + 2 
[using AM > GM] 
=> x2 


+ x 


14, Given, a, a, a3 ...a, =¢ 


=> ada, ...(a,_,)@a,) =2¢ ws) 
a,+a,+a3+...4+2a 
n 


BG «Og Gy 4c 20,9" 


[using AM > GM] 
=> a, +a,+a3 +...+ 2a, >nQ0"” [from Eq. (i)] 
= Minimum value of 
@, + a, + dg +... + 2a, =n(20)" 


15. Since, AM> GM, then 


ie a iced) > (a+ b(c+d) > M<1 
Also, (a+ 6) + (c+ d)>0 [..a,b,c,d>0] 
0<M<1 
16. Leta, be the roots of given quadratic equation. Then, 
44+ V5 8+ 2V5 
a+p= and aB= 
Pope v2 ae v2 


Let H be the harmonic mean between o and B, then 
yy a 208 16 + 4v5 _ 


a+B 445 


17. Since, product of n positive numbers is unity. 
=> H+ Xq* Xz... X, =1 xa (1) 


; x +X +...+%, 
Using AM > GM, "2" 5 (4, - x9... X,) 


n 
[from Eq. (i)] 
Hence, sum of n positive numbers is never less than n. 


18. Since, AM > GM 
(b+ c—a)+(c+a-—b) 


> Betas > nay" 


>(b+c—a\(c+a—b)"? 


p 
=> c> [(b+c-a)(c+ a—b)]i? (i) 
Similarly b> [(a+ b-0(b+ c-a)]!” (ii) 
and a>[(a+ b-o(c+a-b)]”? (ili) 


On multiplying Eas. (i), (ii) and (iii), we get 
abc> (a+ b-c)(b+ c—a)(c+a-—b) 
Hence, (a+ b—c)(b+ c—a)(c+ a—b)-—abc<0 


19. Since, x,, x, ,..., x, are positive real numbers. 


. Using nth power mean inequality 


n> 


2, 2 2 2 
xpexGt. +x (Atet=t8) 
n 


- lis isl Aes is 


20. Let a and 6 are two numbers. Then, 


n 


fae et aha Ee 2ab 
2 a+b 
_ Anata 
n~ 9 ’ 
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G,, = 4) A, An-1 ? 


_ 2A,,H,-1 
7 Ani + 4 
Clearly, G; =G)=G; =...=Vab. 
21, A,is AM of A, and H, and A, > H, 
> A, > A, > H, 
A; is AM of A, and Hy and A, > Hy 
> A, > As > He 
A, > Ag > Ag >... 
22. As above, A, > H,>H,, A,> Hs; > He 
A, <H,< Hz <... 
23. Given, a (n)=14 : : : t..4 : 
2 4 OP 
(5 ;| (7 1 1 1 
14 Pa # eee. 
2 8 4 7 8 15 
1 1 
+ ae? | Sa + — 
pete) 
1 1 1 1 1 1. 1 | 
<14 bot + 
2 2 4 4 4 8 8 8 
4 1 4 4 1 
+ gn-l : ° gn-l 
2,48, sia 
Sa ge oes 


=1+1+1+1+..+1l=n 


(n) times 
Thus, a(100) < 100 
Therefore, (a) is the answer. 


Again, Pe es ee (; i] t t... 4 | 


2°\3° 4) °\5 8 
; ( 1 ; =| 1 
gn-lig gn gn 
1 1 1 TL 1 
>1+=4 bo+...4 
2 (7 ;| (; 8 ;| 
a (5 a =| 1 
: : on M or or 
12 4 re 
=1l+—+—4+—+4+...4 
2 4 8 2” ie 
ae tyty ty 1 1 _{, 1 , 
2 2. 2 2. 2" PA 2 
n times 
Therefore, a (200) >(1~ 295) + °° > 100 


Therefore, (d) is also the answer. 
24, Since, first and @n —1)th terms are equal. 


Let first term be x and (Qn —1)th term be y, 


whose middle term is ¢,,. 
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25. 


26. 


27, 
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. : : . x+ 
Thus, in arithmetic progression, t,, = y 


=a 


In geometric progression, t,, = xy =b 
‘ : 2 
In harmonic progression, t,, = aa Cc 
x+y 
[using AM > GM > HM] 
Here, equality holds G.e. a=b=c) only if all terms are 
same. Hence, options (a), (b) and (d) are correct. 


=> b?=acanda>b>c 


Let the two positive numbers be a and b. 


+ : ; . 
nee : u [since, xis AM between a and 8] ... (i) 
a yzsee , 
and —=*= b [since, y,z are GM’s between a and b] 
y 2 
2 2 
a= ~ and b=~ 
z y 
On substituting the values of a and b in Eq. (i), we get 
ye 
2x =-— + — 
es 
3 3 
=> Ss 2x 
yz 
Cee 
=> a ae 2 
xyz 


Let the two positive numbers be ka and a, a >0. 


Then, G=Vka-a=Vk-a 
ean we 2(ka)a = 2ka 
kata k+1 
Again, - = : [given] 
2ka 
k+1_4 2Jk 4 
oy = = 
Jka 5 k+1 5 
= 5Vk =2k+2 


=> 2k-5vk+2=0 


+ 25-1 + 
jess 425 6 _543_,1 


> ? 


4 4 2 
=> k=4,1/4, 
Hence, the required ratio is 4: 1. 
Using AM > GM, 
te >f1- x2” 
2n 
=> : a > x" 
nh 
1 
= 2n i 
1+x 2 
x. yy” Z 1 


te” ty'™ 4 


Hence, it is false statement. 


28. 


29. 


30. 


log, + 5 
= >1,using AM > GM 


Since, 


Here, equality holds only when x=a which is not 
possible. So, log, x+ log, a is greater than 2. 


Hence, it is a false statement. 
Here, (1+ a)(1+ 6)(1 + ©) 


=l+at+b+ct+ab+ bc+ca+t+ abe ..-(i) 

Siice: at+b+c4 et bc+ ca + aC. (ath4cty 
[using AM> GM] 

=> atbtctabdt bet cat abe > Tatbict)” 
=> l+a+b+ct+catabe >7(atb*)" (ii) 


From Eqs. (i) and (ii), we get 
(lt a)l+ b)l+o0> atte)” 
or {+a)(1+ db) +d} > 7 (atb*c*) 


Let G,, be the geometric mean of G,, Gy,..., G,,. 
> G,=G-G...G,)” 
vu us 
= [(e,)-(a,-0,7" -@,-a,r- ar” 
wer arag car yor" 
where, 7 is the common ratio of GP aj, dg, ..., a). 
(n-1)n 
= [(a, -Q,.... m times) (72. p84 pam yn 
1 3 n-1 
St 1lteotert 
=[al-r? 2 2 yi” 
1f(n-pay Pe” n-1 
=a, pal ze =o 4 | +si() 
Man x a, +dg+...4a, a,(l—-r”) 
, - n n(1 — 1) 
n 


> 
a 
2 e 
Q 
wo ee 
Q 
x ee 
Ne 


_ n 
& Faved =] 
ay r re 
_an(l—r)r”-* 
17" 
_ pt _ n-1 
Pe: dete r") anil OF geet 
n(l-r) (l-r") 


=> Ul A,H, = ll (atr""+) 
k=1 k=1 


= (a?-a?-a?...ntimes)xr°-r'-r?...r 


2 oa = 
=a2".p't 3+ + (n-1) 
n(n—1) n-1 
—72n = 2n 
=a,;'r 2? =[a,r + ] 


= [G,,])"" [from Eq. (i)] 
a W/2n 
Gay = Il A, Fi, 
k=l 
=> Gn = (A, Ag... A,H,H,... HH," 


31. Let two numbers be a and 6 and Aj, Ay,...,A, be n 


arithmetic means between a and 0. Then, 
a, A,, Ag,..., A,, 6 are in AP with common difference 
get=9 
n+1 
p=A,=a+d=a+ at 
n+1 
nat+b : 
> p= me .(i) 
n+1 


Let H,, Ho,...,H,, ben harmonic means between a and 
b. 

1 oi 1 1 

a’H,’H,” ’H,’b 


n 


is an AP with common 


difference, pa? 9 : 
(n+ 1) ab 
Se ay ae 
q a q a (n+1)ab 
1 nb+a 
=> = 
q (n+1)ab 
~ Aes Dae . Gi) 
nb+a 
From Eq. (i), 


b=(n+1) p- na. 
Putting it in Eq. (11), we get 

qin(n+1) p-n’at at=(n+l)af{(n+1)p—na} 
=> n(nt+1)a7-{(n+1)"pt (n?-1qg}a 


+n(n+1) pq=0 


=> na’ {n+1) p+ (n-I1)g}a+ npq=0 
Since, a is real, therefore 


{(n +1) p+ (n—1)q}"-4n7pq>0 


=> (n+ 1)"p? + (n-1)7q7+2 (n”-1) pq—4n7pq >0 
=> (n + 1)*p" + (n -1)?q" -2 (n? + 1) pq>0 
2 
2 2 (n2 + 1) n+1 2 
=> t >0 
q (a1 bq =] p 


32. 


33. 


34, 
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Hence, g cannot lie between p and * z 7 p. 
n— 


Since a, b, c>0 


= ee > (abo)8 (i) 
[using AM > GM] 
1 ni 1 rm 1 i 
ee ree ae 3 
Also, a_b ¢2(2.2.2) ... Gi) 
3 abe 
[using AM > GM] 
On multiplying Eqs. (i) and (ii), we get 
a+b+o[2+t42] 1 
a c V3 
> (abc) ———~ 
9 mee (abo)! 
(a+b+0(2+242) 29 
a ob -¢ 


Plan 
(i) If a, b,c are in GP, then they can be taken as a, ar, ar® 
wherer, (r # 0) is the common ratio. 
x + Xo +... + % 
n 


(ii) Arithmetic mean of x, %, ..., % = 


Let a, b, cbe a, ar, ar”, where re N 


Aigo: OT OTE 2525 
3 
=> a+ar+ar?=3 (ar) +6 
> ar” —-2ar+a=6 
=> 7-1-8 
a 


Since, 6/a must be perfect square anda e€ N. 
So, acan be 6 only. 

Ss poletl oso rs2 
a’>+a-14_ 36+6-14_ 


and 4 
atl 7 
Using AM > GM, 
a> tattiarta°tzta°®¢ltarta” 
8 


1 
(ag? a7 *+q? a7 ag? 1-a? a8 


>a’ +a‘*+8a? +14¢a%4a%>8-1 


Hence, minimum value is 8. 


Oe WO 


Permutations 
and Combinations 


Topic 1 General Arrangement 


Objective Questions I (Only one correct option) 


1. 


The number of four-digit numbers strictly greater than 
4321 that can be formed using the digits 0, 1, 2, 3, 4, 5 
(repetition of digits is allowed) is (2019 Main, 8 April II) 
(a) 306 (b) 310 

(c) 360 (d) 288 

How many 3 x3 matrices M with entries from {0, 1, 2} 
are there, for which the sum of the diagonal entries of 
M'Mis5? (2017 Adv.) 
(a) 198 (b) 162 (c) 126 (d) 135 

The number of integers greater than 6000 that can be 
formed using the digits 8, 5, 6, 7 and 8 without 


repetition is (2015 Main) 
(a) 216 (b) 192 
(c) 120 (d) 72 


The number of seven-digit integers, with sum of the 
digits equal to 10 and formed by using the digits 1, 2 and 
3 only, is (2009) 
(a) 55 (b) 66 (c) 77 (d) 88 


How many different nine-digit numbers can be formed 
from the number 22 33 55 888 by rearranging its digits 
so that the odd digits occupy even positions? (2000, 2M) 
(a) 16 (b) 36 

(c) 60 (d) 180 

An n-digit number is a positive number with exactly n 
digits. Nine hundred distinct n-digit numbers are to be 
formed using only the three digits 2,5 and 7. The smallest 
value of n for which this is possible, is (1998, 2M) 
(a) 6 (b) 7 (c) 8 (d) 9 


10. 


In a collage of 300 students, every student reads 
5 newspapers and every newspaper is read by 60 
students. The number of newspapers is (1998, 2M) 
(a) atleast 30 

(b) atmost 20 

(c) exactly 25 

(d) None of the above 


A five digits number divisible by 3 is to be formed using 
the numbers 0, 1, 2,3, 4 and 5, without repetition. The 


total number of ways this can be done, is (1989, 2M) 
(a) 216 (b) 240 
(c) 600 (d) 3125 


Hight chairs are numbered 1 to 8. Two women and 
three men wish to occupy one chair each. 

First the women choose the chairs from amongst the 
chairs marked 1 to 4 and then the men select the chairs 
from amongst the remaining. The number of possible 
arrangements is 

ay", x4C, (b) 'P,x‘P, 

(c) *C, +*P, (d) None of these 


The different letters of an alphabet are given. Words 
with five letters are formed from these given letters. 
Then, the number of words which have at least one 


(1982, 2M) 


letter repeated, is (1980, 2M) 
(a) 69760 (b) 30240 
(c) 99748 (d) None 


Analytical & Descriptive Question 
11. 


Eighteen guests have to be seated half on each side of a 
long table. Four particular guests desire to sit on one 
particular side and three other on the other side. 
Determine the number of ways in which the sitting 
arrangements can be made. (1991, 4M) 
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Match the Column 


Match the conditions/expressions in Column I with statement in Column II. 


Permutations and Combinations 73 


12. Consider all possible permutations of the letters of the word ENDEANOEL. (2008, 6M) 

Column I Column II 

A. The number of permutations containing the word p. 35! 
ENDEA, is 

B. The number of permutations in which the letter E q. 2x65! 
occurs in the first and the last positions, is 

C. The number of permutations in which none of the Y. 7x5! 
letters D, L, N occurs in the last five positions, is 

D. The number of permutations in which the letters A, E, s. 21x85! 


O occur only in odd positions, is 


Topic 2 Properties of Combinational and General Selections 


Objective Questions I (Only one correct option) 


1. 


The number of ways of choosing 10 objects out of 31 
objects of which 10 are identical and the remaining 21 
are distinct, is (2019 Main, 12 April 1) 
(a) 2°-1  (b) 2” (c) 27° (d) 2°41 


Suppose that 20 pillars of the same height have been 
erected along the boundary of a circular stadium. If the 
top of each pillar has been connected by beams with the 
top of all its non-adjacent pillars, then the total number 
of beams is (2019 Main, 10 April II) 
(a) 180 (b) 210 (c) 170 (d) 190 


Some identical balls are arranged in rows to form an 
equilateral triangle. The first row consists of one ball, 
the second row consists of two balls and so on. If 99 more 
identical balls are added to the total number of balls 
used in forming the equilateral triangle, then all these 
balls can be arranged in a square whose each side 
contains exactly 2 balls less than the number of balls 
each side of the triangle contains. Then, the number of 
balls used to form the equilateral triangle is 

(2019 Main, 9 April II) 
(a) 262 (b) 190 (c) 225 (d) 157 
There are m men and two women participating in a 
chess tournament. Each participant plays two games 
with every other participant. If the number of games 
played by the men between themselves exceeds the 
number of games played between the men and the 
women by 84, then the value of m is (2019 Main, 12 Jan II) 
(a) 12 (b) 11 (c) 9 (d) 7 
If "C,, "C, and "C, are in AP, then n can be 

(2019 Main, 12 Jan II) 
(a) 9 (d) 12 
If ys ad Oradea Crees a. @ Gag Of 


r=0 


(b) 11 (c) 14 


then, K is equal to 
(a) gp4 (b) 96 = 1 


(2019 Main, 10 Jan II) 


(c) 2” (d) (25)? 


7. 


10. 


11. 


12. 


13. 


20 200, _ 
If >, e sae aw , then k equals 
pal C; v C; =a 21 (2019 Main, 10 Jan 1) 
(a) 100 (b) 400 (c) 200 (d) 50 


A man X has 7 friends, 4 of them are ladies and 3 are 
men. His wife Y also has 7 friends, 3 of them are ladies 
and 4 are men. Assume X and Y have no common 
friends. Then, the total number of ways in which X and 
Y together can throw a party inviting 

3 ladies and 3 men, so that 3 friends of each of X and Y 


are in this party, is (2017 Main) 
(a) 485 (b) 468 (c) 469 (d) 484 
Let S = {1, 2, 3,...... ,9}. For k=1,2,...... 5, let N, be the 


number of subsets of S, each containing five elements 


out of which exactly k are odd. Then 
N,+N,+N,+N,+N;= (2017 Adv.) 
(a) 210 (b) 252 (c) 126 (d) 125 


A debate club consists of 6 girls and 4 boys. A team of 

4 members is to be selected from this club including the 
selection of a captain (from among these 4 members) for 
the team. If the team has to include atmost one boy, the 
number of ways of selecting the team is (2016 Adv.) 


(a) 380 (b) 320 (c) 260 (d) 95 
Let T,, be the number of all possible triangles formed by 
joining vertices of an n-sided regular polygon. If 


T,., ~T, =10, then the value of nis (2013 Main) 
(a) 7 (b) 5 (c) 10 (d) 8 


If r,s,¢ are prime numbers and p,q are the positive 
integers such that LCM of p, qisr’s‘t’,then the number 
of ordered pairs (p, q) is (2006, 3M) 


(a) 252 (b) 254 (c) 225 (d) 224 


The value of the expression “’C, + ). ”’C, is 

vet (1980, 2M) 
(a) AT C, 
(c) °C, 


(b) al OF 
(d) None of these 
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Match Type Question 


14. In a high school, a committee has to be formed from a 
group of 6 boys M,, M,, M,, M,, M;, M, and 5 girls G,, 
G,, G3, G,, Gs. 

(i) Let a, be the total number of ways in which the 
committee can be formed such that the committee 
has 5 members, having exactly 3 boys and 2 girls. 

(ii) Let a, be the total number of ways in which the 
committee can be formed such that the committee 
has at least 2 members, and having an equal 
number of boys and girls. 

(iii) Let a, be the total number of ways in which the 
committee can be formed such that the committee 
has 5 members, at least 2 of them being girls. 

(iv) Let a, be the total number of ways in which the 
committee can be formed such that the committee 
has 4 members, having at least 2 girls such that both 
M, and G, are NOT in the committee together. 


(2018 Adv.) 
List-I List-II 
P. Thevalueofa,is 1. 136 
Q. Thevalueofa,is 2. 189 
R. Thevalueofa,is 3. 192 
S.  Thevalueofa,is 4. 200 
5. 381 
6. 461 


The correct option is 

(a) P> 4;Q> 6;R->2;S> 1 
(b) P> 1;Q73 4;R>52;S3 
(c)P> 4,;Q> 6;R>5;S—> 2 
(d) P> 4;Q> 2;R>53;S5 1 


Integer Answer Type Question 


15. Let n >2be an integer. Take n distinct points on a circle 
and join each pair of points by a line segment. Colour the 
line segment joining every pair of adjacent points by blue 
and the rest by red. If the number of red and blue line 
segments are equal, then the value of n is (2014 Adv) 


Fill in the Blanks 


16. Let A be a set of n distinct elements. Then, the total 
number of distinct functions from A to A is...and out of 
these... are onto functions. (1985, 2M) 


17. Ina certain test, a, students gave wrong answers to at 
least 1 questions, where i =1,2,...,. No student gave 
more that k wrong answers. The total number of wrong 
answers givenis.... (1982, 2M) 

True/False 
18. The product of any r consecutive natural numbers is 


always divisible by r!. (1985, 1M) 


Analytical & Descriptive Questions 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


A committee of 12 is to be formed from 9 women and 8 
men. In how many ways this can be done if at least five 
women have to be included in a committee ? In how 
many of these committees 

(a) the women are in majority? 

(ii) the men are in majority? (1994, 4M) 


A student is allowed to select atmost n books from n 
collection of (2n + 1) books. If the total number of ways 
in which he can select at least one books is 68, find the 
value of n. (1987, 3M) 


A box contains two white balls, three black balls and 
four red balls. In how many ways can three balls be 
drawn from the box, if at least one black ball is to be 
included in the draw ? (1986, 244 M) 


7 relatives of a man comprises 4 ladies and 3 
gentlemen, his wife has also 7 relatives ; 3 of them are 
ladies and 4 gentlemen. In how many ways can they 
invite a dinner party of 3 ladies and 3 gentlemen so 
that there are 3 of man’s relative and 3 of the wife's 
relatives? (1985, 5M) 


m men and n women are to be seated in a row so that no 

two women sit together. If m>n, then show that the 

number of ways in which they can be seated, is 
m!(m+1)! 


(m-n+1)! (1983, 2M) 


mn squares of equal size are arranged to form a 
rectangle of dimension m by n where m and n are 
natural numbers. Two squares will be called 
‘neighbours’ if they have exactly one common side. A 
natural number is written in each square such that the 
number in written any square is the arithmetic mean of 
the numbers written in its neighbouring squares. Show 
that this is possible only if all the numbers used are 


equal. (1982, 5M) 
If "C,_, =36, "C, =84 and "C,,, =126, then find the 
values of n andr. (1979, 3M) 


Topic 3 Multinomial, Repeated Arrangement and Selection 


Objective Question I (Only one correct option) 


1. The number of 6 digits numbers that can be formed 
using the digits 0, 1, 2,5, 7 and 9 which are divisible by 


11 and no digit is repeated, is (2019 Main, 10 April 1) 
(a) 60 (b) 72 
(c) 48 (d) 36 


2. 


A committee of 11 members is to be formed from 8 males 
and 5 females. If m is the number of ways the committee 
is formed with at least 6 males and n is the number of 
ways the committee is formed with atleast 3 females, 
then (2019 Main, 9 April 1) 
(a) m=n=68 (b) m+ n=68 

(c) m=n=78 (d) n=m-8 


Consider three boxes, each containing 10 balls labelled 
1, 2, ..., 10. Suppose one ball is randomly drawn from 


appear before the word COCHIN, is 
(a) 360 (b) 192 (c) 96 


(2007, 3M) 
(d) 48 


Numerical Value 
8. The number of 5 digit numbers which are divisible by 4, 


with digits from the set {1, 2,3, 4,5} and the repetition of 
digits is allowed, is ............cee : (2018 Adv.) 
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Integer Answer Type Questions 


each of the boxes. Denote by n,, the label of the ball 9. Words of length 10 are formed using the letters A, B, C, 
drawn from the ith box, (i = 1, 2,3). Then, the number of D, E, F, G, H, I, J. Let x be the number of such words 
ways in which the balls can be chosen such that where no letter is repeated; and let y be the number of 
n, <n, <n, is (2019 Main, 12 Jan |) such words where exactly one letter is repeated twice 
(a) 82 (b) 120 (c) 240 (d) 164 and no other letter is repeated. Then, e — meine 
ba : 
. The number of natural numbers less than 7,000 which . . ; . 
can be formed by using the digits 0, 1, 3, 7, 9 (repitition 10. Letnbe the number of ways in which 5 boys and 5 girls 
of digits allowed) is equal to (2019 Main, 9 Jan I) can stand in a queue in such a way that all the girls 
(a) 374 (b) 375 (c) 372 (d) 250 stand consecutively in the queue. Let m be the number 
; . of ways in which 5 boys and 5 girls can stand in a queue 
Consider a class of 5 girls and 7 boys. The number of in such a way that exactly four girls stand consecutively 
different teams consisting of 2 girls and 3 boys that can en Th h 1 Aue 
be formed from this class, if there are two specific boys Se avenue. tnen ene vale ra (2015 Adv.) 
A and B, who refuse to be the members of the same aa 
team, is (2019 Main, 9 Jan 1) 11. Let n, <n, <n, <n, <n, be positive integers such that 
(a) 3850 (b) 500 (c) 200 (d) 300 n, +n, +n,+n, +n; =20. The number of such distinct 
. Ifall the words (with or without meaning) having five BERS CDSS Usa t elti rt) Cokes 
letters, formed using the letters of the word SMALL and aie 
arranged as in a dictionary, then the position of the Fill in the Blanks 
word SMALL is fecha Main) 12. Let n and k be positive integers such that n > ied) 
(a) 46th (b) 59th 2 
(c) 52nd (d) 58th The number of solutions (x, ,x,,...,%,); 
. The letters of the word COCHIN are permuted and all % 21, % 22,..., a 2k for all integers satisfying 
the permutations are arranged in an alphabetical order fe ae i ae 26, 2) 
as in an English dictionary. The number of words that 13. Total number of ways in which six ‘+’ and four ~’ signs 


can be arranged in a line such that no two signs occur 
together is... . (1988, 2M) 


Analytical & Descriptive Question 


14. 


Five balls of different colours are to be placed in three 
boxes of different sizes. Each box can hold all five. In 
how many different ways can we place the balls so that 
no box remains empty? (1981, 4M) 


Topic4 Distribution of Object into Group 
Objective Questions I (Only one correct option) 3.. From 6 different novels and 3 different dictionaries, 4 


1. A group of students coniprises of 5 boys and » girls. If novels and 1 dictionary are to be selected and arranged 


the number of ways, in which a team of 3 students can 
randomly be selected from this group such that there is 
at least one boy and at least one girl in each team, is 
1750, then n is equal to (2019 Main, 12 April II) 
(a) 28 
(c) 25 


(b) 27 
(d) 24 


. Let S be the set of all triangles in the xy-plane, each 


in a row on a shelf, so that the dictionary is always in 
the middle. The number of such arrangements is 

(2018 Main) 
(a) atleast 1000 
(b) less than 500 
(c) atleast 500 but less than 750 
(d) atleast 750 but less than 1000 


. _ 4. The total number of ways in which 5 balls of different 
having one vertex at the origin and the other two colours can be distributed among 3 persons so that each 
vertices le on coordinate axes with integral person gets at least one ball, is (2012) 
coordinates. If each triangle in S has area 50 sq. units, 
then the number of elements in the set S is (a) 75 (b) 150 (c) 210 (d) 248 

(2019 Main, 9 Jan II) 5. The number of arrangements of the letters of the word 

(a) 36 (b) 32 BANANA in which the two N’s do not appear 

(c) 18 (d) 9 adjacently, is (2002, 1M) 
(a) 40 (b) 60 (c) 80 (d) 100 
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7. In how many ways can a pack of 52 cards be 
24 (i) divided equally among four players in order 
—is an (ii) divided into four groups of 13 cards each 
(iii) divided in 4 sets, three of them having 17 cards each 
and the fourth just one card? (1979, 3M) 


Analytical & Descriptive Questions 


6. Using permutation or otherwise, prove that 


(n!)" 


integer, where n is a positive integer. (2004, 2M) 


Topic 5 Dearrangement and Number of Divisors 


Objective Question I (Only one correct option) Fill in the Blank 
1. Number of divisors of the form (4n + 2),n =0 of the 2. There are four balls of different colours and four boxes of 
integer 240 is (1998, 2M) colours, same as those of the balls. The number of ways 
(a) 4 (b) 8 in which the balls, one each in a box, could be placed such 
() 10 (d) 3 that a ball does not go to a box of its own colour is.... . 
(1992, 2M) 
Answers 
Topic 1 22. (485) 25. (n =9 and r =3) 
1. (b) 2. (a) 3. (b) 4, (c) ic 3 
5. (c) 6. (b) 7. (c) 8. (a) Topic 
9. (d) 10. (a) 11. °P, x °P, (11)! 1. (a) 2 (6) 3. (b) 4, (a) 
jaca fs a . 5. (d) 6. (d) 7. (c) 8. (625) 
i ae ee 9. (5) 10. (5) 11. (7) 
Topic 2 12. ae —k’ +k-2) 13. (35 ways) 14. (300) 
1. (c) 2. (c) 3. (b) 4, (a) 2 
5. (c) 6. (c) 7. (a) 8. (a) Topic 4 
9. (c) 10. (a) 11. (b) 12. (c) 1. (c) 2. (a) 3. (a) 4, (b) 
13. (c) ; 14. (c) 15. (5) Bla) 7. (i) 62) (ii) ( - (iii) ey 
16. n", Y°(-1)"-" "G(r" 17. 2-1 18, (True) (13!) 41(131) 3!(17) 
r=1 . 
19. 6062, (i) 2702 (ii) 1008 20. n=3 21. (64) Topic 5 
1. (a) 2. (9) 
Hints & Solutions 
Topic 1 General Arrangement 
1. Following are the cases in which the 4-digit numbers Case-III 
strictly greater than 4321 can be formed using digits 0, 414 x 
1, 2, 3, 4, 5 (repetition of digits is allowed) | 
Case-I 4/5 0/1/2/3/4/5  =2x6x6=72 numbers 
2 ways 6 ways 
4/3)2 
i Case-IV 
2/3/4/5 —> 4 ways 4 numbers Bene snes eniines 
pili 0/1/2/3/4/5 
4/3 ar 6 ways 
| \ So, required total numbers = 4+ 18+ 72 + 216=310 


3/4/5 0/1/2/3/4/5 


3 ways 


3x6=18 numbers 
6 ways 


2. 


Sum of diagonal entries of M’M is > a;. 


9 
yi a7 =5 


i=1 
Possibilities 

! 
I. 2, 1, 0, 0, 0, 0, 0, 0, 0, which gives = matrices 

‘9! 
T4544, 4400.0 © Shieh pives-= * tnoteee 
4!x5! 


Total matrices =9x8+9x7x2=198 

The integer greater than 6000 may be of 4 digits or 
5 digits. So, here two cases arise. 

Case I When number is of 4 digits. 

Four-digit number can start from 6, 7 or 8. 


Thus, total number of 4-digit numbers, which are 
greater than 6000 =3 x4x3x2=72 


Case II When number is of 5 digits. 


Total number of five-digit numbers which are greater 
than 6000 =5!=120 


.. Total number of integers = 72 + 120=192 


There are two possible cases 
Case I Five 1’s, one 2’s, one 3’s 


! 
Number of numbers = te =42 


5! 
Case II Four 1’s, three 2’s 
! 
Number of numbers = os = 
4!3! 


-. Total number of numbers = 42+ 35 = 77 
X—X—X—xX—X. The four digits 3, 3, 5, 5 can be 


. A! 
arranged at (—) places in ATey =6 ways. 


The five digits 2, 2, 8, 8, 8can be arranged at (X) places 


. 5! 
in 513! ways = 10 ways. 


Total number of arrangements = 6 x 10 = 60 
[since, events A and B are independent, therefore 
An B=AxB] 
Distinct n-digit numbers which can be formed using 
digits 2,5 and 7 are 3”. We have to find n, so that 
3” > 900 
> 3”-?>100 
> n-225 
= n2>7, so the least value of n is 7. 
Let n be the number of newspapers which are read by 
the students. 
Then, 60n = (800) x5 
> n=25 
Since, a five-digit number is formed using the digits 


{0,1,2,3,4 and 5} divisible by 3 i.e. only possible when 
sum of the digits is multiple of three. 
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CaseI_ Using digits 0, 1, 2, 4,5 
Number of ways =4x4x3x2x1=96 
Case II Using digits 1, 2, 3, 4,5 
Number of ways =5 x4x3x2x1=120 
Total numbers formed = 120 + 96 =216 
Since, the first 2 women select the chairs amongst 1 to 4 


in *P, ways. Now, from the remaining 6 chairs, three 
men could be arranged in °P,. 


.. Total number of arrangements = *P, x °P,. 


. Total number of five letters words formed from ten 


different letters = 10 x10x10x10x10=10° 
Number of five letters words having no repetition 
=10x9x8x7x6=30240 


«. Number of words which have at least one letter 
repeated = 10° — 30240 = 69760 


. Let the two sides be A and B. Assume that four 


particular guests wish to sit on side A. Four guests who 
wish to sit on side A can be accommodated on nine 
chairs in °P, ways and three guests who wish to sit on 
side B can be accommodated in °P, ways. Now, the 
remaining guests are left who can sit on 11 chairs on 
both the sides of the table in (11!) ways. Hence, the total 
number of ways in which 18 persons can be seated 
=°P, x °P,x (11)!. 


12. A. If ENDEA is fixed word, then assume this as a 


single letter. Total number of letters = 5 
Total number of arrangements =5!. 
B. If Eis at first and last places, then total number of 
permutations = 7!/2!=21x5! 
C. If D, L, N are not in last five positions 
«+D,L, N, No <E,E, E, A, O> 
1 5! 
Total number of permutations = . x= =2~x65! 
D. Total number of odd positions = 5 


! 
Permutations of AEEEO are = 


Total number of even positions = 4 


! 
.. Number of permutations of N, N, D, L= . 


: !_ 4! 
= Total number of permutations = ~ x a =2~x5! 


Topic2 Properties of Combinational 


and General Selections 


1. Given that, out of 31 objects 10 are identical and 


remaining 21 are distinct, so in following ways, we can 
choose 10 objects. 


0 identical + 10 distincts, number of ways =1 x ”C,, 


1 identical + 9 distincts, number of ways =1 x 7'C, 


2 identicals + 8 distincts, number of ways =1x ”C, 
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So, total number of ways in which we can choose 10 
objects is 
Ct Cyt “Cat... + “C, =x(let) . Gi) 
370,47, 4+ "Cyt...4+ "Ci, =x ... Gi) 
[ "C, = ions | 
On adding both Eas. (i) and (ii), we get 
25= "Cy + BC, + BC, +... 4+ Cy 
tC, + Cy tot Cy, 


> Ox=272 > x =2” 


. It is given that, there are 20 pillars of the same height 


have been erected along the boundary of a circular 
stadium. 


Now, the top of each pillar has been connected by beams 
with the top of all its non-adjacent pillars, then total 
number of beams = number of diagonals of 20-sided 
polygon. 
: °C, is selection of any two vertices of 20-sided polygon 
which included the sides as well. 
So, required number of total beams = "°C, — 20 

[.: the number of diagonals in a n-sided closed 


olygon = "C,-—n 
_ 20x19 oe 2H 


— 20 
=190 —-20=170 


. Let there are n balls used to form the sides of equilateral 


triangle. 
According to the question, we have 


a ) . 99= (n- 27° 


n+n+198=2[n?—4n+ 4] 
n’ —9n-190=0 
n> —19n + 10n- 190=0 
(n—19)(n + 10)=0 
n=19,-10 
n=19 — [number of balls n> 0] 


YY’ vuuUY 


Now, number of balls used to form an equilateral 
: . n(nt+1) 
triangle is —_~ 


= 19 x 20 ~ 190, 


. Since, there are m-men and 2-women and each 


participant plays two games with every other 
participant. 
-. Number of games played by the men between 
themselves =2 x "C, 
and the number of games played between the men and 
the women =2 x ”C, x °C, 
Now, according to the question, 
2™C,=2 "C, °C, +84 
m! 

2'(m — 2)! 

m(m — 1) =4m + 84 

m> —m=4m + 84 


=mx2+4+42 


> 
=> 


=> m>-5m-84=0 

=> m*-12m+7m-84=0 

=> m(m-12)+ 7 (m-12)=0 

=> m=12 [mm >0] 


. If"C,,"C, and "C, are in AP, then 


2° C.="C, +°C, 
[If a, b, care in AP, then2b=a+qd 
n! n! n! 


=>2 = : 
5'(n—-5)! 4'(n—-4)! 6!(n-6)! 


n n! 
D) : a] 
=> 
5-4!(n—-5) (n-6)! 
7 1 . 1 
4\(n—4) (n—5) (n-6)! 6-5-4! (n-6)! 
i 1 i 
5(n—-5) (n—-4)(n-5) 30 
2 _ 30+ (n—4) (n—5) 
5(n—-5) 30 (n—4) (n—-5) 
=> 12(n—4)=30+n’-9n+20 
=> n?-21n + 98=0 
> n®—14n-—7n+98=0 
=> n(n-14)-7(n-14)=0 
=> (n—7) (n-14) =0 
=> n=T7or 14 


28t e 50-r 5 
. Given, ZC Cg FoR RO ss 


! _r)! 
25 ( 50! 60-7)! )-5%, 
r\6/0-r)! @5-r)!25! 
25 ! ! 
= 3 50! , 25! )=K "Cs 
r=0\ 25125! rl(25-r)! 
[on multiplying 25! in 
numerator and denominator. ] 


tie — Dol 
: Crs = 351951 


r=0 


25 
= PCy, EMCEE NG, 


. x= # *, =2" 
Pe", + 7C, 4° C+... "8, S27] 

=> K =o" 

Given, 


20 00 k 
=> - i-1 ao ¢. "C+ Ons =* “"C) 
eae 
3 
20 20C%. hk n 
i-1 n n-1 
=> oe | ee eo te FEC 
, a 21 ( "Lr i] 
L 
= y k 
=> — = — 
B aa 
20 
> ae yee 
gi, 21 


1 [a9] _k 


aiy| 2 |, 21 
24934 no =| EEO 
F ae . 
2 
_ i eae tne 
(21) 2 
k=100 


8. Given, X has 7 friends, 4 of them are ladies and 3 are 
men while Yhas 7 friends, 3 of them are ladies and 4 are 
men. 


.. Total number of required ways 

SO 9xX “C5 X70; x "Cs °C, KE, KC 

£ AG KE yx, KE, 47°C 5 Ky x Ey KE; 
=14+ 144+ 3244+ 16=485 

9. N,="C, x *C;_, 


N,=5x1 
N,=10x4 
N,=10x6 
N,=5x4 
N;=1 


N,+N,+N,+N,+N,=126 
10. We have, 6 girls and 4 boys. To select 4 members 
(atmost one boy) 
Le. (1 boy and 8 girls) or (4 girls)=° C,:*C, + °C, ...(i) 
Now, selection of captain from 4 members=‘*C,_ ...(ii) 
.. Number of ways to select 4 members (including the 
selection of a captain, from these 4 members) 
=(°C,* C,4+°C,) *C, 
= (20 x 4+ 15) x4=880 
ll. Given, T,="C, => T,,,="°'C, 


n+1 
T,.,-T,="*'C,-"C, =10 [given] 
=> "C,+"C,-"C,=10 [°C "C6. BE, | 
> "C, =10 
> n=5 


12. Since, r,s, ¢ are prime numbers. 
.. Selection of p and qg are as under 


p qd Number of ways 
r° r 1 way 

r r 1 way 

r’ rot 3 ways 


.. Total number of ways to select, r=5 
Selection of s as under 


s s‘ 1 way 
s' s 1 way 
s s 1 way 
s° s* 1 way 
s‘ 5 ways 


.. Total number of ways to select s=9 
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Similarly, the number of ways to select t =5 
.. Total number of ways =5 x9 x 5 = 225 


13. Here, “C,+y °C, 
jel 
= “C, ae ime OF Ee a On ae “C. zie oC. 92 “C, 
= C C, 4 “C,)+ "C5 “ie C5 ets OC. se. aC. 
[using "C.+"C,_, ="""C,] 
= (PC, ais nO he 60 + ne. 4 nC. 
=( i o- 4 *C.) “ie mG + a 
=( seo 4 me se ne. 
= a Oo a "C, = Cy 
14, Given 6 boys M,, M,,M,,M,,M,,M, and 
5 girls G,,G,,G;,G,, G; 
(i) a, — Total number of ways of selecting 3 boys and 2 
girls from 6 boys and 5 girls. 
i.e, °C, x °C, =20 x 10 = 200 
: a, =200 
(ii) a, > Total number of ways selecting at least 2 
member and having equal number of boys and girls 
i "C0, €°O, G4, Ce OG CC, 
= 30+ 150+ 200+ 75+ 6=461 
=> a, =461 
(iii) a, — Total number of ways of selecting 5 members 
in which at least 2 of them girls 
is *CC. + *C, C4 °C, °C, + *ClG, 
=200+ 150 +30+1=381 
a, = 381 
(iv) &, > Total number of ways of selecting 4 members 
in which at least two girls such that M, andG, are 
not included together. 
G, is included > *C, - °C, + *C,. °C, + *C; 
= 40+ 30+ 4= 74 
M, is included > *C,- °C, +*C, = 30+ 4 =34 
G, and M, both are not included 
"Ca Cae CCC, 


1+20+60=81 
-. Total number = 74+ 34+ 81=189 
a, =189 


Now, P> 4;Q> 6; R>5;S—> 2 
Hence, option (c) is correct. 
15. PLAN Number of line segment joining pair of adjacent point = n 


Number of line segment obtained joining n points 
onacircle = "C, 


Number of red line segments = "C, — 0 


Number of blue line segments = n 
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16. 


17. 


18. 


19. 


20. 


21, 
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Let A={%,,%,...,%,} 


.. Number of functions from A to A is n” and out of these 


yi G)"" "C,(7)" are onto functions. 


r=1 


The number of students answering exactly 
k (1<k<n-—1)questions wrongly is2”~" —2”~"~1. The 
number of students answering all questions wrongly 
is 2°. 


Thus, total number of wrong answers 


=1(@""-*-2""7)4+2@"-?-2"-%) 4... 
+ (n—1) (2' —2°)+2°-n 
=2r-P 4 ar-F 4am F 4 42h 42° =2"-1 
Let r consecutive integers be x + 1,x+2,...,x4+7. 
; ; ; _ oy _ (e+ ry\(x+r-1)...@+1)x! 
. («+ 1) (+2)... 47) ZI 
I yl 
= EE FS tC .Gil 
(x)! or! 


Thus, («+ 1) (+2)...@@+r)=**'C,-(r)!, which is 
clearly divisible by (r)!. Hence, it is a true statement. 


Given that, there are 9 women and 8 men, a committee 
of 12 is to be formed including at least 5 women. 


This can be done in 
= (5 women and 7 men) + (6 women and 6 men) 
+(7 women and 5 men) + (8 women and 4 men) 
+ (9 women and 3 men) ways 
Total number of ways of forming committee 
= CC; Ce CC *Cs) a CC, °C) 
+ °C,:°C,)+ CCg: °C) 
= 1008 + 2352 + 2016 + 630 + 56 = 6062 
Ga) The women are in majority =2016 + 630 + 56 
= 2702 
(ii) The man are in majority = 1008 ways 


Since, student is allowed to select at most n books out of 
(2n + 1) books. 


221C 42710 4 4 2"4C 63 a® 
We know 7"*1C, +7" 7'C, +....47" "Cy, 
=> oh Ga “Cyt meas ON a mC + Poe hae G2) Yala 
=> MIC HO LC KE" 1... Gi) 


From Kgs. (i) and (ii), we get 


=9?" +1 


2?” -1=68 
=> 2?" =64 
=> 2n=6 
=> n=3 
Case I When one black and two others balls are 
drawn. 
=> Number of ways = °C, °C, =45 
Case II When two black and one other balls are drawn 
— Number of ways = °C,-°C, =18 


22. 


23. 


24, 


Case III When all three black balls are drawn 
> Number of ways = °C, =1 
Total number of ways = 45 + 18+ 1=64 
The possible cases are 
Case I A man invites 3 ladies and women invites 3 
gentlemen. 
Number of ways =*C,:* C, =16 
Case II A man invites (2 ladies, 1 gentleman) and 
women invites (2 gentlemen, 1 lady). 
Number of ways = (*C,-°C,)-@C, * C,) =324 
Case III A man invites (1 lady, 2 gentlemen) and 
women invites (2 ladies, 1 gentleman). 
Number of ways =(*C, -? C,)- ?C,.*C,) =144 
Case IV A man invites (3 gentlemen) and women 
invites (3 ladies). 
Number of ways = °C,-°>C, =1 
Total number of ways, 
=16+ 324+ 1444+1=485 
Since, m men and n women are to be seated in a row so 
that no two women sit together. This could be shown as 
xM, xM,xM,x...x M,, x 
which shows there are (m+ 1) places for n women. 
-. Number of ways in which they can be arranged 


= (m)! m 2 P. 
_ (m)!:(m+1)! 
~ (m+1-n)! 


Let mn squares of equal size are arrange to form a 
rectangle of dimension m by n. Shown as, from figure. 


A» 


< 


A [| X[3]3s[ |--------------- 
x 
xX 


> 


neighbours of x, are {x,, %3,X,,X;} x; are {x,,X,,x,} and 
x, are {X;, X,}. 
Xt Ny + hy + Ke 


a a a 


> ’ 5 
a: 4 3 
X +x 
and =4_3 
’ 2 
AX, =X + Xz 4 m+ a2 
= 12x, =3x, + 3x, + 8x, + % + x64 a 


=> 24x, =6x, + 6x, + 6x, + 2x, + 2x, 4+ X, + X5 
=> 22x, =6x, + 6x, + Tx, + x; + 2X, 


25. 


where, x, X2,%3,%,,%5,%, are all the natural numbers 
and x, is linearly expressed as the sum of x,, x,, X,, X5, %, 


where sum of coefficients are equal only if, all 
observations are same. 


> = X=, Sh. =x, 
= All the numbers used are equal. 


We know that, SL dad 


MG o. r 

. 84.7 n-r+l es 

36 3 , ° 

= 3n —10r+3=0 i) 
aC. 84 

Also given, f= 

og "O.. 126 

r+1_ 2 

=> = 
n-r 38 

= 2n —5r-3=0 ... (ii) 


On solving Eqs. (i) and (ii), we get 
r=3 and n=9 


Topic3 Multinomial, Repeated 


Arrangement and Selection 


Since, the sum of given digits 
04+1424+54+7+9=24 


Let the six-digit number be abcdef and to be divisible by 
11, so the difference of sum of odd placed digits and sum 
of even placed digits should be either 0 or a multiple of 
11 means |(a + c+ e)— (64+ d+ f)| should be either 0 or 
a multiple of 11. 

Hence, possible case is a + c+ C= 12 =b+ d+ f (only) 
Now, Case I 

set {a, c, e} = {0,5, 7} and set {b, d, f} ={1, 2, 9} 

So, number of 6-digits numbers = 2 x 2!) x 6!) =24 

[.. a can be selected in ways only either 5 or 7]. 

Case II 

Set {a, c, e} = {1, 2, 9} and set {b, d, f} ={0,5, 7} 

So, number of 6-digits numbers = 3! x 3!=36 

So, total number of 6-digits numbers = 24 + 36 = 60 


Since there are 8 males and 5 females. Out of these 13 
members committee of 11 members is to be formed. 


According to the question, m = number of ways when 
there is at least 6 males 
= CC, x °C) + CC, x° C4) a CG, x *",) 
= (28 x 1)+ (8 x5} (1x10) 
=28+40+10=78 
and n =number of ways when there is at least 3 females 
= CG, x*Cs) a (C, x* C,)+ (Cz x" Cs) 


=10x1+5x84+1x28=78 
So,m=n=78 


3. 
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Given there are three boxes, each containing 10 balls 
labelled 1, 2, 3, ..., 10. 


Now, one ball is randomly drawn from each boxes, and 
n, denote the label of the ball drawn from the ith box, 
(i =1, 2,3). 

Then, the number of ways in which the balls can be 
chosen such that n, <n, <n, is same as selection of 3 


different numbers from numbers {1, 2, 3, ... , 10} = ‘°C, 
= 120. 


Using the digits 0, 1, 3, 7, 9 

number of one digit natural numbers that can be formed 
=> 4, 

number of two digit natural numbers that can be 
formed = 20, 


once 


(.. 0 can not come in Ist box) 


number of three digit natural numbers that can be 
formed = 100 


be 


4x5x5 


and number of four digit natural numbers less than 
7000, that can be formed = 250 


ae ee cae 
2x5x5x5 


x x 


(.: only 1 or 3 can come in Ist box) 
.. Total number of natural numbers formed 
=4+ 20+ 100 + 250 =374 
Number of girls in the class =5 and number of boys in 
the class = 7 
Now, total ways of forming a team of 3 boys and 2 girls 
='C,°C, =850 


But, if two specific boys are in team, then number of 
ways = °C, °C, =50 


Required ways, i.e. the ways in which two specific boys 
are not in the same team = 350 — 50 = 300. 


Alternate Method 

Number of ways when A is selected and B is not 
= °C,°C, =100 

Number of ways when Bis selected and A is not 
= °C, C, =100 

Number of ways when both A and Bare not selected 
= °C,°C, =100 

.. Required ways = 100 + 100 + 100 = 300. 
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6. 


10. 


11. 


Permutations and Combinations 


! 
Clearly, number of words start with A = a =12 


Number of words start with L=4!=24 

! 
Number of words start with M = a =12 

r 
Number of words start with SA = =3 
Number of words start with SL=3!=6 
Note that, next word will be “SMALL”. 
Hence, the position of word “SMALL?” is 58th. 
Arrange the letters of the word COCHIN as in the order 
of dictionary CCHINO. 
Consider the words starting from C. 


There are 5! such words. Number of words with the two 
C’s occupying first and second place = 4!. 


Number of words starting with CH, CI, CN is 4! each. 

Similarly, number of words before the first word 

starting with CO = 4! + 4! + 4!+ 4! = 96. 

The word starting with CO found first in the dictionary 

is COCHIN. There are 96 words before COCHIN. 

A number is divisible by 4 if last 2 digit number is 

divisible by 4. 

.. Last two digit number divisible by 4 from (1, 2, 3, 4, 5) 

are 12, 24, 32, 44, 52 

.. The number of 5 digit number which are divisible by 

4, from the digit (1, 2, 3, 4, 5) and digit is repeated is 
5x5 x5 x(5x1)=625 


x=10! 
10 


! ! 
y="C, x Cy xe! = 10x9x 12! aL 
2! 2 9x 2 


Here, _B,_B,__B,__ B, __B 


5 


Out of 5 girls, 4 girls are together and 1 girl is 
separate. Now, to select 2 positions out of 6 
positions between boys = °C, .. (i) 
4 girls are to be selected out of 5 = °C, ... (ii) 
Now, 2 groups of girls can be arranged in 2! ways. ...(ili) 
Also, the group of 4 girls and 5 boys is arranged in 4! x 5! 
ways. ...(iv) 
Now, total number of ways = C, x °C, x2!x4!x5! 

[from Eas. (i), (ii), (iii) and (iv)] 

m= °C, x °C, x2!x4!x5! 


and n=5!x6! 
m_ °C, x °C, x2!x4!x5! 15x5x2x4! 
= = 2 Z 
n 6!x5! 6x5x4! 


PLAN Reducing the equation to a newer equation, where sum of 
variables is less. Thus, finding the number of arrangements 
becomes easier. 


As, n, 21n, 22, n,23n,24n;, 25 
Let n,-1=%, 20,n,-2=%x, 20,...,n,; -5=x, 20 
= New equation will be 
x +1+x,+2+...4%,+5=20 
x, =20-15=5 


> X, +X, + x, +x, 4 


12. 


13. 


14. 


Now, G SiS 0 Shy <4, 
x, x, x3 x, Xs 
0 0 0 0 5 
0 0 0 1 4 
0 0 0 2 3 
0 0 1 1 3 
0 0 1 2 2 
0 1 1 1 2 
1 1 1 1 1 


So, 7 possible cases will be there. 
The number of solutions of x, +x, +...+%, =n 
= Coefficient of in (¢+@+0°+..)@ +0 4...)... 


Ga ay) 
= Coefficient of ?int*?***G4+t+e4...)" 
k(k+1 
Now, 14+2+..4+k= < _ [say] 
and eee ees 
1-t 


Thus, the number of required solutions 

= Coefficient of t”” in (1-t)“ 

= Coefficient of t””? in [1+" C+" C,t? +"? Cyt? +...) 
_ k+n-p-1 22 

ane Cp = Ch» 


n-p 


where, r=k+n-p-l=k+n-1 k(k+1) 


(2n—k? + k-2) 


NIP ple 


=F Oh+2n 2+k?-k)= 


Since, six ‘+’ signs are ++++++ 
.. 4negative sign has seven places to be arranged in 
=> "C, ways = 35 ways 
Since, each box can hold five balls. 
.. Number of ways in which balls could be distributed so 
that none is empty, are (2, 2, 1) or (8, 1, 1). 
CC, "C0 4706, "C0 xa! 
= (380 + 20) x 6 = 300 


1.e. 


Topic4 Distribution of Object into Group 


1. 


It is given that a group of students comprises of 5 boys 
and n girls. The number of ways, in which a team of 3 
students can be selected from this group such that each 
team consists of at least one boy and at least one girls, is 
= (number of ways selecting one boy and 2 girls) + 
(number of ways selecting two boys and 1 girl) 


=(*C, x"C,) (*C, x "C,) =1750 [given] 


=> (5 x we (224 xn) =1750 


=n (n= 1) + An == x1750 1? + Bn =2 x 350 


=>n’?+38n-700=0 = n’?4+28n-25n — 700 =0 
=> n(n t+ 28) —25(n + 28) =0 = (n+ 28) (n-25) =0 
[ene N] 


=> n=25 


2. 


According to given 
information, we have the 
following figure. 


(Note that as a and 6 are 
integers so they can be 


negative also). Here >X 
O@,0), A(a,0) and BQ, b) 
are the three vertices of 
the triangle. 
Clearly, OA=|a|and OB=| bl. 
.. Area of AOAB= ; lallol. 
But area of such triangles is given as 50 sq units. 
* Ja || b1=50 
2 
=> jal] b|=100=2?-5? 
Number of ways of distributing two 2’s in|a |and| b| =3 
lal | b| 
0 2 
1 
2 0 


=> 3 ways 
Similarly, number of ways of distributing two 5’s in|a | 
and |b|=3 ways. 
.. Total number of ways of distributing 2’s and 5’s 
=3x3=9 ways 
Note that for one value of |a|, there are 2 possible 
values of a and for one value of | b |, there are 2 possible 
values of b. 


..Number of such triangles possible = 2 x 2 x 9 = 36. 
So, number of elements in S is 36. 


Given 6 different novels and 3 different dictionaries. 


Number of ways of selecting 4 novels from 6 novels is 


6! 
6 = ——_- = 
uae ae 
Number of ways of selecting 1 dictionary is from 3 
dictionaries is °C, =—— =38 
1!2! 


-. Total number of arrangement of 4 novels and 1 
dictionary where dictionary is always in the middle, is 


15x3x4!=45 x24=1080 


Objects Groups Objects Groups 
Distinct Distinct Identical Identical 
Distinct Identical Identical Distinct 


Description of Situation Here, 5 distinct balls are 
distributed amongst 3 persons so that each gets at least 
one ball. i.e. Distinct > Distinct 
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So, we should make cases 
ABC 


12 


A BC 
Case I | 


Case II 
1 2 


Number of ways to distribute 5 balls 
5 3 ! 5 2 3 ! 
(6,40, 20,xF}+(%C, 40, C5) 


=60+90=150 


5. Total number of arrangements of word BANANA 
6! 
“Biot 
The number of arrangements of words BANANA in 
which two N’s appear adjacently = i =20 
Required number of arrangements = 60 — 20 = 40 
6. Here, n” objects are distributed in n groups, each group 
containing n identical objects. 
.. Number of arrangements 


2 QL 29 2_ 3 29 
= n CG. . n "C,: n "C, y n "C,, . n "C,, sat i Om 
(n’)! (n? —n)! n! _ (n’)! 
ni(n?—n)! n!(n?-2n)! n!-1 0 (m!” 


= Integer (as number of arrangements has to be integer). 


7. (i) The number of ways in which 52 cards be divided 
equally among four players in order 
52 : ‘ ‘ (52)! 

=""C\, X a Or x a eo x oe az (3!) 


(ii) The number of ways in which a pack of 52 cards 

can be divided equally into four groups of 13 cards 

Cig XOX Cig KC yg 62)! 

A! 4113!) 

(ii) The number of ways in which a pack of 52 cards be 
divided into 4 sets, three of them having 17 cards 
each and the fourth just one card 

i Xe Cig eC XO, _ 62)! 
3! 3!(17)° 


each = 


Topic5 Dearrangement and Number of 
Divisors 
1. Since, 240 =2'.3-5 
-. Total number of divisors = (4 + 1)@)(@) =20 
Out of these 2, 6, 10, and 30 are of the form 4n + 2. 


2. The number of ways in which the ball does not go its 


own colour box =4! (1 : bee : L 
1! 2! 38! 4! 
=41(3 1, 1 )=24(2 S42) <0 
2 6 24 24 


http://tinyurl.com/y32hjn72 = or ol 


Binomial Theorem 


Topic 1 Binomial Expansion and General Term 


Objective Questions I (Only one correct option) 


1. 


The coefficient of x!° in the product 

(1+ x — x) + x+ x”)? is 

(a) 84 (b) - 126 

(c) — 84 (d) 126 

If the coefficients of x* and x’? are both zero, in the 

expansion of the expression (1+ ax+ bx”) (1-3x) in 

powers of x, then the ordered pair (a, b) is equal to 
(2019 Main, 10 April 1) 

(a) (28, 315) (b) (- 21, 714) 

(c) (28, 861) (d) (— 54, 315) 


The term independent of x in the expansion of 


(2019 Main, 12 April |) 


8 6 
Ease } (22 4 is equal to 
60 81 x (2019 Main, 12 April II) 
(a) — 72 (b) 36 (c) — 36 (d) - 108 


The smallest natural number n, such that the 


n 

coefficient of xin the expansion of (# + =] is "Cg, 1s 

(2019 Main, 10 April II) 
(a) 35 (b) 23 (c) 58 (d) 38 
If some three consecutive coefficients in the binomial 
expansion of (x+ 1)” in powers of xare in the ratio 2:15: 
70, then the average of these three coefficients is 

(2019 Main, 9 April II) 

(a) 964 (b) 227 (c) 232 (da) 625 


If the fourth term in the binomial expansion of 


6 
(? + x88 ‘| (x > 0) is 20 x 8’, then the value of xis 


x (2019 Main, 9 April I) 
(a) 8° (b) 8 
(c) 8 (d) 8 
If the fourth term in the binomial expansion of 
meals Sb 
xttlsiox/ + x12] is equal to 200, and x>1, then the 


value of xis 
(a) 100 
(c) 10 


(2019 Main, 8 April 11) 


(b) 104 
(d) 10° 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


The sum of the coefficients of all even degree terms is x 
in the expansion of (2019 Main, 8 April I) 


(x + a/x? —1 )° + (x—4/2° —1)®, (x> 1) is equal to 
(a) 29 (b) 32 (c) 26 (d) 24 
The total number of irrational terms in the binomial 
expansion of (71° — 341°) is (2019 Main, 12 Jan II) 
(a) 49 (b) 48 (c) 54 (d) 55 
The ratio of the 5th term from the beginning to the 5th 


term from the end in the binomial expansion of 
10 


1 


23 + : 


zT| is (2019 Main, 12 Jan 1) 
2(8)3 
u 1 1 u 
(a) 1: 2(6)? = (b) 1: 4(16)8_—s (©) 4(86)3. : 1 (dd) 2(36)8 31 


The sum of the real values of x for which the middle 


term in the binomial expansion of (= + 3) equals 
x 


5670 is (2019 Main, 11 Jan I) 
(a) 4 (b) 0 (c) 6 (d) 8 
The positive value of A for which the coefficient of x? in 


the expression x [vi + >) is 720, is 
x (2019 Main, 10 Jan II) 
(b) V5 


(a) 3 (c) 2/2 (d) 4 


If the third term in the binomial expansion of 
(1 + x!°82*) equals 2560, then a possible value of xis 
(2019 Main, 10 Jan I) 


(d) 2/2 


1-28). 
is 
1-t 
(2019 Main, 9 Jan II) 
(a) 12 (b) 10 (c) 15 (d) 14 
The sum of the coefficients of all odd degree terms in the 
expansion of (=+ fx? 1) (= fx 1) ,(x>1)is 


(2018 Main) 
(a) -1 (b) 0 (c) 1 (d) 2 


1 1 


The coefficient of ¢* in the expansion of 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


The value of (7*C,-"C,)+ ('C,-'C,) 

+ 71C, = C3) + CPC, = PCy) +... + C1Cyg — PCy) is 
(2017 Main) 

(a) 221 — 2 (b) 2% — 2° 

(c) 22° — 29 (d) 2° — 20 


If the number of terms in the expansion of 
2 4)" 
(1 --+ 5] , x #0, is 28, then the sum of the 
x x 
coefficients of all the terms in this expansion, is 
(2016 Main) 


(a) 64 (b) 2187 
(c) 243 (d) 729 


The sum of coefficients of integral powers of x in the 
(2015 Main) 
Ol -) OLA +0 


binomial expansion (1 — 2v'x)°° is 


1/450 b) 2 (350 
(a) =" +) &) 5") 


Coefficient of x1! in the expansion of 


(14+ x7)4(14+2°)" (14 x*)!* is (2014 Adv.) 
(a) 1051 (b) 1106 (ec) 1113 (d) 1120 
The term independent of x in expansion of 
10 
x+1 x-1 ‘ F 
is (2013 Main) 
28 lB 4 tn] 
(a) 4 (b) 120 (c) 210 (d) 310 
Coefficient of t74 in (1 + 47)? (1+ #°) 1 + #74) is 
(2003, 1M) 

(a) "Cs+3 (b)"C,4+1 (© °C, (d) °C, +2 


In the binomial expansion of (a — 6)”, n>5 the sum of 
the 5th and 6th terms is zero. Then, a/b equals 
(2001, 1M) 


q@ 


n-5 


n-5 ij == () 5 
6 5 n-A 


(a) 


If in the expansion of (1 + x)” (1 — x)”, the coefficients of 
x and x” are 3 and —6 respectively, then m is euqal to 


(1999, 2M) 
(a) 6 (b) 9 (c) 12 (d) 24 
The expression [x+ ( -1)/?P + [x-(@-1)P is a 
polynomial of degree (1992, 2M) 
(a) 5 (b) 6 (c)7 (d) 8 
x 3)? 
The coefficient of x* in (: -5) is (1983, 1M) 
ee 
405 504 
a) —— <2 
@) 256 ©) 259 
(c) 2) (d) None of these 
263 


Given positive integers r > 1, n >2 and the coefficient of 
(8r)th and (r + 2)th terms in the binomial expansion of 
(1 + x)” are equal. Then, (1980, 2M) 
(a) n = 2r 
(c)n = 3r 


(b)n =2r+1 
(d) None of these 
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27. If the coefficients of x and x* in the expansion of 
(1 + ax + bx*)(1 — 2x)!* in powers of x are both zero, then 
(a, b) is equal to 
251 251 
a) | 16, — 14, 
(16.2) © (43°) 
(1472) @ (16, 2) 
3 3 
Fill in the Blanks 
28. Letnbea positive integer. If the coefficients of 2nd, 3rd, 
and 4th terms in the expansion of (1+ x)” are in AP, 
then the value of nis... . (1994, 2M) 
29. If(1+ ax)” =14+ 8x4 24x"+...,thena=...andn=.... 
(1983, 2M) 
30. For any odd integer n >1,n® —(n-1)' +... 
+(-1)" 11 =... 
31. The larger of 99°° + 100°" and 101°” is ... . 


Analytical & Descriptive Questions 


32. 


33. 


34. 


35. 


k 

Prove that }* (-3)""'°"C,_, =0,where k = 8n)/2andn 

r=1 

is an even positive integer. 
2n 2n 

If »y a,(x—2)" = ¥ b,(x—3)’ and a, =1,V k2>n, then 
r=0 r=0 


(1993, 5M) 


show that b,=*"*'C,,, (1992, 6M) 
Find the sum of the series 
n id 
I. 3! 7 15 
1)" "C, : + : ... upto m terms |. 
Lt ) |; 92r 93r 94r p | 
(1985, 5M) 
Given, s,=1+q+q’+...+q" 
2 n 
g,-1+ 2224 (a24) rt (TE) .q#l 
2 2 2 


Prove that * 10,4 "" C,4,< "Coe 
+...+¢ “C8, =2"S, 
(1984, 4M) 


Integer Answer Type Question 


36. 


37. 


38. 


Let m be the smallest positive integer such that 
the coefficient of x” in the expansion of 
(l+x)7+ +x +...+ +x)? + 1+ mx) is Bn +1) 
7G, for some positive integer n. Then, the value of nis 
(2016 Adv.) 


The coefficient of x® in the expansion of 
(1+ x) (1+ x7) (1+ 47)... (1 + 21) is 

The coefficients of three consecutive terms of (1 + x) 
are in the ratio 5:10:14. Then, nis equal to (2013 Adv.) 


(2015 Adv.) 


nt+5 


86 Binomial Theorem 


Topic 2 Properties of Binomial Coefficient 


Objective Questions I (Only one correct option) 


1. 


10. 


. The sum y (2°) ea 
i=0 


Let («+ 10)? + (x - 10)? =Aj + ajx4 Ax” t... 4 Gene, 

for all x e R; then 2 is equal to (2019 Main, 11 Jan II) 
ao 

(a) 12.25 (b) 12.50  (c) 12.00 (a) 12.75 


The value of r for which 

2A Ge a Ore Og Osha Cy C. 

(2019 Main, 11 Jan 1) 
(d) 20 

403 

If the fractional part of the number ; 


is maximum, is 


(a) 15 (b) 10 (c) 11 


is —, then kis 
15 


equal to (2019 Main, 9 Jan 1) 
(a) 14 (b) 6 (c) 4 (d) 8 
For r=0, 1, ..., 10, if A,, B. and C, denote respectively 


the coefficient of x” in the expansions of (1 + x)!°, (1+ x)”° 
10 

and (1+ x)°. Then, ¥" A, (BoB, —CyoA,) is equal to 
r=1 


(a) Bi —Cyo (b) Ayy (Big — CoAio) (2010) 

(c) 0 (d) C,, - Bio 
30)30)_30)/30) ,/30)/30 30)/30); 

(3 (28) UE) 5) (2) (2) + -+ o) (Bo) is eave 

to (2005, 1M) 

84, 0) 24, 

c 10 55 

If ""'C, =(k?—3) "C,,,, then k belongs to (2004, 1M) 

(a) Ce,—2] (b) [2,c°) 

(©) [-V3,V3] (d) (V3, 2] 


i} , where | =Oif p>q, is 


maximum when m is equal to 
(a) 5 (b) 10 (c) 15 


n n n ). 
Ford srs m[ )+2[ + }s equal t 
r Pay Aree (2000, 2M) 


(2002, 1M) 
(d) 20 


(a) (**) ) a(n ©) 2("*2) (a) ("*) 
r-1 r+1 r P 
n 1 n 
Ifa, = , then ) —— equals 
bro, bra, 
(a) (n - la, (b) na,, (1998, 2M) 
(c) 5 nd, (a) None of these 
If C, stands for "C,, then the sum of the series 
»(3)' (3) 
oe Sic, SCC Ha GDC, 
Nn. 


where n is an even positive integer, is 


(a) -)"? (n+ 2) (b) (-1)” (n+ 2) 


(1986, 2M) 


(c) ("2 (n+) (d) None of these 


Numerical Value 
1, Let PaO Cy eeC oy say +..20weo.y, 
where a reée{l,2,...,10} denote binomial 
coefficients. Then, the value of ee . 
14 (2018 Adv.) 
Fill in the Blank 


12. The sum of the coefficients of the polynomial 
(1 + x—3x7)716 is (1982, 2M) 


Analytical & Descriptive Questions 


13. Prove that 
(0) (a) 2) ea}? ta) (ea) 
O) (Rk 1) \Rk-1 2) \k-2 
+ (1)* 4 ” 7 ‘ = (] (2003, 4M) 
k 0 k 
14. For any positive integers m, n (with n =m), 


m 


If (* = "C,,. Prove that 


—— SS 
3 
3S | 


2 
Jet nomen 
n+2 
[rss] 
15. Prove that 2 = : cy 
2(n + 3) re 


16. Ifnisa positive integer and 


(IIT JEE 2000, 6M) 


; (1997C, 5M) 


(L424 2°)" =a)+a,x+...4+ Gp,x". 
Then, show that, aj —aj+...+ a3, =@,. 
17. Prove that C,)—2?-C,+37-C,-...4 CD"(n4+1)2C, 
=0, n>2,where C, ="C,. (1989, 5M) 
18. If (+x)"=Cy+Cx+Cyx+...+C,x", then show 


that the sum of the products of the C,’s taken two at a 
time represented by XY C,C; is equal to 


(1994, 5M) 


bas 7 2n!) 
O<si< <n pri! , 1983, 3M 
j 2 (nd? (1983, 3M) 
19. Prove that C?-—2-C34+3-C? —..-2n-C%, =(1)"n-C,, 
(1979, 4M) 
20. Prove that: (°C, =O" Ya Cy o=20O,Y 
=C1)"-7"C.. (1978, 4M) 
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Answers 

Topic 1 _ omn 4 

1. (a) 2. (a) 3. (c) 4. (d) atte sie 7 

ee ey a, Sy.Aa) 36. (5) 37. (8) 38. (n =6) 

9. (c) 10. (c) 11. (b) 12. (d) 

13. (b) 14. (c) 15. (d) 16. (d) Topic 2 

17. (d) 18. (a) 19. (c) 20. (c) 1. (a) 2. (d) 3. (d) 4, (d) 
21. (d) 22. (b) 23. (c) 24, (c) 5. (0) 6. (a) 7. (0) 8. (4) 
25. (a) 26. (a) 27. (d) 28. (n =7) 9. (c) 10. (a) 11. (646) 12; Gi) 
29. (a=2,n=4) 30. AG 1)? 2n 1) 

Hints & Solutions 

Topic 1 Binomial Expansion and General Term 

1. Given expression is > 21a —-b=2738 .. (ii) 


(1+ x) (1— x) + x + x)? 

=(1+x)(1-x [1-0 + x4 2°)]? 

=(1-2")a-2°)? 
Now, coefficient of x!° in the product 

(1+ x) (1—x)'°(1 + x+ x)? 
= coefficient of x'* in the product (1 — x”) (1 — «°)° 
= coefficient of x18 in (1 — x°)® 
—coefficient of x° in (1 - x)? 

term in the expansion of 


Since, (r + 1)" 


(1—x°)° is °C,C x? = °C. 1) x8" 
Now, for x°, 3r =185r=6 
and for x'°, 3r =16 
pole aye 
3 
9! 9x8x7 
613! 3x2 


84 


..Required coefficient is °C, = 


In the 

expansion of binomial (1 — 3x)'>’ the (r + 1) th term is 
T,1 = °C, C8x)" = °C, C3)" x” 

the 


Given expression is (1+ ax+ bx”)(1—3x). 


Now, coefficient of x, in expansion of 


(1 + ax + bx*)(1 — 3x)! is 

5 C,(-3)? + aC, 3)! + b &CyC3)° =0 (given) 

=> (105 x9)-45a+ b=0 

=> 45a —-b=945 ..-(i) 
Similarly, the coefficient of x’, in the expansion of 
(1+ ax + bx*)(1 — 3x)! is 

BC, Cay +0 @C,Cay +6 CC, Cay =0 
= —12285 + 945a —-45b =0 

> 63a —3b =819 


(given) 


From Kgs. (i) and (ii), we get 
24a =672 >a =28 


So, b=315 
> (a, b) = 28, 315) 


3. Key Idea Use the general term (or(r + 1)th term) in the 
expansion of binomial (a + 6)” 


ie. "Cab" 


6 
Let a binomial (2+? - 5) ,its (r+ 1)thterm 
x 


2 
5) 
ge 
= oe (- 3)" QF 2 ar — ar 
="C.(By (ay ge sad) 
Now, the term independent of x in the expansion of 
8 6 
3 
2x7 
2) 


al % 
60 81 


= the term independent of x in the expansion of 


=T..1= °C, ex)" (- 


6 
a (23? -5} + the term independent of x in the 
x 

8 6 

expansion of — ae (22° - 5) 
81 x 

6 

= i Cay @P? x) [put r = 3] 


+(- J 5G, Cap Ot tO 


tr=5 
a1 [put r =5] 


-1 (gy 98 4 2 x26) 
3 81 


=36-72=-—36 


Download More Books: www.crackjee.xyz 


88 


4, 


Binomial Theorem 


n 
Given binomial is (# + =| , its (r + 1)" term, is 
1 r 
Pe = ey (=) = OR am 2r 


= ‘cx: 2r-3r = 


1 
x 


10 yen br 
For the coefficient of x, 
2n-5r=1 > 2n=5r+1...Q) 
As coefficient of xis given as "Cy3, then either r = 23 or 
n-r=238. 
If r =23, then from Eq. (i), we get 
2n =5(23)+1 
=> 2n=115+1>52n =116>5n=58. 
Ifn — r= 23, then from Eq. (i) on replacing the value of ‘ 
r’, we get 2n =5(n — 23) +1 
=> 2n=5n-1154+1 5 38n=114>5n=388 
So, the required smallest natural number n = 38. 


Key Idea Use general term of Binomial expansion (x + a)” i.e. 


_on n-ror 
Trai = Cx a 


Given binomial is (x+ 1)", whose general term, is 
T= "C, 2° 
According to the question, we have 

"Congo "CC 2152 10 


"C > 
Now, tal? 
"C, 15 
n! 
(r-l)!"-r+1)!_ 2 
n! 15 
r\(n—r)! 
r 2 
> = =>15r=2n-2r+2 
n-r+1 15 
=>  n-17r+2=0 (3) 
n! 
n \n—r)! 
Siig. es ut = == 
Wa 10 n! 14 
(r+1)\n-r-1)! 
= fel 4p eidsaneey 
n-r 14 
> 3n—-17r-14=0 ...(ii) 


On solving Eqs. (i) and (ii), we get 

n-16=0>5n=16andr=2 

6O, + 6C, + 16¢, 
3 

_ 16+ 120+ 560 
3 


Now, the average = 


_ 696 = 939 


6 
: ; Pee | 
Given binomial is (? +488" 
x 


Since, general term in the expansion of (x+a)” is 


_n n-r  r 
Tt ~ C,x a 


6-3 
Ty = Ty, =°C3 (?} (c!#8*)3 =20x8" (given) 


3 
= 20 (?} x? !88* 90 x8! Ee, =20] 
Xx. 


3 logs x-3 
=> 98 x_(3loks)-31_ (87 HE ne2% 


} = (2 6 
1 
E log , (x) =—log, x for x >0;a >0,21| 
¢ n 


=> flee x-3) _ 918 

On taking log, both sides, we get 
(logs x—3) logs x=18 

=> (log, x)? -3 logyx—-18=0 

=> (logs x)” —6 log, x+3 logy x-18=0 

= log, x(log.x—6)+3 (logy x—6) =0 

= (log,x—6) (log, x+38)=0 

> logs x =—8,6 

5S. 4a 2 SS x= 5,8" 


6 


. ; Sa 1 
Given binomial is ; ing -| a 
a TO age 


Since, the fourth term in the given expansion is 200. 
3 
1 27.1 
Pace © ete [= = 200 


[ 3 1] 


fe 


af 2Hogi0®) 4| ~900 


> 20x 
a. re 
=n 2 + logigx) 4 =10 
1 
s + — |log;g x=1 
2(1+ logigx) 4 


[applying log,,) both sides] 
[6 + (1 + logy, x)] logyy x = 4(1 + logy) x) 
(7 + logy9 x) log;) x=4 + 4 logy) x 


=> 

=> 

=> 4+ 7t=444t [let logy) x= ¢] 
=> 74+ 3t-4=0 

> t=1,-4=log,)x 

=> 


x= 10, 10~* 
x=10 


Key Idea Use formula : 


(a+ bd)" +(a-b"= 
21°C, a" + "C3a" 7b? & "Ca" *b" 4.001 


Given expression is (x + x8 -1)° + (x—4/x? —1)§ 
=2[®Cox® + °C G/x? — 1)? 


eMC a Ge 1 & "OG = 1)") 
{- (a +b)” + (a-b)” 
=2["Cya” + "Ca" *b? + "Ca" 4b* + ...} 


10. 


11. 


=2 PCox® + SCox*o? — 1) + 8C yr? od -1)?+ 8Cg? -— 197] 
The sum of the terms with even power of x 

=O (PC.e + "Cpr ) 4 6a? + 8C,x + SC gel = 3) 
=2[PCox® — °Cox* + PC yx? + 8Cyx® — 1 -3x°] 


Now, the required sum of the coefficients of even powers 
of xin 


(x + a/x? —1)® + (x—./x? —1)8 
9 PCy="C es" 0p 2 p13) 
=2[1-154+15+15-1-3]=2(15 -3) =24 


The general term in the binomial expansion of (a + 6)” 
ist. g= "CL a" "b. 

So, the general term in the binomial expansion of 
(7% = 31060 is 


vi se a Ce 90 = ayy 


er = 12=— a= 
=%C,7 5 (-1)'30=(-1) ©C,7 5 310 


The possible non-negative integral values of ‘7’ for 


r r 


which - and a are integer, where r<60, are 


r =0, 10, 20, 30, 40, 50, 60. 
.. There are 7 rational terms in the binomial expansion 
and remaining 61 — 7 =54 terms are irrational terms. 


Since, rth term from the end in the expansion of a 
binomial (x + a)” is same as the (n —r + 2)th term from 
the beginning in the expansion of same binomial. 

TT,  _ Ts 4441 
Wepedo 7 ead 


4 
10 u3\to-4{ 1 
ee Ga] 


«Required ratio = 


Ts 


Tio-5 +2 


6 
= 1 
a OF (ue yo { S | 


[ (ia i= "Ca" 7 "a" | 
_ at CC ae be, = °C.) 
943 a3)" 4 . 4 6 
= 963 - 43 aQ3)8 /s -4 
= 978 22.378 =4(6)*8 = 4(36)!8 

So, the required ratio is 4(36)!" :1. 


3 


8 
In the expansion of (= + * , the middle term is T, , ;. 
% 


[.. Here, n =8, which is even, therefore middle term 
n+2 
-( 5 jen term] 


=> +8=3t>x=+V3 


So, sum of all values of x i.e +V3 and — V3 =0 


12. 


13. 


14, 


Binomial Theorem 89 


The general term in the expansion of binomial 
expression (a+ b)” is T.,, = "C, a” "b’, so the general 
term in the expansion of binomial expression 


(va + >) is 
x 


r ai 
en = x2 Prc,war-(4) be, x2. 2 47 er 
x 
10-r 


_ 2+ 
"C.wx 2 


—2r 


Now, for the coefficient of x”, put 2+ a or 
=> oT Spy i) 
=> 10-r=4r>r=2 
So, the coefficient of x” is °C, A? = 720 [given] 
! .9.3! 
- 10! 2 _ 799 =, 10:9:8!,2_ 709 
2!8! 2-8! 
=> 45 A? = 720 
=> W=16 => A=H4 
N=4 [A >0] 


The (r + 1)th term in the expansion of (a + x)” is given 
by T= "Ca" "x" 

.. 3° term in the expansion of (1 + «1°82*)? is 

5 (1) ~ 2(qo82*)2 

= °C,(1)° ~ 2(x!°82*)? = 2560 (given) 


=> 10 (x!°82*)? = 2560 
=> gg en) = O56 
=> log, x7!°82* = log, 256 


(taking log, on both sides) 


=> 2(log,x)(log, x) =8 ¢ log, 256 = log, 2° = 8) 


(log, x)" =4 

> logsx=+2 
= log,x=2 or loggx=-2 
= eed oy Wer s— 
4 


te)? (1 ty 3 


1-28) 
Clearly, | — =(1 
bed ( 


.. Coefficient of t* in (1 — ¢®)? - 1)? 


= Coefficient of t* in (1 — t'® — 346 + 32") - 1)? 
= Coefficient of t* in (1 — t)"? 
= 38+ eae OP = "CO, =15 
(: coefficient of x” in (1 — x)" ="*"~'C,) 


Key Idea Use formula : 
=(a+b)"+(a—56)" 


=2("C) a” + "C,a"- 7b? + "C,a"-*b* +...) 


We have, (x + ./x? —1)° + («—-4/x? -1P,«>1 


=9P Cy 4 Co? Git = 1)? + Cyd = 1) 

=2(x? + 10x° (x? — 1) + 5x(x? — 1)”) 

=2(% + 10x° — 10x? + 5x’ — 10x" + 5x) 

Sum of coefficients of all odd degree terms is 
2(1-10+5+5)=2 
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16. 


17. 


18. 


0, a Ce } CC, a) f ‘ge aa 

ee ae Ca 
=( Ce Co act Ci) = OC eC Ft ct OC) 

Al 

5 Ce, 2+ nt Oe =1) 
= 5 CG 26 ee IC =e ea) 
_ ; (221 — 9) — 2! — 1) =920 1 9! 4 12920 _ 910 
Clearly, number of terms in the expansion of 


ae 5 


(2 2 5 | is (+2 M+). nec, 

x x 1 
[assuming — and -, distinct] 

x x 


ea 1) -98 


=> (n+ 2)(n+1)=56=(6+41)6+2)>5n=6 
Hence, sum of coefficients = (1 —2+ 4)° =3° = 729 


Note As wu and = are functions of same variables, therefore 
x x 


number of dissimilar terms will be2n + 1, i.e. odd, which is not 
possible. Hence, it contains error. 


Let T,,, be the general term in the expension of 
(1 — 2x) 
Tae = a oi (aye (-2x/" = eC oy 


For the integral power of x, r should be even integer. 
25 

-. Sum of coefficients = )° aa Pr 
r=0 


ae 50 _ 9301 _ 1 (950 
= 7) + (1-2) I=,” +1) 


Alternate Solution 
We have, 
(1 — 2x) =C, —C,2V 24 Cy(/2x)" +...4+ Cop Qv'x)” ...@) 
(1+ Q/x)? =C, + Cy2Vx + Co(2V x)? +...4+ Cap QV x)? 
...(ii) 

On adding Eas. (i) and (ii), we get 
(1 —2V'x) + (1 + 2x)? 

=2 [Cy + C,Qv x)? +...4+ Cap QVx)"] ...(iii) 

(=2y x)" 40 eon? 
2 
= C+ C,Qvx)"+...4 Coy QV x)” 

On putting x= 1, we get 
(1-2/1) + (1+ 2/1)? _ 


5 Cot Cot... Cg (2)? 
—1)°9 + (39° 
> = 5 6) =(,*C,0) +..2C,0F" 
143°? 2 50 
> =Cy)+ C2) +...+ Cs 2) 


19. 


20. 


21. 


22. 


23. 


Coefficient of x” in (1 + x)" is "C.,,. 

In this type of questions, we find different composition 
of terms where product will give us x". 

Now, consider the following cases for x"! in 

(+ x*)* +2) a+ x*y” 

Coefficient of x° x° x°; Coefficient of x? x? x° 

Coefficient of x* x° x*; Coefficient of x° x° x° 

_4 7 12, 4 7 12, 4 7 

= "Cy x “Cy x “Cg + “Cy x (C3 X C9 + “Cg x TC, 


= 462+ 140+ 5044+ 7=1118 


10 
x+1 _ (@-1)) 
ee ae 
[@yer  oet-n] 
eae 1. «le Wed) 
[Gt +102? 41-2) Wa?) 
x7 — 98 41 Vx (vx -1) 
10 
=| (8 41) - Wx+1)[° _ (3 — 4 U2y10 
vx 
.. The general term is 
10-r r 
T., L= a OM Oa yo mE xo Y?yr = a Oe 1)"x 3 2 
For independent of x, put 
MOST 120 = 20=2"2ars0 
3 2 
> 20=5r > r=4 
T. SiG, UREN Tip, 
4x3x2x1 


Here, Coefficient of ¢74 in {1 + t?)"0 + #7). + #74) 
= Coefficient of t74 in {(1 + ¢?)?- (1+ #7 + 474 + £°%)} 
= Coefficient of ¢24 in 

Cars day ys "dary 

[neglecting ¢°°(1 + t7)7] 

= Coefficient of #74 = (?C,, + "Cg + Cy)=2+ 7C, 
Given, T; + T, =0 
=> re cas 454 _ Ca" =0 


= ah =" Oe => a C; n-4 
OC, 5 
(1+ x)" -2"=[14 mx + mine .. 


1 nx 4 hee!) = 
2 


m(m — 1) in n(n —1) 
2 2 


=1+(m n) + 


term containing power of x > 3. 
m-n=3 ...(i) 


[.: coefficient of x = 3, given] 


Now, 


and =n +5 n(n 1)-mn=-6 


24, 


25. 


26. 


27, 


> m(m —1)+ n(n -1)-2mn =-12 
=> m2 —m+n*—n—-2mn=-12 
=> (m -n)*—(m+n)=-12 
=> m+n=9+12=21 .- (iI) 
On solving Eqs. (i) and (ii), we get m =12 
We know that, 
(a+ bf + @=bP =*C,a" + °C,a*b+ °C? b? 
+ PCa b+" C ab" 4 OL + °C, = "Cab 


4* Cet "Cer 4°C,ob Ole 
=2[a° + 10a°b? + 5ab‘] 
1)/?7p [x (x? 1)? 
=2 [x? + 10x? (x? —1) + a(x? —1)7] 


Therefore, the given expression is a polynomial of 
degree 7. 


» [et 2 


10 
The general term in (; = 5) 1s 


i 10-r 3 r 3 
r 10 r 10 0-3r 
trap =CD c,(3] (5) =(-1)’ YC, 50-7 “x 


For coefficient of x*, we put 10 -3r =4 


=> 3r=6 
> r=2 


10 2 
-. Coefficient of x* in | * — cs =(-1)?-°C Zo 
3 2 


x 2° 
_45x9 _ 405 
256 256 
In the expansion (1 + x)”, tz, = "C3,_,(9)°""1 
and bps 2= “Cao 


Since, binomial coefficients of t;, and t,, 2 are equal. 


2n _ 2n 
C34 = Coa 


=> 8r-l=r+1 or 2n=@6r-1)+(r+1) 
> 2r=2 or 2n=4r 

> rel or n=2r 

But r>1 


. We take, n=2r 
To find the coefficient of x? and x‘, use the formula of 
coefficient of x” in (1 — x)" is -1)’"C,, and then simplify. 
In expansion of (1 + ax + bx”)(1 —2x)'®. 

Coefficient of x° = Coefficient of x° in (1 — 2x)'® 
+ Coefficient of x? in a (1 —2x)'8 
+ Coefficient of x in b(1 —2x)'® 
eC 8 2a"C,0 =6°C,2 


Given, coefficient of x° =0 


= POF 4 @"Cy2" =6 “C-2=0 
18x17x16_, gq. 18X17 42 b-18-2=0 
3x2 2 
- ej i) 


3 


28. 


29. 


30. 
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Similarly, coefficient of x* =0 
Oe sa C2 46° 0y2°S0 

Re 32a —3b =240 .. (ii) 
On solving Eqs. (i) and (ii), we get 


a=16, poe 
3 


Let the coefficients of 2nd, 3rd and 4th terms in the 
expansion of (1 + x)" is "C,, "Cy, "C3. 
According to given condition, 

2("C,) = "C, + "Cy 


= gn l 5 n (n—-1) (n-2) 
1-2 1-2-3 
= Ati) 
6 
2 
Sy ee a eee 
6 
> 6n-6=6+ n?-38n+2 
=> n?-9n+14=0 
> (n —2) (n- 7) =0 
=> n=2 
or n=7 


But "C; is true for n 23, therefore n = 7 is the answer. 


Given, 
(1 + ax)” =1+4 8x + 24x? + ... 


=> l+anx4 ee ax? +... = 14 8x4 24x74... 
essa OOD =o 

> 8 (8-a)=48 

=> 8-a=6 >a=2 

Hence, a=2 and n=4 


Since, n is an odd integer, (-1)"? =1 
and n-1,n-—3,n-—5, etc., are even integers, then 
n® —(n-1) + (n-2)° —-(n-3)) +...+ C1)? 
=n? +(n-1) + (n-2) +...4+ 12° 
-~2[(n-1)° + (n-3) +... +2°)] 


see nal)“ ooo 


[.n—1,n—8,...,are even integers] 


“sn? 16 BCS) 
eset bees] 


-1 2 q+? 16 (n-1)°(n + 1)” 

4 4x4x4 

ep \B py 2 al, 42 
re [n“ —(n IS eee 1) 
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31. Consider, (101)°° — 99)" — (100)°° 


= (100 + 1)°° — (100 - 1)°° - (100)°° 
= {(100)° (1 + 0.01)" — (1 — 0.01)" — 1)} 
= (100) {2- [°°C, @.01) + °C, 0.01)? +...]-1} 
= (100) {2 [°C, 0.01)? + °C, @01) +...}3 
(101)°° — §99)°° + (100)°°} > 0 
=> (101)? > (99)° + (100)°° 


32. Since, n is an even positive integer, we can write 


n=2m,m=1,2,3,... 


3m 
3n 7 3(2m) _ : = r-1 6m 
an as Ae ae . Co. -1 


Also, k= 


ie. Bea C+ GeyrG, a. 
ff (3-1 : as Cae (i) 


From the binomial expansion, we write 


(1+ 29° = 9p + OM + MOQ H+... 
ee + ss OI ak ... (ii) 
6m _ 6m 6mco i Smo 2, 
d-xy°"=°"C> (x) 4 g(-x) +... 
2 4 a ee ae il) 


On subtracting Eq. (iii) from Eq. (ii), we get 
G+0°"-— a9)" =o "Cee "Ce 
Ee als A + ft o™ Cuan | 
6m _ _ \6m 
a (1+ x) (1-x) 
2x 


Oe ge ON Og 
"Ce 4 yom 2 
Let = y 
(+ ¥y)0" = a= Jy) _ omg, ome 
1 39 
24/9 


6m 2 6m 3m-1 
Ce Bie Cea id 


For the required sum we have to put y=—3 in RHS. 


gat Pe see eee 
2/-3 
3 3)" 0-7) (iv) 
2iV3 “ 
Let z=1+iv3 =r(cos@+ isin@) 
=> r=|zj=./1+3=2 
and 6=1/3 
Now, 25™ = [r (cos 6 + isin 6)]°” 
= r°" (cos 6m @ + i sin 6m 8) 
Again, Z=r (cos 6 —isin 8) 
and @%” = r°™ (cos 6m 6 — i sin 6m 6) 
=> zm _ 26m _ -6M9; sin 6m 8) ..(v) 
From Eq. (i), 
_ 2gom_ zm m9; sin 6 m6) 
2i V3 2i V3 
- 2°™ sin 6m 0 
7 V3 


=Oasmez,and0=7/38 


33. 


34, 


35. 


Let y = (x- a)”, where m is a positive integer, r <m 


dy m- d’y m— 2 
Now, 7 =m(x~a) = qe mn =1) (=a) 
=> d*y =m(m — 1)(m — 2)(m - 8)(x- ay" 4 
dx® 
On differentiating r times, we get 
Of) omit)... 74 Dear 
dx” 
! 
= m. (x—a)™ "=r !CC,)(x- a)y"~" 
(m—r)! 
and for r>m, ¢ 7 26 
2n 2n 


Now, y a,(x-2)"= y? b,.(« — 8)” [given] 
r=0 r=0 


On differentiating both sides n times w.r.t. x, we get 


2n 2n 
> a,(n NC ~ 2)" "= yy b(n NC x _ 3) ° 
r=n es r=n 
On putting x =3, we get y a,(n!)'C,, = (6,)n! 


[since, all the terms except first on RHS become zero] 
> oy OMe ees Oe sakes CMe ee al, Om 
[-a,=1, Vr2n] 
= Ce G4 4 ut "C_,) + a yon Cy 
SOG G4 Piast OC, Shan 


_ 2n 2n, — 2n+1 
- Cuga C,= ie 


7 to oe ae 
-1)""C, |= 4 +—- 4 +... upto m terms 
Ld ) E gr 93" 94r p 
n . 1 ‘a n 3 r 
= —-1)" "C,|}=] + —1)" "C,}—| + 
dé ) (5 Ls ? (3) 
n a 7 Ya 
%, (-1)" "C, (7) +... upto m terms 
r=0 8 
-(1 | ae =| +(1 4 +... upto mterms 
2 4 8 
sing x (-1)" "C,x" =(1 -» 
r=0 
G) +) +@) 
= + + +... upto m terms 
2 4 8 
1 m 
n 1-|— 
-(3) (= _ gin _ 4 
2 1-2 amr (2” —1) 
ge 
rE a tg a te ae 


n+l 


+1 
= yy " C,8,_1, 


r=1 


36. 


37. 


38. 


1-q"*? 
where s,=1+q+q°+..4+q"= 
l-q 
n+1 1 q’ 1 nt+1 n+1 
n+1 = n+1 n+1 r 
a c=") yrre,-yern'c.@ 
r=1 1-q 1-q vel = 
1 Fs , 
[a+1y"tt-G4 gy" 
1=q 
1 n n ‘ 
"eg Berd tall) 
2 n 
Also, S,=14 (+) (3) Boas (2 
2 2 2 
i qtl n+1 
2 _ ager rs 
2-9) : 


ie (4 + *) 
2 
From Kgs. (i) and (ii), 
NE CO ee Ce OD eG 
Coefficient of x” in the expansion of 
(1+ x)? + (+x +...4 (+0) + (1+ mx 
=» *Cy 40,4 Oy a Ce OC ae 
=(n+1)7'C, 


n 


= MC Con = Ons IC, 
en OI et ee 
50x49x48 50x49 51x50 x49 

3x2x1 2 3x2x1 
=> m?=51n+1 
.. Minimum value of m? for which (61n + 1) is integer 
(perfect square) for n = 5. 

m?=51x5+1 > m?=256 

m=l16andn=5 
Hence, the value of nis 5. 


xm? = (n+ 1) 


Coefficient of x* in the expansion of 
(1+ x)(1 + x7). + 9?) ... (1 + 22) =Terms having x? 

= [199.9 198.98, 198. 2-97, 198. 9 x8 

198. x49? 197. x. 7 x8, 197. x. 9? 197. x? 38 x4] 
.. Coefficient of x? =8 
Let the three consecutive terms in (1+.x)"*° be 
tps tra > tps 2 having coefficients 
5 5 5 

n+ Couas n+ CG. n+ Cray: 
Given, "Cg eC .2" "OC Saris i4 


ihe 6 _ 10 go Ora 14 
nt+5ca 5 an nt+5 co 10 
r-1 r 
n+5-(r-1)_, ate 
r r+1 5 
> n-r+6=2rand 5n-5r+25=7r+7 
> n+6=8r and 5n+18=12r 
n+6_5n+18 
3 12 
> 4n+24=5n+18> n=6 
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Topic 2 Properties of Binomial Coefficient 


1. We have, . 
(x + 10)? + (x- 10)? = ay + ayxt Agx +... + Azo? 
lg PG o> Bl Hy. F Gggk” 


S(O ew 10s O10 ee, 10") 
HOC ee” = Ce” 10.4 C10. 2 10] 
=o Cyr" 4 C210 4 Cs 10" 
$3 Cag P| 
By comparing coefficients, we get 
Gy =2 °C, (10)"; ag =2 ™C,9 (10) = 210) 
a 2c jdoy* 9 50-49 (10)*8 

* ig 2 (10)? 1-2 2-(10)° 

[-. Pas = °C] 
= 12.25 


_ 50x49 5 x49 245 
2-(10x10) 20 20 


2. We know that, 
i 
Gag a= MC et Ce + + 
20 r-1 20 r 20 20 
Cyi4e OCR tc Copx 
(14 x). (1 + x) = °C, + Ce + 
2 _ 
POO Se ee Na ae 
2 a 
ROO Cet ee OO 4 
isa Capt) 


=> (L+2)%=C,. C.+ %C, °C __,... 


20, .20 
Cox) 


ce Oa Cc oe 


On comparing the coefficient of x” of both sides, we get 
i las OMe ea Chg OP tre: ete mies Chae Cre aus 8 
The maximum value of *°C,, is possible only when r = 20 
[.. "C,.is maximum when nis even] 

Thus, required value of r is 20. 


3. Consider, 
9403 _ 9 400+8 


8.2400 8. (2*y =8 (16)100= 81 + 15)10° 
=8 (14 C15) Oa) ei Sg ey 

[By binomial theorem, 

Gx)" ="05 2 "Cet Cw ta "Oa" ne N] 

=646 (C5) < C16) ss. + Ce) 


=8+8x15A 

where a)” Cti.c.d MPC lb)” EN 
403 

_ 280) 848x150 _ 4 | 8 
15 15 15 


9403 8 
| 15 |- 15 
(where {-} is the fractional part function) 
k=8 
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Alternate Method 

9103 _ g 9400 _ 8(16)!™ 

Note that, when 16 is divided by 15, gives remainder 1. 

. When (16)! is divided by 15, gives remainder 11°° =1 
and when 8(16)'” is divided by 15, gives remainder 8. 


9403 8 
icles 
(where {-} is the fractional part function) 
=> k=8 
4, A, = Coefficient of x” in (1+x)'° =1°C, 


B,=Coefficient of x” in (1+ x)? = a oe 
C,. = Coefficient of x”in (1+ x)? = ae 6 


10 10 10 
7 y? A, (Bio B, — Cio A,) = ¥ A, By B,- >, A, CyA, 
r=1 r=1 r=1 


10 10 
_ 10 20 20 10 30. 10 
= *, C, Cio C, =) C, Cio C, 


r=1 r=1 
10 10 

_ 10 20 20 10 30 10 

= y Cio-y Cio C, ~ ¥ Cio-+ Cio C, 
r=1 r=1 


10 10 
= Cio oy Cio-r° a ~ Co y Cio-r ae 
rai r=1 
= C19 ( Ci -l)- Cin (Cg -1) 
= a = Cro =Ci)—Byo 


B. Let Aq a ca a (?} | mn (| a" al (0 
0 )\10 1)\11 2 )\12 20) (30 
A= aa on 380 Cis _ aa 68 80 Ca + a oF 30 Cis 
~ 2+ C5, 2° Cag 


= Coefficient of x7° in (1 + x)°°(1 — x)? 
= Coefficient of x”° in (1 — x*)*° 


30 
= Coefficient of x”? in by (21°C, 02)" 
r=0 


=(-1)'° cu 6a [for coefficient of x”°, put r = 10] 


= a Carn 


6. Given, "'C.=(k?-3) "C41 
= "10, = (k? -8) n es 
rei 
> we-g=24? 
n 
ine Rees! Sind Sd) 
n 
=> 0<k?-3<1 = 3<k'?<4 


=> ke [-2,-V3) U WB, 2] 
™ (10\( 20 \, bos ‘ ; 
7. > ( is the coefficient of x” in the expansion of 


cp L m-t 


(1 + x) (x + 1)”°, 


™ (10 20 
=> by ( . ( ; is the coefficient of x” in the 
izo0 \t 


m—-t 


expansion of (1 + x)? 
™ (10) 20 30 
a} a ) -"Cn-{ . (i) 
7=0 L m—t m 
and we know that, (") is maximum, when 
r 


(") 7: if n € even. 
") max pet. ae acegad: 
30 x 
Hence, is maximum when m = 15. 
m 
# (Fal alle (| 
i r-1 r-2 r r-1 
n n n+1 nt+1 n+2 
+ + = + — 
r-1 r-2 r r-1 r 


[. "C. a i Ome = saa 6 | 


“ol n-r 
mh "C, X *C, 
Sho? 
= na, — ra oes, Oa 
na, py Ae [ r n ] 
=na,-b=>2b=na, => b 5 in 
10. We have, 
Cé -2C2 + 8CZ-4C3 +...4 -D" (n+) C? 
=(CF 40720) SC) +... yc") 
[C7 -2C3+3C}-...+ (1)"nC?] 
=(1y"? n! ( ee n! 
GS) HG) 
2 2 2)'\2 
! 
a (1: = 
ms (ie? 
a) \ay 


0) 
, A212) 029074302 -...4 C1) (nt DC?) 


2 (eg) ! 
AZ) AES cyye tt #2) _ 9 4 9) 


11. We have, 
KeOCC F42CC) -3C Cy 4a. 210 CC gy 


10 10 
= X=) rcs xX=y rc, *C, 
r=1 r=1 


E AG. = n ne | 
r 


Fe cn, AO 
= X=)yrx nO Ge 
rai r 


10 
= X=10 ys ig Se a 2 
rei 
10 
= X=10 y "Cpt Ci aig [. "Ge a "Cyl 
= X=10x °C, CO = 4 
Now, 1 x= 10% Ce iy. Oe 
” 1430 1430 1438 11x13 
_ 19x 17X16 _ 19.34 =646 
8 
12. Sum of coefficients is obtained by putting x= 1 
Le. (1+ 1-—3)7163 =-1 
Thus, sum of the coefficients of the polynomial 


(1 + x—3x7)7163 ig -1. 
13. To show that 
gkn C oO, zy gk-1n Ce C; a 
+ 2-2" Co" 2C,_—...+ Cl) "Cy" "Cy ="C, 
Taking LHS 
2h" Co Cy QE Cp Bash 


= y (-1)".2?- ron ct C,. . 


Re (-1)*.” CF k Cy 


r=0 
k 
= _4)rok-r, n! . (n-r)! 
- sa ri\n—r)! (k-r)\(n—k)! 
k 
= 4)" ok-r, n! : k! 
- nee aye 


k 
= y (-1)’: 9k =-T Crew Om 


r=0 


: 1 
=2*."C,. ¥° (-1)-=4C 
4x ) Qr | 


k 
=F c(t = ;) ="C, =RHS 


14. tets-(")4 me lit ee Qn ..-(i) 
m m m m m+1 


It is obvious that, n =m. 


NOTE This question is based upon additive loop. 


ace ue eG sien 
“nes CaCaJ- te 


+1 ee 4 
} which is true. sss(1) 
+1 


15. 
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Again, we have to prove that 


eam Jean Joon fe 


n—-—m-+1yrows 


. . (nt 
Now, sum of the first row is ( 
. n 
Sum of the second row is F 
mt+1 


-1 
Sum of the third row is ke ‘ 
m+1 


5=(02 1) +(n)e(ea) 
title) (aes | tees 


[from Eq. (i) replacing n byn+1landmbym +1] 


” F n!:3! _ n! 
= 2 1) (n—r)!(r+3)! 1b cay —r)!(r+8)! 
- 3! ™ (-1)" (n+ 8)! 
(n+1)(n+2)(n+3 5d (n—r)\(r +3)! 
= 3! rnt+3 
(n+ 1)(n + 2)(n + 8) Dy pe 
7 31-1) eas 
~ (n+ 1)(n+2)(n +38) pm ) Cs 
= -3! pa snt+3 
aaa EO” c, 
ees 6 sd oA ask Go 
7 -3! {o ihe ee) eee 
(n+ 1)(n + 2)(n + 3) ace a1 
7 -3! (n+2)2-n-8) _ 3! 
~ (n+ 1)(n + 2)(n + 3) 2 ~ 2(n +3) 


Vi, 


18. We know that, 


96 Binomial Theorem 


16. (L+ x4 27)"=a9 + ayxt... + Ayyx™ weo() 


Replacing x by -1/x, we get 
1 1)" a, a a Ao, i 
1 + =a Ee ea ee ee ... (ii) 
( x =) o x OB x2” 
Now, ar ~ar+ aoa, + he 
term independent of x in 


+a3, = coefficient of the 


[ag + ayx+ Agr? +... + ay,x""] 


a, Ae an 
x | Ao ers 


x Xx x 
= Coefficient of the term independent of x in 


n 
(l+x+ ay(1-2+5| 
x x 


Now, RHS = (1+ x+ vy ae 5) 
x x 


uaz x7)” (37 = 9¢ + 1)” 7 [(x7 + 1)? = x7)” 


yet yen 
_ (1+ 2x? + xt)” (1 4 x? + xt)” 
~ yen ~ x2” 
Thus, aj-a?+az-—aj+...4 a5, 


= Coefficient of the term independent of x in 


il 
eile x + xt)” 
x 


= Coefficient of x?” in (1 + x7 + x4)” 
= Coefficient of ¢” in (1+ t+ t?)"=a, 


CF 8 Cox, sly Ge Cy 


= y (1) "(r+1)? "C, = y (1) (r? 4 2r41)"C, 
r=0 r=0 


= y (-1)'r?- "C_.+2 . (-1)’r-"C,. + , (-1)"."C, 
r=0 r=0 7r=0 


= aw 1) r(r-1)-"C,4 3.) ( ir: "0, 
as r=0 n 
oe y? (-1)" "C., 
r=0 


=) Clam)" C,g + 8 Glyn" "C4 
r=2 


r=l 
+P eye, 
r=0 
=n (n—-1){” °C, -" C, +" C,-...4+ 1)” *C,_9} 
eent= Cpe 0 =" es = Gl 
+ ("C9 —"C, + "Ca +...+ C1)” "C,} 
=n (n-1)-:04+ 38n-04+0,Vn>2=0, Vn>2 


n n n 


2y LGery yee 


O<i<j<n i=0 j=0 i=0 j=0 


19. 


20. 


Download Chapter Test 


http://tinyurl.com/yxkarvhw 


n 


= ye yosy co 
i=0 j=0 


i=0 
=grgn _ C"C_,)=27" - 2ng 
2?” — ae n- Qn)! 
y CL; =2_—1 9? be 2 
2 2(n!) 


n 


O<i<j<n 


We know that, (1+ x)?” = Co + Cyx+ One ++ 2 
On differentiating both sides w.r.t. x, we get 
2n(1+x)?"" =C, +2-Coxt+3-Cyx” 

+...+2nC,,2°"" ...4) 


2n 
ul 1 1 il 
and(1-1) =C5 ors Coa C33 
bite «+ (ii) 
x 


On multiplying Eqs. (i) and (ii), we get 
2n 
Qn (1+ ae -*) 
x 


=(C, 42-Cert3 07 4.3200] 


«|e (3) , of 5] _ + Coo $r 


2 
x 


Coefficient of on the LHS 


= Coefficient of I in 2n (=: (1+.x)?" 1 (x-1)?” 
x x 


= Coefficient of x?” in 2n(1 —x?)?"1(1 — x) 
= 2n(-1)"* a Qn = 1) Cha (-1) 


‘: (2n-1)! n. (2n)! 
=(-1)"2 =(-1 : 
BA ener ra 
=—(-1)"n-C,, ... (iil) 
Again, the coefficient of (*) on the RHS 
x 
S4(C7 2:0) +3-C? 2n Cz.) ...(iv) 


From Eas. (ili) and (iv), 
CP 9.05 43-Cr 
1 2n 
(1+ oe = *) 


x 


2n-C2, =(-1)"n-C, 


aPC 4 OC et CO 4. CCy 
5s a ‘ll on. 1 n 1 
x| PCy — CP,)= + OMCy) a +t C*Cy) 5 


zn 


Independent terms of «on RHS 


= CG, Coy f gins CC 
x-1)" 1 
LHS = (1 re ( = oh (al a 
+ x 


Independent term of x on the LHS = (-1)"-?"C,,. 


or 
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Probability 


Topic 1 Classical Probability 


Objective Questions I (Only one correct option) 


1. A person throws two fair dice. He wins 
= 15 for throwing a doublet (same numbers on the two 
dice), wins = 12 when the throw results in the sum of 
9, and loses % 6 for any other outcome on the throw. 
Then, the expected gain/loss (in %) of the person is 
(2019 Main, 12 April II) 


(a) il gain (b) i loss (c) - loss (d) 2 gain 
2 4 2 

2. Inarandom experiment, a fair die is rolled until two 
fours are obtained in succession. The probability that 
the experiment will end in the fifth throw of the die is 


equal to (2019 Main, 12 Jan 1) 
175 225 

a (b) ==? 
6 6 
200 150 

Oe Om 


3. If there of the six vertices of a regular hexagon are 
chosen at random, then the probability that the 
triangle formed with these chosen vertices is 
equilateral is 

(2019 Main, 12 April 1) 
if 3 
(b) . (d) 5a 


1 3 
(a) To (c) To 


4. Let S={1,2,...,20}. A subset B of S is said to be 
“nice”, if the sum of the elements of Bis 203. Then, 


7 5 
Oo Ose @ oo 
5. If two different numbers are taken from the set {0, 1, 
2, 3, ..., 10}, then the probability that their sum as 
well as absolute difference are both multiple of 4, is 
(2017 Main) 
6 12 14 7 
(a) — (b) (c) — dy) 
55 55 45 @ 55 
6. Three randomly chosen non-negative integers x, y 
and z are found to satisfy the equation x+ y+ z=10. 
Then the probability that zis even, is (2017 Adv.) 


1 36 6 5 
(a) 3 (b) FE (c) = (d) a 


10. 


11. 


12. 


13. 


14. 


If 12 identical balls are to be placed in 3 different boxes, 
then the probability that one of the boxes contains excatly 
3 balls, is (2015 Main) 


rT 10 12 rT 
is) *(2) (b) 55 (=| (©) 220 (5 (d) 22 (5 
3\3 3 3 3 

Three boys and two girls stand in a queue. The probability 
that the number of boys ahead of every girl is atleast one 
more that the number of girls ahead of her, is (2014 Adv) 
(a) 1/2 (b) 1/3 (c) 2/3 (d) 3/4 

Four fair dice D,,D,,D, and D, each having six faces 


numbered 1, 2, 3, 4, 5 and 6 are rolled simultaneously. The 
probability that D, shows a number appearing on one of 


D,, Dz and Ds, is (2012) 
91 108 125 127 

a) —— —— c) —— d) —— 

” 216 ») 216 ” 216 216 


Let @ be a complex cube root of unity with m # 1. A fair die is 
thrown three times. If 7,, 7, and 7; are the numbers obtained 
on the die, then the probability that m”! +@” +” =0, is 

(2010) 
(a) 1/18 (b) 1/9 (c) 2/9 (d) 1/36 


If three distinct numbers are chosen randomly from the 

first 100 natural numbers, then the probability that all 

three of them are divisible by both 2 and 3, is (2004, 1M) 
4 4 4 4 

a) — ) — c) — (d) —— 

( 55 ® 35 ( 33 ) 1155 

Two numbers are selected randomly from the set 

S=({1, 2, 3, 4, 5, 6} without replacement one by one. The 

probability that minimum of the two numbers is less than 

4, is (2003, 1M) 

(a) 1/15 (b) 14/15 (c) 1/5 (d) 4/5 


If the integers m and n are chosen at random between 1 
and 100, then the probability that a number of the form 
7” + 7" is divisible by 5, equals (1999, 2M) 


1 1 1 Hf 
(a) — (b) = (c) = (d) — 

4 7 8 49 
Seven white balls and three black balls are randomly 
placed in a row. The probability that no two black balls are 
placed adjacently, equals (1998, 2M) 

if 1, 
a) = = 
(a) 5 (b) 73 


2 1 
CT (d) e 
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15. 


16. 


17. 


Three of the six vertices of a regular hexagon are chosen 
at rondom. The probability that the triangle with three 
vertices is equilateral, equals (1995, 2M) 
(a) 1/2 (b) 1/5 (c) 1/10 (d) 1/20 


Three identical dice are rolled. The probability that the 
same number will appear on each of them, is (1984, 2M) 


(a) + ) + (+ (a 3 
6 36 18 28 


Fifteen coupons are numbered 1, 2, ..., 15, respectively. 
Seven coupons are selected at random one at a time 
with replacement. The probability that the largest 
number appearing on a selected coupon is 9, is 


9\° 8)! ay 
(a) (=) (b) (=) (c) (2) (d) None of these 


Assertion and Reason 


18. 


For the following questions, choose the correct answer 

from the codes (a), (b), (c) and (d) defined as follows. 

(a) Statement [is true, Statement II is also true; 
Statement II is the correct explanation of Statement I 

(b) Statement I is true, Statement IT is also true; 
Statement II is not the correct explanation of 
Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 

Consider the system of equations 

ax+ by =0,cx+ dy =0, 

where a,b,c,d €{0, 1}. 

Statement I The probability that the system of 

equations has a unique solution, is 3/8. 


Statement II The probability that the system of 
equations has a solution, is 1. (2008, 3M) 


Passage Based Problems 


Passage 


Box I contains three cards bearing numbers 1, 2, 3 ; box II 
contains five cards bearing numbers 1, 2, 3, 4, 5; and box III 
contains seven cards bearing numbers 1, 2, 3, 4, 5, 6, 7. Acard 
is drawn from each of the boxes. Let x be the number on the 


card drawn from the ith box i = 1,2,3. (2014 Adv.) 
19. The probability that x, + x. + 2% is odd, is 

29 i 1 

@? wm @2t (a) = 

105 105 105 2 

20. The probability that x,,x, and x are in an arithmetic 


progression, is 


@) 2 @ 22 


7 
d) —— 
105 105 ) 


11 
() oo 
” 105 


105 


Fill in the Blanks 


21. 


22. 


23. 


Three faces of a fair die are yellow, two faces red and 
one face blue. The die is tossed three times. The 
probability that the colours, yellow, red and blue, 
appear in the first, second and the third tosses 
respectively, is...... . (1992, 2M) 
ge! POP gt ee 
3 4 
mutually exclusive events, then the set of all values of p 
Ss. s (1986, 2M) 


are the probabilities of three 


A determinant is chosen at random from the set of all 
determinants of order 2 with elements 0 or 1 only. The 
probability that the value of the determinant chosen is 
positive, is... . (1982, 2M) 


True/False 


24. 


If the letters of the word ‘ASSASSIN’ are written down 
at random in a row, the probability that no two S’s occur 
together is 1/35. 


Analytical and Descriptive Questions 


25. 


26. 


27. 


28. 


29. 


An unbiased die, with faces numbered 1, 2, 3, 4,5 and 6 
is thrown n times and the list of n numbers showing up 
is noted. What is the probability that among the 
numbers 1, 2, 3, 4, 5 and 6 only three numbers appear in 
this list? (2001, 5M) 


If p and q are chosen randomly from the set {1, 2, 3, 4, 5, 
6, 7, 8, 9 and 10} with replacement, determine the 
probability that the roots of the equation x7 + px+ q=0 
are real. (1997, 5M) 


In how many ways three girls and nine boys can be 
seated in two vans, each having numbered seats, 3 in 
the front and 4 at the back? How many seating 
arrangements are possible if 3 girls should sit together 
in a back row on adjacent seats? Now, if all the seating 
arrangements are equally likely, what is the probability 
of 3 girls sitting together in a back row on adjacent 
seats? (1996, 5M) 


A box contains 2 fifty paise coins, 5 twenty five paise 
coins and a certain fixed number n (> 2) of ten and five 
paise coins. Five coins are taken out of the box at 
random. Find the probability that the total value of 
these 5 coins is less than one rupee and fifty paise. 
(1988, 3M) 


Six boys and six girls sit in a row at random. Find the 
probability that 
(i) the six girls sit together. 


(ii) the boys and girls sit alternatively. (1978, 3M) 
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Topic 2 Addition and Subtraction Law of Probability 


Objective Questions I (Only one correct option) 


1. 


For three events A, Band C, if P exactly one of A or B 
occurs) = P(exactly one of Bor C occurs) = P (exactly one 
of C or A occurs) = ri and P (all the three events occur 


simultaneously) = = then the probability that atleast 


one of the events occurs, is (2017 Main) 
7 7 7 3 
a) —— b) — c) — dj) 
@) 3 56 Oe Oe 
3 _ 1 => =~ 1 
If a car PUNE) Ss and P(AN Bn C= 3 
then P(B NC) is equal to (2002, 3M) 
1 1 1 1 
a) b) = c) — d= 
(a) ‘io (b) : (c) ic (d) i 


If EandF are events with P(£)<P(F) and 
P(E F) >0, then which one is not correct? (1998, 2M) 
(a) occurrence of EF = occurrence of F 

(b) occurrence of F => occurrence of E 

(c) non-occurrence of F > non-occurrence of F’ 

(d) None of the above 


For the three events A, B and C, P(exactly one of the 
events A or B occurs) = P(exactly one of the events B or 
C occurs) = P(exactly one of the events C or A occurs) 
=p and P(all the three events occurs simultaneously) 


= p’, where 0< p< > Then, the probability of atleast 


one of the three events A, B and C occurring is 
(1996, 2M) 


3p + 2p? + 3p? 
(a) P42 o) P*8e 


2 2 
igre (geet =P 

2 4 
If 0<P(A)<1,0<P(B)<1 and P(AUB)=P(A) 
+ P(B) — P(A) P(B), then (1995, 2M) 
(a) P(B/A) = P(B) — P(A) 
(b) P(A’- B’)= P(A’) - PB’) 
(c) P(AUB)’= P(A)’P(B)’ 
(d) P(A/B) = P(A) - P(B) 
The probability that at least one of the events A and B 
occurs is 0.6. If A and _B occur simultaneously with 
probability 0.2, then P(A) + P(B) is equal to (1987, 2M) 
(a) 0.4 (b) 0.8 (c) 1.2 (d) 1.4 
Two events A and B have probabilities 0.25 and 0.50, 
respectively. The probability that both A and B occur 
simultaneously is 0.14. Then, the probability that 
neither A nor B occurs, is (1980, 1M) 
(a) 0.39 
(c) 0.11 


(b) 0.25 
(d) None of these 


Objective Questions II 
(One or more than one correct option) 


8. For two given events A and B, P(ANM B)is (1988, 2M) 
(a) not less than P(A) + P(B)-1 
(b) not greater than P(A) + P(B) 
(c) equal to P(A) + P(B) - P(A U B) 
(d) equal to P(A) + P(B) + P(A UB) 
9. If Mand Nare any two events, then the probability that 
exactly one of them occurs is 
(a) P(M) + P(N) - 2P(M AN) (1984, 3M) 
(b) PWM) + P(N) - P(MUN) 
(c) PM) + P(N) - 2P(M AN) 
(d) PM AN) - P(M AN) 
Fill in the Blanks 

10. Three numbers are chosen at random _ without 
replacement from {1, 2,..., 10}. The probability that the 
minimum of the chosen number is 3, or their maximum 
is 7,18 .... (1997C, 2M) 

11. P(AU B)=P(An B)if and only if the relation between 
P(A) and P(B)is... . (1985, 2M) 

True/False 
12. Ifthe probability for A to fail in an examination is 0.2 


and that of B is 0.3, then the probability that either A or 
B fails is 0.5. (1989, 1M) 


Analytical and Descriptive Questions 


13. 


14. 


15. 


In a certain city only two newspapers A and B are 
published, it is known that 25% of the city population 
reads A and 20% reads B, while 8% reads both A and B. 
It is also known that 30% of those who read A but not B 
look into advertisements and 40% of those who read B 
but not A look into advertisements while 50% of those 
who read both A and B look into advertisements. What 
is the percentage of the population reads an 
advertisement? (1984, 4M) 


A, B, C are events such that 
P(A) =0.8, P.(B) =04, P.(C) =08, 

P.(AB) =0.08, P.(AC) =0.28 and P.(ABC) = 0.09 

If P(AU BUC) 20.75, then show that P.(BC) lies in 
the interval [ 0.23, 0.48 ]. (1983, 2M) 
A and B are two candidates seeking admission in IIT. 
The probability that A is selected is 0.5 and the 
probability that both A and B are selected is atmost 0.3. 


Is it possible that the probability of B getting selected is 
0.9? (1982, 2M) 
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Pragraph Based Questions 


There are five students S,,S,,S3;,S, and S; in a music class 
and for them there are five seats R,,R,,R,,R,and R, 
arranged in a row, where initially the seat RF; is allotted to the 
student S,,i=1,2,3,4,5. But, on the examination day, the 
five students are randomly allotted the five seats. 

(There are two questions based on Paragraph, the question 


given below is one of them) 


16. 


(2018 Adv.) 


The probability that, on the examination day, the 
student S, gets the previously allotted seat R,, and 


qT: 


NONE of the remaining students gets the seat 
previously allotted to him/her is 


3 1 7 1 
= d)- 
(a) o (b) ; (c) 6 (d) . 


For i =1,2,3, 4, let J; denote the event that the students 
S, and S,,, do NOT sit adjacent to each other on the day 
of the examination. Then, the probability of the event 
T, OT, 0 T3 AT, is 
1 1 

(b) + d+ 
10 @ 5 


1 7 
(a) Tr (c) “ 


Topic 3 Independent and Conditional Probability 


Objective Questions I (Only one correct option) 


1. 


Assume that each born child is equally likely to be a boy 
or a girl. If two families have two children each, then the 
conditional probability that all children are girls given 
that at least two are girls; is (2019 Main, 10 April 1) 


(a) 1 ) 1 «@ + q@ + 
17 12 10 11 


Four persons can hit a target correctly with 


probabilities ; 7 and ; respectively. If all hit at the 


target independently, then the probability that the 

target would be hit, is (2019 Main, 9 April 1) 
1 25 25 

a) — b) = id). <= 

@) 98 ©) 32 ) 69 

Let A and B be two non-null events such that Ac B. 

Then, which of the following statements is always 

correct. (2019 Main, 8 April 1) 

(a) P(A/B)=P(B)-P(A) (b) P(A/B)> P(A) 

(c) P(AIB) < P(A) (d) P(A/B) =1 

Two integers are selected at random from the set { 1, 2, 

Sates , 11}. Given that the sum of selected numbers is 

even, the conditional probability that both the numbers 

are even is (2019 Main, 11 Jan |) 


(a) 2 @ 3 
5 5 


7 
(©) ad 


) + 
2 


« + 
10 
An unbiased coin is tossed. If the outcome is a head, 
then a pair of unbiased dice is rolled and the sum of the 
numbers obtained on them is noted. If the toss of the 
coin results in tail, then a card from a well-shuffled 
pack of nine cards numbered 1, 2, 3, ..., 9 is randomly 
picked and the number on the card is noted. The 
probability that the noted number is either 7 or 8 is 
(2019 Main, 10 Jan I) 
@2 we 
72 36 
Let two fair six-faced dice A and B be thrown 
simultaneously. If E, is the event that die A shows up 
four, E, is the event that die B shows up two and E; is 
the event that the sum of numbers on both dice is odd, 
then which of the following statements is not true? 
(2016 Main) 


10. 


11. 


(a) H, and E, are independent 
(b) E, and E, are independent 
(c) E, and E, are independent 
(d) E,, E, and E, are independent 


Let A and B be two events such that P(AUB) =<, 


P(ANB)=2 and P@)=7, where A stands for the 


complement of the event A. Then , the events A and B 
are (2014 Main) 
(a) independent but not equally likely 

(b) independent and equally likely 

(c) mutually exclusive and independent 

(d) equally likely but not independent 


Four persons independently solve a certain problem 


correctly with probabilities eos Then, the 
24 4 8 
probability that the problem is solved correctly by 


atleast one of them, is (2013 Adv) 
235 21 3 253 

(a) — (b) — (c) — (d) — 
256 256 256 256 


An experiment has 10 equally likely outcomes. Let A 
and B be two non-empty events of the experiment. If A 
consists of 4 outcomes, then the number of outcomes 
that B must have, so that A and B are independent, is 
(a) 2,4 or 8 (b) 3, 6 or 9 (2008, 3M) 
(c) 4 or 8 (d) 5 or 10 


Let E* denotes the complement of an event E. If E, F, G 
are pairwise independent events with P(G)>0 and 
P(EQF AG) =0. Then, P (E° 7 F* |G) equals(2007, 3M) 
(a) P(E") + P(F*) (b) P(E°) - PF) 
(c) P(E*)- P(F) (d) P(E) - P(F*) 


One Indian and four American men and their wives are 
to be seated randomly around a circular table. Then, the 
conditional probability that Indian man is seated 
adjacent to his wife given that each American man is 
seated adjacent to his wife, is (2007, 3M) 


(a) + () + (2 q@+ 
2 3 5 5 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


A fair die is rolled. The probability that the first time 
1 occurs at the even throw, is (2005, 1M) 
(a) 1/6 (b) 5/11 (c) 6/11 (d) 5/36 


There are four machines and it is known that exactly 
two of them are faulty. They are tested, one by one, in 
a random order till both the faulty machines are 
identified. Then, the probability that only two tests 
are needed, is (1998, 2M) 


1 1 1 1 
a) — b) = c= d) = 
(a) = (b) ; (c) ; (d) 5 
A fair coin is tossed repeatedly. If tail appears on first 
four tosses, then the probability of head appearing on 
fifth toss equals (1998, 2M) 
1 1 al 1 
(a) + (b) = 2 (a+ 
2 32 32 5 
If from each of the three boxes containing 3 white and 
1 black, 2 white and 2 black, 1 white and 3 black balls, 
one ball is drawn at random, then the probability that 
2 white and 1 black balls will be drawn, is 
(1998, 2M) 
13 1 1 3 
a) — b) = c) — d) 
kre or er Oe 
The probability of India winning a test match against 
West Indies is 1/2. Assuming independence from 
match to match the probability that in a 5 match 
series India’s second win occurs at third test, is 
(1995, 2M) 
(a) 1/8 (b) 1/4 (c) 1/2 (d) 2/3 


An unbiased die with faces marked 1, 2, 3, 4,5 and 6is 
rolled four times. Out of four face values obtained, the 
probability that the minimum face value is not less 
than 2 and the maximum face value is not greater 
than 5, is 

(a) 16/81 (b) 1/81 
(c) 80/81 (d) 65/81 
A student appears for tests I, I and III. The student is 


successful if he passes either in tests I and II or tests I 
and III. The probabilities of the student passing in 


(1993, 1M) 


tests I, II and III are p, gq and . respectively. If the 
probability that the student is successful, is ; then 


1 
(a)p=q=1 ae aa (1986, 2M) 
1 


(c) p=1,q=0 a a 


If A and B are two independent events such that 
P(A) >0, and P(B) #1, then P(A/B) is equal to 


(a) 1- P(A/B) (b)1-P(A/B) (1982, 2M) 
(c) 1-PAVB) (ad) PA) 
P(B) P(B) 


The probability that an event A happens in one trial of 
an experiment, is 0.4. Three independent trials of the 
experiments are performed. The probability that the 
event A happens atleast once, is (1980, 1M) 
(a) 0.936 (b) 0.784 

(c) 0.904 (d) None of these 
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Objective Questions II 
(One or more than one correct option) 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Let X and Y be two events such that P(X) = : ,P(X/Y)= = 
and P(Y/X) = 2 Then 
5 (2017 Adv.) 
4 it 
a)P = PQ’N)=— 
(a) PY) 7 (b) P(X’Y) 5 
() P(X uY)=2 (ad) P(X nY)e= 
If X and Y= are two events. such _ that 


P(X/Y) == PWIX) = and P(X0Y) : . Then, which of 


the following is/are correct? (2012) 
(a) P(X UY) = 2/3 

(b) X and Y are independent 

(c) X and Y are not independent 

(d) P(X® AY) =1/3 

Let E and F be two independent events. The probability 


that exactly one of them occurs is se and the probability of 


none of them occurring is = If P(T) denotes the 


probability of occurrence of the event T, then (2011) 
4 3 1 2 

a) P(E) =_, P(P) = — P(£) =—, P#)=— 

(=) P@)==,P(R)=2 (0) P(B)= =, POP) = = 

© Pé)=2,P=1 @ PH=2,P(R)=4 
5 5 5 5 


The probabilities that a student passes in Mathematics, 
Physics and Chemistry are m, p and c, respectively. Of 
these subjects, the students has a 75% chance of passing 
in atleast one, a 50% chance of passing in atleast two and 
a 40% chance of passing in exactly two. Which of the 
following relations are true? (1999, 3M) (2011) 


19 27 
(a) p+ m+c=— (b) p+ mt+c=— 
. 20 )P 20 
1 1 
c mc = — d me= = 
(c) p i (d) p ‘1 


If E and F are the complementary events of E and F 

respectively and if 0 < P(F) <1, then (1998, 2M) 

(a) P(E/F)+ P(E/F)=1 (b) P(E/F)+ P(E/F)=1 

() P(E/F)+ P(E/F)=1 (da) P(E/F)+ P(E/F)=1 

Let # and F be two independent events. If the probability 

that both E and F happen is 1/12 and the probability that 

neither F nor F happen is 1/2. Then, 

(a) P(E) = 1/3, P(F) =1/4 

(b) P(E) = 1/2, P(F) =1/6 

(c) P(E) = 1/6, P(F) = 1/2 

(d) P(E) = 1/4, P(F) =1/3 

For any two events A and Bin a sample space 
(1991, 2M) 


(1993, 2M) 


=) PEE : P(B) # 01s always true 


abe ( PB) 


(b) P(A 7 B) = P(A) - P(A 7 B) does not hold 
(c) P(A UB) =1- P(A)P(B), if A and B are independent 
(d) P(A U B) =1- P(A)P(B), if A and B are disjoint 
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28. 


Fill 
29. 


30. 


31. 


32. 


33. 


If H and F are independent events such that 0 < P(F) <1 

and 0 < P(F) <1, then (1989, 2M) 

(a) H and F are mutually exclusive 

(b) E and F*(the complement of the event F) are 
independent 

(c) E* and F* are independent 

(d) P(E/F)+ P(E°/F)=1 


in the Blanks 


If two events A and B are such that P(A‘) = 0.3, P(B) =04 
and P(A q B‘) =0.5, then P[B/(A U B*)] =.... (1994, 2M) 


Let A and B be two events such that P(A)=0.8 and 


P(AU B)=08. If A and B are independent events, then 
P(B)=... . (1990, 2M) 


A pair of fair dice is rolled together till a sum of either 5 or 
7 is obtained. Then, the probability that 5 comes before 7, 
is.... (1989, 2M) 


Urn A contains 6 red and 4 black balls and urn B contains 
4 red and 6 black balls. One ball is drawn at random from 
urn A and placed in urn B. Then, one ball is drawn at 
random from urn B and placed in urn A. If one ball is 
drawn at random from urn A, the probability that it is 
found to be red, is.... (1988, 2M) 


A box contains 100 tickets numbered 1, 2, ...,100. Two 
tickets are chosen at random. It is given that the 
maximum number on the two chosen tickets is not more 
than 10. The maximum number on them is 5 with 
probability... . (1985, 2M) 


Analytical and Descriptive Questions 


34. 


35. 


36. 


37. 


38. 


If A and B are two independent events, prove that 
P(A U B)- P(A’ 7 B’)< PC), where C is an event 
defined that exactly one of A and B occurs. (2004, 2M) 


A is targeting to B, B and C are targeting to A. 
Probability of hitting the target by A, Band Care - ; and 


; respectively. If A is hit, then find the probability that B 


hits the target and C does not. (2003, 2M) 


For a student to qualify, he must pass atleast two out of 
three exams. The probability that he will pass the 1st 
exam is p. If he fails in one of the exams, then the 
probability of his passing in the next exam, is . 
otherwise it remains the same. Find the probability that 
he will qualify. (2003, 2M) 


A coin has probability p of showing head when tossed. It is 
tossed n times. Let p,, denotes the probability that no two 
(or more) consecutive heads occur. Prove that p, =1, 
P,=1- p’ and p, = (1- p). Py-1 + PU P)Pn-2 Vn 23. 

(2000, 5M) 
An unbiased coin is tossed. If the result in a head, a pair 
of unbiased dice is rolled and the number obtained by 
adding the numbers on the two faces is noted. If the 


result is a tail, a card from a well-shuffled pack of 
eleven cards numbered 2, 3, 4, ..., 12 is picked and the 
number on the card is noted. What is the probability 
that the noted number is either 7 or 8? (1994, 5M) 


39. A lot contains 50 defective and 50 non-defective bulbs. 
Two bulbs are drawn at random, one at a time, with 
replacement. The events A, B, C are defined as : 


A = (the first bulb is defective) 
B= (the second bulb is non-defective) 


C = (the two bulbs are both defective or both 
non-defective). 


Determine whether 
(i) A, B, C are pairwise independent. 


(i) A, B, C are independent. (1992, 6M) 


40. In a multiple-choice question there are four 
alternative answers, of which one or more are correct. 
A candidate will get marks in the question only if he 
ticks the correct answers. The candidates decide to 
tick the answers at random, if he is allowed upto three 
chances to answer the questions, find the probability 
that he will get marks in the question. (1985, 5M) 


41. A and B are two independent events. The probability 
that both A and B occur is : and the probability that 


neither of them occurs is > Find the probability of the 


occurrence of A. (1984, 2M) 


42. Cards are drawn one by one at random from a well 
shuffled full pack of 52 playing cards until 2 aces are 
obtained for the first time. If Nis the number of cards 
required to be drawn, then show that 

Pine (n —1)62-—n)61—-n) 
50 x 49 x17 x13 


where, 2 <n <50. (1983, 3M) 


43. An anti-aircraft gun can take a maximum of four shots 
at an enemy plane moving away from it. The 
probabilities of hitting the plane at the first, second, 
third and fourth shot are 0.4, 0.3, 0.2, and 0.1, 
respectively. What is the probability that the gun hits 
the plane? (1981, 2M) 


44. A box contanis 2 black, 4 white and 3 red balls. One 
ball is drawn at random from the box and kept aside. 
From the remaining balls in the box, another ball is 
drawn at random and kept beside the first. 
This process is repeated till all the balls are 
drawn from the box. Find the probability that the balls 
drawn are in the sequence of 2 black, 4 white and 
3 red. (1979, 2M) 


Integer Answer Type Question 


45. Of the three independent events £,,#, and E;, the 
probability that only E, occurs isa, only E, occurs is B 
and only E; occurs is y. Let the probability p that none 
of events E,,E, or Es, occurs satisfy the equations 


(a -2f8), p=aB and @-3y) p=2fy. All the given 
probabilities are assumed to lie in the interval (0, 1). 


probability of occurrence of FE, 


Then is equal to 


” probability of occurrence of E; 


Passage Type Questions 


Passage 


Football teams T, and T, have to play two games against each 
other. It is assumed that the outcomes of the two games are 
independent. The probabilities of JT, winning, drawing and 
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losing a game against T, are ; . and > respectively. Each 


team gets 3 points for a win, 1 point for a draw and 0 point for 
a loss ina game. Let X andY denote the total points scored by 
teams JT, and T,, respectively, after two games. (2016 Adv.) 


46. P(X>Y)is 


(a) 1 (b) (+ (qa 1 
4 12 2 12 
47. P(X=Y)is 
(a) it () + («18 q@+ 
36 o 36 2 


Topic 4 Law of Total Probability and Baye’s Theorem 


Objective Question I (Only one correct option) 


1. 


4. 


A pot contain 5 red and 2 green balls. At random a ball 
is drawn from this pot. If a drawn ball is green then put 
ared ballin the pot and if a drawn ball is red, then put a 
green ball in the pot, while drawn ball is not replace in 
the pot. Now we draw another ball randomnly, the 
probability of second ball to be red is (2019 Main, 9 Jan II) 


26 
a) = (b) = Breed a): 


Abag contains 4 red and 6 black balls. A ball is drawn at 
random from the bag, its colour is observed and this ball 
along with two additional balls of the same colour are 
returned to the bag. If now a ball is drawn at random 
from the bag, then the probability that this drawn ball 
is red, is (2018 Main) 


3 2 i 3 
oe b) 2 ms 2 
(a) 0 (b) : (c) : (d) ‘i 


A computer producing factory has only two plants 7; 
and T,. Plant T, produces 20% and plant T, produces 
80% of the total computers produced. 7% of computers 
produced in the factory turn out to be defective. It is 
known that P(computer turns out to be defective, given 
that it is produced in plant 7,) =10P (computer turns 
out to be defective, given that it is produced in plant T,), 
where P (£) denotes the probability of an event E. A 
computer produced in the factory is randomly selected 
and it does not turn out to be defective. Then, the 
probability that it is produced in plant 7), is (2016 Adv.) 


36 47 

(a) — — 

73 ) 79 

78 75 

c) — d) — 

e) 93 oe 83 
A signal which can be green or red with probability : 


1 : : : ; 
and 5 respectively, is received by station A and then 


transmitted to station B. The probability of each station 
receiving the signal correctly is - If the signal received 


at station B is green, then the probability that the 
original signal green is (2010) 


3 6 20 9 
(a) : (b) 7 (c) = (d) oF 


Objective Question II 
(One or more than one correct option) 


5. A ship is fitted with three engines E,, EZ, and E,. The 
engines function independently of each other with 
respective probabilities 1/2, 1/4 and 1/4. For the ship to 
be operational atleast two of its engines must function. 
Let X denotes the event that the ship is operational and 
let X,, X, and X, denote, respectively the events that the 
engines E,, HE, and E, are functioning. 


Which of the following is/are true? (2012) 
(a) P [X/| X]= 3/16 
(b) P [exactly two engines of the ship are functioning] = ; 


5 
P(X | X,]=— 
er 


(a) PIXIXJ=— 


Assertion and Reason 


For the following questions, choose the correct answer 

from the codes (a), (b), (c) and (d) defined as follows. 

(a) Statement [is true, Statement II is also true; 
Statement II is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; 
Statement IT is not the correct explanation of 
Statement I 

(c) Statement I is true; Statement IT is false 

(d) Statement I is false; Statement II is true 


6. Let H,, Hz,...,H,, be mutually exclusive events with 


P(H,)>0, i=1, 2,...,n. Let E be any other event with 
0<P(E)<1. 


Statement I P(H,/E) > P(E/H,)- P(A) for 
ia eee 7 


Statement II oy P(H,)=1 
= (2007, 3M) 
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Passage Based Problems 


Passage I 


Let n, and n,be the number of red and black balls, respectively 
in box I. Let nz and n, be the number of red and black balls, 


respectively in box II. 
7. 


8. 


(2015 Adv.) 


One of the two boxes, box I and box II was selected at 
random and a ball was drawn randomly out of this box. 
The ball was found to be red. If the probability that this 


red ball was drawn from box II, is > then the correct 


option(s) with the possible values of n,,n, n, and ny 
is/are 


(a) n, = 3,n.=3,n, =5,n,=15 
(b) n, = 3, ng = 6, ng =10,n, = 50 
(c) n, = 8,n, =6,n, = 5,n, = 20 
(d) n, = 6, n, =12,n, = 5, n, = 20 


A ball is drawn at random from box I and transferred to 
box II. If the probability of drawing a red ball from box I, 


: Peel : : 
after this transfer, is 3 then the correct option(s) with 


the possible values of n, and nz is/are 
(a) n, = 4andn, =6 (b) n, = Zand n, = 3 
(c) n, =10and n, = 20 (d) n, = 3andn, = 6 


Passage II 


Let U, andU, be two urns such that U, contains 3 white and 2 
red balls andU, contains only 1 white ball. A fair coin is tossed. 
If head appears then 1 ball is drawn at random from U, and 
put into U,. However, if tail appears then 2 balls are drawn at 
random from U, and put into U,. Now, 1 ball is drawn at 


random from U,,. 


9. 


10. 


(2011) 
The probability of the drawn ball from U, being white, is 


13 23 19 11 
— b) — — d) — 
. 30 oy 30 0 30 ©) 30 


Given that the drawn ball from U, is white, the 
probability that head appeared on the coin is 


11 15 
b) ia) 
©) 23 © 23 


Passage III 


A fair die is tossed repeatedly until a six is obtained. Let X 


denote the number of tosses required. 


11. 


12. 


13. 


(2009) 
The probability that X =3 equals 


2 2 12 
a> 2 ( 2. (@ = 

216 36 36 216 
The probability that X = 3 equals 

12 2 2 
(a) 2) 2 «) 2 (@ 2 

216 36 36 216 
The conditional probability that X =>6 given X > 3 equals 

12 2 2 
@ i wmP o2 (a 2 

216 216 36 36 

Passage IV 


There are n urns each containing (n + 1) balls such that the ith 
urn contains ‘i’white balls and (n + 1-1) red balls. Let u; be the 
event of selecting ith urn, i =1,2,3,...,n and W denotes the 


event of getting a white balls. 


(2006, 5M) 


14. 


15. 


16. 


If P(u;) <i, where i =1, 2, 3,..., n, then lim P(W) is 
equal to tee 


(a) 1 (b) 
1 

Cc) — d)= 

(c) ; (d) Fi 

If P(u;)=c, where cis a constant, then P(u,,/W) is 

equal to 


(a) : 
n+ 


n 


6+ © 
n+1 n+1 


1 
d)- 
Oe 


If n is even and EF denotes the event of choosing even 


numbered urn | Pla | ,then the value of P(W/E ) is 
n 
(a) n+ 2 n+2 (c) n (a) 1 
2n+1 2(n+1) n+1 n+1 


Analytical and Descriptive Questions 


17. 


18. 


19. 


20. 


21. 


22. 


A person goes to office either by car, scooter, bus or 
train probability of which being £ F 2 ‘ 2 and a 
a f° 9 7 

respectively. Probability that he reaches offices late, if 
wow 2 Ld 1 

scooter, bus or train is —,—,— and -, 
999 9 


respectively. Given that he reached office in time, 
then what is the probability that he travelled by a car ? 
(2005, 2M) 
A bag contains 12 red balls and 6 white balls. Six balls 
are drawn one by one without replacement of which at 
least 4 balls are white. Find the probability that in the 
next two drawn exactly one white ball is drawn. (Leave 
the answer in "C,). (2004, 4M) 


he takes car, 


A box contains N coins, m of which are fair and the rest 
are biased. The probability of getting a head when a fair 
coin is tossed, is 1/2, while it is 2/3 when a biased coin is 
tossed. A coin is drawn from the box at random and is 
tossed twice. The first time it shows head and the second 
time it shows tail. What is the probability that the coin 
drawn is fair? (2002, 5M) 


An urn contains m white and n black balls. A ball is 
drawn at random and is put back into the urn along 
with k additional balls of the same colour as that of the 
ball drawn. A ball is again drawn at random. 
What is the probability that the ball drawn now is 
white? (2001, 5M) 


Hight players P,, P;,..., Ps play a knock-out tournament. 


It is known that whenever the players P and P,; play, 
the player P will win if i < j. Assuming that the players 
are paired at random in each round, what is the 


probability that the player P, reaches the final? 
(1999, 10M) 


Three players, A, B and C, toss a coin cyclically in that 
order (i.e. A, B, C, A, B, C, A, B, ...) till a head shows. 
Let p be the probability that the coin shows a head. Let 
a, B and y be, respectively, the probabilities that A, B 
and C gets the first head. Prove that B =(1—- p)a. 
Determine a, B and y (in terms of p). (1998, 8M) 


23. 


24. 


Sixteen players S,,S»o,...,S;, play in a tournament. 

They are divided into eight pairs at random from each 

pair a winner is decided on the basis of a game played 

between the two players of the pair. Assume that all the 

players are of equal strength. 

(i) Find the probability that the player S, is among the 
eight winners. 

(ii) Find the probability that exactly one of the two players 
S, and S, is among the eight winners. (1997C, 5M) 


In a test an examinee either guesses or copies of knows 
the answer to a multiple choice question with four 


choices. The probability that he make a guess is ; and 


the probability that he copies the answer is 7 The 


probability that his answer is correct given that he 


25. 


26. 
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copied it, is 7 Find the probability that he knew the 


answer to the question given that he correctly answered 
it. (1991, 4M) 


An urn contains 2 white and 2 blacks balls. A ball is 
drawn at random. If it is white it is not replaced into the 
urn. Otherwise it is replaced along with another ball of 
the same colour. The process is repeated. Find the 
probability that the third ball drawn is black.(1987, 4M) 


A lot contains 20 articles. The probability that the lot 
contains exactly 2 defective articles is 0.4 and the 
probability that the lot contains exactly 3 defective 
articles is 0.6. Articles are drawn from the lot at random 
one by one without replacement and are tested till all 
defective articles are found. What is the probability that 
the testing procedure ends at the twelfth testing? 
(1986, 5M) 


Topic5 Probability Distribution and Binomial Distribution 


Objective Questions I (Only one correct option) 


1. 


For an initial screening of an admission test, a 
candidate is given fifty problems to solve. If the 
probability that the candidate can solve any problem is 


= then the probability that he is unable to solve less 
than two problem is (2019 Main, 12 April II) 
49 48 49 48 
201/ 1 316/ 4 54( 4 164/1 
(a) [ } (b) ( © ( @) 164(1) 
5 \5 25 \5 5 \5 25 \5 
Let a random variable X have a binomial distribution 


with mean 8 and variance 4. If P(X <2) = 0 then k is 


equal to (2019 Main, 12 April |) 
(a) 17 (b) 121 (c) 1 (d) 137 


Minimum number of times a fair coin must be tossed so 
that the probability of getting atleast one head is more 
than 99% is (2019 Main 10 April II) 
(a) 8 (b) 6 (c) 7 (d) 5 


The minimum number of times one has to toss a fair 
coin so that the probability of observing atleast one head 
is atleast 90% is (2019 Main, 8 April II) 


(a) 2 (b) 3 (c) 5 (d) 4 
In a game, a man wins = 100 if he gets 5 or 6 on a throw 


of a fair die and loses %50 for getting any other number 
on the die. If he decides to throw the die either till he 
gets a five or a six or to a maximum of three throws, 
then his expected gain/loss (in rupees) is 

(2019 Main, 12 Jan II) 


400 


a () SS gain 


(a) a oss (b) “Sloss ©) 0 


If the probability of hitting a target by a shooter in any 


el. ot ; 
shot, is 3° then the minimum number of independent 


shots at the target required by him so that the 


10. 


11. 


probability of hitting the target at least once is greater 


than -, is 
6 (2019 Main, 10 Jan II) 


(a) 6 (b) 3 (c) 5 (d) 4 
Two cards are drawn successively with replacement 
from a well shuffled deck of 52 cards. Let X denote the 
random variable of number of aces obtained in the two 
drawn cards. Then, P(X =1)+ P(X =2) equals 
(2019 Main, 9 Jan I) 

25 52 49 
a) — — c) — 
@) 169 ©) 169 ©) 169 169 
A box contains 15 green and 10 yellow balls. If 10 balls 
are randomly drawn one-by-one with replacement, then 


the variance of the number of green balls drawn is 
(2017 Main) 


12 6 
(a) - (b) 6 (c) 4 (d) oF 
A multiple choice examination has 5 questions. Each 
question has three alternative answers of which exactly 
one is correct. The probability that a student will get 4 


or more correct answers just by guessing is (2013 Main) 

138 ala 
India plays two matches each with West Indies and 
Australia. In any match the probabilities of India 
getting points 0, 1 and 2 are 0.45, 0.05 and 0.50, 
respectively. Assuming that the outcomes are 
independent. The probability of India getting at least 7 
points, is (1992, 2M) 
(a) 0.8750 (b) 0.0875 (c) 0.0625 (d) 0.0250 


One hundred identical coins, each with probability p, of 
showing up heads are tossed once. If 0 < p<1 and the 
probability of heads showing on 50 coins is equal to that 
of heads showing on 51 coins, then the value of p is 
(1988, 2M) 
(a) 1/2 (d) 51/101 


(b) 49/101 (ec) 50/101 
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Fill in the Blanks 15. Ais a set containing n elements. A subset P of A is 
: . . : chosen at random. The set A is reconstructed by 

12. Ifthe mean and the variance of a binomial variate X are replacing the elements of P. A subset @ of A is again 
2 and 1 respectively, then the probability that X takes a chosen at random. Find the probability that P and Q 
value greater than one is equal to... . (1991, 2M) have no common elements. (1991, 4M) 

13. Fora biased die the probabilities for the different faces 16. Suppose the probability for A to win a game against Bis 
to turn up are given below 0.4. If A has an option of playing either a ‘best of 3 

Face il 2 3 4 5 6 games’ or a ‘best of 5 games” match against B, which 


option should choose so that the probability of 


Probabilit 0.1 0.32 0.21 0.15 0.05 0.17 ; be ss : ; : 
Bi A Re ee his winning the match is higher? (no game ends in a 


This die is tossed and you are told that either face 1 or draw). (1989, 5M) 
face 2 has turned up. Then, the probability that it is face 17. A man takes a step forward with probability 0.4 and 
1,18... C81, 2M) backwards with probability 0.6. Find the probability 

that at the end of eleven steps he is one step away from 


Analytical & Descriptive Questions iheaaieine paint. emer 


14. Numbers are selected at random, one at a time, from the 
two-digit numbers 00, 01, 02, ..., 99 with replacement. Integer Type Question 
An event F occurs if and only if the product of the two 
digits of a selected number is 18. If four numbers are 
selected, find probability that the event E occurs at least 


18. The minimum number of times a fair coin needs to be 
tossed, so that the probability of getting atleast two 


3 times. (1993, 5M) heads is atleast 0.96, is (2015 Adv.) 
Answers 
Topic 1 39. (i) A, B and C are pairwise independent 40. 7 
1. (c) 2. (a) 3. (a) 4, (d) 5 
5. (a) (c) 7. (a) 8. (a) PY ee ee 43. 0.6976 44.—— 4B. 6 
9. (a) 10. (c) 11. (d) 12. (d) 3 2 1260 
13. (a) 14. (b) 15. (c) 16. (b) 46. (b) 47. (c) 
17. (d 18. (b 19. (b 20. ; 
21 : 22 2 23 os 24 ie Lalani 
36 haga By PO ae : 1. (d) 2. (b) 3. (c) 4, (c) 
n n 6 
on, G"— 3:2" +3) x °C, ines age 5. (b, d) 6. (d) 7. (b) 8. (d) 
es 91 9. (b) 10. (d) 11. (a) 12. (b)° 
ee ae 29. ) + gy 18. (d) 14. (b) 15. (a) 16. (b) 
OCs 132 462 1 
7 
Topic 2 y 
1. (b) 2. (a) 8. (c) 4, (a) 13, C2 GPG PQECS MGNG yg 9m 
5. (c) 6. (c) 7. (a) 8. (a, b, c) a a ia BC. ay 8N+m 
0-8) to, = 11. P(AMB) 12. False 2, 91, + 
40 m+n 35 
13. 13.9% 15. No 16. (a) 17. (c) sites: 2 = a. 
Topic 3 1-(l1-p)>-1-(—p)®’ u(1—p)° 
1. (d) 2. (b) 3. (b) 4, (a) ata 8 24 23 99 
5 (c) 6. (d) 7, (a) 8. (a) 23. We 24, 29 25. 30 26. 1900 
9. (d) 10. (c) LL. (c) 12. (b) ; 
13. (b) 14. (a) 15. (a) 16. (b) be a i Le 
Cc 2» (C 
17. (a) 18. (c) 19. (b) 20. (b) hex ee nae oe 
21. (a, b) 22. (ab) 23. (a, d) 24. (b,c) a 
25. (a, d) 26. (a, d) 27. (a, c) 28. (b, c, d) me 46) ese me nie 


18. 14. 


21 254 
36. 2p'-p’ 38. ~~ 16. Best of 3 games 17. "C,(0.24)° 18. (8) 


bo 
it~) 
OlrP Ble 
i) 
S 
Nile Niu 
eo 
—_ 
w| be 
i) 
mS 
oi | 
ul 
uw 
|3 
Re 
—_ 
oo 
a 
[ow 
3 


1. 


Hints & Solutions 


Topic1 Classical Probability 


It is given that a person wins 

%15 for throwing a doublet (1, 1) (2, 2), (8, 3), 

(4, 4), (5, 5), (6, 6) and win %12 when the throw results in 
sum of 9, i.e., when (8, 6), (4, 5), 

(5, 4), (6, 3) occurs. 

Also, losses %6 for throwing any other outcome, i.e., 
when any of the rest 36 —6 — 4 =26 outcomes occurs. 
Now, the expected gain/loss 

=15 x P (getting a doublet) + 12 x P (getting sum 9) 
—6 x P (getting any of rest 26 outcome) 


-(15x5)+(12x4) [6x>) 

36 36 36 

54 26 15+8-26 

2 3 6 6 

23-26 3 _ 
6 6 


zh means loss of zt 
2 2 


Since, the experiment should be end in the fifth throw of 
the die, so total number of outcomes are 6°. 
Now, as the last two throws should be result in two fours 

4 4 
(2) (Gi) Git) Gv) (v) 
So, the third throw can be 1, 2, 3, 5 or 6 (not 4). Also, 
throw number (i) and (ii) can not take two fours in 
succession, therefore number of possibililites for throw 
(i) and (ii) =6”-1=35 

[.: when a pair of dice is thrown 
then (4, 4) occur only once]. 

5x85 175 


6° 6° 


Hence, the required probability = 


Since, there is a regular hexagon, then the number of 
ways of choosing three vertices is Cx And, there is only 
two ways i.e. choosing vertices of a regular hexagon 
alternate, here A,, A;, A, or Ag, Ay, Ag will result in an 
equilateral triangle. 


Ai 
Aa 
..Required probability 
2 2 = 2x8x2x3x2 1 
°C, 6! -Gxox4x3x2x1 10 
3!3! 
Number of subset of S = 27° 
Sum of elements in Sis1+24..... +20 = a0teT) 210 
E 14+24...... n= mnt | 


Clearly, the sum of elements of a subset would be 208, if 
we consider it as follows 


S {7,8 {1,6}.S {2, 5}, S — {8, 4} 


6. 


S—{1,2,4} 
.. Number of favourables cases =5 


Hence, required probability = = 


Total number of ways of selecting 2 different numbers 
from {0, 1, 2, ..., 10} = 4C, =55 
Let two numbers selected be x and y. 


Then, x+ y=4m a0) 
and x-y=4n ve¢(1) 
> 2x=4(m +n) and 2y=4(m —-n) 

=> x=2(m+ n)and y=2(m —n) 


..xand y both are even numbers. 


x a 

0 4,8 
2 6, 10 
4 0,8 
6 2, 10 
8 0,4 
10 2,6 


.. Required probability = = 
Sample space > a OF 


Number of possibilities for zis even. 


z=0>1'1C¢, 

z=2= °C, 

z=4>'C, 

z=6> 0, 

z=8> a On 
z=10> 1c 

Total = 36 

+, Probability= 2° -* 
66 11 


We have mentioned that boxes are different and one 
particular box has 3 balls. 


Bo ya” 66 2) 


Then, number of ways = 
mber of ways 32 3 (3 
Total number of ways to arrange 3 boys and 2 girls are 
5!. 
According to given condition, following cases may arise. 
B G G B B 
G G B B B 
G B G B B 
G B B G B 
B G B G B 


So, number of favourable ways =5 x3! x 2!=60 


; ta 60 1 
Required probability = —— = — 
. - 120 2 
PLAN As one of the dice shows a number appearing on one of P,, Po 
and P3. 
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10. 


11. 


12. 


Thus, three cases arise. 
(i) All show same number. 
(ii) Number appearing onD, appears on any one of 
D,, Dnand Ds. 
(iii) Number appearing onD, appears on any 
two of D,, D, and Ds. 


Sample space =6 x6 x6 x 6 =6/ favourable events 
= Case I or Case II or Case III 
Case I First we should select one number for D, 
which appears on all i.e. oC; x1 
Case II For D, there are °C, ways. Now, it appears 
on any one of D,, D, and D, i.e. °C, x1. 
For other two there are 5 x 5 ways. 
=> 80, x8C, K1 KB XS 
Case III For D, there are i OF ways now it appears on 
any two of D,, D, and D, 
= “C21 
For other one there are 5 ways. 
= CeCe 1* ss 


6 6 3 2.6 3 
Thus, probability = Cy + 0, x "Cy, x5 + 7C, X“Cy x5 


64 
_ 6(1+ 75 + 15) 
a 
_ 9 
~ 216 


Sample space A dice is thrown thrice, n (s) =6 x6 x6. 


Favorable events @"! +@' 2+ =0 


le. (%, 7, 73) are ordered 3 triples which can take 
values, 


(1,2,8), (1,5,83), (4,2 ,3), (4,5,3) . 8 di d . 
i.e. 8 ordered pairs 
(1,26), (1,5,6), (4,2,6), (4,5,6) : 
and each can be arranged in 3! ways =6 
8x6 2 
n(£)=8x6 => P(E)= == 
6x6x6 9 


Since, three distinct numbers are to be selected from 
first 100 natural numbers. 

a n(S) = 100¢>, 

Eayourable events) = All three of them are divisible by both 
2and3. 

= Divisible by 6 ie. {6, 12, 18, ..., 96} 

Thus, out of 16 we have to select 3. 


160 4 


Required probability = To, aaee 
3 


Here, two numbers are selected from {1, 2, 3, 4, 5, 6} 
= n(S)=6 x5 {as one by one without replacement} 
Favourable events = the minimum of the two numbers 
is less than 4. n(#)=6 x4 {as for the minimum of the 
two is less than 4 we can select one from (1, 2, 3, 4) and 
other from (1, 2, 3, 4, 5, 6) 

n(E) 24 4 


n(S) 30 5 


Required probability = 


13. 


14. 


15. 


16. 


17. 


7 =7,77 


49, 7? =343, 74 =2401, ... 


Therefore, for 7", r¢ N the number ends at unit place 
199) 33 1s Ticats 


7” + 7” will be divisible by 5 if it end at 5 or 0. 
But it cannot end at 5. 
Also for end at 0. 
For this m and n should be as follows 


m n 
1 Ar 4r-2 
2 4r—1 4r—3 
3 4r-2 4r 
4 4r—3 4r—1 


For any given value of m, there will be 25 values of n. 
Hence, the probability of the required event is 


100x25 1 
100x100 4 
NOTE Power of prime numbers have cyclic numbers in their unit 


place. 


The number of ways of placing 3 black balls without any 
restriction is 1°C,. Since, we have total 10 places of 
putting 10 balls in a row. Now, the number of ways in 
which no two black balls put together is equal to the 
number of ways of choosing 3 places marked ‘— out of 
eight places. 


W—W—W—W —W—W—W- 
This can be done in °C, ways. 
8C, 
100, 


_8x7x6_ 7 
10x9x8 15 


Required probability = 


Three vertices out of 6 can be chosen in °C; ways. 
So, total ways = °C; =20 
Only two equilateral 
triangles can be formed 
AAEC and ABFD. 
-. Favourable ways =2 
So, required probability 
-2 21 
20 10 
Since, three dice are rolled. 
Total number of cases S =6 x6 x6=216 
and the same number appear on each of them = °C, =6 


; sak 6 1 
-. Required probability = —— = — 
ore pence gia ag 


Since, there are 15 possible cases for selecting a coupon 
and seven coupons are selected, the total number of 
cases of selecting seven coupons = 15! 

It is given that the maximum number on the selected 
coupon is 9, therefore the selection is to be made from 
the coupons numbered 1 to 9. This can be made in g! 
ways. Out of these 9’ cases, 8’ does not contain the 
number 9. 


18. 


19. 


20. 


21. 


Thus, the favourable number of cases = 9! — 8’. 
9’ 8! 


Required probability = Fi 


The number of all possible determinants of the form 
a b 


4 
: a\72 =16 
Out of which only 10 determinants given by 
1 1//0 OO}; j1 1) {0 O} JO 1) ]1 OF |1 O 
le edteea ica 1]7}0 1/7)1 O/}O oO; 
0 1/|0 0 
i O|’}1 0 


Vanish and remaining six determinants have non-zero 


values. Hence, the required probability = “ == 


Statement I is true. 

Statement IT is also true as the homogeneous equations 
have always a solution and Statement II is not the 
correct explanation of Statement I. 


Number of favourable outcomes 
Number of total outcomes 


PLAN Probability = 


As, x, + X9 + x is odd. 

So, all may be odd or one of them is odd and other two 
are even. 

Required probability 
"Oe Oe Oe OO Se Ce Oe, 
1 3 3 
+ °C, x °C, x °C, 
"Ceo, ee 


_ 24+84124+9 
7 105 

_ 53 

~ 105 


Since, 4, X),%; are in AP. 


% + Xs = 2x 
So, x, + % should be even number. 
Either both x, and x; are odd or both are even. 
AC ey & ORC, 


«. Required probability = 
"CC. & ©, 
i 
105 
According to given condition, 
P ( yellow at the first toss) = : 7 : 
2° 1 
P (ved at the second toss) = ae 
and P (blue at the third toss) = : 
Therefore, the probability of the required event 
1 1 £1 =é«21 
=—- Kk = S— 
2 3 6 36 


22. 


23. 


24. 


25. 


26. 
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Since, pee ; aie 2 and t—2P 
3 4 
mutually exclusive events. 


1+3p 1-p _1-2p 


are the probability of 


<1 
3 4 2 
> 44+12p+3-38p+6-12p<12 
=> 13-3p <12 
1 : 
= 2 saa 
oe (i) 
aid 0222 9? oy get Pei pe ZF ey 
3 4 2 
=> 0<14+3p<3,0<1-p<4,0<1-2p<2 
1 2 1 1 . 
> —-—<p<—,12>p2>-3,—2>p2>-— ...@i 
Ae er v) ee (ii) 


From Kgs. (i) and (ii), 1/3 < p< 1/2 


Since, determinant is of order 2 x 2 and each element is 


0 or 1 only. 

Ze n (8) =2* =16 

and the determinant is positive are 
1 0; |1 1) /1 0 
0 1/jo 1fj1 1 
n(f)=3 


Thus, the required probability = 


Total number of ways to arrange ‘ASSASSIN’ is = 


First we fix the position ®@A ® A ®@I@N®. 


Number of ways in which no two S’s occur together 
4! 


Tl x a, 
! 1x2! 
. Required probability = 4A!x5 x4tx2t_ 1 
2!x8! 14 


Hence, it is a false statement. 


Let us define a onto function F'from A:[7,, 7,... ,7,] to 


B: [1, 2, 3], where 7, 7%,...,7, are the readings of n 
throws and 1, 2, 3 are the numbers that appear in the n 
throws. 


Number of such functions, M = N — [n(1) — n@) + n@)] 
where, N = total number of functions 


and n(t)= number of function having exactly ¢ 
elements in the range. 


Now, N =8",n(1)=3-2”, nQ) =3, n(8) =0 
> M =3" -3-2"+8 
Hence, the total number of favourable cases 
= 8" —3-2" + 3). °C, 
@”" —3-2" 43) x °C, 
6” 
The required probability = 1 — (probability of the event 


. Required probability = 


that the roots of x7 + px+ q=0 are non-real). 
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27, 


28. 


The roots of x? + px + g =0 will be non-real if and only if 
p’—4q <0, ie. if p?<4q 

The possible values of p and g can be possible according 
to the following table. 


Value of g Value of p Number of pairs of p, g 


1 


3 

3 

3,4 
3,4 
3,4,5 
3,4,5 
3,4,5 
,3,4,5,6 


CO}]O;}OINID) | aA!ARIW]M]— 
wi] w y|y|w Hpiy) yi) 
O;al i a;ya|;] AR) RIL oO] w)]p 


= 


, 


Therefore, the number of possible pairs = 38 
Also, the total number of possible pairs is 10 x 10 = 100 


.. The required probability = 1 —- = =1-0.38 =062 


We have 14 seats in two vans and there are 9 boys and 3 
girls. The number of ways of arranging 12 people on 14 
seats without restriction is 

14! 


“Pg = Sr = 7089) 


Now, the number of ways of choosing back seats is 2. 
and the number of ways of arranging 8 girls on adjacent 
seats is 2(3!) and the number of ways of arranging 9 
boys on the remaining 11 seats is ue, ways. 
Therefore, the required number of ways 

4-3!11! 


=2.(2-3!)-"' P, = on = 12! 
Hence, the probability of the required event 

| 

“P13! Si 


There are (n + 7) coins in the box out of which five coins 

can be taken out in "*"C; ways. 

The total value of 5 coins can be equal to or more than 

one rupee and fifty paise in the following ways. 

(i) When one 50 paise coin and four 25 paise coins are 

chosen. 

Gi) When two 50 paise coins and three 25 paise coins 
are chosen. 

(iii) When two 50 paise coins, 2 twenty five paise coins 
and one from n coins of ten and five paise. 

.. The total number of ways of selecting five coins so 
that the total value of the coins is not less than one 
rupee and fifty paise is 

CC, é C5 -"Co) + CC, - C3 -"Co)+ CC, é Cy-"C}) 
=104+10+10n=10 (n+ 2) 


So, the number of ways of selecting five coins, so 
that the total value of the coins is less than one 
rupee and fifty paise is "*7C; —10(n + 2) 
"+7C, —10(n + 2) 
n+ 1. 
10 (n + 2) 
- waar oe 


.. Required probability = 


29. (i) The total number of arrangements of six boys and 


six girls =12! 


ly 7! 
(adie ebay OS 
(12)! 132 
[since, we consider six girls at one person] 
é ; a 2x6!x6! 1 
(ii) Required probability = ————_— = — 
(12)! 462 


Topic 2 Addition and Subtraction Law of 


Probability 


1. We have, P (exactly one of A or B occurs) 


=P(AU B)-P(An B) 
= P(A) + P(B)-2P(A nr B) 
According to the question, 


P(A) + P(B)-2P(An B) =7 (i) 
P(B)+ P(C)-2P(B0C)= ; ...(ii) 
and P(C) + P(A)-2P(C 0 A) =7 (iii) 


On adding Eas. (i), (ii) and (iii), we get 
2 [P(A) + P(B) + P(C)- P(A nn B)- P(BAC) 


~PCAM== 


= P(A) + P(B) + P(C)- P(ANB)-P(BOC) 
—-P(CN A)= : 
..P (atleast one event occurs) 
=P(AUBUC) 
= P(A) + P(B) + PC)- P(A B)-P(BAC) 
—-PCAA)+P(ANBOC) 


eee Pin BAG=| 
8 16 16 [ 16 | 
; Given, P(B) =", Pn BNC) == 
L- (ANBnC) 
t— (ANBAC) 


| ___ (BC) 


and PAnBn)=; 


which can be shown in Venn diagram. 
« PBaC)=P(B)-{PAN BAC + P(ANBAC))} 


. Given, 


38 (F+5)-3 2 1 
“4 \8°3) 4 3 «12 


3. Itis given that, P(E)<P(F) > EcF (i) 


and P(EQF)>0 = ECF 


(a) occurrence of F = occurrence of F [from Eq. (i)] 
(b) occurrence of F = occurrence of HF [from Eq. (ii)] 
(c) non-occurrence of FE = occurrence of F 

[from Eq. (i)] 


.. (ii) 


Hence, option (c) is not correct. 


. We know that, 


P (exactly one of A or B occurs) 
= P(A) + P(B)-2P(An B) 


P(A)+ P(B)-2P(An B)=p (i) 
Similarly, P(B) + P(C) -2P(BAC)=p .. (ii) 
and P(C)+ P(A)-2PCCOA)=p __ ...(iii) 


On adding Eas. (i), (ii) and (iii), we get 
2 [P(A) + P(B) + P(C)- P(A B) 
—P(BAC)-P(COA)]=3p 
= P(A) + P(B)+ PC)- P(An B) 
-P(BNC)- PCr A)="P ..(V) 


It also given that, P(A A BOC)=p" ...(v) 
.. P(at least one of the events A, B, and C occurs) 
= P(A) + P(B)+ P(C)- P(ANB) 
—-P(BAC)-P(Cn A)+ PAN BAC) 
3p 2 


gee 


_8p+2p 
2 


. Since, P(AN B) = P(A): P(B) 


[from Eas. (iv) and (v)] 


It means A and B are independent events, so A’ and B’ 
are also independent. 


P(AU BY = P(A’n B’ )= P(AY - P(BY 
Alternate Solution 
P(AU BY =1-P(AUB) =1-{P(A)+ P(B) —P(A)- P(B)} 
= {1 — P(A)}{1 — P(B)} = P(AY PiBY 
P(AU B)=0.6, P(An B)=0.2 
- P(A) + P(B) = [1 - P(A)] + [1 - PB) 
=2-—[P(A) + P(B)] 
=2-[P(AU B)+ P(ANB)] 
=2-[0.6+0.2]=1.2 
. Given, P(A) = 0.25, P(B) =0.50, P(A mn B) =0.14 
P(A Uv B) = P(A) + P(B)- P(AN B) 
=0.25+0.50 — 0.14 =0.61 
Now, P(Au B)=1-P(AU B)=1-0.61= 0.39 


. We know that, 


P (AQ B)=P(A)+ P(B)- P(AU B) 
Also, P(AUB)<1 


10. 


11. 


12. 


13. 
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P (AQ B) min» When P (AU B)mnax =1 
> P(AQB)=>P(A)+P(B)-1 
.. Option (a) is true. 
Again, P(AUB)=0 
P(AQB)max, When P(A UB), =0 
> P(A B)<P(A)+ P(B) 


-, Option (b) is true. 

Also, P (An B) =P (A)+ P (B)- P(A UB), Thus, (c) is 
also correct. 

Hence, (a), (b), (c) are correct options. 

P(exactly one of M, N occurs) 
=P(MAN)U(MaAN)=P(MAN)+P(MAN) 

= P(M)-P(MON)+ PIN)-PM aN) 

= P(M)+ P(N) -2P(M aN) 

Also, P(exactly one of them occurs) 
={1-PMAN)H1-PMUN)} 

=P(MU N)- P(MAN)= P(M) + PIN) -2P(M 0 N) 


Hence, (a) and (c) are correct answers. 


Let EF, be the event getting minimum number 3 and E, 
be the event getting maximum number 7. 


Then, P (£,) = P (getting one number 3 and other two 
from numbers 4 to 10) 
a oe eee 
ee 40 
P (E,)=P(getting one number 7 and other two from 
numbers 1 to 6) 
me a | 


°C, 8 


and P(E, 0 E,)=P(getting one number 3, second 
number 7 and third from 4 to 6) 


P(E, U Ey)= P (E,) + P(E2) — PE, 7 Ep) 
res aa elias | 


40 8 40 40 
P(AUB)=P(A)+ P(B)-P(ANB) 
If P(AUB)=P(AXB), 
then P(A) and P(B) are equals. 
Since, P (AU B)=P(ANB) =>Aand Bare equals sets 
Thus, P (A) and P (B) is equal to P(AN B). 
Given, P (A fails in examination) = 0.2 
and P(B fails in examination) =0.3 
P (AQ B)=P(A)P(B)= (0.2) (0.8) 
P(AUB)=P(A)+ P(B)- P(AN B) 
=0.2+ 0.3- 0.06 =0.44 
Hence, it is a false statement. 


Let P(A) and P(B) denote respectively the percentage of 
city population that reads newspapers A and B. 
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14. 


15. 


16. 


17. 


Then, 
25 1 20 1 
P(A) = , P(B) = 7 
” 100 4’ oa 
8 2 


100 = 


P(ANB)= 


2 17 
P(An B)=P(A)-P(ANB oie 
( ) = P(A) — P( ) ‘ Se m0 
2 8 
P(A B) = P(B)- P(ANB eS 
( ) = P(B) - PC ) = oe oe 
Let P(C) be the probability that the population who 
reads advertisements. 
- P(C) =30% of P(AN B) + 40% of P(An B) 
+ 50% of P(An B) 
[since, ANB,ANB and AB are all mutually 
exclusive] 
= pas x27 2, 38,1, 2 _ 189 
10 100 5 25 2 25 1000 


We know that, 
P(A) + P(B) + P(C)- P(An B)- P(BNC) 

—P(C ON A)+ P(ANBAC)=P(AU BUC) 
>0.3 + 0.4 + 0.8 — {0.08 + 0.28 + P(BC)} + 0.09 


=13.9% 


=P(AUBUC) 
=> 1.23-P(BC)=P(AUBUC) 
where, 0.75 < PPAUBUC)<1 
=> 0.75 < 1.23 — P(BC) <1 
> —0.48 < —P(BC) < -0.23 
> 0.23 < P(BC) <0.48 


Given, P(A)=0.5 and P(ANB)<0.3 

= P(A)+ P(B)- P(AUB)<0.8 

= P(B)<0.3+ P(AUB)-P(A)< P(AUB)- 0.2 
[since, PCAU B) <1 => P(AUB)-0.2< 0.8] 

ae P(B)< 0.8 

=> P(B) cannot be 0.9. 

Here, five students S,,S,,5,,S, and S; and five seats 

R,, Ro, Ry, Ry and RB; 

..Total number of arrangement of sitting five students is 

5!=120 

Here, S, gets previously alloted seat R, 

“.S5,S3,S, and S; not get previously seats. 

Total number of way S,,S,,S, andS; not get previously 

seats is 


a(t eee st a}a24(1- a i+) 


1! 2! 3! 4! 2 6 24 
=4(2-4+1)_ 
24 
Required Pee ac ens 
120 40 


Here, n(Z, NT, 0 T; AT) 


Total =-n (Z, UT, UT3 UT,) 
=n(T, AT, 0 T3 AT) 


Topic 3 


. We know that, P(A/B)= 


=5!—[*C, 4!2!- @C, 3!2!+4 3c, 3!2!2!) 
* CC, 219!+ “GC, 2-259] 
=> nL, ATZAT3 AT) 
= 120 — [192 — (86 + 72) + (8+ 16) —2] 
=120- [192-108 + 24-2]= 


14 7 
Required probability = 
eee Y* 720 60 


Independent and Conditional 
Probability 


1. Let event Bis being boy while event G being girl. 


According to the question, P(B) = P(G) = 3 


Now, required conditional probability that all children 


are girls given that at least two are girls, is 
All 4 girls 


~ (All 4 girls ) + (exactly 3 gis + 1 boy) 
+ (exactly 2 girls + 2 boys) 


—@ 
7 ooae 


Key Idea Use P(A) = 1— P(A) and condition of independent 
events i.e P(A MB) =P(A) - P(B) 


Given that probability of hitting a target independently 
by four persons are respectively 
1 1 1 1 
Po =—,P=—, PR, =—and P,= 
a ae: eae ‘8 
Then, the probability of not hitting the target is 


-b-3)-s}0-a)e-3) 


[.. events are independent] 


_1 x2 i 77 
2 *3 ov *8 32 
Therefore, the required probability of hitting the target 
=1- (Probability of not hitting the target) 
7 25 
32 32 


P(A B) 
P(B) 
[by the definition of conditional probability] 
y AcB 
> ANB=A 
P(A) 
PAIB)= Fm 
As we know that, 0 < P(B) <1 
ste PEE 
P(B) PB )* 


> P(A) ..(ii) 


(i) 


P(A) 

P(B) 

Now, from Eqs (i) and (ii), we get 
P(A/B) => P(A) 


4, In {1, 2, 3, ...., 


11} there are 5 even numbers and 6 odd 
numbers. The sum even is possible only when both are 
odd or both are even. 


Let A be the event that denotes both numbers are even 
and Bbe the event that denotes sum of numbers is even. 
Then, n(A) = °C, and n(B) = °C, + °C, 


Required probability 
5 1 
P(AIB) = P(ANB) | oil ©: 
P(B) ('C,+ °C.) 
ae oe 
°c. 


~ 60,4 5C, 15+10 5 


. Clearly, P(H) = Probability of getting head = 


Wl RNw|e 


and P(T) = Probability of getting tail = 


Now, let E, be the event of getting a sum 7 or 8, whena 
pair of dice is rolled. 

Then, E, = {(6, 1), (5, 2), (4, 3), (3, 4), (2, 5), 

(1, 6), (6, 2), (5, 3), (4, 4), (8, 5), (2, 6)} 

= P(E,) = Probability of getting 7 or 8 when a pair of 


dice is thrown = — 
36 


Also, let P(E) = Probability of getting 7 or 8 ie a 
card is picked from cards numbered 1, 2, ...., 9 =— 


.. Probability that the noted number is 7 or 8 
=P(AE,) or (T NE,)) 
=P(HOE,)+ PTE.) 
[. (7 O E,) and (Tq E,) are mutually exclusive] 
= PH): P(E.) + PO) PEs) 
[. {H, E,} and {T, E,} both are sets of 
independent events] 
2°36°2°9 72 
. Clearly, E, ={(4,1), (4,2), (4,3), (4,4), (4,5), (4,6)} 
E,={(, 2), 2, 2), 8, 2), 4, 2), 6, 2), 6, 2) 
and E, = ((1, 2), (1, 4), (1, 6), (2, 1), (2, 3), (2, 5), 
(3, 2), (8, 4), (8, 6), (4, 1), (4, 3), (4, 5), 
(5, 2), (5, 4), 6), (6, 1), (6, 3), (6, 5)} 


1 11 =#12~2~=«219 
=_xX xi= 


6 1 i 
=> P(£,)=—=- 
ol ae PE) = === 
181 
dé Pee 
and Ps) = a6 g 


Now, P(E, 7 E,) = P (getting 4 on die A and 2 on die B) 
1 
=~ =P) Py) 


36 
P(E, 0 E;) = P (getting 2 on die Band sum of numbers 
on both dice is odd) 
3 
=—=P(E,)- P(E. 
36 (Ey): PEs) 


P(E, OE) = P (getting 4 on die Aand sum of numbers 
on both dice is odd) 
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=< =P): PEs) 
and P(E, 0 E,. E,) = P [getting 4 on die A, 2 on die B 
and sum of numbers is odd] 
= P(impossible event) =0 
Hence, E,, Ez and E are not independent. 


. Given, P(AUB) = ; , P(ANB)= > P(A) =- 


P(AUB)=1- P(AUB)=1- 57 “ 
and Piz Pers 2 
4 4 
P(AUB) = P(A) + ae P(ANB) 
5 3p (By 1 
=> P(B)= : = Aand Bare not equally likely 


P(A B) = P(A): P(B) = ; 
So, events are independent. 


PLAN It is simple application of independent event, to solve a 
certain problem or any type of compitition each event in 
independent of other. 

Formula used 


P(A B)= P(A): P(B), when A and B are independent 
events. 
Probability that the problem is solved correctly by 
atleast one of them = 1 — (problem is not solved by all) 
:. P (problem is solved) = 1 — P (problem is not solved) 
=1- P(A)-P(B)- PC): P(D) 
(= 13 2)- 1 21 — 235 
244 8 256 256 


. Since, P(A) = : 


For independent events, 
P(A B)= P(A)P(B) 
> P(ANB)< 5 
23 4 


7 10710710 
[maximum 4 outcomes may be in AN Bl 


(i) Now, P(ANB)= “6 


> P(AnN B)= 


> P(A).P(B)= 7 
> P(B)= Bg 5 = - , not possible 
10 2 4 
fe 2 2 2 
(i) Now, P(AN — > = x P(B) = ie 


> P(B)= =, , outcomes of B=5 


(ii) Now,  P(ANB)= 2 
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10. 


11. 


12. 


13. 


14, 


3 _, 2 mas 
> P(A)P(B)= 16 > x P(B) = Ti 
P(B)= ; , not possible 
(iv) Now, P(ANB)= “ = P(A). p(B) = a 
> P(B) =1, outcomes of B= 10. 
P ESA F*\ PES AF. AG) 
G PG) 
_PG-P(EqnG)-PGoF) 
7 P@) 
-P@)U-P@)-P)l = 
PO [.. PG) #0] 


=1-P(E)-P(F) =P(E‘)-P(F) 
Let EH =event when each American man is seated 
adjacent to his wife 
and A = event when Indian man is seated adjacent 
to his wife 
n(An E)= (4) x@!yP 
Even when each American man is seated adjacent to his 
wife. 


Now, 


n (BE) = (5!)x(2!)4 
(a) Oe 
E n(E) 6)xa2)y* 5 


Again, 


Alternate Solution 


Fixing four American couples and one Indian man in 
between any two couples; we have 5 different ways in 
which his wife can be seated, of which 2 cases are 
favourable. 

Required probability = : 


Let EF be the event of getting 1 on a die. 


1 = 5 
=> P(E)== and P(£)=— 
(E) F (£) 5 

.. P (first time 1 occurs at the even throw) 


=t,ort, or tg ortg ...andsoon 
={P(E)P(E)} + {P(E) P(E) P(E) P(E)} +... 


“CHOC --n Be 


Probability that only two tests are needed = Probability 


that the first machine tested is faulty x Probability that 


the second machine tested is faulty = | x ; = ; 


The event that the fifth toss results in a head is 
independent of the event that the first four tosses result 
in tails. 


.. Probability of the required event = 1/2 


15. 


16. 


17. 


18. 


19. 


20. 


P (2 white and 1 black) = P (W,W.B, or W,B,W, or 
B,W.W3) 
= P(W,W.B,) + P(W,B,W,) + P(B,W.W;) 
= P(W,)P(W.)P(B;) + P(W,)P(By)P(W3 ) 
+ P(B,)P(W2)PW3) 
_8.2.3,3 2 1 121 1 04+34 ose 
444 444 44 4 382 32 
Given, P (India wins) = 1/2 
P (India losses) =1/2 
Out of 5 matches India’s second win occurs at third test. 


=> India wins third test and simultaneously it has won 
one match from first two and lost the other. 


Required probability = P(LWW)+ P(WLW) 
3 3 
@) +) 7 
=| — +] — = 
2 2 4 
Let A = getting not less than 2 and not greater than 5 
> A={2, 3, 4,5} = P(A) =; 


But die is rolled four times, therefore the probability in 
getting four throws 


-(a)l) Gla) a 
6/\6/\6/\6/ 81 
Let A, B and C denote the events of passing the tests I, 
II and III, respectively. 


Evidently A, B and C are independent events. 
According to given condition, 
5aP [(AAB)U(ANC)] 
= P(AN B)+ P(ANC)- P(ANBNC) 
= P(A) P(B) + P(A)- P(C) — P(A): P(B): P(C) 


ee oe ee 
Pat PS - Pas 


=>1=2pq+ p- pq => 1=p(q+1) ...(i) 
The values of option (c) satisfy Eq. (i). 


[Infact, Eq. (i) is satisfied for infinite number of values 
of p and gq. If we take any values of g such that0 <q <1, 


. It is evident that, 


then, p takes the value 
qt+l 


O< <1li.e.0< p<1. But we have to choose correct 


gr 
answer from given ones.] 
Since, P(A/B) + P(A/B)=1 
P(A/B)=1-—P(A/B) 
Given that, P(A) =0.4, P(A) =0.6 
P(the event A happens at least once) 


= 1-P (none of the event happens) 
=1- (0.6) (0.6) (0.6) = 1 —0.216 =0.784 


21. P(X)= 


(*)- 
(£)- ee. 2 
7? 5 


P&aAY)=2 
( vo 


wlrR 


ParoY) 1 
2 


ae 


Pars SLPS 


PY) == 


( 
Y 


PX uy)=14 oe 
3°15 15 15 15 


4 2 
PW)-PQ OY) _ 1515 _ 
PY) a2 


22. PLAN 
(i) Conditional probability, i.e. P(A/B) = 


(i) P(A UB) = P(A) + P(B)- P(A 1B) 
(iii) Independent event, then P(A m B) = 


Here, Px) = >, P(Z|=2 
2 xX) 3 


P(A): P(B) 


and P(X AY)=6 
»(X)- POY) 
Y 


PY) 
16 


PY) (i) 


PX UY) = PX) + PW) P(X AY) 


Pts ie iii 
“2 56 8 a 


PIKAY)=— and P(X)-P(’)= 
P(X AY) =P(X)- PY) 
independent events 


P(X°AY)=P(V)-P(XNY) 
A 4 


“3 6 6 
23. E F 


BS_ 
SS 


P(EUF)-P EnF)== (i) 


al 


Y 
2 


[i.e. only # or only F] 


24. 
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ZZ 


Neither of them occurs = = 
25 
m PEaR=2 Gi) 
= 55 sx 
From Eq. @), P(E) +P )-2P Eo F)y== .. (ili) 


From Eq. (ii), (1- P(£)) (1- P(P)) = 


ca 
25 
> 1- P(E) - PF) + P(E): P(P)= = ..-(iv) 
From Kgs. (iii) and (iv), 
P(E) + P(F)= : and P(E): P(F) = — 


P(E): E - P@)|= 2 = 12 


> (PE) ~ 2 PE) + = =0 
= roils 
4 3 
P(E) = > or 53 PIF)== 0 i 


Let A, B and C respectively denote the events that the 
student passes in Maths, Physics and Chemistry. 


It is given, 
P(A) =m, P(B) = pand P(C)= cand 
P (passing atleast in one subject) 
=P(AU BUC) =0.75 

> 1-P(A’ AB’ AC’)=0.75 
“ [P(A) =1- P(A) 
and [PAU BUC]=P(A NB AC )| 
=> 1-P(A’)- P(B’)- PC’) =0.75 
-: A, B and C are independent events, therefore A’, B 
and C’ are independent events. 
=> 0.75 =1-(1-m)(1_-p)(Q-0o) 
> 0.25=(1-—m)(1- p) (1-0 wc's() 
Also, P (passing exactly in two subjects)= 0.4 
=> P(AANBAC VU ANBAC VANBNAC)=04 
=> P(AN BAC)+P(ANBAC)+ P(ANBOC)=04 
= P(A) P(B) PC) + P(A)P(B) P(C) 

+ P(A) P(B) P(C) =04 
c)+ p(il—m)c+ (1- p)mc=04 
> pm-— pmc+ pc 


=> pm(l 


pmc+mc-— pmc=0A4 ... (11) 
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25. 


26. 


Again, P (passing atleast in two subjects) =0.5 
=> P(ANBAC)+P(ANBOAC) 

+ P(AN BOC)+ P(ANBNC)=05 
c)+ pce(l —m)+ cm(1 - p) 
=> pm— pem+ pe- pem+ cm— pem 


=> pm pem =0.5 


pem =0.5 


= (pm + pe+ mc)—-2pcem =05. ...(iii) 
From Eq. (ii), 
pm+ pe+mc—-3pcm=04_ ...(av) 
From Eq. (i), 
0.25=1-(m+ p+o)+(pm+ pe+cm)—pem_...(v) 
On solving Eggs. (iii), (iv) and (v), we get 
p+m+c=1.385 =27/20 
Therefore, option (b) is correct. 
Also, from Eqs. (ii) and (iii), we get pmc=1/10 
Hence, option (c) is correct. 
P(EQF) P(EOF) 
P(P) P(P) 
_ P(EQF)+ P(EOF) 
P(F) 
at) 
= PE) = 
Therefore, option (a) is correct. 
P(EQF) 
P(F) 
_P(EQF) . PEF) 
~ P(F) 1- P(F) 
Therefore, option (b) is not correct. 
P(EQF) P(EOF) 
P(F) P(F) 
_ PEF) , PEF) 
P(F)  1-P(F) 
Therefore, option (c) is not correct. 
P(EQF) P(EOF) 
P(F) P(F) 
_ PEQNF)+ PEOF) 
P(F) 
_PE)_ 
= PG) = 


Therefore, option (d) is correct. 


(a) P(E/F)+ P(E/F)= 


P(EQF) 


(b) P(E/F)+ P(E/F)= PE) 


#1 


(c) P(E/F)+ P(E/F) = 


(d) P(E/F)+ P(E/F) = 


Both E and Fhappen = P(E 2 F) = a 


and neither E nor F happens > P(E 2 F) =; 


But for independent events, we have 


P(E 0 F)= P(E) P(F)= “5 (i) 


P(E F)= P(E) P(F) 
={1-PE)HA-P)} 
=1-P(E)— P(F)+ P(E)P(F) 


and 


27. 


28. 


29. 


1 1 

= 5 a1 (PE) + PM} + 
11.7 ? 

- PE) + PP) =1- 54 = ii) 

On solving Eqs. (i) and (ii), we get 

either P(E) = : and P(F)= : 

or P(E) = ‘ and P(F) = ; 


We know that, 
A\ P(A B)_ P(A)+ P(B)-P(AVUB) 
(3) P(B) P(B) 
Since, P(AUB)<1 
=> —-P(AU B)>-1 
=  P(A)+ P(B)- P(AUB)> P(A) + P(B)-1 
P(A) + P(B) - P(AU B) - P(A) + P(B)-1 


P(B) P(B) 
- p(4)>Pw* Pw 
B P(B) 


Hence, option (a) is correct. 
The choice (b) holds only for disjoint i.e. P(A M B) =0 
Finally, P(AU B) = P(A) + P(B)- P(AN B) 

= P(A) + P(B) — P(A): P(B), 
if A, B are independent 

=1-{1-— P(A)} {1 — P(B)} =1- P(A): P(B) 
Hence, option (c) is correct, but option (d) is not correct. 


Since, EF and F are independent events. Therefore, 
P(E OF) = P(£): P(F) #0,so EF and F are not mutually 
exclusive events. 
Now, P(E A F)= P(E) - P(E 2 F)= P(E) — P(E): P(F) 
= P(E) [1 - P(F)] = P(E): P) 
and PEQF)=P(EUF)=1-P(EUF) 
=1-[1- P(E): P®)] 
[.. H and F are independent] 
= P(E): P(F) 
So, Eand F as wellas E and F are independent events. 
Now Pee Ppape Oo eo) 


PF) 
ED 
= P®) = 
P(A‘) =0.3 [given] 
> P (A) =0.7 
P(B) =0.4 [given] 
> P(B‘)=0.6 and P (An B‘)=0.5 [given] 


Now, P(A vu B®) = P(A) + P(B°) - P(AN B’) 
= 0.7+ 0.6-0.5=0.8 


- P[BI(AU B’] IT Rtcie 


_ P(BO A)U(BOB)}_ P(BOA)U6} _ P(BO A) 
0.8 0.8 0.8 


30. 


31. 


32. 


33. 


34. 


il 
0.8 
_0.7-0.5 0.2 1 

0.8 0.8 4 

P(AUB)=P(A)+P(B)-P(A)P(B), as A and B are 

independent events. 

> 0.8 = (0.3) + P (B) — (0.3) P (B) 


=> 0.5=(0.7)P(B) > P (B=? 


[P(A) - PAN B)| 


5 can be thrown in 4 ways and 7 can be thrown in 6 
ways, hence number of ways of throwing neither 5 nor 7 
is 36 — (4+ 6) =26 

.. Probability of throwing a five in a single throw with a 
pair of dice = a = 4 and probability of throwing neither 


pee eee 
386 18 


Hence, required probability 
1 
(3)*Gs)G6)* Gs) ()~ = hat 
= tin = = 
9 18/)\9 18/ \9 1-23 5 
18 


Let R be drawing a red ball and B for drawing a black 
ball, then required probability 


= RRR+ RBR+ BRR+ BBR 
( 6 5 6 ( 6. 6 5 
= x x t x x 
10: “dh “07 10" IL 10 


(4 4 r) (= 7 =) 
+ x— xX + x— x 
10 11 10 10 11 10 


_ 640 _ 32 
1100 55 
Let A be the event that the maximum number on the 


two chosen tickets is not more than 10, and B be the 
event that the minimum number on them is 5 


5 
P(AN B)= ving 
2 
10 
and P(A)= wat 
2 
fis (2) Pann 
A P(A) 
= °C, = 1 
10 Cs 9 


Here, P(A U B)- P(A’ a B’) 
= {P(A)+ P(B)-P(An B){P(A’)- P(B’)} 
[since A, B are independent, so A’ , B’ are independent] 
-. P(AU B): P(A’ 0 B’)<{P(A) + P(B)}- {P(A )- PB )} 
= P(A)- P(A’). P(B’) + P(B)-P(A’)- P(B’) 
<P(A)-.P(B’)+ P(B)- P(A’) ..-(i) 
[. P(A’) < land P(B’) <1] 
=> P(AUB)-P(A’ 1 B’)< P(A)-P(B’)+ P(B)-P(A’) 
= P(AUB)-P(A4 7 B’)< PC) 
[.. P(C) = P(A)-P(B’) + P(B)- P(A’ )] 


35. 


36. 


37. 


38. 
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Given, P(A) = probability that A will hit B= ; 
P(B) = probability that B will hit A = 


P(C) = probability that C will hit A= 


Wile Nie 


P(E) = probability that A will be hit 
= = 12 2 
> P(E) =1- P(B)-PC)=1-=:=== 
(E) (B):- PC) 53s 
Probability if A is hit by B and not by C 
1 2 
P(B):PC)_9°3_1 
P(E) 2 2 
3 
Let E; denotes the event that the students will pass the 
ith exam, where 7 = 1, 2, 3 
and FE denotes the student will qualify. 
P(E) = [P(E,) x P(E, /E;)] 
+ [P(E,) x P(EY/E,) x P(E, / Ey )| 
+ [P(E,’) x P(E,/E’,) x P(E, /E,)] 


=P(BAC/E)= 


=p’ + pil p) 5+ pb) SP 


2 2_ 18 Des 28 
P(py=2P *P P+P—-P _42_ 33 


=> = 
2 Dp —p 


Since, p,, denotes the probability that no two (or more) 
consecutive heads occur. 

= p, denotes the probability that 1 or no head occur. 
For n=1, p, =1 because in both cases we get less than 
two heads (H, 7). 


For n=2, p, =1- p(two heads simultaneously occur). 
=1- p(HH)=1- pp=1-p’ 
For n 23, Py, = Pyp-1(— p)+ Py_a(l - p)p 
= Pn =. P)Pn-1 + PA- P)Pn-2 
Hence proved. 


Let, E, =the event noted number is 7 

E,=the event noted number is 8 

H = getting head on coin 

T =be getting tail on coin 
-. By law of total probability, 
P(f,) =P (A)-P (£,/H)+ P (LT): PE, /T) 

and P(E,)=P(H)-P (E,/H)+ P(T):P (E,/T) 
where, P (H)=1/2=P (T) 
P (E,/H)=probability of getting a sum of 7 on two dice 


Here, favourable cases are 
id, 6), 6, 1), 2, 5), 6, 2); (3,4), (4,3)}. 


P (E,/H)= os : ; 
Also, P (E,/T) =probability of getting 7 numbered 
card out of 11 cards 
ee! 
“11 
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39. 


P (E,/H) =pyrobability of getting a sum of 8 on two dice 
Here, favourable cases are 


2, 6), 6, 2), (4, 4), 6, 3), @, 5)}. 
5 
P (E,/H)=— 
(E,/H) aa 
P (E,/T) = probability of getting ‘8’ numbered 


card out of 11 cards 
=1/11 


piay=(3xz}+(Fx4\=2 ii 
2 6/ \2 11) 12 22 182 


and P@)=(3x2|+(5x-} 
2°36) (2711 


=1($1)_ 91 
2 (396 729 


Now, E, and E, are mutually exclusive events. 


Therefore, 
17 91 193 
P(E E,) =P (E,)+ P (E,)=—— + —~=—— 
EE Ea Gn 100 
Let D, denotes the occurrence of a defective bulb in Ist 
draw. 
Therefore, P(D,) = oe ot 
100 2 


and let D, denotes the occurrence of a defective bulb in 
IInd draw. 


Therefore, P(D.) = eee 


100 2 
and let N, denotes the occurrence of non-defective bulb 


in Ist draw. 
Therefore, P(N,)= a = Z 
100 2 
Again, let N. denotes the occurrence of non-defective 
bulb in IInd draw. 


Therefore, P(N.) = ees 


100 2 
Now, D, is independent with N,and D, is independent 
with No. 
According to the given condition, 
A = {the first bulb is defective} ={D,D,, D,N >} 
B= {the second bulb is non-defective} = {D,N», N,N} 
and C = {the two bulbs are both defective} 
={D,D,, N,N>} 

Again, we know that, 

An B={D,N,}, BAC ={N,NJ}. 

Can A={D,D,} and AN BNC=6 
P(A) = P{D, Dy} + P{D,N 9} 

= P(D,)P(D,) + P(D,)PW 2) 


-(3)()*() os 


Similarly, P(B) = ; and P(C) = 5 


Also, 


Also, P(AN B) = P(D,N,) = P(D,)P(N>) = (5) (5) “ ; 


40. 


41, 


42. 


43, 


Similarly, P(B A C) = * PCO A)= ; 

and P(ANBOC)=0. 

Since, P(A B)=P(A)P(B), P(BAC) = P(B)PC) 
and P(C a A)=PC)P(A). 


Therefore, A, B and C are pairwise independent. 
Also, P(A A BO C)# P(A)P(B)P(C) therefore A, B and 
C cannot be independent. 
The total number of ways to answer the question 
= 4C, + 4C, + 4C, + 4C, =2* -1=15 
P(getting marks) = P( correct answer in I chance) 


+ P(correct answer in II chance) 
+ P( correct answer in III chance) 


s(t) (4B 2)-3 1 
15 (15 14) \15 14 13) 15 5 


Given, P(A): P(B) = ; , P(A): P(B) = ; 
1 
[1 — P(A)] [1- P@)] = - 
Let P(A) =x and P(B)=y 
1 Al 
> 1l-xQd-y)== and xy=— 
(l-x)Q- ») : ys 
1 1 
=> l-x-yt+xy=— and xy=— 
yr xy 3 y 6 
=> ¥ege and ee 
6 6 
Gee 
=> x)|—-x|=— 
6 6 
=> 6x? —5x+1=0 
> (8x —1)2x-1)=0 
=> Ce ee 
3 2 
iL i 
P(A) == or = 
(A) 3. 2 


P(Nth draw gives 2nd ace) 
= P{1 ace and (n — 2) other cards are drawn in (N — 1) 
draws} x P{Nth draw is 2nd ace} 
_4-(48)!:\(2-1)!162-n)! 3 
(52)!.(n —2)!60-—n)! (638-n) 
_ 4(n -1)62-n)61—n)-3 
52-51-50-49 
_ (n-1) 62-n) 61-7) 
7 50-49-17-13 
Let P(H,) =0.4, P(H.) =0.3, P(A) =0.2, P(H,) =0.1 
P (gun hits the plane) 
= 1- P(gun does not hit the plane) 
=1 — P(H,)- P(A2)- P(A;)- Py) 
=1- (0.6) (0.7) (0.8) (0.9) =1 —0.38024= 0.6976 


. Since, the drawn balls are in the sequence black, black, 


white, white, white, white, red, red and red. 


Let the corresponding probabilities be 


Py, P2;+++» Po 
2 1 4 3 2 
Then, ? ? ’ 9 M5 
Py 9 P2 8 P3 7 P4 6 Ds 5 
D : Dp 2 P 2 Py =1 
6 af 7 a 8 97 9 


.. Required probabilitie 
DP). Do. P3*---* Dg 


“SJE OOVGOE)-ze 


Forthe events to be independent, 
P(E, 0 Ep 0 Eg) = P(E;)- P(Ep)- P(E) 
P(E, © Ex 7 E3) = Poonly E, occurs) 
P(E;): (1 — P(Ep)) (1 — P(Es)) 
Let x,yandz be probabilities of H,,H,and E,, 


respectively. 
: a=x(1- y) (1-2) wa(l) 
B=(1-x)-y0 -2) ssa) 
y=(-x(0- yz ... (iii) 
> p=(Q-x(d-yd-2) ..-(v) 
Given, @ —2B)p=aB and (B —-3y)p =2By ...(V) 
From above equations, x=2y and y=38z 
x =6z 
> oe 6 


z 


46. Here, P(X >Y)=P(,win) P(T, win) 
+ P(T, win) P(draw) + P@draw) P(T, win) 


(5 | (; =| (; | 5 
=|—x—|+]/—x—|+]—x=J= 

2 2 2 6 6 2/ 12 
47. P[X =Y]=P(raw)- P(draw) 


+ P(L, win) P(T, win) + P(T, win): P(L, win) 
= (1/6 X1/6) + (1/2 1/3) + (1/3 x 1/2) =13/36 


Topic 4 Law of Total Probability and 
Baye’s Theorem 
1. Let A be the event that ball drawn is given and B be the 


event that ball drawn is red. 


P (A) =Zand P(B) =2 


Again, let C be the event that second ball drawn is red. 
P(C) = P(A) P(C/A)+P(B)P (C/B) 


12+40 32 
~ 4949 
2. Key idea Use the theorem of total probability 
Let E, = Event that first ball drawn is red 
E, = Event that first ball drawn is black 


A = Event that second ball drawn is red 
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P,)=4, Pia |=% 
10 \z,) 12 


> PEje PF es 
10 By) 12 
By law of total probability 


A A 
P(A) = P(E,) x AA) + P(E,) x AA) 


1 2 
4 6 6 4 244+24 48 2 
=—x—+ x—= = = 
10 12 10 12 120 120 5 


3. Let x= P (computer turns out to be defective, given that 


it is produced in plant T;) 


=> s=P(2) (i) 


where, D= Defective computer 


.. P (computer turns out to be defective given that is 
produced in plant T;) = 10x 


ive. P (2) =10x ...(ii) 
T, 

20 80 

Also, PU) =—_ and PT) =—_— 

: = F99 ant PE) = 799 
Given, P (defective computer) = ae 
100 

7 

1.e. P(D) =——~ 
: ©) 100 


Using law of total probability, 
D D 
P(D) =9(7,)-P at + P(T,):P re 


1 2 
7 -(72 208 (=) 
100 \100 100 


=> 7=(280)x => z=7 .. (iii) 


pie eee and pl 2 at 
T,) 4 T, 40 


0 
=P a Secs and P aa ee ...(iv) 
Ts 40 40 


Using Baye’s theorem, 
(2) _ P(T,7 D) 
D) P,nD)+ PCD) 


D 
P(T>):P (2) 


2 


7 D D 
P(T.)-P| —)+ P(,)- P| = 
) (2) r,) (2) 

80 39 
_ 100 40 78 


. + . 
100 40 100 40 
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4. From the tree diagram, it follows that 


2 _1,,80_ 20 
P(Bg) 2 46 23 


P(G|Bg) 


5. PLAN It is based on law of total probability and Bay’s Law. 


Description of Situation It is given that ship would 
work if atleast two of engines must work. If X be event 
that the ship works. Then, X => either any two of 
E,, E,,E3 works or all three engines E,, E,, HE; works. 


; 1 1 1 
Given, EE) =o Aa 
P(E, VE, E,)+ P(E, AE,AE 
P(X) = ( 1 2 3) (Ey 2 3) 
+ P(E, NE, E;)+ P(E, 0 Ey Es) 
fee 131 1.1.1) (344) 
244 244 244) \2Q44 


=1/4 
Now, (a) P (X7 /X) 


1 
-»(4 oS 2 
P(X) P(X) 


(b) P (exactly two engines of the ship are functioning) 
_ P(E, NE,A E3)+ P(E, 0 Ey E3)+ P(E, 0 E,O E3) 


P(X) 
ES 13% at 
244 244 244_7 
1 8 
4 


© (= Pax 
X, P (X3) 
_ P Ghip is operating with EF, function) 
P (X2) 


_ P(E, NE, E;)+ P(E, 0 Ey E3)+ P(E, OE, Es) 


1PTt8 1,113 
@PWix jot AOA 244 244 Bad 
PQS) 1/2 
sath 
16 


. Statement I If P(A; 7 E) =0 for some i, then 


If P(A, 0 E)40,V i=1,2,...,n,then 
(=) _ P(A; 0 E) ” P(A;) 

E P(Hi;) P(E) 
P [= x P(H;) 

H; 

P(E) 
Hence, Statement I may not always be true. 
Statement II Clearly, H, UH,U...UH,=S 
[sample space] 

> P(H,)+ P(A.)+...+ PA,)=1 
Hence, Statement II is ture. 


H. 


L 


>P(Z). pat) [.0< P(E) <1] 


Passage I 


m4 Red N3 Red 
Ne Black "4 Black 
Box | Box II 
Let A= Drawing red ball 


P(A) = P(B,): P(A/B,)+ P(B,): P(A/B,) 


_1 ny wl Ng 
2\n,+Ng 2 Ng + Ny 


Given, P (BIA) => 
= P(B,):P (By A) _ 1 
P(A) 3 
eas 
2 
7 Nzg + Ny _i1 
1 ny i N3 3 
2\n, + Ng i: N3 +N4 
= Ng (Ny + No) _1 


nN, (n3 +N4)+Ng(ny +N) 3 


Now, check options, then clearly options (a) and (b) 
satisfy. 


or 


(n2- 1) Black 


Box | 


.. P (drawing red ball from B,) = ; 


= n,-1 ny No ny 1 
Ny +Ng-1)\n, +N My tNg)\nyt+ng-1) 3 


ne + NyNy- Ny, _1 
1) 3 


=> 
(ny + Ng) (My + Ng — 


Clearly, options (c) and (d) satisfy. 


3W 1W 
Initial 
2R 
U; Up 


Passage II 


Head appears 


ow 2W 

———r 
OR 1W 
U 2 Cases 

or U; 2 

3W 1W 
—— 

1R J IR 1R 

1 Up 


Tail appears 
1W 3W 3W 1w 2Ww 2W 
Jr le —- e) 
U; Us U; U2 U; Us 


3 Cases 


9. Now, probability of the drawn ball from U, being white 


is 


2 2 1 
P (white /U.) = P(#)- i Gis, ig wi x a 


5c, 0, 80,” %, 


"Coy. ee go O8 ig oan OF "Ci 
+ P(T) Xgts 4 . x3 
"Gy °C "Oy FC, Cy Cy 
(2 2 + 
=—j—-x1+—x=— 
5 5 2 
{a 1 1 6 +| 23 
+ x14 x4 bd = 
2 (10 10 38 10 3) 30 
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10. P (Head appeared/white from U,) 


P(A). 
23/30 
2? 2 | 
—x1l+=x— 
1 [5 5. 2 
2 20/30 
12 
23 
Passage III 
ll. P(x= io. 5 he 25 
666 216 
$ piesyP Bye 
6 6 36 
L. 
13, P(X >6)/(X>3 apatites eo) P(X >6) 
P(X >3) 
(7-6-8 G+] 
lle 6) \6) le)” | 25 
ey 1. fey A | 36 
(7) =+(2) ‘= +.,,00 | 
|\6/ 6 \6/ 6 | 
Passage IV 
14, Here, P(u;) = ki, x P(u;) =1 
ee er 
n(n + 1) 


92 
lim P(W) = lim y 


nN oo n> n(n + 1)? 
- lim a (n+ 1)@n +1) 


zy = 2/3 
neo 6n (n + 1) 


n 
15. p(i2)- 717 - 7 
W) Yt n+l 
n+1 
16. p(t) -22 4s n+2 
E n(int+l1) 2(n+1) 


2 


17. As, the statement shows problem is to be related to 
Baye’s law. 
Let C,S,B,T be the events when person is going by car, 
scooter, ee or train, uaa 


PC)= =, P(S) = =, PB) = 7 2 PUT) = : 


Again, L be the event of the person reaching office late. 


.. L be the event of the person reaching office in time. 
Then, Pl) a! pe 22 pe a? 
C) 9 S) 9 B) 9 


and {| = 8 
i i 


9 
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18. 


19. 


20. 


21, 


AE]. P©) 
»(¢)- L L L 
AE]. P©) |. es fF) Pe 
L 
+ E)-Pay 
Tl 
_ 9 7 _l 
Tt. 8. .3-. b.- 2. BLT 
x t x t 


+ —X—+—X 

9°97 9 T 9 TO 7 
Let A, be the event exactly 4 white balls have been 
drawn. A, be the event exactly 5 white balls have been 
drawn. 
A, be the event exactly 6 white balls have been drawn. 
B be the event exactly 1 white ball is drawn from two 
draws. Then, 


B 
P(B)= AZ 


1 
But A) =0 
As 


B 


B 
Jes )4 (2 


Pay ae 


3 


Jes) 


2 


[since, there are only 6 white balls in the bag] 
B B 
P(B) = P| — | P(A,)+ P| — |P(A 
a (2) oe (S) “) 
7 a Cy Pee C; gs te Ce a oh C, 
a OF aoe a on 


Let E be the event that coin tossed twice, shows head at 
first time and tail at second time and F be the event that 
coin drawn is fair. 

P(F/E) = P(E/F)-P(P) 


P(E/F)-P(F) + P(E/F’)-P(F’) 


Let W, = ball drawn in the first draw is white. 
B, = ball drawn in the first draw in black. 
W, = ball drawn in the second draw is white. 
Then , P(W,) = P(W,) PW./W,) + P(B,)P(W,/B,) 
mt+k 


(ata) atta) tlle) 


m(m + k)+mn m(m+k+n) _ m 
(mtn)(m+tn+k) (mMtn)m+enth) mtn 


The number of ways in which P,, P,,..., Ps; can be paired 
in four pairs 


22. 


al 
= 4! [PEDCC IEC ICCD 
1 8! 6! 4! 
= x x x x1 
4! 2!6! 2!4! 212! 
1 8x7 6x5 4x38 8x7xK6x5 
=x = =105 
4! 2!x1 2!x1 2!xl1 2. DED 5D, 


Now, atleast two players certainly reach the second 
round between P,, P, and P, and P, can reach in final if 
exactly two players play against each other between PB, 
P,, P; and remaining player will play against one of the 
players from P,, P,, P;, P; and P, plays against one of the 
remaining three from F....P3. 

This can be possible in 

3C, x *C, x °C, =3-4-3 =36 ways 
-. Probability that P, and exactly one of P;... Pg reach 
36 12 


second round = 
105 35 


If P., P,P, and P;, where i=2 or 3 and j=5 or 6 or 7 


yD? 
reach the second round, then they can be paired in 2 


pairs in = (C3) (oes ways. But P, will reach the 


final, if P, plays against F and P, plays against P.. 
Hence, the probability that P, will reach the final round 
from the second = , 

-. Probability that P, will reach the final is 22 x1-4, 

35 3 35 

Let g =1- p= probability of getting the tail. We have, 

a = probability of A getting the head on tossing firstly 
=P(H, or T,T.T,H, or T,T,T,T,T;T,H;, or ... ) 
= P(H) + P(H)P(TY + P(H)P(T)' + ... 
PH) _ p 
1-P(Ty 

Also, 

6 = probability of B getting the head on tossing secondly 
= P (T,H, or T,ToT3T,H;, or T,T5T3T,T,T3T/H g or ...) 
= P(H) [P(T) + P(H)P(T)* + P(A)P(T)' +... 
= P(T)[P(H) + P(H)P(TY + P(A)P(T)S +... 


=qa=(1~ p)a=PE=P) 


1-¢ 


T 
— 


T 
a 


Again, we have 
a+B+y=1 
p+ pil—p) 


=> y=1-@+B)=1 i-¢ 


=, P+ pip) 
~ 3 
1-(—-p) 
_1-(-p)’-p-pl-p) 
1-(1-p) 
_1-(.-p)?-2p+ p*_ p-2p"+ p’ 
1-(1-p) 1-(1-p) 


Y 


Al _ Pp __pQ-p) 
= “=T~a-pP ?i-a-pP 


23. G) Probability of S, to be among the eight winners 
= (Probability of S, being a pair ) 
x (Probability of S, winning in the group) 


=1x ; =; [since, S, is definitely in a group] 
(ii) If S, and S, are in the same pair, then exactly one 


wins. 


IfS, and S, are in two pairs separately, then exactly 
one of S, and S, will be among the eight winners. If 
S, wins and S, loses or S, loses and S, wins. 


Now, the probability of S,, S, being in the same pair 
and one wins 


= (Probability of S,,S, being the same pair) 
x (Probability of anyone winning in the pair). 
and the probability of S,,S, being the same pair 
_n(é) 
n(S) 
where, n (E)= the number of ways in which 16 
persons can be divided in 8 pairs. 
! ! 
n (B) =O 9 and n (§) = 0 
(2!)'-7! (2!)°-8! 
-. Probability of S; and S, being in the same pair 
_ (14)!-@)8-8! 1 
2!)’.74(16)! 15 
The probability of any one wining in the pairs of 
S,,S. =P (certain event) =1 


-. The pairs of S,,S, being in two pairs separately 
and S, wins, S, loses + The probability of S, , S, being 
in two pairs separately and S, loses, S, wins. 


[ (14)! | f (4)! J 
yet | 1 1 Gyeg!) 24 
aay! |~a*%a*|'~ ae! 

(2!)8-8! (2!)8-8! 

_1,14xQ4)!_7 

2 “75x (4)! 15 

. - 1 7 8 
-. Required probability = — + — = — 
pa ere eee ale 


24. Let E,, E,, E, and A be the events defined as 
E, = the examinee guesses the answer 
E. =the examinee copies the answer 
E., =the examinee knows the answer 


and A =the examinee answer aed 
We have, P(E,) == 5+ PE) = =— 


Since, E,, Ey, E; are mutually exclusive and exhaustive 
events. 


. P(E) + P(E.) + P(E3)=1 
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1 1 1 
> P(@,)=1-—-=== 
(E3) = a 
If #, has already occured, then the examinee guesses. 
Since, there are four choices out of which only one is 
correct, therefore the probability that he answer 
correctly given that he has ete a guess is 1/4. 


i.e. P(A/E, oe 


segs 


Itis given that, P(A/E,)= 


and P(A/E,;)= probability that he answer correctly 
given that he know the answer = 1 


By Baye’s theorem, we have 
PUB 1A)= P(E): P(A/Es) 


P(E,): P(A/E,) + P(E.) P(A/E) 
+ P(E3)-P(A/E3) 


1 
—x1 24 
P(E, /A)= = 
(3 7 (2 =| (3 29 
x : x + x1 
3.4 6 8 2 
25. Let B, = ith ball drawn is black. 


W, = ith ball drawn is white, where i = 1,2 
and A = third ball drawn is black. 
We observe that the black ball can be drawn in the third 
draw in one of the following mutually exclusive ways. 
(i) Both first and second balls drawn are white and 
third ball drawn is black. 
i.e. (Wi, AWA 
(i) Both first and second balls are black and third ball 
drawn is black. 
i.e. (B, AB) AA 
Gii) The first ball drawn is white, the second ball drawn 
is black and the third ball drawn is black. 
i.e. (W, AB )AA 
(iv) The first ball drawn is black, the second ball drawn 
is white and the third ball drawn is black. 
i.e. (B, OW.) NA 
P(A) = PLW, OW.) A} AB, OB.) A} 
U (WW, 0 By) 0 AS UB, ON We) 7 AS] 
= P{W, AW.) A} + P{(B, A By) A} 
+P{(W, A By) A A}+ P{(B, A We) 7 A} 
= PW, AW,): P(AI(W, 0 W,)) + P(B, 0 By) 
P(A/(B, 7 By)) + PW, 0 B,): P(AI(W, 7 Ba)) 
+ P(B,OW,)-P(AI(B, 0 W2)) 


(? *) (x 2) 4 
=|— x x1t+ x= 
4 3 4 5 6 


_1,1,1, 3 _23 
6 5 4 20 30 
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26. 


The testing procedure may terminate at the twelfth 
testing in two mutually exclusive ways. 


I: When lot contains 2 defective articles. 
II : When lot contains 3 defective articles. 
Let A = testing procedure ends at twelth testing 

A, =lot contains 2 defective articles 

A, = lot contains 3 defective articles 
-. Required probability 

= P(A,): P(A/A,) + P(A.) P(A/ Ag) 

Here, P(A/ A,) = probability that first 11 draws contain 


10 non-defective and one-defective and twelfth draw 
contains a defective article. 


Bae a ee ' 
=— yO Xo vee(L) 
Cy 9 
P(A/ Ay) = probability that first 11 draws contains 9 
non-defective and 2-defective articles and twelfth draw 
' : “en x3C, 1 ” 
contains defective = —,5———* x — v3) 
Cu 9 
.. Required probability 
= (0.4)P(A/A,) + 0.6 P(A/ A) 
eR Cy KOC, ges o6* "Cc, x7C, vi __99 
a oe 9 ca eae 9 1900 


Topic5 Probability Distribution and 


1. 


Binomial Distribution 
Given that, there are 50 problems to solve in an 
admission test and probability that the candidate can 
solve any problem is : =q (say). So, probability that the 


; : 4 1 
candidate cannot solve a problem is p=1-—q=1-—= 


5 5 
Now, let X be a random variable which denotes the 
number of problems that the candidate is unable to 
solve. Then, X follows binomial distribution with 


1 
parameters n =50 and p= 5 


Now, according to binomial 
concept 


1 r 4 50-r 
Px=1)="e, (2) (¢) ,r=0,1,...,50 


probability distribution 


«Required probability 

= P(X < 2) = P(X =0) + P(X =1) 

_ 504, (4) 1309, 4 (sy (! . *0) 54 (‘) 

= 0 1 50 : 

5 (5) 5 5 5 5 \5 

Let for the given random variable ‘X’ the binomial 
probability distribution have n-number of independent 
trials and probability of success and failure are p and q 


respectively. According to the question, 
Mean = np =8 and variance = npg =4 


3. 


ee 
q 2 Pp q >) 


Now, nx5=8 >n=16 


i 1 16 
P&=7)= (3) 


P(X <2) = P(X =0)+ P(X =1)+ P(X =2) 


16 16 16 
1 1 1 
="c,(5 rec(2] rc,*| 
9 No a9 


_14+16+120 137k 
gi6 916 gi6 
=> k=187 


(given) 


As we know probability of getting a head on a toss of a 
fair coin is P(A) = ; = p (let) 


Now, let n be the minimum numbers of toss required to 
get at least one head, then required probability 
=1- (probability that on all ‘n’ toss we are getting tail) 


He (3) E P(tail) = P(Head) = | 


According to the question, 


(3) 99 ( al 99 
1 > > <1 
2 100 2 100 


> (5) <5 2” > 100 
> n=7 [for minimum] 
The required probability of observing atleast one head 
=1-P (no head) 
=1- ar [let number of toss are n] 


[. _ ect | 
; P(Head) = P(Tail) = 5 | 


According to the question, 1 — + > as 
2” 100 
ye => 2">10 = n2>4 
2” 10 


So, minimum number of times one has to toss a fair coin 
so that the probability of observing atleast one head is 
atleast 90% is 4. 


Let p and q represents the probability of success and 
failure ina Ss peD esas a 
p=Pé6or6) 5 qunee 1-p Fa 
Now, as the man decides to throw the die either till he 
gets a five or a six or to a maximum of three throws, so 
he can get the success in first, second and third throw or 
not get the success in any of the three throws. 
So, the expected gain/loss (in @) 
= (p x 100) + gp 50 + 100) 

+ ¢’p(—50 —50 + 100) + q® (-50 —50 —50) 


jm) -edjone)Gjo-( em 


6. 


100 100 1200 
= +0 
3 9 27 
_ 900 + 300-1200 _ 1200-1200 _, 
7 27 27 


The probability of hitting a target at least once 

=1- (probability of not hitting the target in any trial) 

ey ee Ci p° gq” 

where 7 is the number of independent trials and pand q 

are the probability of success and failure respectively. 

[by using binomial distribution] 

tapete = 
q= Pp 3° 3 
ey 6 
According to the question, 1—"C, ( ( > = 


3 3 
5) 5G) 5 
> <1 > < 
3 6 3 6 


Clearly, minimum value of n is 5. 


Here, and 


_i 
c=. 


Let p= probability of getting an ace in a draw 
probability of success 


and q= probability of not getting an ace in a draw 
probability of failure 
4 


Then, == B2 


and 


Here, number of trials, n =2 
Clearly, X follows binomial distribution with parameter 
1 
n=2and p=—. 
PB 


x 2-x 
Now, Px=2)=", (=) (3) ,2=0,1,2 
13) (a3 


P(X =1)+ P(X =2) 

=e 5) (35) *O5) Ga) 
1 ! 2 
13) (438 13) (13 

-2( 2 )+5 
169) 169 

_ 24 1 _ 25 

~ 169 169 169 


Given box contains 15 green and 10 yellow balls. 


.. Total number of balls = 15 + 10 = 25 
P(green balls) = = = : = p = Probability of success 
P(yellow balls) = os = . = q= Probability of unsuccess 
and n = 10 = Number ach : 

. 1 
.. Variance = npg =10 x 5 x 5 — 5 


ba : 1 
Probability of guessing a correct answer, ar and 


probability of guessing a wrong answer, g = 2/3 
The probability of guessing a 4 or more correct 


4 a 
re 1 — (2) 2 1 11 
answers = °C —+°C, =5- } = 
ie (3 3. 83 3 3 3° 


10. 


11. 


12. 


13. 


14, 


15. 
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India play 4 matches and getting at least 7 points. It can 
only be possible in WWWD or WWWW position, where W 
represents two points and D represents one point. 


Therefore, the probability of the required event 
= “C3 0.05) (0.5)? + 4C,0.5)4 
= [4(0.05) + 0.5] 0.5)’ =0.0875 


Let X be the number of coins showing heads. Let X be a 
binomial variate with parameters n = 100 and p. 


Since, P(X =50) = P(X =51) 
= 1000. p (1 — p)? = °C, (p41 — p)*® 
(100)! 61!) x 49!) Pp , 51 
(50!) 60!) 100! 1-p 1-p 50 
2 jot 
101 
For Binomial distribution, mean = np 
and variance = npq 
np=2 and npg =1 [given] 
> q=1/2 and p+q=1 
> p=1/2 
n=4, p=q=1/2 
Now, P(X >1)=1-{P (X =0)+ P(X =1)} 


-1-‘eo(5) (3) -0 (5) (2) 


—1 24 11 
16 16 16 
O12 ._ 01.5 


Probability (face 1) = 


0.1+0.32 0.42 21 


Let E be the event that product of the two digits is 18, 
therefore required numbers are 29 , 36, 63 and 92. 


4 
Hence, = P(E) = — 
p=P(&) 160 
and probability of non-occurrence of E is 
4 96 
=1- P(E) =1-—~=— 
= 1 700 = 100 


Out of the four numbers selected, the probability that 
the event EF occurs atleast 3 times, is given as 


P=*Cp°q+ *Cyp* 


(45) (28) (4) 97 
=4 + = 
100) \100 100 254 


Since, set A contains n elements. So, it has 2” subsets. 


Set Pcan be chosen in 2” ways, similarly set @ can be 
chosen in 2” ways. 


.. Pand Q can be chosen in (2”)(2”) = 4” ways. 


Suppose, P contains r elements, where r varies from 0 to 
n. Then, P can be chosen in "C, ways, for 0 to be disjoint 
from A, it should be chosen from the set of all subsets of 
set consisting of remaining (n — r) elements. This can be 
done in 2” " ways. 

P and @can be chosen in "C,,-2”~" ways. 
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But, r can vary from 0 to n. 
-. Total number of disjoint sets P and Q 


= y acon? = 42)" 3" 


r=0 
we ee ey 
Hence, required probability = P =|— 


16. Case I When A plays 3 games against B. 
In this case, we haven =38, p=0.4 and q=0.6 
Let X denote the number of wins. Then, 
P(X =r) =°C,(0.4)' (0.6)? ~’; r =0,1,2,3 
P, =probability of winning the best of 3 games 
= P(X >2) 
= P(X =2)+ P(X =3) 
= °C,(0.4)(.6)' + 3C3 0.4)? 0.6)° 
= 0.288 + 0.064 = 0.352 
Case II When A plays 5 games against B. 
In this case, we have 
n=5,p=0.4 and q=0.6 
Let X denotes the number of wins in 5 games. 
Then, 
P(X =r)= °C,(.4)’ 0.6)? ~" , where r =0,1,2...5 
-. P,=probability of winning the best of 5 games 
= P(X >3) 
= P(X =3)+ P(X =4) + P(X =5) 


= °C, (0.4)? 0.6)? + °C,.4)* 0.6) + °C; (0.4) (0.6)? 


= 0.2304+0.0768+ 0.1024 =0.381744 


17. 


18. 


Download Chapter Test 
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Clearly, PB, > P,. Therefore, first option i.e. ‘best of 3 
games’ has higher probability of winning the match. 


The man will be one step away from the starting point, 
if 

(i) either he is one step ahead or (ii) one step behind the 
starting point. 


The man will be one step ahead at the end of eleven 
steps, if he moves six steps forward and five steps 
backward. The probability of this event is 
™C, 0.4)°@.6)’. 


The man will be one step behind at the end of eleven 
steps, if he moves six steps backward and five steps 
forward. The probability of this event is ''C,(0.6)° 0.4)’. 
.. Required probability 
= "¢,0.4)° 0.6)? + 'C,0.6)° 0.4) = "C,(0.24)° 
Using Binomial distribution, 
P(X >2)=1-P(X =0)- P(X =1) 
1 n [ 1 1 n-1] 
-1-(5) -[o GG) | 
L a | 
=1-4 7g. 424 (4) 
2” 2” 2” 
Given, P (X > 2) >0.96 
_ (ti) - 24 
Q” 25 
n+1 < Le 
QF 25 
n=8 


1 
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Matrices and Determinants 


Topic 1 Types of Matrices, Addition, Subtraction, 
Multiplication and Transpose of a Matrix 


Objective Question I (Only one correct option) 
1. If Ais asymmetric matrix and Bis a skew-symmetric 


2 38 
matrix such that A + B= [ fl then ABis equal to 


-4 -2 4 -2 
oA offs 

4 -2 —-4 2 

of] ofty 
0 2y 1 


2. The total number of matrices A=|2x y -1] , 


(2019 Main, 12 April 1) 


2x -y 1 
(x, ye R,x# y) for which A’ A =3]; is 
a 
(2019 Main, 9 April II) 


(a) 2 (d) 6 


3. Let a-| 


(b) 4 
COs O 


(c) 3 
—sin a 


sing 


} (a e€ R) such that 
cos 


0 -1 
A? = } Then, a value of @ is 


1 0 (2019 Main, 8 April 1) 
T T 1 
=e b) 0 — d) — 
(a) eo (b) (c) ai oa 
10 0 
4. Let P=|3 1 0|and Q=[q,] be two 3x3 matrices 
9 3 1 


such that Q — P® = I. Then, 221* %1 is equal to 
932 (2019 Main, 12 Jan I) 


(a) 10 (b) 135 (c) 9 (d) 15 
0 2q r 
5. Let A=|p q -r| If AA” =k, then|plis 
pPp-q 1r (2019 Main, 11 Jan 1) 
1 Al 1 1 
a) = b) — c) — d) = 
(a) aT Oe (c) aa @ 


6. 


10. 


1 00 
Let P=} 4 1 OJ}and Ibe the identity matrix of order 3. 
164 1 
If Q = [q,] is a matrix, such that P® — @ = I, then a 
2 
equals (2016 Adv.) 
(a) 52 
(c) 201 
12 2 
If A=|2 1 -2 
c 2 6b 


AA’ =9 I, where, I is 3x3 identity matrix, then the 


(b) 103 
(a) 205 


is a matrix satisfying the equation 


ordered pair (a, 6) is equal to (2015 Main) 
(a) (2,-1) (b) (-2, 1) 
(c) (2, 1) (d) (-2, = 1) 
I 
If P= V8 1/2 | A= and @=PAP’, then 
-112 3/2 01 
P™Q2% p ie (2005, 1M) 
1 2005 1 2005 
b 
© 1 Ne 1 
1 0 1 0 
d 
2 ee | 10 | 


If A= k ° and B=; i then value of a for which 


1 1 5 
A’ =B,is (2003, 1M) 
(a) 1 (b) -1 
(c) 4 (d) no real values 


If A and Bare square matrices of equal degree, then which 
one is correct among the following? (1995, 2M) 
(av A+ B=B+A 

(b) A+ B=A-B 

()A-B=B-A 

(d) AB= BA 
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Objective Question II 
One or more than one correct option) 


11. Let X and Y be two arbitrary, 3x3, non-zero, 
skew-symmetric matrices and Z be an arbitrary, 3 x3, 
non-zero, symmetric matrix. Then, which of the 
following matrices is/are skew-symmetric? 

(2015 Adv.) 

(a) ¥3z4 - zy? (by X44" 

(c) X4Z° — Z°X4 (d) X73 + y”8 
12. For 3x3 matrices M and N, which of the following 
(2013 Adv.) 


(a) N7MN is symmetric or skew-symmetric, according as 
M is symmetric or skew-symmetric 


statement(s) is/are not correct ? 


(b) MN — NM is symmetric for all symmetric matrices M 
and N 
(c) M Nissymmetric for all symmetric matrices M and N 
(d) (adj M) (adj N) = adj(MN) for all invertible matrices M 
and N 
13. Let @ be a complex cube root of unity with @ #0 and 
P=[p,] be an nxn matrix with p,; =o'*/. Then, P? #0 


when n is equal to (2013 Adv.) 
(a) 57 (b) 55 (c) 58 (d) 56 
Passage Based Problems 
Passage I 
Let a, b and cbe three real numbers satisfying 
19 7 
[a b c]}8 2 7/=[0 0 O} .(1) 
Lae 


(2011) 

14. Ifthe point P (a, b, 0), with reference to Eq. (i), lies on 
the plane 2x + y+ z=1, then the value of 7a + b+ cis 
(a) 0 (b) 12 (c) 7 (d) 6 

15. Let b=6, witha andc satisfying Eq. (i). Ifo and B are 
the roots of the quadratic equation ax” + bx + c=0,then 


—+—] is equal to 
to) 
(a) 6 (b) 7 () - (dines 


16. Let @ be a solution of x° —1=0 with Im @)>0. If a =2 
with 6 and c satisfying Eq. (i) then the value of 


3 1 38. 

a Zz + = 1s 

o” @ @ 

(a) - 2 (b) 2 

(c) 3 (d) - 38 
Passage II 


Let p be an odd prime number and T’, be the following set 
of 2x 2 matrices 


_ _la bf}. = 
L -{4-[¢ 2] 4,8, C€ 10,1, 2peyB a} 


™ (2010) 
17. The number of A in 7, such that det (A) is not divisible 

by p, is 

(a) 2p? (b) p® —5p 

(c) p’ — 8p (d) p® -p” 


18. The number of A in T,, such that the trace of A is not 
divisible by p but det (A) is divisible by pis 
(a) (p-1)(p’- p+ 1) (b) p® -(p-1)” 
() (p-1)? (d) (p-1)(p?- 2) 

19. The number of Ain 7, such that A is either symmetric or 
skew-symmetric or both and det (A) is divisible by p is 
(a) (p-1)* (b) 2(p-1) 


(c) (p-? +1 (d) 2p-1 
NOTE The trace of a matrix is the sum of its diagonal entries. 


Analytical and Descriptive Questions 


a be 
20. If matrix A=|b ec 4 , where a,b,c are real 
c a 6b 


positive numbers, abc=1 and A’A=I, then find the 


value of a? + 6° +. (2003, 2M) 
Integer Type Question 
21. Let z= a1 + v3i where i=+J-1, and r,se€{1,2,3}. Let 


r 2s 
P= Ve . | and I be the identity matrix of order 2. 
z Zz 


Then, the total number of ordered pairs (r, s) for which 


Topic 2 Properties of Determinants 


Objective Questions I (Only one correct option) 
1. Avalue of 6 € (0, 2/3), for which 


1+cos’?@ ~ sin?0 4 cos 60 
cos”6 1+sin70 4cos60 |=0, is 
2; - 2 
cos’ 8 sin"@ 1+ 4c0s68| (9919 Main, 12 April II) 
T T 71 71 
a)— b) — @).—= d) 
(a) ; ( ae (c) 5 (d) BG 


P?=-Tis (2016 Adv.) 
2. The sum of the real roots of the equation 
x -6 -1l 
2 -8x x-3]|=0, 1s equal to 
-38 2x x+2 (2019 Main, 10 April IN) 
(a) 0 (b) -4 
(c) 6 (d) 1 


x sin@ cos@ 
. IfA,=|-sin@ —-x 1 
cos®@ 1 x 
x sin 20 cos 20 
and A, =| —sin 20 —x 1 , x #0, 
cos 20 1 x 


then for all6 € (, *) 
2 (2019 Main, 10 April 1) 

(a) A, +A, = — 2(x? +x -1) 

(b) A, — Ay =— 2x? 

(c) A, + A, =- 2x? 

(d) A, — A, = x(cos20 — cos 40) 


t, i) fi -2) [4 - 
_ If eee eee oe cage 
0 1\'lo 1) lo 1/"lo 41 01 


. 1 ny}, 
inverse of ; is 


0 (2019 Main, 9 April 1) 
1 0 1 -13 1 0 1 -12 
b d 
@| | © [4 |) © bis i |, | 
. Let a and be the roots of the equation x«* + «+ 1=0. 
Then, for y#0inR, 


y+1 0a B 
a y+tB 1 |is equal to 
B 1 yto (2019 Main, 9 April 1) 
(a) yo" -1) &) yQ"-3) © 9? -1 (ad) »° 
111 


. Letthenumbers 2,6,cbeinanAPandA=|2 b ck. 


40° @ 
If det(A) € [2, 16], then c lies in the interval 
(2019 Main, 8 April II) 
(a) [3,2+ 2") (b) (2+ 2"*, 4) [4,6]  @) [2, 3) 
al sin@ 1 
. If A=|-sind 1 sin @ | then for alle «(22 
-1 -sin@ 1 


det(A) lies in the interval (2019 Main, 12 Jan II) 


(a) (3. 3| ) 34) () (0. Al (d) [2 | 
a-b-c 2a 2a 
. if 2b b-c-a 2b 
2c 2c c-a-b 


=(a+b+o0(xt+a+b+07,x40anda+ b+ c#0, then 
xis equal to (2019 Main, 11 Jan II) 
(a) -(a+b+0c) (b) -2(a+ b+ 0) 

(c) 2(a+ b+ 0) (d) abc 


. Let a),d9,a3.....,a;9 be in GP with a;>0 for 


Pad De cdess 10 and S be the set of pairs (r,k), r,keE N 
(the set of natural numbers) for which 


k 


log, af a3 ; 


log, asa3 log, a3 a4 
log, az ak log, ai, a® |=0 

r ok r ok 
log, ag ag log, ag ajo 


Pook 
log, a4 Gs 


log, at ag 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Matrices and Determinants 129 


Then, the number of elements in S, is (2019 Main, 10 Jan II) 


(a) 4 (b) 2 
(c) 10 (d) infinitely many 

2 b 1 
Let A=|b 67+1 6), where b >0. Then, the minimum 

1 b 2 
value of oy is 

b (2019 Main, 10 Jan II) 
(a) -V3 (b) -2V3 (c) 2/3 (d) V3 
Let dé R, and 
-2 4+d (sin @) —2 

A=|1  (sin6)+2 d , Oe [0,2n]. If 


5 (2sin0)-d (-sine)+2+2d 


the minimum value of det(A) is 8, then a value of d is 
(2019 Main, 10 Jan 1) 


(a) -5 (b) -7 (c) 2/2+1) =) 2&2 + 2) 
x-4 2x 2x 
If | 2x x-4 2x] =(A+ Bx)\(x—A)*, then the 
2x 2x x-A4 
ordered pair (A, B) is equal to (2018 Main) 
(a) (-4,-5)  (b) 4, 3) (c) C4, 5) (d) (4, 5) 
Let @ be a complex number such that 2@ + 1 = z, where 
1 1 1 
z=-3.If}1 -»?-1 ?|=3k, then kis equal to 
1 oo! (2017 Main) 
(@-2 bz ()-1 (a1 


Ifa, B#0 and f(n) =a” +B” and 
3 1+ f/f) 1+ f@) 
1+f(1) 1+ /@) 1+ f@) 
1+ f@) 1+ /(@) 1+ f@ 
= K(1-«a)*(1-B)? @—B)7, then K is equal to (2014 Main) 


1 
(a) oB (b) — (c)1 (d) -1 
ap 
Let P= [a;;] be a 3x3 matrix and let Q= [b;], where 
b =2'"/a, for 1 <i, j <3. If the determinant of P is 2, 
then the determinant of the matrix Q is (2012) 


(a) 910 (b) gil (c) 92 (d) 918 


ifA= k a and) A®|=128: then the-valueoais 
o (2004, 1M) 
(a) +5 


(2001, 1M) 


(a)#1 (b) + 2 (c)+3 


The number of distinct real roots of 


sinx cosx cosx I fe 
cosx sinx cos x}|=0Oin the interval -—<x<-—is 
cosx cosx sinx 4 4 
(a) 0 (b) 2 
(c) 1 (d) 3 
1 x x+1 
If f(x) = 2x x (x-1) («+ 1)x F 
8x (a@—1) x (x-1) (w-2) (w+ 1) x (~-1) 
then f (100) is equal to (1999, 2M) 
(a) 0 (b) 1 () 100 (d) -100 
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19. 


20. 


21. 


The parameter on which the value of the determinant 


1 a a’ 


cos (p—d)x cos px cos(p+d)x 
sin(p-—d)x sin px sin(p+d)x 


does not depend upon, is (1997, 2M) 
(aya (b) p (c)d (d) x 
xpt y x y 
The determinant | yp+ z y z |=0,if 
0  xp+y yp+z2| (1997¢, 2M) 
(a) x, y, zare in AP (b) x, y, zare in GP 
(c) x, y, zare in HP (d) xy, yz, zx are in AP 


Consider the set A of all determinants of order 3 with 
entries 0 or 1 only. Let B be the subset of A consisting 
of all determinants with value 1. Let C be the subset 
of A consisting of all determinants with value —1. 
Then, 

(a) Cis empty (1981, 2M) 
(b) B has as many elements as C 

()A=BuUC 

(d) B has twice as many elements as C 


Objective Question II 
(One or more than one correct option) 


22. 


23. 


24. 


25. 


Which of the following is(are) NOT the square of a 


3 X 3 matrix with real entries? (2017 Adv.) 
[1 0 O [1 0 O 
(a)}O 1 O (b)}O -1 O 
0 0 -1 0 O -1 
i 0° 0 r1 0 0 
(c)} 0 -1 O (d)}O 1 0 
0 oO -1 001 


Which of the following values ofa satisfy the equation 
(l+a)? (1+20)?7 +30)? 
+a)? @+2a)? (2+3a)? =-6480? 

2 2 2 
Sn” ene enn oe) (2015 Adv.) 
(a) -4 (b) 9 (c) -9 (d) 4 


Let M and N be two 8x3 matrices such that 
MN = NM. Further, if M # N? and M? = N‘%, then 
(2014 Adv.) 


(a) determinant of (M?+ MN”) is 0 

(b) there is a 3x3 non-zero matrix U such that 
(M? + MN?) Uis zero matrix 

(c) determinant of (M?+ MN?)>1 

(d) for a 3x 3 matrix U, if (M?+ MN”) U equals the zero 
matrix, then U is the zero matrix 


a b aa +b 
The determinant b c bate 
aa+b bate 0 
is equal to zero, then (1986, 2M) 


(a) a, b, c are in AP 
(b) a, b, care in GP 
(c) a, b, care in HP 
(d) (x — a) is a factor of ax? + 2bx + ¢ 


Numerical Value 


26. Let Pbe a matrix of order 3 x 3 such that all the entries in 


P are from the set {— 1,0, 1}. Then, the maximum possible 
value of the determinant of P is ......... : 


Fill in the Blanks 


27. For positive numbers x, y and z, the numerical value of the 
1 log, y log, z 


determinant | log, x 1 log, Z| 1s...... ‘ 
log,x log,y 1 (1993, 2M) 
1 q a-be 
28. The value of the determinant}/1 6 b?-calis.... 
loc ¢@-ab 


(1988, 2M) 
x 3 7 
29. Given thatx=-9isarootof|2 x 2]=0,the other two 
t -O & 
roots are... and... . (1983, 2M) 
1 4 20 
30. The solution set of the equation|1 -2 5 |=Ois.... 
2 
1 2x 5x"! (1981, 2m) 
W4+38A 7-1 A438 


+1 2n 2A-4 
A-38 A+4 BA 


31. Let pat + ga? + rh? 4+ sd 4+ t= 


be an identity in A, where p,q,r,s and ¢ are constants. 


Then, the value of tis..... (1981, 2M) 
True/False 
1 a be laa 
32. The determinants |1 6b ca|and|/1 6 67) are not 
1 c ab lee 
identically equal. (1983, 1M) 


Analytical and Descriptive Questions 
33. If Mis a3x3 matrix, where M’M =I and det (M)=1, 
then prove that det (M@ — I) =0 (2004, 2M) 
34. Let a,b,c be real numbers with a? + 67+ @=1. Show 
that the equation 


ax—by-c bx + ay cx +a 
bx + ay ax+ by-—c cy+b =0 represents a 
cx+ a cy+b ax—by+c 

straight line. (2001, 6M) 


35. Prove that for all values of 0 


sin 6 cos 8 sin 20 


sin (0 + =) cos [0 + =) sin [20 + *) =0 
3 3 3 


sin C - =) cos fo - =) sin [20 - *) 
3 3 3 (2000, 3M) 


36. Suppose, f (x) is a function satisfying the following 
conditions 


(a) f (0) = 2, fQ) =1 


(b) f has a minimum value at x = 5/2, and 


2ax 2ax -—1 2ax+b+1 43. 
(c) for all x, f ’(x) = b b+1 -1 | 
| 2ax+ b) Qax+ 2b+1 Qax+b | 


where a, b are some constants. Determine the constants 


a, b and the function f (x). (1998, 3M) 
be ca ab 44. 
37. Find the value of the determinant} p qr |, where 
1 1 1 
a, band care respectively the pth, gth and rth terms of a 
harmonic progression. (1997C, 2M) 
38. Let a>0,d>0. Find the value of the determinant 
1 1 1 45. 
a a(a + d) (a + d)(a+2d) 
1 1 1 
(a+d) (a+d)(a+2d) (a+2d)(a+3d) 
iL i 1 
(a+2d) (a+2d)(a+3d) (a+3d)(a+4d) 
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A 3 6 
8 9 C Jis divisible by k. (1990, 4M) 
2 Bb 2 
a-l n 6 
LetA,=|(@-1)? 2n? 4n-2 
(a-1)) 3n® 38n?-3n 
Show that )” A, =ce constant. 
= (1989, 5M) 
Show that 
"Cs ee ig OP *C.. aig ore ee OR 
or PC pea OP = *C as oe ine OR 
*C, "Crei a tere °C, Be ei PE ace 
(1985, 3M) 
Ifa be a repeated root of a quadratic equation f (x) =0 


and A (x), B (x) and C (x) be polynomials of degree 3, 4 
and 5 respectively, then show that 


A(x) By C) 
A@) Bea) C@) 
A@ Boa) C@) 
is divisible by f(x), where prime denotes the 


39. For all values of A, B,C and P, Q, R, show that derivatives. (1984, 3M) 
(1994, 4M) 
cos(A—-P) cos(A-Q) cos (A-R) 46. Without expanding a determinant at any stage, show 
cos(B-P) cos(B-Q)  cos(B-R) |=0 that 
cos(C—P) cos(C-Q) cos(C-—R) . 
; oe : x + x x+1 x-2 
40. For a fixed positive integer n, if 2x7 + 8x-1 3x 8x-3/=xA+B 
n! (n+1)! (n+2)! x 42x43 2x-1 2x-1 
D=|(m+1)!. 42)! (n+3)!h 
(n+2)! (n+8)! (n+4)! where A and B are determinants of order 3 not 
4 involving x. (1982, 5M) 
then show that nip 7 4 is divisible by n. (1992, 4M) 47. Leta, b, c be positive and not all equal. Show that the 
: a be 
pbc value of the determinant] b c a |is negative. 
41. Ifa#p,b#q,c#rand|a q c}=0 ca b (1981, 4M) 
b . 
7 ; . Integer Type Question 
Then eee veueer p-a q-b Se 48. The total number of distincts xeR for which 


42. Let the three digit numbers A28, 3B9 and 62C, where A, 
Band C are integers between 0 and 9, be divisible by a 


fixed integer k. Show that the determinant 


x x 14H? 


Topic 3 Adjoint and Inverse of a Matrix 


Objective Questions I (Only one correct option) 


Qx 4x2 148% |=10is (2016 Adv.) 
3x 9x7 14278 
e e' cost 


2. IfA=|e -e' cost-e'sint 


5 2a 1 
1. IfB=|0 2. 1 Jisthe inverse of a3 x 3 matrix A, then 
a 38 -1 


the sum of all values of a for which det (A) + 1 =0, is 
(2019 Main, 12 April 1) 


(a) 0 (b) -1 (c) 1 (d) 2 


é Qe'sint 


e'sint 
—ée'sint+e cost|then Ais 
—2e" cost 
(2019 Main, 9 Jan II) 
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10. 


(a) invertible only when t = 1 
(b) invertible for everyte R 
(c) not invertible for anyte R 


(d) invertible only when t = 5 


Let A and B be two invertible matrices of order 3 x 3. If 
det(ABA’) =8 and det(AB"') =8, then det(BA™!B") is 


equal to (2019 Main, 11 Jan II) 
1 1 
a) 1 = c) — d) 16 
(a) (b) a (c) 16 (d) 
6 -sin®@ 
IfA= — ce , then the matrix 
sin®@ cos@ 
A>’ when 0 aw. is equal to 
12 (2019 Main, 9 Jan I) 
1 438 [v3 _1 
2 2 2 2 
(a) 1 (b) iB 
2 2 L 2 2 
v3 1 1 _v8 
2 2 ay | 2 2 
(c) 1B (d) Bo 
2.' 2 L 2 2 


2 -3 
IfA -| ‘4 , then adj A? + 12.A) is equal to 


(2017 Main) 
72 -84 51 68 
a E 63 51 o a | 
51 84 72 63 
©) [ | (a) [ ] 
les 72| |-84 51 | 
5a —b . , , 
if A= 9 9 and Aadj A= AA’, then5a + bis equal 
to (2016 Main) 
(a)-1 (b) 5 (c) 4 (d) 13 


If Ais a3 x 3non-singular matrix such that AA? = A7A 


and B= A'A’, then BB’ is equal to (2014 Main) 

(ajI+B (bl (c:) BY (d) (B*)* 
1a 3 

If P=|1 3 38) is the adjoint of a 3x3 matrix A and 
2AA 

| A|=4, then a is equal to (2013 Main) 

(a) 4 (b) 11 (c) 5 (d) 0 


If Pis a3 x3 matrix such that P’ =2P + I, where P" is 
the transpose of Pand Jis the3 x 3identity matrix, then 


x 0 
there exists a column matrix, X =| y|#]0]|such that 
a) 10 (2012) 
0 
(a) PX =|0| (b+) PX =X (c) PX =2X (d) PX =-X 
0 


Let @ #1 be a cube root of unity and S be the set of all 


1ab 
non-singular matrices of the form |@ 1 cj|, where 


o o 1 


11. 


12. 


each of a, b and cis either w or o”. Then, the number of 
distinct matrices in the set S is (2011) 
(a) 2 (b) 6 (c) 4 (d) 8 

Let M and N be two3 x 3 non-singular skew-symmetric 
matrices such that MN =NM. If P’ denotes the 
transpose of P, then M*N*(M" N)'(MN“1)’ is equal to 


(a) M? (b) —N? (c) -—M? (d) MN (2011) 
1 00 

IfA=|0 1 1)6A1=<A?+cA+ dl, then (c, d)is 
0-2 4 (2005, 1M) 

(a) (- 6,11) (b) (- 11, 6) 

(c) (11, 6) (d) (6, 11) 


Objective Questions II 
(One or more than one correct option) 


13. 


14. 


15. 


3-1 -2 
Let P=|2 0 a |, wherea € R. Suppose Q = [q,] is a 
3 -5 0 
matrix such that PQ = kI, where k « R,k #O0and Jis the 
identity matrix of order 3. If qo; =—- : and det (Q) = 
then (2016 Adv.) 
(a)a=0,k=8 (b) 4a -k+ 8=0 


(c) det (P adj Q)) = 2” (d) det @ adj (P)) = 2"° 
Let Mbe a2 x 2 symmetric matrix with integer entries. 
Then, M is invertible, if (2014 Adv.) 
(a) the first column of Mis the transpose of the second row 
of M 
(b) the second row of M is the transpose of the first column 
of M 
(c) M is a diagonal matrix with non-zero entries in the 
main digonal 
(d) the product of entries in the main diagonal of M is not 
the square of an integer 
144 
If the adjoint of a3 x3 matrix Pis|2 1 7|, then the 
11 8 


possible value(s) of the determinant of P is/are 
(a) —2 (b) -1 
(c) 1 (d) 2 


Integer Answer Type Question 


16. 


Let k be a positive real number and let 


2k-1 2k 2k 
A=| 2Vk 1  -2k | and 
-2/k 2k -1 
0 2k-1 Vk 
B=|1-2k 0 24k 
-_Jk -2Vk 0 
If det (adj A) + det (adj B) = 10°, then [k] is equal to...... 


(2010) 
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Topic 4 Solving System of Equations 


Objective Questions I (Only one correct option) 


1. 


If [x] denotes the greatest integer <x , then the 
system of liner equations [sin®]x + [- cos@]y=0, 
[cot O@]x+ y=0 

(2019 Main, 12 April II) 


(a) have infinitely many solutions if 0¢e (=.=) 


and has a unique solution if 8eé (x. =| 
(b) has a unique solution if 
Tu 20 71 
86e}—,—]U] 1, — 
2 3 6 
(c) has a unique solution if @é (= ; =) 


and have infinitely many solutions if@ (+. 7 


(d) have infinitely many solutions if 
T 20 7% 
6e] —,— ]U] m1, — 
2 3 6 
Let 4 be a real number for which the system of linear 
equations 


xt+y+2z=6,4x+ Ay-Az=A -2and 

8x+ 2y—4z=-5 

has infinitely many solutions. Then A is a root of the 
quadratic equation (2019 Main, 10 April II) 
(a) 47-384 -4=0 (b) 47+ 34-4=0 


(c) 7 -2’-6=0 (d) 47+4-6=0 
If the system of linear equations 
x+y+Zz=5 

x+2y+2z=6 


x+3yt+Az=u,(A,u eR), has infinitely 
solutions, then the value of A + wis 
(2019 Main, 10 April I) 


many 


(a) 7 (b) 12 

(c) 10 (d) 9 

If the system of equations 2x+ 3y—z=0,x+ ky—2z=0 
and 2x— y+z=0 has a non-trivial solution (x, y, 2), 


then ~ + wees kis equal to 
y & % (2019 Main, 9 April II) 
cl 1 3 
(a) —4 (b) = (c) -= d) 2 
) ) 5 ) Fi (d) 4 


If the system of linear equations 

x-2y+kz=1, 2x+ y+ z2=2,38x-y-kz=3 

has a solution (x, y, z), #0, then (x, y) lies on the 
straight line whose equation is = (2019 Main, 8 April II) 
(a) 8x-4y-4=0 (b) 8x- 4y-1=0 

(c) 4x - 8y-4=0 (d) 4x - 38y-1=0 

The greatest value of ce R for which the system of 
linear equations x —-cy — cz =0, cx -y + cz =0, 
cx+cy-—z=0 


10. 


11. 


12. 


13. 


has a non-trivial solution, is 
if 
(a) -1 (b) S (c) 2 


(2019 Main, 8 April I) 
(d) 0 


The set of all values of A for which the system of linear 
equations x -—2y—-2z=Axnx+2y+z=Ayand —x- y=hz 
has a non-trivial solution (2019 Main, 12 Jan II) 
(a) contains exactly two elements. 
(b) contains more than two elements. 
(c) is a singleton. 
(d) is an empty set. 
An ordered pair @,f) for which the system of linear 
equations (2019 Main, 12 Jan 1) 
(l+a)x+By+z=2 
ox+(1+B)y+z=38 
ax+By+2z=2 
has a unique solution, is 
(a) (2, 4) (b)- 4,2) ©d-3) 
If the system of linear equations 
2xn+2y+ 38z=a 
38x- y+ 5z=b 
x—-38y+2z=c 


(d) 8, 1) 


where a, b,c are non-zero real numbers, has more than 
one solution, then (2019 Main, 11 Jan 1) 
(a) b-c-a=0 (bl) a+b+c=0 
(c) b-c+a=0 (d) b+c-a=0 
The number of values of 6 € (0, 2) for which the system of 
linear equations 
x+3y+ 7z=0, 
—x+4y+ 7z=0, 
(sin 30)x + (cos 20)y + 2z = 0 
has a non-trivial solution, is 
(a) two (b) three (c) four 
If the system of equations 
xt+y+z=5 x+2y+ 38z=9 
x+3y+az=B 
has infinitely many solutions, then B — a equals 
(2019 Main, 10 Jan 1) 
(d) 5 


(2019 Main, 10 Jan II) 
(d) one 


(a) 8 (b) 18 (c) 21 

If the system of linear equations 
x-4y+ 7z=g, 3y-5z=h,-2x+5y-9z=k 

is consistent, then (2019 Main, 9 Jan II) 

(a)2g+h+k=0 (b) g + 2h+k=0 

()gt+th+k=0 (d)g+h+ 2k=0 

The system of linear equations 
xt+y+z=2, 2x+3y+ 2z=5 
2x + 8yt(a? - l)z=a+l1 

(a) has infinitely many solutions for a = 4 

(b) is inconsistent when a = 4 

(c) has a unique solution for |a| = V3 

(d) is inconsistent when |al = J3 


(2019 Main, 9 Jan 1) 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


If the system of linear equations 
x+ky+38z=0, 3x+ ky-2z=0 
2x+4y-3z=0 

has a non-zero solution (x, y, z), then se is equal to 
y (2018 Main) 

(a) -10 (b) 10 (c) -30 (d) 30 

The system of linear equations 

xtaAy—z=0; Ax-y-—z=0; x+ y-Az=0 

has a non-trivial solution for (2016 Main) 

(a) infinitely many values of A (b) exactly one value of 4 

(c) exactly two values of A (d) exactly three values of A 

The set of all values of 4 for which the system of linear 

equations 2% — 2x, + %, =Ax,, 2x, — 3x. + 2%, =Ax, and 

—x, + 2x, = Ax, has a non-trivial solution (2015 Main) 

(a) is an empty set 

(b) is a singleton set 

(c) contains two elements 

(d) contains more than two elements 

The number of value of k, for which the system of 

equation 

(k+1)x+8y=4y => khxt+(k+3) y=3k-1 


(2013 Main) 
has no solution, is 
(a) infinite (b)1 (c) 2 (d) 3 
The number of 3x3 matrices A whose entries are either 
x 
0 or 1 and for which the system A} y|=|0|has exactly 
Zz 0 
two distinct solutions, is (2010) 
(a) 0 (b) 2°-1 (c) 168 (da) 2 
Given, 2x-—y+2z=2,x-2y+z=-4, x+y+dAz=4, 


then the value of A such that the given system of 
equations has no solution, is (2004, 1M) 


(a) 3 (b) 1 (c) 0 (d) -8 

The number of values of k for which the system of 
equations (k+1)x+8y=4kand kx+ (k+3) y=38R-1 
has infinitely many solutions, is/are (2002, 1M) 
(a) 0 (b) 1 (c) 2 (d) co 

If the system of equations x+ ay=0, az+ y=0 and 
ax + z=0 has infinite solutions, then the value of a is 
(a) -1 (b) 1 

(c) 0 (d) no real values 

If the system of equations «— ky—z=0, kx- y-—z=0, 
x+y-—z=0 has a non-zero solution, then possible 
values of k are (2000, 2M) 


(a) -1, 2 (b) 1, 2 (c) 0, 1 (d) -1, 1 


Assertion and Reason 


For the following questions, choose the correct answer from 
the codes (a), (b), (c) and (d) defined as follows. 


(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation of Statement I 


23. 


(b) Statement I is true, Statement II is also true; 
Statement II is not the correct explanation of 
Statement I 

(c) Statement I is true; Statement II is false. 

(d) Statement I is false; Statement II is true. 


Consider the system of equations 
x-3y+4z=1 and -x+ y-2z=k 
Statement I The system of equations has no solution 
for k#3 and 


x-2y+3z=-l1, 


1 3-1 
Statement II The determinant) -1 -2 k|+#0,for 
1 4 1 
k#0. (2008, 3M) 


Objective Questions II (Only or More Than One) 


24. 


by 
Let S be the set of all column matrices} b, |such that b,, 
bs 
by, bs; e Rand the system of equations (in real variables) 
—x+2y+5z= b, 
2x - Ay + 8z= by 
x-2y+2z=b, 
has at least one solution. Then, which of the following 
system(s) (in real variables) has (have) at least one 


solution for each] b, |e S? 


bs 
(a) x+ 2y + 8z=b, 4y+ 5z = b, and x+ 2y + 6z = b, 
(b) x+ y+ 3z=b,, 5xt 2yt 6z = b, and —2x- y —38z= B, 
(c)—x+ 2y—5z= b,, 2x-4y+ 10z= b, and x-2y+ 5z = 
(d) x+ 2y + 5z = 8, 2x + 3z= b, and x+ 4y— 5z= b, 


Fill in the Blank 


25. 


The system of equations Ax+ y+ z=0, —x+Ay+z=0 
and-x- y+ Az=Owill have a non-zero solution, if real 


values of A are given by ... (1982, 2M) 
Analytical and Descriptive Questions 
a 0 1 a 11 f a 
26. A=|1 c 0b|,B=|0 d c\U=|g|,V=!/0 
1 d ob f g Ah h 0 
If there is a vector matrix X, such that AX =U has 
infinitely many solutions, then prove that BX =V 
cannot have a unique solution. If a f d #0. Then, prove 
that BX = V has no solution. (2004, 4M) 
27. Let A anda be real. Find the set of all values of A for 


which the system of linear equations 
Ax + (sina)y + (cosa)z =0, 
x+ (cosa)y + (sina)z=0 
and —x + (sina)y — (cosa)z =0 
has a non-trivial solution. 
For A = 1, find all values of a. 


(1993, 5M) 


28. 


29. 


30. 


31. 


32. 


Let ©1,0,B,;,B. be the roots of ax’+bx+c=0 and 
px’+qx+r=0, respectively. If the system of equations 
O,y¥ + oz =0 and, B,¥ + B9z =0 has a non-trivial solution, 


then prove that — = = 


q pr (1987, 3M) 


Consider the system of linear equations in x, y, z 


(sin 30) x— y+ z=0, (cos20)x+4y+ 38z=0and 

2x+ Ty+ 7z=0 

Find the values of 6 for which this system has non-trivial 
solution. (1986, 5M) 
Show that the system of equations, 3x— y+ 4z=38, 
x+2y-8z=-2 and 6x+5y+Az=-3 has atleast one 


solution for any real number 1 #-—5. Find the set of 
solutions, if A =—5. (1983, 5M) 


For what values of m, does the system of equations 
38x+ my =m and 2x-—5y=20 has a solution satisfying the 
conditions x>0, y >0? (1979, 3M) 


For what value of k, does the following system of equations 
possess a non-trivial solution over the set of rationals 
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33. Given, x=cy+ bz,y=az+ cx,z= bx+ ay, where x,y, 


zare not all zero, prove that a?+ 67+ c? + 2ab=1. 
(1978, 2M) 


Integer Answer Type Question 
34. For areal number a, if the system 


1 a a? 


x 1 
ao 1 a/y}=|-1 
a a iz 1 


of linear equations, has infinitely many solutions, 


thenl+a+a7= (2017 Adv.) 
0 -1 
35. Let M be a 3x3 matrix satisfying M}1]=| 2 | 
0 3 
ib 1 1 0 
M\-1)\=| 1 |, andM/1/=| 0}, 
0 -1 1 12 


Then, the sum of the diagonal entries of M is ... 


(2011) 
x+ y-2z=0, 2x-38y+ z=0,and x-5y+4z=k 
Find all the solutions. (1979, 3M ) 
Answers 

Topic 1 Topic 3 

1. (b) 2. (b) 3. (c) 4, (a) 1. (c) 2. (b) 3. (c) 4, (c) 

5. (b) 6. (b) 7. (d) 8. (a) 5. (b) 6. (b) 7. (b) 8. (b) 

9. (d) 10. (a) 11. (c, d) 12. (c, d) 9. (d) 10. (a) 11. (c) 12. (a) 
13. (b,c, d) 14. (d) 15. (b) 16. (a) 13. (b,c) 14. (c, d) 15. (a,d) 16. (4) 
17. (d) 18. (c) 19. (d) 20. (4) ; 

21. (1) Topic 4 

. 1. (a) 2. (c) 3. (c) 4. (b) 

Topic 2 5. (c) 6. (b) 7. (c) 8. (a) 

1. (a) 2. (a) 3. (c) 4, (b) 9. (a) 10. (a) 11. (a) 12. (a) 

5. (d) 6. (c) 7. (a) 8. (b) 13. (d) 14. (b) 15. (d) 16. (c) 

9. (d) 10. (c) 11. (a) 12. (0) 17. (d) 18. (a) 19. (b) 20. (b) 
13. (a) 14. (c) 15. (d) 16. (c) aon eels ate) en 
17. (0) 18. (a) 19. (b) 20. (b) 25. A =0 27, —J2 <2’ <v2,0, =n, nn + r 

21. (b) 22. (a,c) 23. (b,c) 24, (a, b) at 

25. (bd) 26. (4) 27. (0) 28. (0) ay Pea ee 

29. (2and7) 80. {-1,2} 31. (0) 32. False 4—5k 13k —9 

1 5 1 5 30. x= y= =k 
36. [a= 5.b=-$ and foxy tx? 3x42] 37. (0) 7 7 
4 : : 31. ee sees 
4d‘ 2 
38. ; ; ; ) 41. (2) ae 
a(a+ d)(a+ 2d)°(a + 3d)*(a + 4d) 32. (k = 0, the given system has infinitely many solutions) 

48, (2) 34, (1) 35. (9) 
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Hints & Solutions 


Topic1 Types of Matrices, Addition, . _ , [cosa sina 
: 3. Given, matrix A=| . 
Subtraction and Transpose of a sina cosa 
Matrix ane eee oo 
1. Given matrix A is a symmetric and matrix B is a sina cosa |sina cosa 
skew-symmetric. : [ eos? — sin2a —cosa sina — sina cose. | 
A! = Aand B' =—B sin cos + cos, sin a —sin? + cos”o 
: 2 3 . : cos2a —sin2a 
Since, A+ B= (given)... (i) =|. 
5 -1 sin20 cos2a 
On taking transpose both sides, we get Similarly, 
, [2 3 iT n coe) =Sne) | N 
(A+ BY = 5 4 sin(na)  cos(na) 
cos(82a) —sinBb2a Oo -1!. 
T 7 _|2 5 7 ie ‘ ) ¢ ) = (given) 
=> A+B = 3 i ... (ii) sin2a) cos82a) 1 0 
; T rT So, cos@2a) =0 and sinG2a)=1 
Given, AX = AandB =-B t Tt 
2 5 > 32a = . >A =— 
=> A-B-| 64 
ae. 4, Given matrix 
On solving Eqs. (i) and (ii), we get 100 0 0 0 100 
2 #4 =—1 P= 1 = 1 
Ae tadewe 0 3 0j=|3 0 O}+/0 0 
4 -1 1 0 93 1] 19 3 0 00 1 
g 2 41/0 -1 4 -2 > P=X +I (let) 
AB= = od _ 5 
_ 4 2d G1 Sa ed Now, P® = (I+ X) 
=I + °C, (X) + °C,(X”) + °C, (X?) +... 
Br lvoe tele [- I" =I, I-A=Aand (a+ x)" ="Cya" + 
0 2y 1 "Cia" tx + ..4"C,x"] 
A=|2x y -1|,@,yeR,x# y) 0 0 Ojf0 0 0] fo 0 0 
2x -y 1 Here, X°=|3 0 O]/3 0 OJ=|0 0 0 
for which 9 3 OJ]/9 3 0] [9 0 0 
ATA=3h, 0 0 O|]/0 0 0) JO 0 O 
3_ yl y_ - 
0 2x 2x]TO 2y 1] [3 0 0 ee eal tae 
> 2y y -yl]/2x y -1}=/0 3 0 
0 0 0 
1 =1 21 |/2x -y 1 0 0 38 
; =X =X’ =|0 0 0 
8x" 0 0 3.0 0 000 
=>|0 6y 0/=|0 3 0 000 000 
oD 3) 8 So, P°=I+5/3 0 0/+10]0 0 0 
Here, two matrices are equal, therefore equating the 9 3 0 900 
corresponding elements, we get 1 0 0 
8x" =3 and6y"?=3 =|15 1 0 
fe 195. 16: 2 
=> x=+_/— 
8 2 0 0 
aul eee and @=I+P=|15 2 0 lg i] 
V2 135 15 2 
: There are 2 different values Bt wand yet = qo, = 15, dg, = 135 and gy =15 
So, 4 matrices are possible such that A*° A =3J,. 
3 Henge, Yor + Q31 _ 154+ 1385 _ 150 -10 


939 15 15 


5. Given, AA? =I 


[0 2g r][O p p] {100 
=>|p @q -rii2q q -q|/=|0 1 0 
|p -@ rjj[r -r r : 0 1 
[04+ 4q2+r?2 04+2q?-r? 0-2¢q2+r?] [1 0 0 
>/0+2q? r? p+gtr? Dp ¢g r?/=|0 1 0 
0 2q° r? Dp: q’ r? ptgt r? 001 


We know that, if two matrices are equal, then 
corresponding elements are also equal, so 


Ag?+r=l=p't+q? +r’, ..-(0) 
2q° -1r? =0 =r? =2¢" «sia() 
and p’-q-r'=0 ... (ili) 
Using Eas. (ii) and (iii), we get 
p’ =3q" ...(iv) 
Using Eqs. (ii) and (iv) in Eq. (i), we get 
dq? +2q7?=1 
=> 6q7 =1 
=> 2p°=1 [using Eq. (iv)] 
p?=~ => |pl=— 
2 2 
1 00 
6. Here,P=|4 1 0 
164 1 
1 0 Oj] 1 0 O 1 0 O 
P?=|4 1 O0j[4 1 O/=| 4+4 1 =O 
16 4 1//16 4 1 16+32 44+4 1 
1 0 O 
=| 4x2 1 O ..-(i) 
16(1+2) 4x2 1 
1 0 O};}1 0 0 
and P?=| 4x2 1 O//4 10 
16(1+2) 4x2 1|//16 4 1 
1 0 O 
= 4x3 1 O ... (ii) 
16(1+2+38) 4x3 1 
From symmetry, 
1 0 0 
p= 4x50 1 
16(04+2+3+...+50) 4x50 1 
P®-Q=I [given] 
1- a4 — he — 3 10 0 
200 — go1 1- do2 — 423 |=|0 1 0 


50 
16 x > 61) ~ dai 200 - dg. 1-453) 19 9 1 


- 200 - go; =0, ee a, =0, 


200 — gg =0 
Qo1 = 200, daz = 200, ga; = 20400 
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931 + 932 _ 20400+ 200 20600 _ 


On comparing, we get 
a+4+2b=0 > a+2b=-4 
2a+2-2b=0 > a-b=-1 

and a7+4+ b7=9 

On solving Eqs. (i) and (ii), we get 
a=-2,b=-1 

This satisfies Eq. (iii) 
Hence, (a, b) = (-2,-1) 


or: Pp J3/2 -1/2|| V3 /2 

12 32 
10 

=> Pip =| 
01 

=> P’P=I 

=> Pr =P 

Since, Q = PAP" 


». PQ? P = P" [(PAP")(PAP’) ... 2005 times ]P 
=(P"P) A (P'P) A(P"P)... (P'P) A (P"P) 


-12 32 


| 


Thus, 1038 
oy 200 200 
12 2 12 a 
7. Given, A=|2 1 -2| A7=|2 1 2Jand 
a2 6b 2 -2 b 
12 2))1 2 a 
AAT =|2 1 -2]|2 1 2 
a2 6b||2 -2 b 
9 0 a+4+2b 
= 0 9 2a+2-2b 
a+4+2b 2a+2-2b a?+44+0b? 
It is given that, AA’ =9I 
9 0 a+4+2b 1 0 
> 0 9 2a+2-2b)/=9]0 1 
a+4+2b 2a+2-2b a7+4+b? 0 0 
9 0 a+4+2b 9 0 0 
> 0 9 2a+2-2b}=|0 9 0 
a+4+2b 2a+2-2b a’+4+b"| |0 0 9 


2005 times 
= [42005 _ 42005 


1 1] 
A-| 


(i) 
...(ii) 
.. (iii) 
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9. 


10. 


11. 


12. 


13. 


gz00s [1 2005 
“10 1 

pT 2005 p _| 2005 
lO 1 


_fa O] p fl 0 
Given, A-($ | B=[5 | 


2_[% O][a O]_Ja? 0 
= ar=|¢ all Fe | 


Also, given, A?=B 


Pde a 


=> a@7=1 and a+1=5 


Which is not possible at the same time. 
. No real values of & exists. 


If A and B are square matrices of equal degree, then 


A+B=B+A 
Given, X' =-X,Y'’ =-Y,Z7=Z 
(a) Let P=Y°Z' -Z'*y? 
Then, Pray 74) -(Z*y*yP 


= (zZ")4 wry _ wry (Z")4 
=-Zty? +y°Z*=P 
:. Pis symmetric matrix. 


(b) Let P=X*+y" 

Then, pr- (x? 44 4 (7)*4 
x" a y*4 =p 

:. Pis symmetric matrix. 

(c) Let P=X'Z? —-Z°x! 

Then, PsOey ae xey 


= (27) (xT) — (xT)! (ZT 
~ 73 x4_x473 -_ p 
-. Pis skew-symmetric matrix. 
(d) Let P=X%4y8 
Then, PT = (XT) 4. (V7)3 = X38 _y?3 =p 
-. Pis skew-symmetric matrix. 


(a) (N'MNY = N'M"(N’Y = N'M'N, is symmetric 
if M is symmetric and skew-symmetric, if M is 


skew-symmetric. 
(b) (MN - NM)" = (MN) - (NM)" 
= NM —- MN =-(MN - NM) 

-. Skew-symmetric, when M and N are symmetric. 
(c) (MN) = NM? = NM + MN 

. Not correct. 
(d) (adj MN) = (adj N)- (adj M) 
.. Not correct. 
Here, = P= [pj]nyxn with pj = w'*/ 


*. Whenn=1 
P= [Diyhia = [o”] 
=> P? = |[w*] #0 


14, 


15. 


16. 


17. 


18. 


Pir Prg o” wo o” 1 
P= [Dijlox2 = =| 3 4|> 
P21 Peg o @ 1 @ 


4 2 
= hee @ 3] 0 
oO +0 14+0 
When n =38 
o o | jo? 1 © 
P=[phe=|@ o° o |=|1 © @ 
o o | |o wo 1 
o 1 @llo 1 ow] [0 00 
P?=|1 @ @7|/1 @ o7/=|0 0 O}=0 
® ® lilo o7 1 0 0 0 


P? =0, when nis a multiple of 3. 
P? #0, when nis not a multiple of 3. 
> n =57 1s not possible. 
n = 55, 58, 56 is possible. 


As (a, b, oc) lies on 2x+ y+ z=152a+b0+c=1 
> 2a+6a-Ta=1 

> a=1,b=6,c=-7 

- Ta+b+c=7+6-7=6 
Ifb=6>a=landc=-7 


1 ax + bx+ c=05%74+6x-7=0 
=>(x+ 7) («-1)=0 


. x=1,-7 
(3 1" 6 (8) 1 
» =l+ s+ pe a= 
a\1 7 7 a 1-8 
iy 
1/7 
Ifa =2,b=12,c=-14 
3 1 3 
ee oe 
o” ow @ 
5. 4 3 3 ‘j 
> : + = +14 30°=30+4+ 1+ 30 
@? @?? @ /4 2 


=1+3@+’)=1-3=-2 

The number of matrices for which p does not divide 
Tr (A)=(p-1) p” of these (p—1)? are such that p 
divides | A|. The number of matrices for which p divides 
Tr (A) and p does not divides | A| are (p—1)”. 

Required number =(p-—1) p?—(p—1)?+ (p-1)” 

=p -p? 

Trace of A = 2a, will be divisible by p, iff a =0. 
| Al=a7~—be, for (a?— bo to be divisible by p. There are 
exactly (p—1) ordered pairs (b, c) for any value of a. 


». Required number is (p — 1)”. 
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19. Given, A=|" a b, ce {0, 1, 2,...,p—-1} Also, Oo +o" =-1 a 

ca If r=1,then o*° +o =-1 

If Ais skew-symmetric matrix, then a =0, b=—c¢ which is only possible, when s = 1. 
| Al=— 0? As, o+o04=-1 
Thus, P divides | Al, only when b =0. ...(i) . r=ls=1 
Again, if A is symmetric matrix, then b = cand Again, ifr =3, then 
| Al=a?—b? o°+@%=-1 
Thus, p divides | A|, if either p divides (a — 6) or p > w** =-2 [never possible] 
divides (a + 6). r#3 
p divides (a — b), only when a = 8, = (r,s)=(1,1)is the only solution. 
Le. a=beE{0, 1, 2,..., (p-D} Hence, the total number of ordered pairs is 1. 
a --- (ii) Topic 2 Properties of Determinants 
p divides (a+ b). 1+cos?@ ~~ sin? 4 cos 60 
=> p choices, including a = b =0 included in Eq. (a). 1. Let A=| cos2@ iaeein’s aeeeke | 26 
:. Total number of choices are (p+ p—1)=2p-1 cos20 sin20 1+4cos60 
20. Given, A= ; : °| abe=land ATA=I ___..(i) Applying C, > C; + Co, we get 

c a b 2 sin’@ 4cos60 

Now, A’A=I A=|2 1+sin?@ 4cos60 |=0 
a b cjlja b ¢ 1 0 0 1 sin?@ 14+4cos60 

~ ; : “| ‘ aa ; j Applying R, > R, -2R, and R, > R,-2R,, we get 


0 -sin?@ —2-4cos60 


a’+b' +c abt bce+ca gbh+ bce+ca oS 
=|ab+bet+ca a?+b?+c abt+bet+ca A=|0 1-sin"®@ —2-—4cos6@|=0 
ab+bc+ca ab+bc+ca g?24 $742 1 sin?0 1+ 4 cos60 
1 0 0 On expanding w.r.t. C,, we get 
a ; sin? 2 + 4 cos 60) + (2 + 4 cos 66) (1 —sin26) =0 
=> 2+ 4cos60 =0=>co0s60 =— 2 cos oh 
=>a’+b?+cC=1 and ab+bc+ca=0 .. (ii) 2 3 
3 2B 
We know, a? +b? + —3abe es 60 ae ae == [-e¢(0.)| 
=(a+ b+ O(a? + b? + ce - ab— be-ca) 3 9 3 
sa +b? +8 =(a+b+0(-0)+3 2. Given equation 
[from Eas. (i) and (ii)] x -6 -1 
. 24+? +e =(a+ 64043 ... (iii) 2 -3x x-3/=0 
Now, (a+ 0+0?=a7+ 07+ c+ 2(ab+ bet ca) -38 2x x+2 
=1 ... (iV) On expansion of determinant along R,, we get 
From Eq. (iii), a2 +b + @ =14350°+ 02 +e =4 x [(— 3x) («+ 2) —2x(x—-3)] + 6 [2(x + 2) + 8(x- 8)] 
=42i3 , Feee (— 3x) (- 8)] =0 
21. Here, —— => x[-3x* —6x —2x* + 6x] + 6[2x4+ 4+ 3x-9] 
a (0) o : —1 [4x — 9x] =0 
heh as? = x(— 5x°) + 6(5x — 5) — 1 5x) =0 
ee oe => -5x? + 30x-30+5x=0 
po @ ee | => bx? -35x+30=0 = x -7x+6=0. 
7 o 7 Since all roots are real 
_| 0% +0" wo”? =[-1Y +1] . Sum of roots = — £oefficient of x” _ 
er ay ei] wo +07 coefficient of x° 
Given, P? =-I 3. Given determinants are 
wo” +o =-1and@"* *[C 1)’ +1] =0 x  sin® cos@ 
Since, re{1,2,3}and 1)’ +1=0 A, =|-sin@ -x 1 


=> r={1,3} cos® 1 x 
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=—, +sin@cos0 —sin@ cos@ + xcos?0—x+ xsin76 


x sin28 cos20 
and A,=|—-sin26 —x 1 |,x#0 
cos 20 1 x 


=~—' (similarly as A,) 
So, according to options, we get A, + A, =— 2x? 


4, Given 
i 


LLG TH 
Ib He 
Pare ae 


es 


fl @-1)t+ —-2)+..484+241 
{0 1 


1 2@=-)] fr 7 
“le 2 -|; i 


Since, both matrices are equal, so equating 
corresponding element, we get 


ae = 78 => n(n-1) =156 


ao 


=13x12=13(13-1) 


=> n=18 


1 18 1 -13 
So, A= =A%= 
01 0 1 


[riflAletand a =] af tena '=| 8 | 
iG 


=¢ a 


5. Given, quadratic equation is x +x+1=0 having roots 
a, B. 
Then, 0+8 =-1landof =1 
Now, given determinant 
yt+1 a B 
A=| a ytB 1 
B 1 yta 


On applying R, > R, + R,+ R;, we get 


yt+1+a4+B y+l+a+p y+1+a+B 
A= (or y+B 1 
B 1 yt+a 
y y NA 
=|a yt+B 1 [-a+B=-] 
B 1 yt+a 


On applying C, > C.-C, and C; > C; —C,, we get 
y 0 0 
A=|a y+B-a 1-a 
B 1-B yta-B 
= y[(y+ B-a)) (y- GB-a))-A-a) A -B)] 
[expanding along RA, ] 
= y[y’-@-0.)”- (1-0. -B + a) 
= y[y’-B’-a?+ 208-14 @+B)-of] 
= y[y’-@ +B)? + 208 + 208 -1+ @+B)-aB] 
= yl[y?-14+3-1-1]=»' [-a0+f=—-1 andap =1] 


1 2. 2 
. Given, matrix A=|2 b cl,so 

4B ¢ 
i eh 
det(A)=|2 6b c 
4b 

On applying, C, > C.-C, and C, > C, -C,, 
1 0 0 


we get det(A)=|2 b-2 c-2 
4 b?-4 4 
b-2 c-2 
b?-4 7-4 

b-2 c-2 
-|, 2)(b+2) (c—2)(c+ 2) 
1 1 
b+2 c+2 


[taking common (b — 2) from C, and 
(c— 2) from C,] 


= (b —2)(c—2) 


= (b —2)(c—2)(c— b) 

Since, 2, band c are in AP, if assume common difference 
of AP is d, then 

b=2+dandc=2+2d 
So, | Al= d@d)d =2d? « [2,16] [given] 
=> @ [1,8] = defl,2] 

24+2de¢([2+2,2+4] 
=(4,6] => ce [4,6] 
1 sin8 1 


. Given matrix A =|-—sin@ 1 sin 8 


-1 -sin@ 1 
1 sin@ 1 
= det(A) =| Al=|-sin@ 1 sin@ 
-1 —sin@ 1 
=1(1+sin?6)—sin6@(-sin 6 + sin) + 1(sin76 + 1) 
=| A|=2 (1+sin76) . i) 
31 bn 


As we know that, for 0 € & 7 ) 


=> sin? [0,4] = 1+sin%@ e[o+1, 241] 
_ 9 3 
=> lt+sin“0e He 


= 2(1+sin’%) € (2,3) >| Ale [2,3)c (3. 3 


a-b-c 2a 2a 
8. Let A= 2b b-c-a 2b 
2c 2c c-a-b 


Applying R, > R, + R,+ R,, we get 
a+b+c a+b+c a+bt+e 


A= 2b b-c-a 2b 
2c 2c c-a-b 
1 1 a 
=(a+b+0c)| 2b b-c-a 2b 
2c 2c c-a-b 


(taking common (a+ b+ c)fromR,) 
Applying C, > C,-C, and C, > C, —C,, we get 


1 0 0 
A=(a+b+0)| 2b -(a+b+0) 0 
2c 0 -(a+ b+ 0) 


Now, expanding along R,, we get 
A=(at+b+01{(a+b+07-0} 

=(a+ b+ 0? =(a+b+0(x+at b+)” (given) 
=> (xtatb+07=(a+b+0 
=> x+at+b+c=t(at+b+o0) 


=> x=-2(a+b+0) [.. x #0] 
log, ajay log, a3a3_ log, asa 
9. Given,|log, aja? log, azak log, ata® |=0 
Tak rik Pak 
log,azag log, agag log, aga; 
On applying elementary operations 
C,-> C.-C, and C3 > C, - C., we get 
rok 
log, ajaz_ log, a5 — log, ajak 
k k 
log, aja; log, cae log, ajas 
rk rk 
log, azag_ log, aga — log, a7ag 
k 
log, aay - log, ajas 
k 
log, ee log, aja; |=0 
k 
log, agaiy — log, a7ag 
rk rok 
rak 303 a3Q4 
log, aj42 log.) —, | log.| ——; 
aa 129 
rk rok 
asa aga 
=| log, aja log,| 2-8 le ° : =0 
a4a5 a4Q5 
atak ava 
gag 9210 
log, atas log. rake log. rk 
a7 a7ag 
m 
E log, m — log, n = log, (2) 
nh 
[." Gy, Ag, Ag we , 49 are in GP, therefore put 


Oy, SO = Os BE x, Bg SOE | 
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r+kpr+ 2k 
log, q’t FRE oe S| 


r+ kRar+ 5k 


a 
a’t pert 4k 
a 
a 


r+ k pir + 8k 
r+ k por + 7k 


= leg a ** 4k le Seater 


log, a’t k Ror+ Tk lo cae 
qa’t k RR? +3k 


q’t FR 


a’t kRert 6k 


a’t it RR rt ak 


a’t kRsr+ =| 


log 
@ b 
r+ k por + 7k 


log.(a"* RRP) log, Rt k log, Rt 2k 

= log, a’t RpBr+ 4k log, R'*? los? ** =0 

logget log, R'*? log, R7*™ 
log,(a’**R*) log, R"** 2log, R’*" 

=| log,(a’* *R°"* 4*) log, R"** 2log, R’** |=0 

log (a? Re) log, R’** 2log, Rite 

[.: logm” = n logm and here 


log, Rt 2k ~ log, Ri* k) =2 log, R'**] 
** Column C, and C; are proportional, 


So, value of determinant will be zero for any value of 


(r,k),r,REN. 
.. Set ‘S’ has infinitely many elements. 
2 b 1 
10. Given matrix, A=|b 6741 6b) 6>0 
1 6b 2 
2 b 1 
So, det (A)=|Al=|b 674+1 0b 
1 b 2 
=2 [2(b?+ 1)—b7]-b@b-b) 
+1(b? — b?-1) 


= 2[26?+2-67] -—b?-1 
=2b7+4-6?-1=57+3 


det(A) _ +3 _, 3 
b b "b 
Now, by AM = GM, we get 
b+ 2 3\V2 
—be(sx2] {- b>0} 
2 b 
5% b+ ; > 23 
So, minimum value of ae we 2/3 
11. Given, 
2 4+d (sin®) - 2 
A=|1 (sin@) +2 d 


5 (@sin0)-d (-sin@)+2+2d 
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12. 


13. 


-2 4+d (sin @) —2 
. |Al=| 1 (sin@)+2 d 
5 (@sin@)—d (sin@)+2+2d 
-2 4+d (sin 8) — 2 
=| 1 (sin@) +2 d 
1 0 0 


(R; > R, -2R,+ R,) 
=1 [(4+ d)d —-(sin@ + 2) (sind — 2)] 
(expanding along R,) 

= (d? + 4d —sin76 + 4) 

=(d* + 4d + 4) -sin’0 

= (d+ 2)?—sin?0 
Note that| A| will be minimum ifsin?6 is maximum i.e. if 
sin76 takes value 1. 


|Almin =8, 
therefore (d+2)?-1=8 
=> (d + 2)? =9 
=> d+2=+3 
a d=1,-5 
Given, 
x-4 2x 2x 
2x x-4 2x |=(A+ Bx\(x- A)? 
2% 2x x-A 


=> Apply C) > C, + C,+C, 
5x-4 2x 2x 


Bx-4 x-4 2x |=(A+ Bx)(x—- A)” 
5x-4 2x x-4 
Taking common (5x — 4) from C,, we get 
1 2x 2x 
(x—4)}1 x-4 2x |=(A+ Bx)(x—- A)? 
1 2x x4 
Apply R, > R, — R, and R; > R; - R, 
1 2x 0 
» @x-4)/0 -x-4 0 |=(A+ Bx\(x- A? 
0 0 —x-4 


Expanding along C,, we get 
(x —4)(x + 4)? = (A + Bx)(x— A)? 
Equating, we get, A=-4 and B=5 


Given, 20+1=z 
> 20+1=./-3 [eo 2=./-3] 
-1+3i 
=> @ = ———_ 
2 
Since, @ is cube root of unity. 
gS ag ag 
2 
ak 1 1 
Now, | 1 —@?-1 @7/=3k 
1 oo @ 


14, 


1 1 1 
> 1 @ @7|=3k 
1 oo” o 
[-1+@+@7?=0ando’ =@)?-0 =o] 
On applying R, > R, + R.+ Ry, we get 
3 14@+0" 14+0+0° 
1 o o” =3k 
1 o” (0) 
3 0 0 
=> 1 @ ”|=3k 
1 @ © 
=> 3? - @*) =3k 
=> (7 -o) =k 
a-( | (148). ase 


PLAN Use the property that, two determinants can be multiplied 
column-to-row or row-to-column, to write the given 
determinant as the product of two determinants and then 
expand. 


Given, f(n)=0"+ 8", f)=a+8, f2@)=07+ Bp, 
f@)=0° + B®, (4) =a* + B* 

3 1+ /f(1) 1+ f@) 

Let A=|1+ f() 1+f(@) 1+ f@) 

1+ f@) 1+ f(@) 1+ f@) 


3 1+a+PB 1+07+ 8? 
=> A=|1+a+B 14+07+8? 14+0°+ 8° 
1+q°+ 6? 140° 48 14074 f° 


isi it 
=| 1-:14+1-0+1-8 
1-14 1-07+1-B? 


1-14+1-04+1-B 

1-1+a-a0+ 8-8 

1-14 07-0 + B?-B 
1-14+1-07+1-B? 
1-1+a-074+8-B? 
1-14 07-0? + B?-B? 


1 4 #14)/]1 4° °4 1 14°44 
=|1 a B/i1 a Bl=\1 a B 
1 a? B° 1 a? B° 1 a? B° 


On expanding, we get A = (1 -a)7(1 —B)”(@ —B)” 


But given, A=K(1-a)?(1-B)?(a—B)” 
Hence, K (1 -a)°( —B)"(@ -B)” = -0)"(1 — B)*(@ - B)” 
- K=1 
15. PLAN Itis a simple question on scalar multiplication, i.e. 
ka, kay kag a a a3 
b; D> b3l=k)b, bs bs 
Cy. Co.Ce Cj, C5. C5 


Description of Situation Construction of matrix, 


; ; [ay a ag | 
ie. ifa=[ajle.g=] @21 @o2 ag 
431 432 433 


16. 


17. 


18. 


where, b; =oiti ay 

4a,, 8a, 16a 
Bday, 16g, 32do5 
16 a3; 82d 64d33 


|@|= 


a4 G2 As 
=4X8xX16|2d5, 2do 2do3 
431 


439 4039 


G1 Aq Ag 
G91 A422 Ags 
43, G39 33 
2”.| P| 912.9 918 
We know, | A”| =| Al” 
Since, |A?|=125 = 
ks 2 


=2°x2x4 


| AP =125 


=> 5 >07-4=5 => a=+3 


2 @ 


sin x 
cos x 
cos x 


cos x 
sin x 
cos x 


cos x 
cos x 
sin x 


Given, =0 


Applying C, > C, + C,+C; 


sinx+2cosx cosx cosx 
=|/sinx+2cosx sinx cosx 
sinx+2cosx cosx sinx 
1 cosx cosx 
=(2cosx+sinx)}1 sinx cosx/=0 
1 cosx sinx 
Applying R,—> R,—- R,, R; > R; — RK, 
1 cos x cos x 
=> (2cosx+sinx)|}0 sinx-—cosx 0 =0 
0 0 sin x— cos x 
> cos x + sin x) (sin x— cos x)” =0 
> 2cosx+sin x=Oor sin x—cos x=0 
> 2cos x=-—sin xor sin x= cos x 
= cot x= -1/2 gives no solution in—7 <x< 7 
and sinx=cosx > tanx=1 > wx=7/4 
Given, 
1 “ x+1 
f(x) = 2x x (x-1) (x+ 1) x 
38x (e-1) x(@w-1)(@-2) («+1)x(e-1) 
Applying C; > C3 — (C, + C2) 
1 na 0 
= 2x x (x -1) 0|=0 
38x (x-1) x(~-1)(-2) 0 


f (x)=0 =f (100)=0 


19. 


20. 


21. 


22. 


23. 
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iL a a” 
A=|cos(p—d)x cos px cos(p+d)x 
sin(p-—d)x sin px sin(p+d)x 


Let 


Applying C, > C, + C3 


1+? a a’ 


=> A=|cos (p-—d)x+ cos (p+ d)x cos px cos (p+ d)x 
sin(p —d)x+sin(p+d)x sin px sin (p+ d)x 


l+a? a a” 
=> Az=|2cospxcosdx cospx cos(p+d)x 
2sinpxcosdx sinpx sin (p+d)x 
Applying C; > C, -2cosdx Cy, 
1+ a?-2a cos dx a a” 
=> A= 0 cos px cos(p+d)x 
0 sin px sin(p+d)x 


=> A=(1+a7-2a cos dx) [sin (p+ d) x cos px 
—sin px cos (p+ d)x|] 


=> A=(1+ a?-2a cos dx) sin dx 
which is independent of p. 
xpt+ y x y 
Given, | yp + z y z |=0 
0 xp+y yprt+z 
Applying C, > C, - (pC, + C3) 


0 x y 
> 0 y z =0 
—(xp?+ yp+ yp+z) xpt+y yptz2 
=> — (xp" + 2yp + z) (xz —- y”) =0 


Either xp? + 2yp + z=Oor y” = xz 
=> x, y,zare in GP. 
Since, A is the determinant of order 8 with entries 0 or 
1 only. 


Also, B is the subset of A consisting of all 
determinants with value 1. 


[since, if we interchange any two rows or columns, 
then among themself sign changes] 
Given, C is the subset having determinant with 
value -1. 
.. Bhas as many elements as C. 
For a matrix to be square of other matrix its 
determinant should be positive. 
(a) and (c) > Correct 
(b) and (d) > Incorrect 
Given determinant could be expressed as product of two 
determinants. 
(l+a)? (1+2a)? (1+ 3a)? 
ie. |(2+a)? Q2+2a)y (2+3a)?|=-648 a 
+a)? @+2a)? @+3a) 
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24, 


25. 


26. 


14+2a+a7 14404407 14604907 
=> /4+4a+a" 44804407 441204907 
6 


9+6a+07 94120+407 941804907 


=-648 a 
1 a o@7}j1 11 

=> |4 2a a7|-/2 4 6/=-6480 
9 38a a7/|1 4 9 
11 i1);]1 121 

=> a7/4 2 1]/-/2 4 6|/=-648a 
9 3 1)/}1 4 9 

= -8a° =-6480 

=> a? -810=0 => a @?-81)=0 
a=0,+9 


PLAN (i) If A and B are two non-zero matrices and AB = BA, then 
(A- B)(A + B) = A*- B?. 
(ii) The determinant of the product of the matrices is equal to 
product of their individual determinants, i.e. |A B|= |A]| 8. 


Given, M?7=N4 = M?-N*=0 


=> (M-N?) (M+N”)=0 [as MN = NM] 
Also, M+#N? 

=> M+N?=0 

=> det (M+ N?*)=0 


Also, det (M+ MN”) = (det M) (det M+ N7?) 
= (det M) (0)=0 
As, det (M?+ MN?) =0 
Thus, there exists a non-zero matrix U such that 
(M?+ MN”)U =0 
a b aa +b 
Given, b Cc ba+c}=0 
aa+b bate 0 


Applying C, > C; - @C, + Cy) 
a b 0 
b c 0 =0 
an+b ba+ce (aq? +2ba +0 
> (aa + 2ba + ©) (ac — b”) =0 
=> aoa” + 2ba + c=Oor b2=ac 


=> x-oisa factor of ax? + 2bx+ cor a,b, care in GP. 


a b «G 
Let Det (P)=|a, by & 
a; bs @ 


= A; (696; — b3 Cy) — Ag (dG, — 636) + a3 (b,Cy — bye) 
Now, maximum value of Det (P) =6 
If a, 1, bog, = bq = Dey =1 
and bs cy = b3¢, = bog, =—-1 


1, dg =—-1, ag 


But it is not possible as 
(by¢3) (b3¢,) (ba) =-1 and (b,¢;) (63 Cy) (bg¢,) = 1 
i.e., b,byb3¢c9¢, = 1 and-1 


27. 


28, 


Similar contradiction occurs when 
1, bo¢, = bg3q, = bycg = 1 

and b3c, = be, = b}cg =—-1 
Now, for value to be 5 one of the terms must be zero but 
that will make 2 terms zero which means answer 


a, =1, ag =1, ag 


cannot be 5 
il 11 
Now,/-1 1 1/=4 
1 -1 1 


Hence, maximum value is 4. 
1 log, y log, z 


Let A=| log, x 1 log, z 

log, x log, y 1 
1 log y_ logz 
logx logx 
_| log x 1 log z 
log y log y 

logx logy 1 

logz logz 


On dividing and multiplying R,, R,, R, by log x, 

log y, log z, respectively. 

logx logy logz 
logx logy logz/=0 


~ log x log y log z 
logx logy logz 


a a*—be laa 1 a be 

b b?-cal=/1 b B?I- b ca 

1 c¢ c-ab le @ 1 c ab 
1a be a a” abe 
Now, 1 6b ca =e b b* abc 
1 c ab one c ¢ abe 


Applying R, > aR,,R, > bR,, R; > cR, 


aa? il laa 
=——-abe| b b il=|1 6 B 
or c Col lee 
1 a a’-be 
1 b b*-ca/=0 
1 ¢ c-ab 
Ce ee | 
29. Given, | 2 x 2 |=0 
76x 
Applying R, > R, + R,+ R; 
x+9 x+9 x+9 Ld: 
=>! 2 x 2 |=0 => (+9)}2 x 2)=0 
7 6 x 76x 


Applying Cy.>C,-C, and C, >C, -C, 


30. 


31. 


32. 


33. 


34. 


1 O 0 

=>(x+9)/2 x-2 O |=0 => («4+ 9) (e-2) (x- 7) =0 
7 -1 x«-7 

> x=-9,2,7 are the roots. 


.. Other two roots are 2 and 7. 


1 4 20 
Given,| 1 -2 5 |=0 

1 2x 5x? 
= 1(-10x*-10x)—4 (6x7 —5) +20 Qx+2)=0 
=> -30x" + 30x + 60 =0 
> (x-2) («+ 1)=0 
> x=2,—1 


Hence, the solution set is {-1, 2}. 
A74+3A 7-1 A+B 
Given,} A+1 -2A A-4 
4-3 A+4 BA 


=pat+ qa? +ra74+ sr +t 
Thus, the value of ¢ is obtained by putting A =0. 


QO -1 3 
> 1 O -4 j=t 
-3 4 O 
> t=0 
[.; determinants of odd order skew-symmetric matrix 
is zero] 
1 a be a a” abe 
LetA=]1 b ca oar b b” abe 
1 c ab ave c @ abe 
Applying R, > aR,, R, > bR,, R, > cR, 
aa 1 laa 
= .abeld 62 1]/=]1 BB? 
ane ec el le @é 
1 a be 1a a? 
b cal=|1 b B 
1 c ab le @ 


Hence, statement is false. 
Since, M"M =I and|M|=1 
|M-I|=|IM-M’M| [. IM = M] 
= |M-I|=|(I-M")M|=|(I-M)' ||M|=|I-M| 
=(-1) |M-I|[- I1-M is a3 x3 matrix] 


=-|M-I| 
> 2|M-I|=0 
> |M-I|=0 
ax—by-—c bx + ay cx+ a 
Given, bx + ay ax+ by-—c¢ cy+b =0 
cx +a cy+b ax—by+c 
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a°x — aby — ac bx + ay cx+ a 
=> —| abx+a’y —ax+ by-—c cy+b =0 
acx + a? cy+ b ax— by+c 


Applying C, > C, + 6C, + cC, 


(@?+b°+C)x ays be cx +a 
= —| (a?+b7+0)y by-c-ax b+cy |=0 
a+b24+c2  b+ey  c—ax—by 
11% ay+ bx cx + a 
> —l|y by-c-ax b+cy |=0 
aii b+ cy c—ax-— by 


fea? + 0? +0 =1] 
Applying C, > C, -— bC, and C3 > C3 - cC, 


x ay a 
> —|y -c-ax b =0 
@)1 cy —ax — by 
x axy ax 
> —ly -c-ax b =0 
ax 
1 cy —ax-— by 
Applying R, > R, + yR,+ R, 
1 e+ y+] 0 0 
> — y —c— ax b =0 
ax 1 cy —ax — by 
I 
ar [(x? + y* + 1) {Ce - ax)(-ax — by) — b(cy)}] =0 
ee [0x7 + y? + 1) (acx + bey + ax? + abxy — bey)] =0 
ax 
=> Es [(x7 + y? + 1) (acx + ax? + abxy)] =0 
ax 
=> sleanee y? +1) (c+ ax+ by)] =0 
ax 
> (x? + y? + 1)(ax+ by + c) =0 
> ax+ by+ c=0 


which represents a straight line. 
sin 0 cos 8 sin 20 


sin [0 + =) cos (0 + =) sin [20 + =) 
35. Let A= 3 2 8 


sin [0 - =) cos [0 - =) sin [20 - *) 
3 3 3 


Applying R, > R,+ R; 


sin 0 cos 8 sin 20 
sin [6 + =) cos 6 + =) sin [20 + =) 
+ sin [0 =) + COS C =) + sin [20 a 
3 3 3 
sin (0 - =) cos (0 - =) sin [20 - =) 
3 3 3 


Now, sin [0 + =) + sin [6 =) 
3 3 
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=2 sid Gees Son Oe (x -2) 
3 3 


=-—2 sin@ cos 7 =-sin 8 


and cos [0 : 22) cos [6 x 
3 3 
fe age jac” an” 
=2cos 3 3 cos 3 3 
2 2, 


=2 cos 0 cos (=)-2 cos 0{- 3) =—cos 0 
3 2 
and sin [20 + =) +sin [20 - *) 


29 + +29 - 


= 2sin cos 
2 2 


=2 sin 28 cos — =2 sin 20 cos{ n+ 2) 


=-—2 sin 20 cos 7 = —sin 20 


[since, R, and R, are proportional] 


2ax 2ax-1 2ax+b+1 
36. Given, f ’ (x)= b b+1 -1 
2(ax+ b) 2ax+2b+1 2ax+b 

Applying R, > R, — R, —2R,, we get 

2ax 2ax-1 2ax+6+1 

f’(x)=| b b+1 -1 

0 0 1 

2ax 2ax-1 2ax —-1 

=|b b+] - b i [ae Co=e)| 

=> f’ (x) =2ax+b 


On integrating, we get f (x)=ax’ + bxt+c, 
where c is an arbitrary constant. 


Since, f has maximum at x=5/2. 


> f’6/2)=0 => 5a+b=0 ..-(i) 
Also, f 0)=2 => c=2 andf (1)=1 
> a+b+c=1 ses) 


On solving Eqs. (i) and (ii) for a, b, we get 
a= : ,b=- 2 
4 4 


37. 


38. 


1. 5 
Th 5 =— x*-—74+2 
us f (x) is re 


Since, a, b, care pth, gth and rth terms of HP. 
> 5 2 Aegean Ae 
abe 
144-0) 
a 
> p= A+(a-)D ...(i) 
Pena pon 
c 
Ht . ' 
bc ca ab me ae ay 
abe ; 
Let A=|p q rjf=abcl|p qr [from Eq. (i)] 
1 1 1 Ha! 


A+(p-1)D A+(q-)D A+(r-1)D 


= abc D qd r 
1 1 ul 
Applying R, > R, - (A-D) R, - DR, 
0 0 0 be ca ab 
=abc|p q rj=0 => |p @q_ ri=0 
Lt od 1 1 1 


Given, a>0,d>0and let 


1 1 1 
a a(a+d) (a + d)(a+2d) 
1 al 1 
a+d) (a+d)(a+2d) (a+2d)(a+3d) 
1 1 


A= 


( 
1 


(a+2d) (a+2d)(a+3d) (a+3d)(a+4d) 
(a+ dya are + 3d) 
(a + 2d) (a ee + 4d) 
a(a+ d)(a+ es; (a + 3d)*(a + 4d) 
(a+d)(a+2d) (a+2d) a 


(a+2d)(a+3d) (a+3d) (a+d) 
(a+3d)(a+4d) (a+4d) (a+ 2d) 


1 x 
a(a + d)*(a + 2d) (a + 3d)*(a + 4d) 
(a+d)(a+2d) (a+2d) a 


(a+2d)\(a+3d) (a+38d) (a+d) 
(a+3d)(a+4d) (a+4d) (a+ 2d) 


Applying R, > R,- R,, Rs — R, - Ry 
(a+ d)(a+2d) (a+2d) a 
> N’=| (a+ 2d) (2d) d d 
(a + 3d) (2d) d d 


Taking common from R,, 


from R,, 


from R; 


where, A’ = 


Applying R; > R, — Ry 
(a+d)(a+2d) (a+2d) a 


N=| (a+2d)2d d d 
2d? 0 0 
Expanding along R;, we get 
»_9op)at+2d a 
N=2d\ yg 
N = 2d7)(d)(a + 2d —- a)=4d" 
4d4 


A= 
a(a + d)*(a + 2d)’ (a + 3d)"(a + 4d) 


cos(A-—P) cos(A-Q) cos(A-R) 
cos(B—P) cos(B-Q) cos(B-R) 
cos(C—P) cos(C-—Q) cos(C-—R) 
cos AcosP+sin AsinP cos (A-Q) 
cos BcosP+sin BsinP cos (B-Q) 
cosC cos P+sinCsinP cos (C-Q) 
cos (A — R) 
cos (B— R) 
cos (C — R) 
cos AcosP cos(A-Q) cos (A-R) 
cos Bcos P_ cos(B-Q) cos (B- Rk) 
cosC cos P cos(C—Q) cos (C—R) 
sin Asin P cos(A-@Q) cos (A-R) 
sin BsinP cos(B-Q) cos (B- R) 
sinC sin P cos(C-Q) cos (C —- R) 
cosA cos(A-Q) cos (A-R) 
cos B cos(B-Q) cos (B- R) 
cosC cos(C-—Q) cos (C- R) 


cos(A-@) cos (A-R) 
cos (B-®) cos (B- R) 
cos (C-Q) cos (C— R) 


Applying C,— C.-C, cos Q, C; — C, —C, cos Rin 
first determinant and C, > C,-C, sin Q and in 
second determinant 

cosA sinAsin@ sin AsinR 


39. Let A= 


> A= 


> A= 


+ 


=> <Az=cosP 


sin A 
sin B 
sin C 


+ sin P 


= Az=cosP|cosB sinBsin@ sinBsinR 
cosC sinCsin@ sinCsinR 
sin A cos AcosQ 


sin B cos BcosQ 
sinC cosC cosQ 


cos Acos R 
cos Bcos R 
cosC cos R 


+sin P 


cosA sinA sinA 
cosB sinB sinB 
cosC sinC sinC 


A=cos Psin@sin R 


sin A cosA cosA 


+sin PcosQcos R|sinB cosB cosB 


sinC cosC cosC 
A=0+0=0 
n! (n+1)! (n+2)! 
40. Given, D=|(n+1)! (n+2)! (n+8)! 
(n+2)! (n+8)! (n+4)! 


Taking n!, (n + 1)!and (n + 2)!common from R,, R, 
and R, , respectively. 


41. 


42. 
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1 (n+1) (n+1)(n+2) 
D=n!(n+1)!(n4+2)!]1 (W+2) (n+2)(n+4+8) 
1 (n+38) (n+3)(n+4) 


Applying R, > R, - R, and R, > R, — Ry, we get 


1 (n+1) (n+1)(n+2) 
D=n'\(n+1)\(n + 2)!)0 1 2n+4 
0 1 2n+6 


Expanding along C,, we get 
D=(n))(n+ I\(n + 2)![2n + 6) - Qn + 4)] 
D=(a!)(n+1)!(n + 2)! 2] 
On dividing both side by (n!)° 
D — @)M)M4 1)(n!)(n + Dm  2)2 
(n!)° (n!)° 
D 
(n!)? 


=2(n + 1)(n+ 1)(n + 2) 


=2(n? +4n7+5n+2)=2n (n7+4n+5)+4 
n! 


aye ae (n7+4n +5) 
Nn: 


which shows that 2, = 7 is divisible by n. 
nN. 
pobe 
LetA=|a qc 
abr 
Applying R, > R, -— R, and R, > R, — R,, we get 
p b Cc 
A=|a-p q-b 0 
a-p 0 r=c 
a-p q-b 
a-p 0 
=e — pyle -O) 4% 


=—c(a—-p)q-b)+ p’ 
Since, A =0 


Pp b | 
-p q-b 

©) [pq — 6) - b(a - p)] 

ce) (q— 6) — b(r-o\(a - p) 


=O) 


=-c(a—p) q- 6) + pr-o) @- b)- bir — 0) (a—- p)=0 
es c , Pp, b 
r-c p-a q-b 

[on dividing both sides by (a — p)(q — b)(r - ©) 

= ae i tl+—— 4+1=2 

p-a q-b r-c¢ 

> Eo is oe 

p-a q-b r-c 


We know, A28=Ax100+2x10+8 

3B9=3x100+ Bx10+9 
and 62C =6x100+2x10+C 
Since, A28,3B9 and 62C are divisible by k, therefore 
there exist positive integers m,,m,. and m, such that, 
100 x A+10x2+8=m,k,100X3+10xB+9=ma,k 
and 100x6+10x2+C=m,k ... (i) 
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A 3 6 
A=|8 9 C 
2 B 2 
Applying R, > 100R, + 10R; + Ry 
A 3 
=> A=/100A+2 x10+8 100x3+10xB+9 
2 B 
6 
100 x6+10x2+C 
2 
A 3 6 
=|A28 3B9 62C [from Eq. (i)] 
2 B 2 
A 3 6 A 38 6 
=|mk mok msk|=k|m, mg ms 
2 B 2 2 B 2 
A=mk 
Hence, determinant is divisible by k. 
a-l n 6 
48. Given, A,=|(a-1)” 2n? 4n-2 
(a-1)? 3n® 3n?-8n 
yi @-l) an 6 
n - 
Yi Ac=|¥, @-1* 2n? 4n-2 
a=1 a=1 
3 (a-1)% 3n® 38n?-3n 
a=1 
n ee 1) ‘ 6 
_| n(n -1)@n-1) a ae 
n'(n-1y -1" 38n® 38n-3n 
4 
: 1 6 
_n(n-1)| @n-1) on 4An—2 
2 3 
oe) 3n2 38n?2-3n 
2 
Pia 1 1 6 
= ———_|2n-1 6n 12n-6 
n-1 6n 6n-6 
Applying C, > C; -6C, 
Siieacsis 1 1 0 
=—_—_—|2n-1 6n 0]=0 
- n-1 6n 0 
> > A, =c¢ [c =0, i.e. constant] 


44, 


45. 


46. 


Let A=]? 


x 
Chat 


a 
r Cra 


a 
r Csi 


Applying C, > C, + Cy 


“C, oe ace 
A= eon ge ae Se 
2 i 
C, "One - Cr+ 
[ ‘en + AC oy — nt Cc 
Applying C, > C,+ C, 
aon mals OPT PE 
A= IC ytlo y+lo ‘ 
2c. zt+1 a zt+1 ‘ 
r Cr+ Cra 2 
Applying C, > Cs + Cy, 
*C.. sig oe lee CP 
= ASC. PAG PPO. § Hence proved. 
Om z+1o z+ 20 ‘ 
red r+2 


Since, o is repeated root of f(x) =0. 


.. f(x) =a (x—«a)*,a € constant (#0) 


A(x) Ba) Cl 
Let o(x)=| A@) Ba) C@) 
A’@) B’@) C’@) 


To show 9 (x) is divisible by (x — a)”, it is sufficient to 
show that 0 (@) and 0’ @) =0. 


A@) Ba) C@) 
o@)=| A@) Bo) C@) 
A’q@) B’@) C’@) 
=0 [.. R, and R, are identical] 
A’(x) B’(x) C’ (x) 
Again, 6’(%)=| A@) Bo) C@) 


A’@) B’@) C’@) 
A’@) B’@) C’@) 
A@) Be) C@) 
A’@) B’@) C’@) 
=0 [. R, and R; are identical] 
Thus, a is a repeated root of (x) =0. 
Hence, @ (x) is divisible by f(x). 


>’ @)= 


x + x xt1 x-2 
2x? +8x-1 8x 38x-3 
42x43 2x-1 2x-1 


Let A= 


Applying R, > R, — (R, + R,), we get 


+ x xt+1 %«-2 
-4 0 0 
x? +2x+3 2x-1 2x-1 


A= 
xe 
Applying R, > R, + re: 


2 
and R; > R, +7 Re, we get 


47. 


48, 


x x+1 x-2 
A=| -4 0 0 
Ox4+3 2x-1 2x-1 


x+0 x+1 x-2 
Applying R, > R; -2R, =| -4 0 0 
3 -3 3 
x xX & 0 1 -2 
=| -4 O O|f+| -4 0 O 
3-3 3 3-3 3 
a a 0 1 -2 
=x} —-4 0 O}+} -4 0 O 
3-3 8 3-3 3 
=> A=Ax+B 
1 ‘oe 
where, A=| —4 0 O 
3 -3 3 
0 1 -2 
and B=| -4 0 0 
3-3 3 
a be 
Let A=|b ca 
c a b 
Applying C; > C, + C,+C; 
a+b+c b ¢ 1 be 
A=|at+b+c c al=(a+b+o0}]1 ca 
a+b+ca b 1a b 


Applying R, > R,- R, and R, > R, — R,, we get 


1 b c 
=(a+b+o0|0 c-b a-ec 
0 a-b b-c 
=(a+ b+0[-(c-b)’-(a-b) (@-O] 
=-(a+ b+0 (a? + b?+ 2 — ab — be- ca) 
= 5 b+ 0 Qa? + 2b? + 2c — 2ab —2bc 
= 5 a+ b+ olla by? + (b- 0)? + (c-a)?] 
which is always negative. 
x x 14x 
Given, |2x 4x7 148° |=10 
3x 9x% 14 27% 
11 14+2#2 
> x-x7}2 4 148% |=10 
3.9 14+27x? 
Apply R, > R,-2R, and R; > R; —3R,, we get 
11 14% 
2/0 2 -1+6% |=10 
0 6 —24 24? 
Bo 
> el? a =10 


6 24° —2 


2ca) 
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x? (48x? —4 - 362° + 6) =10 
12x° + 2x7 =10 


YU uudY 


Hence, the number of real solutions is 2. 


Topic3 Adjoint and Inverse of a Matrix 


1. Given matrix Bis the inverse matrix of 3 x 3 matrix A, 


5 2a 1 
where B=/0 2 1 
a 3 -1 
We know that, 
det(A) = : E det(A +) = : 
det(B) det(A) 
Since, det(A) + 1=0 (given) 
1 
det(B) 
> det(B) =-1 
> 5(-2 -8) -2a0-a)+1@O-2a)=-1 
> 25 + 207 — 20, =-1 
=> 20,7 — 20, - 24 =0 
=> a” -o -12=0 
> (a —4) @+3)=0 
> a =-3,4 


So, required sum of all values ofa is4-—3=1 


t t 


e e ‘cost e sint 
2. |Al=le -e‘'cost-e'sint -e' sint+e cost 
e 2e' sin t — 2e' cost 
1 cos t sin t 
=(e')(e') (e")| 1 cos t — sin t sin t + cost 
1 2 sin t —2cost 


(taking common from each column) 
Aplying R, > R,- R, and R, > R, — R, we get 
feet =e% =]] 


1 cos t sin t 
=e '|0 -2cost-sint -—2sint+cost 
0 2sint-cost 2 cost —sin t 


=e ' (2cost+sin ¢)’ + @sin t —cos t)”) 
(expanding along column 1) 
=e ' 6 cos’ t+5sin” t) 
=5e? 
=>|A|=5e' #0 
.. Ais invertible for allte R 
[. If| A | #0,then A is invertible] 


(. cos? t + sin? t = 1) 
forallte R 
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—sin20@ cos20 
cos388 sin30 
-| ee a 
cos508 sin500 

—sin 500 eet 


—sin8 cos 


Similarly, A~°° -| 


7 6 6 mes 
=| 95 25 [when @ =) 


T Tt 257 T T 
Ae in — || ‘ cos} —— | =cos| 4m + — | = cos — 
eae sin ( 6 ( =) 6 


| 
an 


_ in (72) sin{ =) -sin4 
—sin— cos—|} and sin] — | =sin| 4x + — | =sin— 
6 6 6 6 6 
v3 1 
.|2 2 
-1 V3 


3. Given,| ABA"| =8 5. We have a=? 7 
= |AI|BI|A"|=8 [-|XY|=IXIY 1 =] 2 
| Al?|B|=8 ...G) [e [AZ] =1 Al] Ma aAd| | 2 7] 
Also, we have |AB4|=8>|A||B=8 a4 1 yee 
= [Al og Gi] s1atisart=— | _|4+12 -6-38 
|B| | Al —-8-4 1241 
On multiplying Eqs. (i) and (ii), we get _| 16 -9] 
|AP =8-8=4° -12 13] 
=> |A|=4 16 -9] 2 -8 
|Al 4 1 Now, 3A?+ 124-3] +12 
= IBI= = 555 -12 13] ad 1 
‘ Aye 48 -27] [24 -36 
Now, |BA'B"|=|B ai =(2) (5)- a _ 
w, | |=| val! | alae) a6 36 39 48 12 
ae 72 —68 
cos — Sin = 
. Wehave, A=! . -84 51 
sin® cos@ er 
| A|=cos?0 + sin?6 =1 adj eas 124)=| 
84 72 
. cos@ sin@ 
and adj A= . 5a —-b 
~sin@ cos ‘ Given, A=)" ; and A adj A= AA” 
a b d —-b 
Ee ra-|" 4| mee adj =|“ |} Clearly, A(adj A) =| A| I, 
. 5 [. if Ais square matrix of order n, 
= pa) OF ent is fot sas then A(adj A) = (adj A): A=| A| I] 
—sin®@ cos@ |A| 5a —b 
Note that, A~° = (471)° gq. geen 
Now, A?=(A')\(A") 1 0 
_, a2_| 0088 sin@|[ cos@ sin# = (10a + 36) 01 
—sin® cos@]|—sin®@ cos [1044.36 0 
_ cos”6 —sin76 cos@sin@ + sin®@ cos@ “| 0 eae -G) 
—cos@sin@ — cos6sin8 —sin”@ + cos” 7 [da —bl[5a 3 
; and AA‘ = 
2 cos20 sin20 [3 2 ||-b 2 
~|-sin20 cos20 [25a2+ 62 154-26 ie 
= veo 
Also, A = (A~”)(A*) | 15a - 2b 13 ” 
42 =| ee eo lew | Aladj A) = AA? 


_ [10a + 36 0 |_]25a?+b? 15a-2b 
“| 0 10a+3b] |15a-2b 18 


{using Eqs. (2) and (4i)] 


=> 15a —2b=0 
> a= “ ... (ill) 
and 10a+ 3b=13 ...(iv) 


On substituting the value of ‘a’ from Eq. (iii) in 
Eq. (iv), we get 


10. (7) 430-13 
15 
= 206 + 456 _ 45 
15 
> ORY qs 
15 
> b=3 


Now, substituting the value of b in Eq. (iii), we get 
5a =2 


Hence, 5a+ 0=24+3=5 


7. PLAN Use the following properties of transpose 


10. 


11. 


(AB) = BlAT, (A’) =A and A'A=/ and simplity. If A is 
non-singular matrix, then| A| # 0. 


Given, AA’ =A7A and B=A!A? 

BB! = (AAT ATATE 
=A'ATA(AT) [. (AB) =B'A™] 
=A'AAT(AT! [- AAT = ATA] 
=JA™(A1)" fe ATA=T] 
= AL (At)? = (A 1A)? 

-e (AB) = BTA") 


=["=1I 
1a 3 
Given, P=]1 3 3 
244 
| P|=1(12 -12) -o (4-6) +3 (4-6)=20-6 
P=adj (A) [given] 
| P|=ladj Al=| Al? =16 [. |adj A] =| Al" ] 
2a-6=16 
> 20 =22 
=> oa=11 
Given, P’ =2P+I (i) 
(Py =@P+D' =2P" +1 
= P=2P"+I 
=> P=2@P+D+I 
> P=4P+3I or 3P=-38I 
> PX =- IX =-X 
1 a b 
|A|#0, as non-singular}@ 1 c|#0 
o o 1 
=> 1 (1 — c@) — a @ — cw) + b @? —w) 40 


=> 1-—cm-aw + acw +0 
1 1 
=> (-cw)d-aw)40 > a¥—,c#— 
o @ 
=> a=,c=and be{w,o"7} = 2 solutions 


Given, M? =-M,N'=-N and MN = NM (i) 
» M?N?(M™N)! (MN7)? 
M2 N2N7-! (M’)1(N71)". MT 
M? N(NN™)(- My" (N*)' (CM) 
M’?NI(--M")(-N)' (CM) 
-~M*?NM'N 1M 
—~M.(MN)M ‘NM =-M(NM)M'N 1M 
—~MN(NM")N!M=-M(NN1)M = -M? 
NOTE Here, non-singular word should not be used, since there 
is no non-singular 3 x 3 skew-symmetric matrix. 


VULYUI 
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12. Every square matrix satisfied its characteristic 
equation, 
1-A 60 0 
ie. |A-AI|=0 = 0 1-rA 1 |J=0 
0 —2 4-2 
=> (1-A){A -A) 4-A)+ 2}=0 
= ? - 602 +114 -6=0 
> A? -6A7+11A-6I=0 _...(i) 


13. 


Given, 6A = A? + cA + dI, multiplying both sides by 
A, we get 


6I = A? + cA? + dA = A®+cA?+dA-6I=O _...(ii) 
On comparing Eas. (i) and (ii), we get 
c=-6 andd=11 
3-1 -2 
Here, P=|2 0 a 
3-5 0 
Now, | P|=3(6a) + 1C 3a) — 2(- 10) 
= 12a + 20 ves (i) 
Ba. 20 -10]° 
adj (P) =|-10 6 12 
-a -(@a+4) 2 
5a —10 -—a 
=| 20 6 -8a-4 .. (il) 
-10 12 2 
As, PQ=hkI 
=> |PIQ|=1 kl 
=> IPIIQl=k 
2 2 
P(E )=¥ seni | 
> |P|=2k .. (ii) 
PQ=kI 
Q= kp 
= < Z Keds FY igor Ba, Gi 
. 5a —10 -—o 
Lee 20 6 -8a-4 
a -10 12 2 
— 3a -4 : k 
923 = 2 even, 923 --2] 
38a +4 k 
. = 2 es 
> (a+4)x4=k 
> 120+16=k ... (iV) 
From Eq. (iii), | P|=2k 
> 120 + 20 =2k [from Eq. (i)] ...(v) 


On solving Eas. (iv) and (v), we get 

a=-landk=4 
2 4a —k+8=-4-4+8=0 
.. Option (b) is correct. 


...(vi) 
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Now, |P adj Q)|=|Plladj QI 


2\2 15 10 
_ of) #2 9 
2 2 2 


.. Option (c) is correct. 


14, PLAN A square matrix M is invertible, iff dem (VM) or| M|# 0. 


Let u-|f 
be 


(a) Given, |") >a=b=c=a [let] 


a oO 
> M | > |M|=0 => Mis non-invertible. 
a oO 


(b) Given, [6 c] = [a b] 

> a=b=c=a [let] 
Again, |M|=0 

= Mis non-invertible. 


0 
() As even M =|6 Joiani=aexo 
C 


[.. a and ¢ are non-zero] 
= Mis invertible. 


ab 
(d) u-| |iani= aes? x0 
be 
* ac is not equal to square of an integer. 


Mis invertible. 


15. PLAN If|/A,,.,| =A, then|adj A] = A*~' 


1 4-4 
Here, adj Py, =|2 1 7 
t. dB 
=> ladj P|=|P/? 
144 
ladjP|=|2 1 7/=1@-7)-46-7+4@-l 
ti 3 


=-44+4+4=4 => |P|=+2 
16. | A|=(@k+1)*,| B/=0 
But det (adj A) + det (adj B) = 10° 
=> (2k+1)® =10° 


> h=3 = [k]=4 


Topic 4 Solving System of Equations 
1. Given system of linear equations is 
[sin 8] «+ [— cos®] y=0 ..-(i) 
and [cot 0] «+ y=0 ... (11) 
where, [x] denotes the greatest integer < x. 
[sin 8] [-cos 0] 


Here, A= 
[cot 6] 1 


= A= [sin 0] - [— cos 8] [cot 0] 


When Oe (z , = 
2 3 
sin8e€ Y : | 
2 
> [sin 6] =0 ... (iii) 
—cos0eE (0. 2) 

2, 
> [- cos 6] =0 ..-(iv) 
and cot e[- 0] 
=> [cot 6] =-1 ...(V) 
So, A = [sin ®] — [- cos 8] [cot 8] 


—(0x(¢1))=0 [from Eas. (iii), (iv) and (v)] 
Thus, for 0 € (= ; =), the given system have infinitely 
many solutions. 


When Oe [x my sin@« (- Z : 0} 
6 2 


> [sin 0] =-1 

-eose( 2,1} - [cos 8] =0 
and cot 0 € (/3, «) = [cot @J=n,neN. 
So, A=-1-(@0xn)=-1 


Thus, for 0 € (7. 7m) the given system has a unique 


solution. 


. Given, system of linear equations 


x+y+z=6 Sez.) 
4xnt+dy-Az=r-2 ... (il) 
and 8x+2y-4z=-5 ... (111) 
has infinitely many solutions, then A =0 
11 éd1 
=>/4 2X -A/s=0 
3 2 -4 


= 1-40. +22) -1E 16 4.32) + 18-30) =0 
=>-8A+24=0 > A=3 

From, the option A =3, satisfy the quadratic equation 
W-2-6=0. 


. Given system of linear equations 


xt+ytz=5 iQ) 

x+2y+2z=6 .-.(i1) 
x+3yt+Az=u ... (iii) 
(A,p € R) 


The above given system has infinitely many solutions, 
then the plane represented by these equations 
intersect each other at a line, means (x+3y+ Az—) 
= p(x+y+z-5)+q(x+2y+ 2z-6) 

= (p+ q)x+ (p+ 2q)y + (p + 2q)z- 6p + 6q) 
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On comparing, we get and cx+ cy-—z=0 
p+q=l, p+ 2q=3, p+ 2q=a We know that a homogeneous system of linear 
and 5p + 6q =p equations have non-trivial solutions iff 
So, (p, q) = C1, 2) A=0 
> XA =8andu=7 I =¢ xe 
=> A+u=3+7=10 > c -l1 c{=0 
Given system of linear equations “= ‘ 
Qx+ By—z2=0, => 101-8)+cec-) -c’? + 0 =0 
4 ky Dee > 1-¢-¢&-é&-é-=0 
7 => -28 -3c?+1=0 
and 2x - y z=0 has a non-trivial solution (x, y, 2). = 02 +32-1=0 
a : 5 - am (c+ DBE + e—1)=0 
- A=05]1 —2)=0 => (c+ 1)2c’ + 2e-c-1]=0 
eh 4 => (c+ 1)@e-1)(c+ 1) =0 
2(k —2) -3(1 + 4) -1(-1-2k) =0 - ene 
=> 2k-4-154+1+2k=0 l 2 
9 Clearly, the greatest value of cis —. 
> 4k=18>k= a 2 
: ; ; 7. The given system of linear equations is 
So, system of linear equations is 
; : x-2y-2Qz=Ax 
2x+3y—z=0 ..- (1) xt+2y+z=Ay 
2x+9y-4z=0 ... (ii) —x-y-Az=0, 
and Qxn-y+z=0 ... (iii) which can be rewritten as 
: 7 (1-A)x-2y—-2z=0 
From Kgs. (i) and (ii), we get = 6+ 0-1) 4950 
a es eee x+y+Az=0 
z 2 Now, for non-trivial solution, we should have 
From Kgs. (i) and (ili), we get 1-A -2 -2 
ree ee 1 2-r 1 |=0 
2 1 1 A 
as Hat yl 1 Fea ae [. Ifax+ by + qz=0; ax t+ boy + ez =0 
, 2 YY & 4 x : z 2 y 2 ax,x+ by + GZ=0] 
ee pends bogey Fa! a ob G 
ye & 2 2 2° has a non-trivial solution, then|a, 6b, c|=0 
Given system of linear equations dz 3 & 
x-2Qy+kz=1 sft) > A) [@ AJA —1] +2 [A-1]-2[1-2+A]=0 
Qt yea? ...(ii) = Ue oer Lea) 
yr = 
and 3x—y—ke=3 ... (iii) ms a ay 
has a solution (x, y, z), z #0. 8. Gi ‘if ; 
On adding Eqs. (i) and (ii), we get - Given system of linear equations, 
(l+a)x+Py+z=2 
x-2Qy+ kz+38x-y—-—kz=1+3 oxt (1+ B)y+2=3 
4x-38y=4 ox+ By + 2z=2 
> 4x-3y-4=0 has a unique solution, if 
This is the required equation of the straight line in 1+0 B 1 
which point (x, y) lies. o (1+B) 1/#0 
a B 2 
Key Idea A homogeneous system of linear equations have 
non-trivial solutions iff A = 0 Apply R, > R, — R; and R, > R, - R; 
Given system of linear equations is 1 QO +1 
x-cy—cz=0, 0 1 -1/#0 


cx— yt+cz=0 a Bp 2 
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10. 


=> 12+ 8)-00+a)-10-a)#0 
> a+B+2+40 vee 1) 


Note that, only (2, 4) satisfy the Eq. (i). 


. We know that, if the system of equations 


a,x+ bby+ qz=d, 
Ax + boy + Cz = dy 
a,x+ b3y+ &Z= dz 


has more than one solution, then D=0 and 
D, = D, = D; =0. In the given problem, 
a 2 8 
D,=0=>/6 -1 5/=0 
c -38 2 


=> a (-24+15)-22b —-5c0) + 8(-3b + 0c) =0 
=> 18a-4b+10c-—9b+3c=0 
> 18a -—13b+ 138c=0 
=>a-b+c=056-a-c=0 
We know that, 
the system of linear equations 

a,xt+ by+qz=0 

Agxt boy+ coz =0 

a3xt+ by+@Qz=0 


has a non-trivial solution, if 
a b&b G& 


az bs & 
Now, if the given system of linear equations 
x+38y+ 7z=0 
—x+4y+ 7z=0, 
and (sin 36)x + (cos 20)y + 2z=0 
has non-trivial solution, then 
1 3 7 
=1 4 7|=0 
sin30 cos20 2 
=> 18-7 cos 20)—-3 (2-7sin 36) 
+ 7(—cos 20 —4sin 30) =0 
= 8-7cos20+6+ 21sin 30 
— T7cos 26 — 28 sin 30 =0 
— 7sin 30 -14cos 26+ 14=0 
—7 (sin 0 —4sin® 6) —14 (1 -2sin26)+14 =0 
[: sin3A=3sin A—4sin® A and 
cos 2A =1-2sin? A] 
=> 28sin® 6 + 28sin?@—-21sin0-14+14=0 
=> 7sin 0 [4sin76 + 4sin@ — 3] =0 
= sin 0 [4sin76 + 6sin@ — 2 sin — 3] =0 
=> 
=> 


Yu 


sin 6 [2 sin 0 @sin 80 + 3)—1 @sin 8 + 38)] =0 
(sin 8) 2sin 6 - 1) @sin@ + 3) =0 


Now, either sin 9 =0 or 5 


[sine #3 as-1<sind <1] 


11. 


12. 


13 


In given interval (0, 2), 


= j=". [. sin 6 40,0 € @, z)] 


Hence, 2 solutions in (0, 7) 


Since, the system of equations has infinitely many 
solution, therefore D = D, = D, = D3 =0 
Here, 

t 2 i 

D=\1 2 3 =1@a0-9)-1@-3)+1@-2) 
13 a 
=a-—5 

115 
and D, =|1 2 9/=1(@B-27)-1@6-9)+5@-2) 

13 8 
=B-138 
Now, D=0 
> a-5=0 > a=5 
and D,=0 = B-13=0 
=> B=18 

B-a=13-5=8 

1 -4 7 
(a)Here,D=| 0 3 -5 
-2 6 -9 
=1¢ 274+ 25) + 40-10)+ 70+ 6) 
[expanding along R,] 
=-2-40+42=0 


.. The system of linear equations have infinite many 
solutions. 
[." system is consistent and does not have unique 
solution as D =0] 

> D, = D, = D, =0 


g -4 7 
Now, D,=0>\|h 38 -5|/=0 
k 5 -9 


=> g(-274+ 25) + 4(-9h + 5k) + 76h - 8k) =0 
=>-2g¢-36h + 20k + 35h -21k=0 
>-2g-h-k=0>2g+h+k=0 


According to Cramer’s rule, here 


11 1 10 O 
D=|2 3 2 |=|2 1 O 
2 3 a?-1| |2 1 a?-8 


(Applying C. > C.-C, and C3 > C3; - C)) 
(Expanding along R,) 
2 1 1 2; 1 0 
andD,=| 5 8 2 |=) 5 38 -1 
a+1 3 a7-l] ja+1 3 a?-1-3 


(Applying C; > C, — C,) 


=a’-3 


14. 


15. 


2 0 0 
a) %. gee = 
2 
at+l 8 (a+) 92 1-3 
2 
i 1 
(Applying C, > C,- 3 C;) 
2 0 0 
2 
at+1 2% a?-4 
2.2 
1,2 5 a ’ 
=2|—(a* 9+ [Expanding along R,] 
2 2 2 
2 
er bes o4 72 lag 44+5-a=a’-atl 
2 2 2 


Clearly, when a =4, then D=13 #0 => unique solution 
and 


when |a|= +3, then D=0 and D, #0. 

». When |a|=~3, then the system has no solution i.e. 
system is inconsistent. 

We have, 

x+ ky + 3z=0; 3x+ ky—-2z=0;2x+ 4y-3z=0 

System of equation has non-zero solution, if 


1k 38 
3 Rk -2)=0 
24 -3 
= (-8k + 8) — k(-9 + 4) + 8012 — 2k) =0 
> 8k+8+9k-4k+ 36-6k=0 
=> 4k+44=0 > k=11 
Let z=, then we get 
x+1ly+3A=0 ..-(i) 
3x+ 1ly-—2A =0 .-. (1) 
and 2x+4y—-382 =0 ... (111) 
Solving Eas. (i) and (ii), we get 
Bh 4 ahs, nN nee 5? Lip 
ee 
2x 
2 


Given, system of linear equation is 
xt+dy-z=0; Ax- y-z=0;x+ y-Az=0 


Note that, given system will have a non-trivial solution 
only if determinant of coefficient matrix is zero, 


1 dA -1 
1.e. r -1 -1/=0 

1 1 -A 
=> 1(A+1)-AR- A274 1)-1A41)=0 
=> A4142%2 -A-A-1=0 
> 8-2 =0=> (02-1) =0 
> X=Oor A=+1 


16. 


17. 
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Hence, given system of linear equation has a non-trivial 
solution for exactly three values of 2. 


Given system of linear equations 
2x, — 2x9 + X_ = Ax, vse (1) 
> (2 —A)x, — 2x. + % =0 sae) 
— 8X + 2x3 = Any .. (iii) 
=> 2x, — (38+ A)xy + 2x, =0 
— My + 2xy = hay 
> x, + 2xq — Ax, =O 


Since, the system has non-trivial solution. 
Sh. =f 4 
2 -(+A) 2]=0 
-1 2 r 
=> (2—A)(BA + A2—4) + 2(-20 + 2) 4+ 1(4-3) 
(2-A)(Q? + 30-4) +471 -A)4+ (1 
(2-A)(A + 4)(A —1)+5(1-A) =0 
(A —1)[(2—A)(A + 4)-5] =0 
(A —1)(A7 + 24 -3) =0 
(A —1)[A —1)A + 8)] = 
(A -1)7(A +3) =0 
i =1,1,-3 


Hence, A contains two elements. 


A) =0 
A) =0 


Yeuuedvey 


Given equations can be written in matrix form 
AX=B 


_[k+1 8 _| x __ 4k 
where, A=| k a [= Jana 3h-1 
For no solution, |A|=0 and (adj A) B#0 

_|Rk+1 Sr il 
Now, |A| -| k nea F° 
=> (k? + 1)(k+3)-8k=0 

hk? +4k+3-8k=0 
=> k? -4kx3 =0 
> (k-1)(k—8) = 0 
> k=1,k=38, 
., | k+8 -8 
Now adj A=| a. en 
k+3 -8 4k 
Now; (adj A)B = : —k asa al 
(k+8)(4k) —8(8k-1) 
4k? + (k+1)8k-1) 
4k“ -12k+8 
kh? 4+2k-1 
Put k=1 
(adj A) B= - vee Jo [net true 
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Put k=3 Applying C, > C, — Cy, Cy Co + C3 
. _|86 -36+8 |_]8 1+k -k-1 -1 
(adj A) B=[55 ; 6 * Bale 0 true Si4 k 2 =0 
0 0 -1 


Hence, required value of k is 3. 
=> 2Wk+1)-(k+1)*=0 

> (kR+1)@-Rk-1)=0 => k=+H+1 

NOTE There is a golden rule in determinant thatn one’s => 


(n — 1) zero’s or n (constant) = (n — 1) zero’s for all 
constant should be in a single row or a single column. 


Alternate Solution 


Condition for the system of equations has no solution 
is 
% OG 
a by & 
k+1_ 8 - 4k 
k k+3 38k-1 


23. The given system of equations can be expressed as 
1-2 3i|/x -1 
1-38 4|lyl=| 1 


Take a -1 1 -2iIl2z k 
kh k+3 

5 9 eapggesy Applying R,-> R,-R,,R; > R, + R, 
> k?-AR+38 1 -2 3][x] [| -1 
= (k-1) (k-8) =0 a =k ALY |S) 2 
ae 0 -1 1}\z] |&-1 

8 41 
If k-1, then #—., false Applying R; > R; — Ry 
ite 2 1 -2 3][x] [ -1 
8 43 . = 

And, if k =3,then — # , true O -1 l}jy/=| 2 
o ast 0 0 oflz| [R-3 


Therefore, .&=8 When k #3, the given system of equations has no 


Hence, only one value of k exist. solution. 
x 1 = Statement I is true. Clearly, Statement II is also 
18. Since, A| y|=]0] is linear equation in three variables true as it is rearrangement of rows and columns of 
z 0 1-2 8 
and that could have only unique, no solution or 1-3 4 |. 
infinitely many solution. =f eo 
-. It is not possible to nave ove solutions. 94, Weliave, 
Hence, number of matrices A is zero. 
—x+2y+5z=b, 
19. Since, given system has no solution. 2x-4y + 3z = by 
., A=0Q and any one amongst A,, A,, A, is non-zero. x-2y + 2z= bs 
2 -1 2 2-1 2 has at least one solution. 
Let}1 —-2 1/=0 and A, = 1 -2 -4/=6+#0 -1 2 5 
1 1 dX 1 1 4 
Fe D=| 2 -4 3 
> A=1 1 -2 2 
20. For poeta! ame ani we must have | D, =D, =D, =0 
k k+3 3k-1 seas aoe 
+ — 
> D,=| 6, -4 38 
21. Given equations x+ ay=0,az+ y=0,ax+z=0 has b, -2 2 
infinite eas ; =-2b, —14b, + 266; =0 
Oo . al=o => 6, + 7b2=13b; (i) 
a 0 1 12 3 
2 ae eee (a)D=|0 4 5|)=124-10)+1(10-12) 
; 12 6 
22. Since, the ie ae has non-zero solution. =-14-2=1240 
k a 4 -0 Here, D#0 = unique solution for any b,, bs, 63. 


1 1 -l 


25. 


26. 


1 1 3 

(b) D=| 5 2 6 

—2 -1 -8 
=1-6+ 6)-1(¢ 15+12)+3(-5+ 4) =0 


For atleast one solution 
D, = D, = D3; =0 


bh 1 38 
Now, D,=|b, 2 6 
bs -1 -8 
=b,(—6 + 6)— bo(—3 + 3) + 6; 6-6) 
=0 
1 b 38 
Dz,=| 5 by 6 
-2 b, -3 


=-—b,(-15+12)+ 6b, 3+ 6)—bs 6-15) 
= 3b, + 3b,+9b; =0=> 6b, + by + 3b; =0 
not satisfies the Eq. (i) 
It has no solution. 


-1 2 -5 
(c) D=| 2 -4 10 
1 -2 5 


=—1(-20 + 20)—2(10 - 10)-5(-4 + 4) 

=0 
Here, b,=— 2b, and b, =— 6, satisfies the Eq. (i) 
Planes are parallel. 


12 5 
(d)D=|2 0 38 |=1@-12)-2(-10-3)+5(@-0) 
14 -5 
=54 
D#0 


It has unique solution for any 6, by, bs. 


Given system Ax+ y+ z=0,-x+Ay+z=0 


and —x-y+az=0 
will have non-zero solution, if 
A 1 1 
-1 2 1)]=0 
-1 -1 AX 
=> A(A7+1)-1CA41)+104+A)=0 
> 34+A4+K-14142=0 
=> 03 +34 =0 
= AA7+3)=0 => AZ=0 
Since, AX =U has infinitely many solutions. 
a 0 1 
=>|Al=0 => /|1 +c Ob/=0 
1 db 
> a (bc-— bd)+1(d-c)=0 = (d-c)(ab-1)=0 
ab=1or d=c 


27. 
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a O f 
Again, | Ag|=| 1 c gl=0 => g=h 
1 dh 
a f 1 
=> | As| = 1 £ b/=0 => gah 
1 A b 
f 0 1 
and |JAl=|g c b/=0 > g=h 
h d b 
g=h,c=dandab=1 ..-(0) 
Now, BX=V 
a 1 1 
|Blk=|0 d c|l=0 [from Eq. (i)] 
f gh 


[since, Cy and C, are equal] 
BX =V has no solution. 


a 1 1 
IB|J=|0 d c}l=0 [from Eq. (i)] 
0 g A 
[since, c=dand g=hl] 
aa 1 
|B)=|0 0 c |= a7cf = a*df [c= d] 
f 0 h 
Since, adf #0 => |B)+#0 
|Bl=0 and |B J)#0 


BX =V has no solution. 


Given, Ax + (sina) y+ (cosa) z=0 


x+ (cosa) y+ (sina) z=0 


and — x + (sina) y— (cosa) z=0 has non-trivial 
solution. 


A=0 
A sina® cosa 

> 1 cosa sina |=0 
-l1 sina -cosa 


sin” a) —sin a(— cosa + sina) 


=> (cos? 
+ cosa (sina + cosa) =0 
=> -A+sina cosa + sina cosa —sin7a + cos7a =0 


> X = cos 20 + sin 20 
E — Ja? + b? <asinO + bcos@ <,/a7+ O° | 
240 2 es iG) 
Again, when A =1, cos2a + sin2a =1 
> Poppies. ag Se 
J2 J2 V2 
> cos 20 —1/4)=cost/4 


2a -7/4=2nn+ 70/4 
=> 2=2nn-1/44+7/4 or 2a =2nt+7/44+ 7/4 
QO=nn ornn+ 1/4 
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28. 


29. 


30. 


Since, o,, 05 are the roots of ax” + bx+ c=0. 


2 ginal pei i) 
a 


=> + )= ; 


Also, B,,B, are the roots of px+qxtr=0. 


r 
> B, + By = Z and BB, =— 
Pp p 


(ii) 


Given system of equations 

Oy + oz =0 
and 8, y+, z=0, has non-trivial solution. 
se =0 > Oy = By 


B, By 


Applying componendo-dividendo, 


Oy + Oy _ Bi + Bo 
G,-O2 B, —Be 
=> @, + G2) GB, — By) = @, — Oy) B, + By) 
= (0, + Os)” {@; + By)” - 48285} 
= @, + B,){@, + a.) —40,05} 


From Eqs. (i) and (ii), we get 


b?(q? 4r i g’({ 6? 4c 
a2\ p2 p pia a 
202 2 2,2 2 

- b*q? 4b*r _ b’q a 


ap ap azp? ap 
2 2 2 
‘ ber qe : b ac 


a Pp q pr 


The system of equations has non-trivial solution, if A = 0. 


sin30 -1 1 
> cos20 4 3)|=0 
2 7 7 


Expanding along C,, we get 
sin 30 - (28 — 21) — cos20 (-7 — 7) + 2 (-8-4) =0 


> 7sin 30 + 14cos20-14=0 
> sin 80 + 2cos20 —2=0 
= 3sin@ —4sin® 6 + 2 (1 —2sin?6) —2=0 
=> sin@ (4sin”6 + 4sin@ — 3) =0 
> sin@ 2sin@ — 1) @sin®@ + 3) =0 
> sin@ =0,sin@ == 
[neglecting sin 9 = — 3/2] 
> O=nn,nn+ Cl)" FneZ 


The given system of equations 
8x—- y+ 4z=3 
x+2y—-3z=-2 

6x+ 5y+Az=-3 
has atleast one solution, if A +0. 
3-1 4 
A=|1 2 -8/#0 
6 5 2X 


31. 


32. 


33. 


=> 38(24+15)+1(4+18)+46-12)+#0 


> 7(A +5) 40 
> A #-5 
Let z =— k, then equations become 
38x-y=3-4k 
and x+2y=3k-2 
On solving, we get 
4—5k 138k -9 
x= ,y= ; k 
7 | 


Given system of equations are 
38x+my=m and 2x-5y=20 


3 m 
Here, A= =-15-2m 
2 -5 
mm 
and A, = =—25m 
20 -5 
3 m 
A,:= 60-2m 
» | 2 20 


If A=0, then system is inconsistent, i.e. it has no 
solution. 


‘ 1 ; ; 
IfA#0,i.e.m# e , the system has a unique solution 


for any fixed value of m. 


Wehave, x=Se=_~25m_ __ 25m 
A -15-2m 15+2m 
A, 60-2m  2m-60 
and = = 7 
A -15-2m 15+2m 
For x>0, a0 > 
15+ 2m 
=> m>0 
15 . 
or m<—-— wi 
5 (i) 
iy SO— OO oF = peetOormes (ii) 
2m +15 2 


From Kgs. (i) and (ii), we get m <— ne or m > 30 


Since, the given system of equations posses non-trivial 


0 1 -2 
solution, if |0 -3 1 /=0 > k=0 
k -5 4 


On solving the equations x= y=z=A [say] 


. For k =0, the system has infinite solutions of A € R. 


Given systems of equations can be rewritten as 
—x+cy+ by=0,cx- y+ az=0 and bx+ ay-z=0 
Above system of equations are homogeneous equation. 


Since, x, y and z are not all zero, so it has non-trivial 
solution. 


34, 


35. 


Therefore, the coefficient of determinant must be zero. 


-l c 0b 

c -l aj=0 

b a -l 
=> —-1(1-a”)—-c(-c-—ab)+ b (ca + b) =0 
> a? + 07+ 4+ 2abce-1=0 
=> a’ + b?++42abe=1 


1a 
a 1 a s=0 
a 1 


a7 =1 
a=21 
But oa =1 not possible 
a= 1 
Hence, 1+0+07=1 


a2 
=> a1-207+1=0 
=> 
=> 
[Not satisfying equation] 


a, A, Gs 
Let M=|b, by by 


G & & 


Download Chapter Test 
http://tinyurl.com/yxfq2tq7 
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0] [-1 1 1 

M/1\|=| 2}5>M}-1]/=|} 1 

0| 3 0 -1 
1) | 0 
M-\1}=} 0 
1] {12 

ay] [-1][a,-a, 1 

=> |b,/=| 2),)6,-b,}=} 1), 

Co 3] | Gq -— oc -1 

a, + dgt+ ag 0 


CG ++ 12 


> @)=-1,b,=2,c,=3, a, —a,=1, 
b, — bg =1,q -cg=-1 


=> a, +d.+ az =0, 5, + bo + b; =0 
CG + Cg t+ G =12 
a, =0,b,=2,G =7 
> Sum of diagonal elements =0+2+ 7=9 


or 
Els 


Functions 


Topic1 Classification of Functions, Domain and 
Range and Even, Odd Functions 


Objective Questions I (Only one correct option) 


1. 


The domain of the definition of the function 
f(x) = z+ logio (x? — x) is 
4-x 


(a) -104042)40,%)  (b) €2,-)NUCL OU, ~) 
() -10U0,2)U (2%) @d) (0 2)U 2, %) 
Let f(x)=a*(a>0) be written as f(x) =f) + fx), 
where f(x) is an even function and f,(x) is an odd 
function. Then f, (x+ y) + f,(x- y) equals 

(2019 Main, 8 April II) 


(a) 2f,(«+ y)-fo(x- y) (b) 2f, («+ y)-f,(«- y) 
(c) 2f, (x): fo(y) (d) 2f,(x)-A() 


Domain of definition of the function 


ef Ge T . 
f (x) =.{sin™ (2x) + - for real valued x, is (2003, 2M) 


(2019 Main, 9 April 11) 


f 1 1] f 1 1] 
@)) 4° 3\ (b)| 2° 3| 

_i1 f_2 1] 
o( +3] @)-4. 4) 

2 
Range of the function f (x) = —_ sxe Ris 
x+xt) (2003, 2M) 

(a) (1, 29) (b) (1, 11/7) 
(c) (1, 7/3] (d) (1, 7/5) 


Let f (x)=(1+ 6?) x°+2bx+1 and let m(b) be the 
minimum value of f (x). As b varies, the range of m (6) is 


(2001, 1M) 
[, 1] 
fl .] d 
Oo] (d) (0, 1] 
Thodamain ofdeininan of fae 
x + 38x4+ 2 

(2001, 1M) 
(a) R/{-1,- 2} 
(b) (- 2, oo) 


(c) R/{- 1, - 2, - 3} 
(d) ~ 8,00 )/{- 1, — 2} 


7. The domain of definition of the function y (x) is given by 


the equation 2* + 2” =2,is (2000, 1M) 
(a) O0<x<1 (b) OS x<1 
(c) -w<x<0 (d) -0< x<1 

8. Let f (@)= sin 8 (sin 6+sin 38 0). Then, f (8) (2000, 1M) 


(a) = 0, only when 80> 0 (b) < 0, for all real 6 
(c)= 0, for all real 6 (d) <0, only when 0< 0 


9. The domain of definition of the function 
= z + /x +218 
logig (1 — x) (1983, 1M) 


(a) (— 3, — 2) excluding — 2.5 (b) [0, 1] excluding 0.5 
(c) (-2, 1) excluding 0 (d) None of these 


Match the Columns 


Match the conditions/expressions in Column I with 
statement in Column II. 


2 —_ = 
10. Let f (x)= — 
x -5x+6 (2007, 6M) 
Column | Column II 
A. If-1< x < 1, then f(x) satisfies p. O<f(x)<14 
B. If 1< x <2, then f(x) satisfies q. f(x)< 0 
C. If 3< x < 5, then f(x) satisfies r. f(x)>0 
D. If x > 5, then f(x) satisfies s. f(x)<1 
Objective Question II 
(One or more than one correct option) 
11. If S is the set of all real x such that wae is 
20? + 3x7 + x 
positive, then S contains (1986, 2M) 


Download More Books: www.crackjee.xyz 


Fill in the Blanks 


12. 


13. 


14. 


| 2 
If f(x) =sin | — = | , then the domain of 
—x 


f(x)is.... (1985, 2M) 


2 
The domain of the function /(s)=sin™{ og, is 
given by... 


2 
The values of f(x) =3 vol ~ - 7) lie in the 


interval... (1983, 2M) 


(1984, 2M) 


Topic2 Composite of Functions 


Objective Questions I (Only one correct option) 


1. 


For xe ze ) let f(x) =x, g(x) = tan x 
h(x) = (=); is equal to 
(201 ain, 12 April I) 
(a) ae (b) at 
(c) fant (d) tan > 
12 12 


Let f(x)=x",xeR For any ACR, define 
g(A)={xe R: f(x) € A}. If S = [0,4], then which one of 
the following statements is not true? 

(2019 Main, 10 April 1) 


(a) f(g(S))=S (b) sf(S)) #5 
(©) oe = g(S) (d) f(g(S)) # f(S) 


Let by f(a+ k)=16@° -1), where the function f 


sites f(x+ y) = f(x) f(y) for all natural numbers x, y 
and f(1) =2. Then, the natural number ‘a’ is 
(2019 Main, 9 April 1) 
(a) 2 (b) 4 
(c) 3 (d) 16 
If (0) =og (2 “| |x| <1, then ites 
1+ 


is equal to 


“ eae Main, 8 April 1) 
(a) 2f(x) (b) 2f(") 
() (f(@))” (d) -2f (x) 


For xe R-{0,1}, let A eae ACs Be and 
x 


h@= 


satisfies (f,0 Jo f, )(x) = fs (x), then J(x) is equal to 
(2019 Main, 9 Jan 1) 


: be three given functions. If a function, J (x) 
—x 


(a) fy@) (b) Ko) 
(©) A@) @ ~f() 
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True/False 
15. If f,(~)and f,(~) are defined on domains D, and D, 
respectively, then f, (x) + f,(x) is defined on D, 7 Dy. 
(1988, 1M) 
Analytical & Descriptive Questions 
16. Find the range of values of t for which 
1-2x+ 5x" el. T mw] 
8x” — 2-1" 2°2 (2005, 2M) 


17. Let y= eel 
(x-2) 


Find all the real values of x for which y takes real 
values. (1980, 2M) 


2 sint= 


6. Let a,b,ceR If f(x)=ax*+ bx+c be such that 


aes ba e=2 and f(x+ y)=f(x)+ fy + x7, Vx vER, 


then : f(n)is equal to 
n=1 (2017 Main) 

(a) 330 (b) 165 (c) 190 (d) 255 
7. Let f(x) =x" and g(x) =sin xfor all x € R. Then, the set of 

all x _ satisfying (fogogof)(x) = (gogof)(x), where 

(fog)(x) = f(g(x)), is (2011) 

(a) +t Vnt, ne {0,1, 2,...} 

(b) + Vnt, ne {1, 2,...} 

(c) 0/2+ 2nn, ne {...,- 2,-1, 0,1, 2,...} 

(d) 2nm, ne {...,-2,-1, 0,1, 2,...} 


8. Let f (x)= 
xt+1 


,x«#—1. Then, for what value of a is 


f if @] =x? (2001, 1M) 
(a) V2 (b) - V2 (c) 1 (d) -1 
-1, x<0 
9. Let g (x)=1+x-[x] and f(x)=; 0, x=0, then for all 
1, x>0 
x, f [g (x)] is equal to (2001, 1M) 
(a) x (b) 1 
(c) f (x) (a) g (x) 
10. If g{f (x)}=Isin x| and f {g (x) } = (sin Vx)’, then 
(1998, 2M) 


(a) f (x) = sin” x, g (x) = Vx 
(b) f (x) = sin x, g (x) =| x] 
(0) f («) =x”, g (x) = sin Vx 
(d) f and g cannot be determined 


1 
11. If f(x) =cos(log x), then f(x)- f-5 i = )« feo)| 
has the value (1983, 1M) 
(a)-1 ) 5 
(c)- 2 (d) None of these 
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12. 


Let f (x) = | = 1 | . Then, (1983, 1M) 


@feeae ay 

(b) f(x + y) =f (x) + fF) 
© f (xl)=lf @| 

(d) None of the above 


Objective Questions II 
(One or more than one correct option) 


13. 


14. 


15. 


Let f(x) =sin a sin( 3 sin ‘| for all xeR and 


g(x= 5 sin x for all xe R. Let (fog)(x) denotes f{g(x)} 


and (gof) (x) denotes g{f (x)}. Then, which of the 
following is/are true? (2015 Adv.) 


(a) Range of f is |- 5 j | (b) Range of fog is |- 5 ; ; 


(d) There is an xe R such that (gof) (x) =1 


If f (x) = cos [m7] x + cos [—- 27] x, where [x] stands for the 


greatest integer function, then (1991, 2M) 
(a) f (n/2)=-1 (b) f (x) =1 
()f - m)=0 (d) f (n/4)=1 


Let g(x) be a function defined on [- 1, 1]. If the area of 
the equilateral triangle with two of its vertices at (0, 0) 
and [x, g (x)] is V3 /4, then the function g (x) is 

(1989, 2M) 


Topic3 Types of Functions 


Objective Questions I (Only one correct option) 


1. 


If the function f:R-{1,-l} 73 A defined by 


2 
f(x) = —— ,is surjective, then A is equal to 
1-x (2019 Main, 9 April 1) 
(a) R-{-}} 
(b) [0, 29) 
(c) R-[-1, 0) 
(d) R- (1, 0) 
Let a function f:(,o%)—~ (0,) be defined by 


f= as . Then, f is 


x 


(2019 Main, 11 Jan II) 
(a) injective only 

(b) both injective as well as surjective 

(c) not injective but it is surjective 

(d) neither injective nor surjective 


The number of functions f from {1, 2, 3, ... , 20} onto {1, 
2,3, ..., 20} such that f(R)is a multiple of 3, whenever k 
is a multiple of 4, is (2019 Main, 11 Jan II) 
(a) (15)! x 6! 

(b) 5° x15 

(c) 5! x 6! 

(d) @ x (15)! 


(a) g(x) =+ y1-x* () g (x) = 1-2 
() g (x) =- 1-2 (@) g(x)=y1+ 2 


16. Ify=f@=r 2 


z , then 

—1 (1984, 3M) 
(a) x=f (y) (b) fM=3 

(c) y increases with x for x<1 

(d) fis a rational function of x 


Fill in the Blanks 


x 
x 


17. If f(x)=sin?x+ sin'{ + *) + cos XCOS (= + 2) and 


(2) =1, then (gof) (w=... . 
4 (1996, 2M) 


True/False 
18. If f(x)=(a-x")"", where a>0 and n is a positive 
integer, then f [f(x)] =x. (1983, 1M) 
Analytical & Descriptive Questions 
19. Find the natural number a for which 


. f (a+k) =16 Q”"-1), 
k=1 


where the function f satisfies the relation 
f «+ »=f (&) f (y) for all natural numbers x,y and 


further f (1) =2. (1992, 6M) 
4. Let f: R—> Rbe defined by f(x) = 7 a 
x 
xe R. Then, the range of f is (2019 Main, 11 Jan I) 
f 1 1] 
ee LA s-10} 
@ I-59 (b) 1,1) - {0} 
f1 1] 
R=\=2,2 d) R-[-1,] 
(c) la" al (d) [-1 ]] 


5. Let N be the set of natural numbers and two functions f 
and g be defined as f, g: N —> N such that 


Pd. saienaa 
f(ny=4 2 
me if n is even 


and g(n) =n —(-1)”. Then, fog is (2019 Main, 10 Jan II) 
(a) one-one but not onto (b) onto but not one-one 
(c) both one-one and onto (d) neither one-one nor onto 
6. Let A={xeR:x is not a positive integer}. Define a 
2x 


function f: A> Ras f(x) = , then f is 
x—1 (2019 Main, 9 Jan II) 
(a) injective but not surjective 
(b) not injective 
(c) surjective but not injective 


(d) neither injective nor surjective 
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7. The function f: R> I- : , 4 defined as f(x) = F 2 is ss ea 
(2017 Main) (a) r ps q 
(a) invertible (b)p ros q 
(b) injective but not surjective () r pqs 
(c) surjective but not injective (dd) p rqes 
(d) neither injective nor surjective 14. Let the functions defined in Column I have domain 
8. The function f: [0,3] > [1, 29], defined by (-1/2, 1/2) and range (—se, ©) (1992, 2M) 
f (x) = 20 — 15 x? + 36x +1, is (2012) Column | Column II 
(a) one-one and onto (b) onto but not one-one A. 14+2x p. onto but not one-one 
(c) one-one but not onto (d) neither one-one nor onto B. tanx q. one-one but not onto 
9. f(x) = fe - on aie t - ~ ae bReeneancente 
0, if xis irrational x, if xis irrational &. ‘eithelone one norento 
Then, f — gis (2005, 1M) eee 
(a) one-one and into (b) neither one-one nor onto Objective Question II 
(c) many one and onto (d) one-one and onto (One or more than one correct option) 
x : 
10. If f:[0,°)—> [0,) and f (x) =a. then ae a 15. Let f: (-3 5) <4 Bb edvaniy 
(a) one-one and onto (b) one-one but not onto f (x) = [log(seex+ tan xp. Then, 
(c) onto but not one-one (d) neither one-one nor onto (a) f(x) is an odd function 
11. Let function f:R—- R be defined by f (x) = 2x+sin x (b) f(x) is a one-one function 
forx¢ R. Then, fis (2002, 1M) (c) f(x) is an onto function 
(a) one-to-one and onto (b) one-to-one but not onto (d) f(x) is an even function 


c) onto but not one-to-one (d) neithe -to- t We 
(c) (d) neither one-to-one nor onto Fill in the Blanks 


12. Let HE ={1,2,3,4} and fF ={1,2!. Then, the number of 
16. There are exactly two distinct linear functions, ..., 


onto functions from E to Fis (2001, 1M) : 
(a) 14 (b) 16 and... which map { 1, 1} onto {0, 2}. (1989, 2M) 
12 d)8 
©) d) True/False 
2 
Match the Columns 17. The function f(x) = cies ea is not one-to-one. 
Match the conditions/expressions in Column I with x —8x +18 (1983, 1M) 
statement in Column II. 
13. Let f:R—> R, fy: [0,0] > R, fy: R—> Rand Analytical & Descriptive Question 
fy: R— [0,-) be defined by (2014 Adv.) 18. A function f:1R— IR, where IR, is the set of real 
lxl, ifx<0 sin x, ifx<0 ays ax’ + 6x-8 
x)= 5 fox) = x°3 fy (x) = numbers, is defined b x) = ———_—_... 
A®@) a ifx2 9? RO=Fb@) x, ifx>0 arene rar. 
aa fs flf@], ifx<0 Find the interval of values of « for which is onto. Is the 
aoe folf, 1-1, ifx>0 functions one-to-one for 0 =3 ? Justify your answer. 
(1996, 5M) 
Column | Column Il 19. Let A and B be two sets each with a finite number of 
A. fis p. onto but not one-one elements. Assume that there is an injective mapping 
— bi a ' from A to Band that there is an injective mapping 
3/8 eS eee from B to A. Prove that there is a bijective mapping 
C. fob, is r. differentiable but not one-one from A to B. (1981, 2M) 
DD. fhis Ss. continuous and one-one 
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Topic4 Inverse and Periodic Functions 


Objective Questions I (Only one correct option) 


1. 


If X and Y are two non-empty sets where f: XY, is 
function is defined such that 
fC) ={f():xeC}for C c X and 
f 1(D) ={x: f(x) € D} for DcY, 
for any AcCYand Bc, then 
(a) f {f(A} =A 
(b) f-* {f (A)} = A, only if f(X) =Y 
(c) ff" (B)} = B, only if B c f(x) 
(d) fff (B)}=B 
If f (x)=sin x+ cos x, g(x)=x"-1, then g{f (x)} is 
invertible in the domain (2004, 1M) 


(2005, 1M) 


[9 | [_ = 2] 
Oa] Ob aa 
o\- 2,2] 


Suppose f (x) = (x + 1)” for x >- 1. If g (x) is the function 
whose graph is reflection of the graph of f (x) with 
respect to the line y=, then g (x) equals 

(2002, 1M) 
(a) - Vx -1«20 


x>-1 


ear 
(d) Vx —1,x>0 


le fs iP Sis sien by Fee ie 
i 


(ce) ,/xt+1,x>-1 


equals (2001, 1M) 
( tv =4 i. 

2 1+<x 
() as (a) 14 fx? -4 
If the function f:[l,0)—[l,0) is defined by 
f (~) =2°"-» then f+ (x) is (1999, 2M) 
(a) ayn 5 (1+ J1+ 4 log, x) 
() ~ (1— 1+ 4]og, x) (@) not defined 
If f (x) = 38x—5, then f~ (x) (1998, 2M) 


(a) is given by 


38x -5 
(b) is given by “2 
(c) does not exist because fis not one-one 
(d) does not exist because fis not onto 


7. Which of the following functions is periodic? (1983, 1M) 


(a) f (x) = x - [x], where [x] denotes the greatest integer 
less than or equal to the real number x 

(b) f (x) = sin (1/x) for x # 0, f (0) =0 

(c) f(x) = xcosx 

(d) None of the above 


Objective Question II 
(One or more than one correct option) 
B. tee fei 1-3 Rhadetned by fie" where bina 


1- bx 
constant such that 0 < 6 <1. Then, (2011) 


(a) f is not invertible on (0, 1) 

(b) f #f- on @, 1) and f’(®) = _ 
() f =f on (0, 1) and f’(b) = _ 
(d) fis differentiable on (0, 1) 


Assertion and Reason 


For the following questions, choose the correct answer 

from the codes (a), (b), (c) and (d) defined as follows. 

(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation of Statement I. 

(b) Statement I is true, Statement II is also true; 
Statement II is not the correct explanation of 
Statement I. 

(c) Statement I is true; Statement II is false. 

(d) Statement I is false; Statement II is true. 


Let F(x) be an indefinite integral of sin” x. 


Statement I The function F'(x) satisfies 
F (x+ 1) =F (x) for all real x. 
Because 
Statement II sin?(x+ 2) =sin” x, for all real x. 
(2007, 3M) 


Analytical & Descriptive Question 


10. Let f be a one-one function with domain {x, y, z! and 


11. 


range {1,2,3}. It is given that exactly one of the 
following statements is true and the remaining two 
are false f(x) = 1, f(y) #1, f(g) #2 determine f (1). 
(1982, 2M) 
If f is an even function defined on the interval (— 5,5), 
then four real values of x satisfying the equation 


foy= (24 


ALO Sesicses . 
x+2 (1996, 1M) 


Functions 165 


Answers 
Topic 1 Topic 3 
1. (c) 2. (d) 3. (a) 4, (c) 1. (c) 2. (d) 3. (a) 4. (a) 
5. (d) 6. (d) 7. (d) 8. (c) 5. (b) 6. (a) 7. (c) 8. (b) 
9. (c) 10. A> p;B>q;C3q;D3p 9. (d) 10. (b) 11. (a) 12. (a) 
11. (a,d) 12. (-2,1) 18. (d) 14. A>qBor 
: i 3 | 15. (a, b, c) 16. y=x+1landy=—-x+1 
13. Domain € [—2,-1] U[1, 2] 14, he ya | 15. True 1% Teak eer 
te| 7 an EB = 17. x €[-1, 2) U [3, %) Topic 4 
1. (c) 2. (b) 3. (d) 4, (a) 
Topic 2 5. (b) 6. (b) 7. (a) 8. (b) 
1. (b) 2. (c) 3. (c) 4, (a) 9. (a) 
5. (b) 6. (a) 7. (b) 8. (d) eadege 
9. (b) 10. (a) 11. (d) 12. (d) 10. f"Q)=y UU. ) 
13. (a,b,c) 14. (a, c) 15. (b, c) 16. (a, d) A 
17. 1 18. True 19. (a =3) 


Hints & Solutions 


Topic1 Classification of Functions, 
Domain and Range 


1. Given function f(x) = 


1 
= + log, (x? — x) 
ers x 


For domain of f(x) 


4-x°40>x#+2 west) 
and x —x>0 
> x(x-1)(x+ 1)>0 


From Wavy curve method, 


xe (-1,0) U C1, &) .. (ii) 
From Eqs. (i) and (ii), we get the domain of f(x) as 
(-1,0) U (1, 2) U @, ©). 
2. Given, function f(x) =a*, a >0 is written as sum of an 
even and odd functions f, (x) and f,(x) respectively. 
— a~ 
2 


+a”* 


Clearly, f, (x) = ad p= 2 


So, («+ »)+ f@—- 9) 


whitey gerne Yay qgi- »y 
2 2 
I a 1 ay a? | 


*)=2/ 60-40 


3. Here, f (x)=, sin? (2x) + 7 to find domain we must 


have, 
sin! @x)+ 20 Tout <sin-te <™ 
6 2 2 | 
ie <sin! (2x) < x 
6 2 
sin (=) <au<sin > Sh one) 
6 2 2 
aapes 
4 2 
refot i 
[472] 
x 4+ +2 
4, Let y=f@=5 ,xeR 
x +x41 
‘ e+ xet2 
e+xtl 
y=l+ : [i.e. y > 1] 
ev +xtl a 
=> yx + yxt yar txt2 
=> x (y-1l)+x(y-1)+ (y-2)=0,VxeER 


Since, x is real, D>0 


= (y-1)° 


4(y-1)(y-2)20 


=F WaT -)=4 O2)he0 


T | 


(i) 
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> (y-1) —3y+ 7)20 
7 

> l<y<s— 
f 3 


From Eas. (i) and (ii), Range € [ r 


5. Given, f (x) =(1 + b?) x7 + 2bx+1 


7 2 
b ) 1,2 
ieee) eB? 


m(b)=minimum value of f (x)= = 
1+6 


=(1+ rs 


and m (b) varies from 1 to 0, so range = (0, 1] 
6. Given, f (x) = 1082 (x+3) _ log, @+ 3) 
(x + 3x+2) (x+1) (+2) 


For numerator, x + 3 >0 


=> x>-3 
and for denominator, (x + 1) («+ 2) #0 
> x#-1,-2 
From Kgs. (i) and (ii), 
Domain is (— 3 , 0) /{- 1, — 2} 
7. Given, 2% +2” =2, Vx,yeR 
But 2* 2° >0,Vx,yeER 
Therefore, 2* =2-2” <2 >0<2* <2 
Taking log on both sides with base 2, we get 
log, 0 < log, 2% <log,2 = -o<x<1 
8. It is given, 
f ©) =sin 6 (sin 8 + sin 3 6) 
= (sin 0 + 3sin @ —4sin’ 6) sin 0 


weed) 


11. 


is positive 


(i) 


...(ii) 12. 


13. 


= (4sin 0 —4sin® 6)sin®@ =sin?6 (4—4sin76 ) 


=4 sin? @ cos” 6 = (2 sin @ cos 6)” 
= (sin 20)” >0 
which is true for all 0. 


9. For domain of y, 


1-x>0,1-x#1 and x+2>0 
> x<1,x#0 and x>-2 
> —-2<x<1excluding 0 
> x € (—2, 1) — {0} 
10. Given, f (x) ial) 
(x—2) (x-38) 
The graph of f (x) is shown as : 
¥ 
~~ 
X'< >X 
0 1 2 3 5 
yr 


14. 


A.If-l<x<1> 0<f(x)<1 
B.Ifl<x«<2 => f(x)<0 
C.If38<x<5 => f()<0 
D.Ifx>5 = 0<f@<l1 


2x-1 
Since, = 80 
2x? + 8x7 + x 
2s ee -1) 
x(2x° + 8x4 1) 
(2x — 1) 


x (2x+ 1) («+ 1) 


4 __,__=__,__+ __,__=__,_+ 
-1 -1/2 0 1/2 


By 


Hence, the solution set is, 
x € (-0, -1) UU (-1/2, 0) U (1/2, 0) 
Hence, (a) and (d) are the correct options. 


a 


4x" P 
>0,4-x*°>0and1-«+0 
—Xx 


Given, f(x) =sin log 


For domain, 


and 4-x7>0 


and 


> (l1-x)>0 
> <l 
Thus, domain ¢€ (—2, 1). 


x 
Given, f (x)= snag = 


|x|<2 > -2<x<1 


2 


For domain, -1< log, = <1 


> 1. ® go 
2. 32 
> 1<x’<4 
=> 1<|x|<2 
=> Domain € [—2,-1]U [1,2] 


5 
: & Ir 6 

Given, f (x) =3 sin ,|— — x* 
iven, f (x)=3si F 


= Domain € 3 ; 4 


2 — 
. For range, f’ (x) =3 cos Te x2). nee) =0 
—-x 
16 
= 
Where, cos|,/-—--x?]=0 or x=0 
16 
[ mo ny 2 | 
neglecting cos —x 00> a 
16 16 4 


n : 
SSS 16° never possible 


> x=0 


15. 


16. 


17. 


ria, f(0) =3sin © = 5 
and t(- =) -(5) =0 
Hence, range € [O45 | 


Since, domains of f, (x) and f,(x) are D, and D,. 
Thus, domain of [f, (x) + f,(~)] is D, Dy. 
Hence, given statement is true. 


Given, asin t= Lot oe [ mm 
3x27-2x-1° | 2°2] 
Put 2sint=y > -2<y<2 
_1-2x4 5x? 
wT ae Ded 
=> (y—5)x* -2x(y—1)- (y+ 1)=0 


Since, x «e R—{1,-1/3} 
las, 3x7 —-2x-140 => (x-1)(x+ 1/3) £0] 


ie D=0 
=> A(y—-1)?+4By—5)(y+1)20 
=> y?-y-120 
2 
1 5 
> -—-~| -——20 
Cake 
1 V5 1 v5 
> + 20 
[5 -F) (0-5 +9) 
1-5 
= — 
= 2 
14+ V5 
or y2 
2 
=> asin st 
or Pe on 
2 
> sint <sin -*) 
10 
or sin ¢t >sin (==) 
10 
—3 oe or pad 
10 10 
Hiedea, ances el x # | /3e ml 
[~2’ 10] ~ |10’2| 
Since, y = Ce) takes all real values only 
(x - 2) 
atten +1) 3), 9 
(x - 2) 
< = t | we 
= -1 2 3 ° 
=> -l<x<2 or x23 


x € [-1, 2) U [8, ©). 
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Topic2 Composite of Functions and 
Even, Odd Functions 


1. Given, for x € (0, 3/2), functions 


fe) =Vx . Gi) 
g(x) =tanx ... (ii) 
2 
and h(x) = : 2 .. (iii) 
Also given, 6(x) = ((hof)og)(x) = (hof) (g(x) 
= h(f(g(x))) 
= h(f(tan x)) 
_ _1-(Wtan x)? 
=h(jtan x)= ithaca Gene 
1—tanx (3 
= = tan x 
1+ tanx 4 


Now: (Z| = tan(* -*) 


2. Given, functions f(x)=x7,xeR 
and g(A)={xeR:f(x)e AS; ACR 
Now, for S = [0, 4] 
&(S) ={xe R: f(x) € S = [0, 4]} 
={xeR:x" € [0,4]} 
={xe R: xe [-2,2]} 
=> g(S) = [-2, 2] 
So, f(g(S)) = [0,4] =S 
Now, f(S)={x?:x eS = [0,4]! = [0, 16] 
and g(f(S)) ={xe R: f(x) € f(S) = [0, 16]} 
={xe R: f(x) € [0, 16]} 
={x eR: x € [0,16]} 
={xe R: xe [-4, 4]} = [-4 4] 
From above, it is clear that g(f(S)) = g(S). 


3. Given, f(x+ y)= f(x): f(y) 
Let f(a=r [where A > 0] 
fl) =2 (given) 
> AS? 


; 10 10 k 10 k 
So, & f(iat+k)= DA" =)" i) 
k=1 k=1 k=1 
= 272) 4.27428 4.....421] 
[2(2!9 -1) | 


=e oi | 


[by using formula of sum of n-terms of a GP having 
first term ‘a’ and common ratio ‘7’, is 
_ a(r"—1) 


7 
, wherer>1 
r-1 | 
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= 271 @!9_1)=16 (2'°-1) (given) 
=> 21 ~16=24 >a4+1=45a=3 


4. Given, f(x) = toe} |x| <1, then 
1l+x 


2x 


[. log,| Al” =m log,| Al] 


=2F (x) c f(x) = woe.{3 - | 


5. We have, 
f@)=4, A@)=1—xand A= 
Ba 1-x 
Also, we have (f, 0 J 0 f,)(x) = fg (x) 


=> P(E 0 f,)()) = fz) 
> foJ (f.()) = fk @&) 
= i=J¢ Gs 

1-x 


[. fo(x) =1-—xand fy (x) = — 


il 1 1 
= 1-4(2)- fo f,@) ==] 
x 1-x x 
=> 4(2}- a= 
x l=* 
alee L_ =% 
~ t-x 1-x 
Now, pubs =e then 
x 
-1 
xX [ 1 | 
J(X) =—4— = 
erm ees 
x 
—_ 1. 1 
“Aad 1] 


=> JI(X)=f/(X) or J) = fs) 
6. We have, f(x) = ax"? + bx+c¢ 
Now, f(x+ y)=f(@)+ f(y) + xy 


Put y=0=> f(x) =f) + fO)+0 
> f@)=0 
> c=0 


Again, put y=-x 
fO)=f@+fEx-x 


=> 0 =ax? + bx t+ ax? — bx— x” 


% 
=> 2ax*-x=0 


_1 10x11x21 5. 10x11 


2 6 2 2 
-= = -— = 330 
7. f@) =x", g(x) =sin x 
(gof)(x) = sin x” 
go(gof) (x) =sin (sin x”) 

(fogogof) (x) = (sin (sin x”))” (i) 

Again, (gof) (x) =sin x” 
(gogof) (x) =sin (sin x”) (ii) 

Given, — (fogogof) (x) = (gogof) (x) 


=> (sin (sin x”))” = sin (sin x”) 


= sin (sin x”) {sin (sin x”) — 1} =0 

= sin (sin x”) =0 or sin (sin x”) =1 
c P TT 

> sinx’=0 or sinx’=— 


2 


x = nt 


‘ T . . : 
[sin x? = e is not possible as—1<sin0@ <1] 


x=tJnn 
8. Given, f (x)= Oe 
x+1 
of a) 
Ox xt+1 
rir@i=r{ =) - ae 
x+1 
ox 
xt1 ox . : 
~ox+@+tl) @+i)xtl so lenvGn ) 
x+1 


ar x= @t1)x4+x 
xfao“-(@+1)x-1]=0 
x(a +1)@-1-<x)=0 
a-1=0 and a+1=0 
a=-l1 
But @ = 1 does not satisfy the Eq. (i). 


VuuevY 


9, g()= 14+ x- [x] is greater than 1 
since x — [x] >0 
f [g @&)] =1, since f(x) =1 for all x>0 
10. Let f (x) =sin? xand g (x) = Vx 
Now, fog (x)= f [g @)] =f W/x) =sin? Vx 
and —gof (x)= g [f (@)] = (sin? x) = sin? x =|sin x| 


11. 


12. 


13. 


Again, let f (x) =sin x, g (x) =|<x| 


fog (x) =f [g @) =f (xl) 
=sin | x|# (sin Vx)” 


When f (x) =x", g (x) =sin Vx 
fog (x) = f [g )] = f (sin Vx) = (sin Vx)? 
and (gof) (x)= g If @] = g @) =sin Vx" 


=sin | x|#]sin x| 
Given, f(x) = cos (log x) 
_ f6)-f0)-4 sf (2 )- ie 
= cos (log x)- cos(log y) — : [cos (log x — log y) 
+ cos(log x + log y)] 
= cos (log x)- cos (log y) — ; [(2 cos (log x)- cos (log y)] 


= cos (log x)- cos (log y)— cos (log x)- cos (log y) =0 


Given, f(x)=|x—-1| 
f(x”) =|x"- 1 
and = {f(x)}"=(«-1)* 
=> f(x”) # (f (x))”, hence (a) is false. 
Also, f(x+ y)=|x+ y-1l 
and f@)=|x-1, 
f)=ly-11 
=> f(xt+y#f(x+ as (b) is false. 
f(lxl) =x] —- 
and = | f(x) |=I|x—- fie |x- | 


f(\x!) 4| f(@&) |, hence (c) is false. 


(a) f(x) = sin) * sin (z sin a) wer 
=sin (= ie) ts) ea where @=Tsinx 


sino, a e}-% 


Le 
‘ 
>a 
oO 
Le 
fo) 
Q 

Il 
| 
a 
p 
f<>) 


Hence, range of f(x) € 


= 
& 
fan) 
pti ol 
NIE NIP OA 
WN] 
i 


So, option (a) is correct. 
) flew} =f, te! : 4 = fOe)- 


Option (b) is correct. 


14. 


15. 


16. 
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sin | sin ( sin s)] 
Gin!” =i 
x70 g(x) x0 (sin x) 
i: T 
sin lé sin |— sin x | gam a sin x 
= lim : 
x30 06 T Tm . 
—sin | — sin x — sin x 
som(Fenz) — (Fsins] 
=1~x ule xl= us 
6 
.. Option (c) is correct. 


(d) stf@p=1 


> = sin {f(@)}=1 
=> sin {f(x} = = i) 
me roe TE 

sin {f} e| - 7 ; ...(i) 


2 


=> sin {f(x)}# = [from Eqs. (i) and (ii)] 


i.e. No solution. 
.. Option (d) is not correct. 
f(x) = cos [x7] x + cos [-n7] x 
> f (x) = cos 9) x + cos (-10) x 
[using [x7] =9 and [-x 


f(E]=cos + cos 5a =-1 
2 2 


f(m) =cos 9n + cos 10” =-1+1=0 
f(-m) = cos 9x + cos 102 =-1+1=0 


f (=) =cos cog LOF - 1 wie 1 
4 4 4 2. 2 


Hence, (a) and (c) are correct options. 


Since, 


“| =- 10] 


Since, area of equilateral triangle = si (BC)* 
B_B 
=> + £°(@)] = 22x) = 1-27 
4 4 
A 
B Cc 
(0,0) (x, (x)) 


> g(x) =1-# or ae 


Hence, (b) and (c) are the correct options. 


Given, y=f(~= ue 

> yx-y=xt+2 => xy-1l)=y+2 
+2 

=> =<= = x=f() 
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17. 


18. 


19. 


Here, f(1) does not exist, so domain e R-{1} 
dy _ (x-1)-1-(#+2)-1 
dx (x-1)? 
_ 3 
@—1y 


= f(x) is decreasing for all x e R-{l1}. 
Also, fis rational function of x. 
Hence, (a) and (d) are correct options. 


f(x) =sin? «+ sin?(x+ 2/3) + cos x cos (x + 1/3) 
= f(x)=sin?x+ (sin x cos 1/3 + cos xsin 1/3)" 


+ cos x cos (x + 1/3) 


; 2 
= f(x)=sin?x 4 [anes : cose 


+ cos x (cos xcos 1 /3-—sin xsin 7/3) 
sin” x 3cos? x ; 2-43 
4° 4 


sin xcos x 


= f(x)=sin’x 4 


cos? x . 3 
——- cos xsin a 


9 sin?x 3cos*x cos’x 
=sin* x4 + 
4 4 2 
5. 
=—sin?x+—cos*x= 
4 4 4 


and = gof(x) = g{f(x)} = g6/4)=1 
Alternate Solution 
f(x) =sin? x + sin2(x+ 1/3) + cos x cos (x + 1/3) 
=f’ (x) =2sin xcos x+ 2 sin (x + 2/8) cos (x + 1/3) 
—sin x cos (x + 1/3) — cos xsin (x + 1/3) 
= sin 2x + sin 2x + 27/3) — [sin (x+ x+ 1 /8)] 
oan ee Qn 2) — inte 2) 


—sin (2x+ 1/3) 
=2 [sin @x+ 1 /8)-cos m/3] —sin Qx+ 1/3) 


=2)sin (2x 4 x13) 3] sin (2:4 =) 9 


= f(x)=c where c is a constant. 
But f() =sin?0 + sin?(z/3) + cos 0 cos 1/3 


-(2) 13.1.5 
+ 


"2 4.2 4 


Therefore, (gof) (x) = g[f (»)] = g(6/4)=1 

f)=@-x"y" 

=> f FQ) = [a -— (a — 2 yr” = "= x 
fif@l=x 


Hence, given statement is true. 


Given, 


Let f (n) =2” for all positive integers n. 
Now, for n=1, f (1) =2=2! 


= It is true for n =1. 


Again, let f (k) is true. 


> f (k) =2", for some k € N. 
Again, f (k+1)=f (k)- f (1) [by definition] 
=2' 9 [from induction assumption] 


= gk +1 
Therefore, the result is true for n=k+1. Hence, by 
principle of mathematical induction, 

f (n)=2", VneN 


Now, )f(@+h)= Li @s@=fe@) as 


k=1 
_ (2@"-1) 
A ee re 
= 27.2 2" —1)=27*! Q"-1) 
But yf (a+ k)=16 @” -1)=2* @"-1) 
k=1 


Therefore, at+1=4 > a=3 


Topic3 Types of Functions 
1. Given, function f:R-—{1,-1}— A defined as 
2 


x 


f= 529 (let) 
= x= (1-2) [eo a? #1] 
=> x(+y=y 
5 2 -— [provided y # —1] 

l+y 

x >0 
=> y 20> ye (-~,-1)U[0, ©) 

l+y 


Since, for surjective function, range of f = codomain 
..Set A should be R - [-1, 0). 
[ (-1) 


imei Ie , if0<x<1 
. We have, f(x) = = Pa 
: ifx>1 
x 
ft ifO<x<1 
1x 
as ifx>1 
x 


Now, let us draw the graph of y= f(x) 


Note that when x— 0, then f(x) > ~, when x=1, then 
f(x) =0, and when x—> ©, then f(x) > 1 


Clearly, f(x) is not injective because if f(x) <1, then f is 
many one, as shown in figure. 


Also, f(x) is not surjective because range of f(x) is [0, [ 
and but in problem co-domain is (0, ~), which is wrong. 


.. f (x) is neither injective nor surjective 
According to given information, we have if 
k €{4, 8, 12, 16, 20} 
Then, f(2) € {3, 6, 9, 12, 15, 18} 

[. Codomain (f) = {1, 2, 3, ..., 20}] 
Now, we need to assign the value of f(R) for 
ke {4, 8, 12, 16, 20} this can be done in °C. -5! ways 
=6-5!=6! and remaining 15 element can be associated 
by 15! ways. 
.. Total number of onto functions = =15!6! 


We have, f@=—,,xeR 
l+x 


Ist Method f(x) is an odd function and maximum 
occur at x=1 


From the graph it is clear that range of f(x) is 
f 11] 
[22] 

IInd Method f(x) = —; 


x 


If x >0, then by AM >GM, we sie SO 
x 


> a > p2yme" 
ce e 
i 1 
If «<0, then by AM > GM, we get x+ — <-2 
x 
3s e827 20 
1 2 
x+— 
x 
If x=0 iene 25 
, 1+0 
1 1 
Thus, -=< <= 
; f(x) ; 
[ 1 1] 
H > pase be 
ence | ; 2 | 


IIIrd Method 


Let y t= yx? x+ y=0 
L+x 


. xe R, so D=0 
=> 1-4y?20 


. We have a function f: A> R defined as, f(x) = = 
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11 
=> (1-2y) (14 29) 20-9 9€] ar 
a + = 
1/2 4/2 
_f 11] 
So, —-—,—}. 
fe) |, ; 2 | 
Wed en ieead 
. Given, f(n) = i 


3” if 7 is even, 


and gin)=n— C1) = {nT in iseven 


Now, f(g(n)) ={if +1), if nis odd 


n-1), if n is even 
n+l 


, if n is odd 
n-l+l on. : 
——— =—, if n is even 
2 2 
f(@) 
[. if nis odd, then (n+ 1) is even and 
if nis even, then (n —1) is odd] 


Clearly, function is not one-one as f(2) = f(1) =1 
But it is onto function. 


[.: Ifm € N (codomain) is odd, then 2m € N (domain) 
such that fm) =m and 
ifm € N codomain is even, then 


2m-—1 € N (domain) such that f(2m-1) =m] 
.. Function is onto but not one-one 
2x 
x— 
One-one Let x, x, € A such that 


f (%,) = f (x2) 
= PM 
x -1 x-1 
=> = 2) X_ — 2H, = 2H, X_ — 2Ky 
= XH = Xp 
Thus, f(«,) = f(x.) has only one solution, x, = x, 
.. f(x) is one-one (injective) 


Onto Let x=2, then f() = ; a - = 


4 


But x =2 is not in the domain, and f(x) is one-one 
function 
. f(x) can never be 4. 


Similarly, f(x) can not take many values. 
Hence, f(x) is into (not surjective). 


.. f (x) is injective but not surjective. 


7. Wehave, f(x)=—~ 
e have, f(x) ee 
L: 
1 = x 
(2)-— f(x) 
1 4 2 
x 145 + 
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(5) = f@)or (5) = f(3)and so on. 


So, f(x) is many-one function. 
x 


Again, let y=f(x) >y= 5 
Lx 
=> y+xryex => yx2-x+ y=0 
As, xeR 
(-1)?-4 ()() 20 
=> 1-4y7>0 
=> ye( at 1 
[22 
[-1 1] 


So, f(x) is surjective. 
Hence, f(x) is surjective but not injective. 
PLAN To check nature of function. 
(i) One-one To check one-one, we must check whether 
f’(x)>0 or f’(x)<Oin given domain. 
(ii) Onto To check onto, we must check 
Range = Codomain 
Description of Situation To find range in given 
domain [a,b], put f’(x)=0 and find x=, Oy, ..., 
a,, € [a,b] 
Now, find {f (a), f (a4), f (,), aig f (.,,)> f (b)} 
its greatest and least values gives you range. 
Now, f : [0,3] [1,29] 
f(x) = 2x8 - 15x? + 36x+1 
f (x) = 6x" -30x+ 36 = 6 (x” -5x+ 6) 
= 6 (x—2) (x—3) 
4 -, + 


| 
I 
2 3 


For given domain [0, 3], f(x) is increasing as well as 
decreasing > many-one 


Now, put f (~)=0 

=> x=2,3 

Thus, for range f/(@)=1, f@)=29, f(8) =28 
=> Range € [1, 29] 


.. Onto but not one-one. 
x, xEeQ 
Let = - = 
et (0) = f(a) - g(a) ie on 
Now, to check one-one. 


Take any straight line parallel to X-axis which will 
intersect 6(x) only at one point. 


=> (x) is one-one. 
To check onto 


As fo)=|" seo 


y=x and y=-x for rational and irrational values 


xeQ 


, which shows 


= y é€ real numbers. 


10. 


11. 


12. 


13. 


Range =Codomain = onto 
Thus, f — gis one-one and onto. 
Given, f : [0, 2°) > [0, -9) 
Here, domain is [0,°¢) and codomain is [0,). Thus, to 
check one-one 


Since, f ()=— > f’ (= >0,V xe [0,-9) 
1% 


(1 + x) 


.. f (x) is increasing in its domain. Thus, f (x) is one-one 
in its domain. To check onto (we find range) 


Again, y =f) =— 
1+x 
> yt yx=x 
=> “<= » > y =0 
1l-y 1l-y 


Since, x >0, therefore 0 < y <1 
i.e. Range # Codomain 

.. f («)is one-one but not onto. 
Given, f (x) =2x+ sin x 
> f'@w=2+cosx = f'(x)>0,VxeR 

which shows f(x) is one-one, as f(x) is strictly increasing. 
Since, f (x) is increasing for every x € R, 

.. f (x) takes all intermediate values between (—», c ). 

Range of f (x) eR. 


Hence, f (x) is one-to-one and onto. 


The number of onto functions from 
E ={1, 2,3, 4} to F = {1, 2} 
= Total number of functions which map E tof 
— Number of functions for which map f (x) =1 and 
f (x) =2 for allxe H=2*-2=14 
PLAN 
(i) For such questions, we need to properly define the 
functions and then we draw their graphs. 


(i) From the graphs, we can examine the function for continuity, 
differentiability, one-one and onto. 


—x, x<0 
AG) =) oe x20 
f(x) =x", x20 
7 sinx, x<0 
is @) = x; x20 
_ Shh), x<0 
AO=1 GG) -1, £20 
x’, x<0 
Now, PAC) =" pow sa 
2 f= x”, x<0 
e* —1, x20 


2x <0 


A i ti f 7 
s f,(x) is continuous, /f” , (x) Ae “si 


14, 


15. 


fa(X) 


O 


Graph for f(x) 
f; ©) is not defined. Its range is [0, ). 
Thus, range = codomain = [0, ©), thus f, is onto. 
Also, horizontal line (drawn parallel to X-axis) meets 
the curve more than once, thus function is not one-one. 
y =1+ 2x is linear function, therefore it is one-one and 


its range is (-1 + 1,m + 1). Therefore, (1 + 2x) is one-one 
but not onto so (A) > (q). Again, see the figure. 


Y 
y=1+2x 
X’< =a fe) 7 >X 
2 2 
y’ 


It is clear from the graph that y = tan x is one-one and 
onto, therefore (B) > (r). 


PLAN 


(i) If f’(a”) > 0,Vx € (a,b), then f(x) is an increasing function in 
(a,b) and thus f(x) is one-one function in (a,b). 
(ii) If range of f(x) = codomain of f(x), then f(x) is an onto 
function. 
(iii) A function f(x) is said to be an odd function, if 
f(-x) = -f(x),Vx € R, ie. 
f(-—x)+ f(x)=0,VxeR 


f(x) = [In (secx + tan x)? 


f’ @= 


3 [In (secx + tan x)]” (secx tan x + sec 7x) 


(secx + tan x) 
f’ (x) =8 secx [In (secx + tan x)]” >0,vive{ = 2) 


f(x) is an increasing function. 


.. f(x) is an one-one function. 


Tm 1 
(secx + tanx)=tan( = +2), as x [ ‘ } then 
4 2 2 2 
T 
0 <tan( +2) <w 
4 2 
0 < secx+ tan x < oo 
=> —oo < In (secx + tan x) < oo 
—oo < [In (secx + tan x)]® <co 


> —00 < f(x) < 00 
Range of f(x) is Rand thus f(x) is an ont function. 


3 
f(— x) = [In (secx — tan x)]? = bo : J 
secx+ tanx 


16. 


17. 


18. 
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f(—x) =— [In (secx + tan x)]° 
f(x) + f(x) =0 
= f(x)is an odd function. 
Let y=ax+ band y=cx+ d be two linear functions. 


When x=-1, y=Oandx=1, y=2, then 


O=-a+b6b and a+b=2 sa=b=1 
y=xt1 ..(1) 
Again, when x=-—1, y=2 and x=1, y=0, then 
-c+td=2 and c+d=0 
=> d=1 and c=-1 
ie y=-x4+1 e(11) 
Hence, two linear functions are y=x+1land y=-x+1 
2 
x + 4x + 30 
Given, f(x) = ——_ 
fe) x” —8x+18 
[ (x? -8x+18) @x+4) | 
} — (x" + 4x + 30) (2x — 8) 
=> f= 3 ; 
(x — 8x + 18) 
_ 2 (6x -12x4+ 156) -12 (x” + 2x - 26) 


(x? — 8x + 18)” (x? - 8x + 18)” 
which shows f’ (x) is positive and negative both. 
.. f(x)is many one. 


Hence, given statement is true. 
2 


igs ee 
a + 6x — 8x" 
> oy + 6xy —8x7y = ax" + 6x -8 
=> ox? — 8x*y + 6xy —6x + ay +8=0 
> ox? + 8x 6xy+ 6x -—ay -8 =0 
=> x" @+8y)+6x(_— y)-8+ay)=0 
Since, x is real. 
=> B?-4AC >0 
=> 36 (1- y)?+4(@+8y) 8+ ay) 20 
=> 9(1-2y+ y’) + [8a + 64407) y+ 8ay"] 20 
=> y? 9+ 8a)+ y464+072)4+9+8a20  ...0) 
> A>0,D<0, > 94+8a>0 
and (46+ a”)? -4 9 + 8a)” <0 
=> a>-9/8 
and [46 + a”? —2 9+ 8a)][46 + a? +2 9+ 8a)] <0 
> a >-9/8 
and (a7—16a + 28) (17+ 16a + 64) <0 
=> a >-9/8 
and [@-—2)@-14)] @+8)?<0 
> a>-9/8 
and @ -—2) @-14) <0 [- @ +8)? =0] 
> a>-9/8 
and 2<a<14 
=> 2<a<14 
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19. 


ax? + 6x—8 


Thus, x)= 
i) o. + 6x — 8x" 


will be onto, if2 <a <14 


Again, when a =3 


3x7+6x-8. .. 
x) = —_——_, in this case f(x)=0 
Fe) 3+ 6x — 8x" fe) 
=> 3x" + 6x-8=0 
—6+./36+96 -6+¥ 
= xe — = =5( 3+ 33) 


This shows that 


[1 i= ee iz 
fF) 5 8 + v88) =F) 5 3 188) )=0 


Therefore, f is not one-to-one. 


Since, there is an injective mapping from A to B, each 
element of A has unique image in B. 


Similarly, there is also an injective mapping from B to 
A, each element of B has unique image in A or in other 
words there is one to one onto mapping from A to B. 


Thus, there is bijective mapping from A to B. 


Topic4 Inverse and Periodic Functions 
1. Since, only (c) satisfy given definition 
Le. fif" (By=B 
Only, if Bec f(x) 


By definition of composition of function, 
g (f (x)) = (sin x + cos x)? - 1, is invertible 
(i.e. bijective) 

=> gif (x)}=sin 2x is bijective. 


1 


: Bis ala is qm 1 
We know, sin x is bijective, only when x € I- re at 


Thus, g {f (x) } is bijective, if—S <ax<t 
=> we ea 
4 4 
It is only to find the inverse. 
Let y=f ()=(x+ 1%, forx>-1 
+Jfy=x+1, x2-1 
=> Jy =x4+1 => y20,x+120 
> x=Jfy-1 
=> f" O)=Vy-1 
=> fi @=vV¥x-1 > x20 
2 
Let y=x4 => eee 
x x 
> xysxrt) 
+Jy°-4 
Pag eiee a gee = 
2 
2 
7 yiay o4 
=> fo) : 


. Given, f (x) =3x-5 


x? —4 
2 
Since, the range of the inverse function is [1, ~), then 


ft @&®= ae Cae yx -4 


2 
2 
t= NS —— then f-! (x) >1 


This is possible only if (« — 2)? > x” — 4 


= fe@== 


we take 


If weconsider f~ 


=> x 4+4-4x>x7-4 
=> 8>4x 
=> x <2, wherex >2 


Therefore, (a) is the answer. 


. Let y=2*“-), where y>lasx2>1 


Taking log, on both sides, we get 
logy y = log, 2°°- 


> logs y= x (x-1) 
=> x’? —x—log, y=0 

1+ /1+4 log, y 
> x= 5 


For y21, logs y20 =>4 logs y2051+4 logs y21 


=> Jl+4log, y 21 
=> —Jj1+4logs y <-1 


> 1-—,1+4 logs y <0 
But x21 


So, x=1-./1+ 4 log, y is not possible. 
1+ 4 logoy) 


5 1+ 4 log, y) 
ci i @) => 0+ 1+ 40g, x) 


Therefore, we take x= ; a 


= f' = 


[given] 


Let y=f(x)=38x-5 => yt5=8x 


. Clearly, f (x) =x— [x] ={x} 


which has period 1. 


rae ee ‘ 
And sin — ,x cos x are non-periodic functions. 
x 


. Here, fe) = = where 0<6<1,0<x<1 
— bx 


For function to be invertible, it should be one-one onto. 
.. Check Range : 


10. 


b-x 
Let x)= => = 
f@=y aot 
> y-bxy=b-x => x(l-by)=b-y 
fo P=) hereiened 
1-by 
(eh 24 =2 si and | 
1-by 1-by 1- by 
1 
=> y<b or ver (i) 
Qe TS Die ...(ii) 
1-by b 


From Kgs. (i) and (ii), we get 


ye (- 1, ) c Codomain 


Given, F(x) = | sin? x dx = | 
F(x) = ; (2x—sin 2x)+C 


Since, F(x + 2) # F(x) 
Hence, Statement I is false. 


1—cos2x 


dx 
2 


But Statement II is true as sin” xis periodic with 


period nt. 
It gives three cases 
CaseI When f(x) =1is true. 


In this case, remaining two are false. 
f(y)=1 and f(@)=2 


This means x and y have the s 


ame image, so f(x) is not 


an injective, which is a contradiction. 


Case II When f(y) #1 is true. 


If f(y) #1 is true, then the remaining statements are 


false. 
and 


f(x) #1 


f@=2 


i.e. both x and y are not mapped to 1. So, either both 
associate to 2 or 3. Thus, it is not injective. 
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11. 


Case III When f(z) #2 is true. 
If f(z) #2 is true, then remaining statements are false. 


- If f(x) #1and f(y)=1 


But f is injective. 
Thus, we have 
fae=y 
Since, fis an even function, 
then f(— x) = f(x), Vx e€(—5,5) 


Hence, 


Given fie {Zt 7 
x+2 
-x+1 

Speed 2 

= y= 1(2h) 
—x+2 


Taking f~' on both sides, we get 


Again, 


=> 


Sard 
ee 


—x+2 
—x'4+2n=-—x4+1 
x —38x+1=0 
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f (x) =2, f(y) =1and f(z) =3 


[- fx) = f@) 


+5 


peo tv9—4 3 
2 
x+1 

x) = f | —— 

f(@) (4) 
pen= (23) 
42 
Taking f-' on both sides, we get 
x+1 
A= 
x+2 


or 


x? +38x+1=0 


2 


[- fC x)= fo) 


_-84J9-4 -3+5 


x 
2 


2 
+5 


+ 
Therefore, four values of x are ees 


Limit, Continuity 
and Differentiability 


Topic 1 and — Form 


co 


Objective Questions I (Only one correct option) 
' x+2sin x : 
1. lim is 
290 fy? 4 Qsinx+1 ysin? x x41 


(2019 Main, 12 April 11) 


(a) 6 (b) 2 (c) 3 (d) 1 
2 —. 
2. ai os Hey 4 cele 
vol x (2019 Main, 10 April II) 
(a) -4 (b) 1 () -7 (d) 5 
4 B _ ps 
3. If lim S— = lim = then kis 
el x-1L sok x — Rk (2019 Main, 10 April |) 
4 3 3 8 
(a) — (b) — (c) — (d) — 
3 8 2 3 
4 fii aa (2019 Main, 8 April I) 
, x50 J2 —./1 + cosx : 
(a) 4/2 (b) V2 
(c) 2/2 (d) 4 
5 lim cot? x—tanx ts 
. T ( *) (2019 Main, 12 Jan 1) 
* 7 cos| x+— 
4 
(a) 4/2 (b) 4 (c) 8 (d) 8/2 
6. lim ee is equal to (2019 Main, 11 Jan II) 
x 0sin* x cot” (2x) 
(a) 0 (b) 1 (c) 4 (d) 2 
1+j1+y* —V2 
7. lim is (2019 Main, 9 Jan 1) 
yo0 y 
; i 
a) exists and equals —— 
(a) q i 
(b) does not exist 
: 1 
c) exists and equals —— 
(c) q 3/8 
: 1 
d) exists and equals ————__—_ 
id # 22/2 +1) 


8. 


11. 


12. 


13. 


14. 


15. 


cot x— cos x 


im z— equals (2017 Main) 
x n/2 (1 a 2x) 
1 1 
a) — as 
(a) Ti (b) 7 
1 1 
(©) = (d) = 
8 4 
: 2 
lim ao is equal to (2014 Main) 
x> 0 x 
(a) - (b) 1 (c)-n (d) x 
fy EO eae (2013 Main) 
x0 xtan 4x 
1 
(a) 4 (b) 3 (c) 2 (d) - 
2 
If lim Gare og ) = 4, then 
Reh al (2012) 
(a) a=1b=4 (b) a=1b=-4 
(c) a=2,b=-8 (d) a=2,b=3 


hm [C2 +2+ h*) -f @) 
h>0 f(h—h?+1)-f @) 
f’ d=4, 

(a) does not exist 

(c) is equal to 3/2 


given that f’(@)=6 and 


(2003, 2M) 
(b) is equal to —3/2 
(d) is equal to 3 


If lim a= 1) = = ST 0, where n is non-zero 
x—> + of 
real number, then a is equal to (2003, 2M) 
(a) 0 ott  ©&n (@n++ 
n n 
The integer n for which lim EEE) Se 
x—> x 
finite non-zero number, is (2002, 2M) 
(a) 1 (b) 2 
(c) 3 (d) 4 
as x tan 2x-2x tan x is (1999, 2m) 
x30  (1—cos 2x) 
(a) : (b) =a 
c)— d) -= 
(c) 5 (d) : 
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16. 


17. 


18. 


19. 


20. 


21. 


: 1-cos 2 (x-1) 
lim. 2 (1998, 2M) 
x21 x-—1 
(a) exists and it equals /2 
(b) exists and it equals —J/2 
(c) does not exist because x - 1 0 
(d) does not exist because left hand limit is not equal to 
right hand limit 


5-008?) 


The value of lim +“ is (1991, 2M) 
x70 oe 
(a) 1 (b) -1 
(c) 0 (d) None of these 
sin[x] [x] #0 
If f@=4 [x] ? aij 
0, & 


where, [x] denotes the greatest integer less than or 
equal to x, then lim f(x) equals (1985, 2M) 


(a) 1 ~ (b) 0 
(c) -1 (d) None of these 
lim ee | isequal to (1984, 2M) 
n>e\l—n° l1-n l=n 
1 
(a) 0 (b) - . 
(c) 5 (d) None of these 


If f(a) =2, f’ (a) =1, g(a)=-1, g (a)=2, 
&(x) F(a)- g@) f@ . 


then the value of lim is (1983, 1M) 
x>a x-a 
1 
(a)-5 (b) = 
) ) : 
(c) 5 (d) None of these 
IfG (x) =—/25 — x”, then lim Sia ak CL the value 
el  x-1 (1983, 1M) 
1 i 
a e = s — 
(a) aor (b) - 
(c) — J24 (d) None of these 


Objective Question II 
(One or more than one correct option) 


22. 


For any positive integer n, define f,:(0,~)> R as 


_ n 4 1 
Fahim 2 tam (= ie Ayre 
(Here, 


assumes values in 


for all xe (O,-). 


the inverse trigonometric function tan 7! x 


uw =| ). Then, which of the 


“2°2 
following statement(s) is (are) TRUE? 
(a) Y°_ tan(f,(0)) =55 


(b) Yo", G+ fF’; (O) sec” (F,()) = 10 


(2018 Adv.) 


(c) For any fixed positive integer n, lim tan(f,(x))= = 
X 00 n 


(d) For any fixed positive integer n, lim sec?(f,(x)) =1 
xX 00 
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bo 


ae ae 
23. Let L = lim 7+ , a >0.If Lis finite, then 
x0 x 
(a) a=2 
(b) a=1 (2009) 
1 
¢). f=. 
(©) a 
(@ b= 
32 
Fill in the Blanks 
24. is Ee) = i (1997C, 2M) 
h>0 h 
25. If f(x) =4sinx, x#nnt,n=0,+1, +2, ... 
2, other wise 
(92 4 1,x#0, 2) 
andg (x)=; 4, x=0 »,thenlim g [f(x] is......... 
5, x=2 x0 
(1996, 2M) 


26. 


ABCis an isosceles triangle inscribed in a circle of radius 
r. If AB= AC and his the altitude from A to BC, then the 


AABC has perimeter P =2(,|2hr — h? + J2hr) and area 


A 
A=... . Also, lim — = 
SO a P23 (1989, 2M) 
[+ sin (=} + 2) 
27. li = 
ae cae (1 + |xl”) 
(1987, 2M) 
: J + x” — 16x + 20)/ (x — 2)", if x #2 
28. Let f(x) {¢ fee? 
If f(x) is continuous for all x, then k=... . (1981, 2M) 
29. lim(l—x) tan= =... 
x1 2 (1978, 2M) 
True/False 
30. If lim [f(x)g(x)] exists, then both lim f(x) and 
x—- a x7 a 
lim g(x) exist. (1981, 2M) 
xa 
Analytical & Descriptive Questions 
a (1983, 3M) 
31. Use the formula lim = log, a, to find 
x70 x 
‘ 2*-1 
lim We 2X2 a . 
a0 (1+ x)" -1 (1982, 2M) 
Diecd _ neg 
32. Evaluate lim Sa can a 7 (1980, 3M) 
h>0 h 
33. Evaluate lim ae 
x30 | x+cos?x Gel oM) 
: x-1 
34. Evaluate lim (=| ; (1978, 3M) 
x1 \2x°- 7x45 
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Integer Type Questions 


Q.. 
35. Let a,B¢R be such that lim ee 


- 1. Then, 
x>00x—-—sIn x 


6 @ + B) equals (2016 Adv) 


Topic 2 1 Form, RHL and LHL 


Objective Questions I (Only one correct option) 
1. Let f:R—>R be a differentiable function satisfying 


1 
f @)+ f 2) =0. Then inl +2 FEOF is equal 


x0( 1+ f2@-—x)- fQ@) 
to (2019 Main, 8 April II) 
(a) e (b) et (c) (d) 1 
2 . vx —V2sin7! x. 
lim _—————— is equal to 
onli yl-x (2019 Main, 12 Jan II) 
‘a b ia ad) 
(a) : (b) = (c) Vx (d) Tan 


3. Let [x] denote the greatest integer less than or equal to 
x. Then, 
sm tant sin? x) + (|x|—sin(«[x]))” 


li 
x30 x 


(2019 Main, 11 Jan 1) 
(b) equals 7+ 1 
(d) does not exist 


(a) equals z 
(c) equals 0 

4. For eacht € R, let [t] be the greatest integer less than or 
equal to t. Then, 


(1—|x|+sin|1 xl)sin(2 [1 a) 


lim 
xo + [1 —x| [1 - x] (2019 Main, 10 Jan 1) 
(b) does not exist 
(d) equals 1 


5. For each xe R, let [x] be the greatest integer less than or 


(a) equals 0 
(c) equals — 1 


equal to x. Then, 
x([x] + |x|) sin [x] 


lim is equal to 
x07 |x| (2019 Main, 9 Jan II) 
(a) 0 (b) sin 1 

(c)- sin 1 (d) 1 


6. For eacht eR, let [t] be the greatest integer less than or 
equal to t. Then, 


ml L 2) 
lim x}}—|]+]—|+...+]— 
x07 x x x (2018 Main) 


(b) is equal to 15 
(d) does not exist (in R) 


1-x(04+|1-<2|) 1 
cos 
jL-x| 1-x 


(a) is equal to 0 
(c) is equal to 120 


7. Let f(x)= 


for x #1 Then 

(a) lim, ,. f@)=0 

(b) lim, - f (x) does not exist 
(c) im. ‘ f(x) =0 

(d) lim i+ f (x) does not exist 


36. Let mand n be two positive integers greater than 1. If 


cos (a) 
lim a Been fe , then the value of is 
a7 0 a” 2 n 
(2015 Adv.) 


8. Let p= lim (1+ tan? Vx)", then log p is equal to 
x07 (2016 Main) 


1 1 
(a) 2 (b) 1 (©) : (a) Fi 


9. Let a(a) and B(a) be the roots of the equation 


(3/1 + a —1)x"-(/1+ a -1)x+ (1+ a —1)=0, where 


a>-—1.Then, lim a (a)and lim £ (a) are (2012) 
a> or a>0* 
(a) ~5 and (b) ~ana-1 
2 2 
(c) = g6a8 (d) =" ands 
2 2 
1 
10. If lim [1 + «log (1 + b”)]» =2bsin76, b >0 
x 
and@ « (- 2, 7], then the value of 6 is (2011) 
T 1 1 1 
a) + — Ib) = c) + — dj) +— 
(a) ‘i (b) - (c) - (d) ; 
11. Forx>0, lim in xu + (=) fs (2006, 3M) 
x30 x 
(a) 0 (b)-1 (c) 1 (d) 2 


12. Let f: R— Rbe such that f (1) =3 and f’ (1) =6. Then, 


1/ x 
lim [Ao+2| equals 


(2002, 2M) 
x0| fd) 
1 
(a) 1 (b) e2 (c) e (d) é 
13. ForxeR, lim Ge ) is equal to 
xoelaxt2 (2000, 2M) 
(a) e (b) e3 (ce? (d) & 
Fill in the Blanks 
2 Vx2 
14, lim ; * | =... 
pore | Mak om (1996, 1M) 
6 x+4 
15. in| ** =r 
rool xt 1 (1991, 2M) 
Analytical & Descriptive Question 
Vx 
16. Find lim fran (= ¢ x} 
Pee 4 (1993, 2M) 


Integer Answer Type Question 


17. The largest value of the non-negative integer a for 


1-x 
[=a sin(x—1)+ ahs ok 


which lim - is (2014 Adv) 
x+sin(x-1)-1 4 


x1 
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Topic 3 Squeeze, Newton-Leibnitz’s Theorem and Limit Based on 
Converting infinite Series into Definite Integrals 


Objective Questions I (Only one correct option) 


1. Ifa andf are the roots of the equation 


noo 


375x" — 25x —-2 =0, then lim yiar+ lim yb" is equal 
are aes a r=1 


to (2019 Main, 12 April 1) 
21 29 

(a) — (b) — 
346 358 
1 7 

c) — d) —— 

©) 12 ) 116 


sec2 x 
[, f@ at 
lim “2, — equals 
goal i 
a i — —___ 
16 (2007, 3M) 
a) 8¢@ 
1 


(b) 2 F (2) 
1 


2 1 
@rf (5) 
(d) 4f (2) 
1-2" r 
3. lim — Y —__ 
(a) 1+ V5 
(c) -1+ V2 


equals (1999, 2M) 


(b) V5-1 
(d)1+ V2 


Topic4 Continuity at a Point 
Objective Questions I (Only one correct option) 
1. Ifthe function f defined on (z ; 4 by 


(/2 cosx-1 


seo 
f=, cotx-1 4 is continuous, 
T 
k, x=— 
4 
then k is equal to (2019 Main, 9 April 1) 
al 
(a) — (b) 2 
) 3 ) 
(1 (a) + 
V2 


2. The function f (x) = [x]?—[x”] (where, [x] is the greatest 
integer less than or equal to x), is discontinuous at 
(a) all integers (1999, 2M) 
(b) all integers except 0 and 1 
(c) all integers except 0 
(d) all integers except 1 


Objective Questions II 
(One more than one correct option) 


n"(x+ n)(a42)...(e4 2) i 
2 n 
ne 


2 ? 
n! (x2 + n?)| e+ —]... 4 
4 n? 


for all x=0. Then (2016 Adv.) 


4. Letf(x)= lim 


(a) f (5) f@ (b) f (3)s (2) 
() f’ (2)< 0 (a) oat > i 


Numerical Value 


5. For each positive integer n, let 
1 


y= (n+ 1D) (0 F2)... (nt ny)”. 
n 


For xe R, let [x] be the greatest integer less than or 
equal to x If lim y, =Z, then the value of [Z] is 


noo 


Set iter . (2018 Adv.) 
Fill in the Blank 
| cos“t dt 
6. lim - = 
x>0  xsinx (1997C, 2M) 


3. Let [.] denotes the greatest integer function and 
f (x)= [tan? x], then (1993, 1M) 
(a) lim f (x) does not exist 


(b) f (x) is continuous at x = 0 
(c) f (x) is not differentiable at x = 0 
(d) f° (O)=1 


4. The function f(x) = [x] cos a 


) [] denotes the 


greatest integer function, is discontinuous at 


(a) all x (1993, 1M) 
(b) all integer points 

(c) nox 

(d) x which is not an integer 


(a) f (x) is continuous but not differentiable at x = 0 
(b) f (x) is differentiable at x = 0 

(c) f (x) is not differentiable at x = 0 

(d) None of the above 
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6. The function f (x) = 


log (1 + ax) — log (1 — bx) 

x 
is not defined at x=0. The value which should be 
assigned to f at x =0, so that it is continuous at x =0, is 
(a)a-—b (b)a+ b (1983, 1M) 
(c) loga + logb (d) None of these 


Objective Questions II 
(One or more than one correct option) 


i 


Let [x] be the greatest integer less than or equals to x. 
Then, at which of the following point(s) the function 
f(x) =x cos (1(x + [x])) is discontinuous ? (2017 Adv.) 


(a)x=-1 (b) x=1 

(c)x=0 (d) x= 2 

For every pair of continuous function f, g: [(0,1J > R 
such that max {f(x):x € [0,1]} = max {g(x):x € [0,1]}. 

The correct statement(s) is (are) (2014 Adv.) 
(a) [FOF + 3f (0 =[g(OF + 3g(0 for some ce [0,1] 

() [OP +f =[g@}+ 3g for some ce [0,1] 

() OP+ 3 =[gOP + g(o for some ce [0,]] 

(d) [fF =[g(OF for some ce [0,1] 

For every integer n, let a,, and b,, be real numbers. Let 
function f: R- Rbe given by 

f@)= | 


a, +sin mx, forxe [2n,2n+ 1] 


b, t cos mx, forxe Qn-1,2n) 


for all integers n. 

If f is continuous, then which of the following hold(s) for 
alln? (2012) 
(a) a,, — 6,1 =9 
(c)a,-6,,,=1 (d)a,_, -— 5, =-1 


n+1 _ 


Fill in the Blank 


10. 


A discontinuous function y = f(x) satisfying x” + y” =4is 
given by f(x)=.... . (1982, 2M) 


Analytical & Descriptive Questions 


11. 


12. 


é ‘ T 
(ea + sin al y2/!804!, <r 
Let f(x) = b, x=0 
ofan 2x/ tans x O<x<F 


Determine a and b such that f(x) is continuous at x =0. 


(1994, 4M) 
1- 4 
oe, at 
Let f(x) = a; x=0 
ax 
x>0 


16+Vx—4° 


Determine the value of a if possible, so that the function 
is continuous at x=0. (1990, 4M) 


13. 


14. 


15. 


Find the values of a and 6 so that the function (1989) 
[ xt+a 2 sin x, O<x<al4 
f@= 2x cot x+ b, m/4<x<n/2 
acos2x-—bsinx, m/2<x<nu 


is continuous for0 <x<7. 


Let g(x) be a polynomial of degree one and f (x) be 


§ (x), x<0 
defined by f @) =f a+ x)" 
x>0 
(2+ x) 
Find the continuous function f (x) satisfying 
f’ =f CD. (1987, 6M) 
Determine the values a, 6, c, for which the function 
sin (a+1)x+ Su eee 
x 
f(x) =4 for x=0 
% V2 1/2 
oe Cee, 


is continuous at x=0. (1982, 3M) 


Match the Columns 
16. 


I 
Let f,: R- R, fa: ; 
f ni(-Z.2 


f,:R— Rbe functions defined by 


(i) f, (x) = sin(j1-e™* ), 

|sinx| . 

(i) (0) = 4 tan! x ae o where the inverse 
1 if x=0 


trigonometric function tan”! x assumes values in 


ea 
2Q°a) 


(iii) fy (x)= [sin(log, (x + 2))], where for te R, [t] denotes the 
greatest integer less than or equal to t, 


Sif ak ‘ 
(iv) f, (x)= . sin (=) ifx #0 


>Ris Cle" —2)=> Rand 


0 ifx=0 


List-I List-II 


P. Thefunctionf,is 1. NOT continuous at x=0 


continuous at x=0 and 
NOT differentiable at 
x=0 


Q. Thefunctionf,is 2. 


The function f, 3. differentiable at x=0 


R. is and its derivative is 
NOT continuous at x=0 

; differentiable at x=0 

S. i PAnCMOM: fa 4. and its derivative is 


7 continuous at x=0 
The correct option is 
(a) P> 2;Q>3;R>51;S7>4 
(b) P> 4;Q731;R52;5S353 
(c) P> 4;Q32;R51;8353 
(d) P3>2;Q>1;R34;S33 


Topic5 Continuity in a Domain 


Objective Question I (Only one correct option) 
1. Let f: R—- Rbe a continuously differentiable 
function such that f@) =6 and /’ (2) = = If 


x) : : 
i 4t® dt = (x —2)g(x), then lim g (x) is equal to 
6 x2 (2019 Main, 12 April 1) 


(a) 18 (b) 24 
(c) 12 (d) 36 
(sin (p+1)x+sin x 
> x 
x 
2. If f(@= qa, x=0 
afc + x2 — Vx x>O0 
el ? 


is continuous at x=0, then the ordered pair (p, q) is 


equal to (2019 Main, 10 April 1) 
(a) (-3--] (b) (-3-3] 
2° 2 2°2 
() (3-3) (a) (- 3-3} 
2°2 22 


a|m—x+1,x<5, . 
is continuous at 
b|x-m|+8,x>5 


(2019 Main, 9 April 11) 


3. If the function f(x) -| 


x=5, then the value of a—bis 


-2 2 
(a) T+5 (b) T+5 
2 2 
d 
© m—-5 @) 5-1 


4. If f= [x] || x eR where [x] denotes the greatest 
integer function, then (2019 Main, 9 April II) 
(a) lim f (x) exists but lim f (x) does not exist 
x 4+ x 4- 
(b) f is continuous at x = 4 
(c) Both lim f (x) and lim f (x) exist but are not equal 
x 4- x 4+ 


(d) lim f (x) exists but lim f (x) does not exist 
x7 4- x 4+ 


5. Let f:[-1,3] > Rbe defined as 
|xl+ [x], -l<x<1 

1<x<2 

2<x<38, 


f(x) = 


x+ |x, 


x+ [x], (2019 Main, 8 April II) 


where, [t] denotes the greatest integer less than or 
equal to ¢. Then, f is discontinuous at 

(a) four or more points (b) only two points 

(c) only three points (d) only one point 
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6. Let f:R— Rbe a function defined as 
( 5, if x<l1 


_ jat bx, if l<x<8 
Fe) = b+5x, if 3<x<5 
30, if x25 
Then, f is (2019 Main, 9 Jan 1) 


(a) continuous if a=-—5and b=10 
(b) continuous if a=5and b= 5 
(c) continuous if a=Oand b=5 
(d) not continuous for any values of a and b 

7. Iff @= 7 x—1, then on the interval [0,7] 
(a) tan [f (x)]and 1/f (x) are both continuous 
(b) tan [f (x)] and 1/f (x) are both discontinuous 
(c) tan [f (x)]and f~! (x) are both continuous 
(d) tan [f (x)]is continuous but 1/f (x) is not continuous 


(1989, 2M) 


Objective Questions II 
(One or more than one correct option) 


8. The following functions are continuous on (0, 7) 


(a) tan x ) [* t sin} a 
0 t (1991, 2M) 
1, O< xs 3n/4 xsin x, 0<x< 14/2 
(c) Bein” ne BY acy i ( * gin (m+ x), exc 
9 4 2 2 


9. Let [x] denotes the greatest integer less than or equal to 
x. If f(x) = [xsin mx], then f(x) is (1986, 2M) 

(b) continuous in (-1, 0) 

(d) differentiable in (—1, 1) 


(a) continuous at x = 0 
(c) differentiable at x =1 


Fill in the Blank 
10. Let f(x) = [x] sin 


1 
[x + 1] 
greatest integer function. The domain of f is...... and 
the points of discontinuity of fin the domain are...... : 
(1996, 2M) 


, where [] denotes the 


Analytical & Descriptive Question 


2 
oe O<x<1 
11. Let f(x) = 2 ‘ 


2x" — 3x4, l<x<2 


Discuss the continuity of f, f’and f’’ on [0, 2]. 
(1983, 2M) 
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Topic 6 Continuity for Composition and Function 


Objective Question II 
(One or more than one correct option) 

1. For the function f (x) = xcos : , x21, 

x (2009) 
(a) for atleast one x in the interval 
(1, oo), fet 2)-f()< 2 

(b) lim f’(x) =1 
(c) for all x in the interval [1, ©), f(x+ 2)-f(x)>2 
(d) f’(x) is strictly decreasing in the interval [1, --) 


Analytical & Descriptive Questions 
xta, ifx<0 
2. Let foy=f ere ae and 
x+1, ifx<0 
g(x) =| 


~ |(@-1)? +b, ifx 20 


Topic 7 Differentiability at a Point 


Objective Questions I (Only one correct option) 

1. Let f:R—R be differentiable at ce R and f(c)=0. If 
g(x) =|f(x)|, then atx=c, gis (2019 Main, 10 April 1) 
(a) not differentiable 
(b) differentiable if f’(c) # 0 
(c) not differentiable if f’(c) = 0 
(d) differentiable if f’(c) = 0 

2. If f:R— Risa differentiable function and 


: f(x) 
eae then, | a08 
X26 (x-2) (2019 Main, 9 April 11) 
(a) 12f’(2) (b) 0 
(c) 24f’(2) (d) 2f’(2) 


3. Let f(x) =15- a— 10|;xeR. Then, the set of all values 
of x, at which the function, g(x)=/f(f(«)) is not 


differentiable, is (2019 Main, 9 April I) 
(a) {5, 10, 15, 20} (b) {5, 10, 15} 
(c) {10} (d) {10, 15} 


4. Let S be the set of all points in (-2,2) at which the 


function, f(x)=min {sin x,cosx} is not differentiable. 
Then, S is a subset of which of the following? 
(2019 Main, 12 Jan 1) 


@){-2,0, 3} o{-Z, 2,44 

4 442 
@{-=2,- =, 3,3} @ {-38,-2,2, 

4 4 4 4 4 22 4 

5. Let K be the set of all real values of x, where the function 
f(x) =sin|x|-—|x|+2(«-72)cos|x| is not differentiable. 
Then, the set K is equal to (2019 Main, 11 Jan II) 
(a) {0} (b) (an empty set) 
(c) {x} (d) {0, 1} 


10. 


where, a and b are non-negative real numbers. 
Determine the compositie function gof. If (gof) (x) is 
continuous for all real x determine the values of a and b. 
Further, for these values of a and 6, is gof differentiable 
at x=0? Justify your answer. (2002, 5M) 


Let f (x) be a continuous and g (x) be a discontinuous 


function. Prove that f (x)+ g(x) is a discontinuous 
function. (1987, 2M) 


l+x, O<x<2 
Leef@et * o-* 
8-x, 2<xs3 


Determine the form of g (x) = f [f («)] and hence find the 
points of discontinuity of g, if any (1983, 2M) 
Let f(x+ y) = f(x) + f(y) for allx and y. If the function f(x) 


is continuous at x=0, then show that f (x) is continuous 
at all x. (1981, 2M) 


-1, -2<x<0 
2 an 
x“-1, O<x<2 


Let f(x) -| 


g(x) =| f(x) |+ f(\«l). Then, in the interval (-2, 2), gis 
(2019 Main, 11 Jan 1) 

(a) not differentiable at one point 

(b) not differentiable at two points 

(c) differentiable at all points 

(d) not continuous 


Let f:(-1, 1) —> R be a function defined by 
f(x) =max {4 x|,-J1- x7}. If K be the set of all points at 


which f is not differentiable, then K has exactly 
(2019 Main, 10 Jan II) 


(a) three elements (b) five elements 
(c) two elements (d) one element 
2) < 

Let f(x) = max {|x|, x S» |x| <2 

8-2|xl], 2<|x|<4 
Let S be the set of points in the interval (—4, 4) at which f 
is not differentiable. Then, S (2019 Main, 10 Jan 1) 
(a) equals {-2,-1,0,1, 2} (b) equals {-2, 2 
(c) is an empty set (d) equals {-2,-1, 1, 2 


Let f be a differentiable function from R to R such that 
3 


| f(@)-fo)|<2lx- yl, for all x, ye R. If f@) =1, then 
j f?(x) dxis equal to (2019 Main, 9 Jan II) 
(a) 2 o3 1 (a) 0 

Let S=(teR: f(x) =|x-nk(e"-1)sin|x| is not 
differentiable at t}.Then, the set S is equal to (2018 Main) 


(a) > (an empty set) (b) {0} 
(c) {x} (d) {0, 1} 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


For xe R, f(x) =|log 2 -—sin x1 and g(x) = f(f(x)), then 
(a) gis not differentiable at x = 0 (2016 Main) 
(b) g’ (0) = cos (log 2) 

(c) g’(0) = — cos (log 2) 

(d) gis differentiable at x = Oand g’(0) = — sin (log 2) 

If f and gare differentiable functions in (0, 1) satisfying 
f{0)=2=g(1), g@)=0 and f(1)=6, then for some 


ce]0,1[ (2014 Main) 
(a) 2f’(2) = g’(0) (b) 2f’(c) = 3g’(0) 
©fO=s8'O (d) f° = 28° 
2 Tt : 
Let f(x) = , cos alt x#0,xeR, then f is (2012) 
0, x=0 


(a) differentiable both at x = Oand at x = 2 
(b) differentiable at x = Obut not differentiable at x = 2 
(c) not differentiable at x = O but differentiable at « = 2 
(d) differentiable neither at x = Onor at x = 2 

(x—1)" 
log cos” (x—1) 
integers, m#0,n>0O and let p be the left hand 
derivative of |x—1| atx=1.If lim g(x)=p, then 

xo1t 


Let g(x~)= 30<x<2, m and nr are 


(a)n=1,m=1 (b)n =1,m=-1 (2008, 3M) 

(c)n=2,m=2 (d)n>2,m=n 

If fis a differentiable function satisfying 

(2 )-av n>1,neI,then (2005, 2M) 
n 


(a) f(x) = 0, xe (0, I] 

(b) f (0) = 0= f(O) 

(c) f(0) = Obut f ’(0) not necessarily zero 

(d) If@) I< 1 xe (0, ]] 

Let f(x)=||x|-1]|, then points where, f(x) is not 


differentiable is/are (2005, 2M) 
(a) 0,41 (b) +1 
(c) 0 (d) 1 


The domain of the derivative of the functions 


tan’ x, if|x|<1_ 
f@= * (xi-0, if]x|>1" (2002, 2M) 
(a) R — {0} (b) R— {} 
() R-{} (d)R- {14 


Which of the following functions is differentiable 
atx=0? (2001, 2M) 

(a) cos (|x|) +] x] (b) cos (| x) - |x| 

(c) sin (|x|) +] x] (d) sin (|x|) -—|x| 

The left hand derivative of f (x)= [x] sin (a x) atx=k,k 

is an integer, is (2001, 2M) 

(a) -1)* (R-D)a (b)-1*"! (k-I a 

() CD* kn (d) -1)"~* kn 

Let f: R> R bea function defined by f (x) = max {x, x}. 

The set of all points, where f (x) is not differentiable, is 

(a) {-1,1} (b) {-1,0} (2001, 2M) 

(c) {0,1} (d) {-1,0,1} 


21. 


22. 


23. 


24. 


25. 
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Let f:R—R be any function. Define g:R-~R by 
g(~a=l|f@I|,V x. Then, gis (2000, 2M) 
(a) onto if f is onto 

(b) one-one if fis one-one 

(c) continuous if fis continuous 

(d) differentiable if fis differentiable 

The function f (x)=(x?-1)| x” 
not differentiable at 


(a) -1 (b) 0 (c) 1 
The set of all points, where the function f(x) = 


38x+2|+ cos (|x|) is 
(1999, 2M) 
(d) 2 


ae 
is 

1+ |x| 

(1987, 2M) 


differentiable, is 

(a) (— ©, 0) (b) [0, eo) 

(c) (— &, 0) U (0, ~) (d) (0, -) 

There exists a function f(x) satisfying f (0)=1, 

f’ 0)=-1,f (x) >0, Vx and (1982, 2M) 

(a) f” (x)<0,V x (b) —1< f” (x)< 0, Vx 

(c)-—2<f” w)<-1,Vx (d) f” (x)<-2,Vx 

For a real number y, let [ y] denotes the greatest 

integer less than or equal to y. Then, the function 

jeje ee (1981, 2M) 

1+ [x] 

(a) discontinuous at some x 

(b) continuous at all x, but the derivative f ’(x) does not 
exist for some x 

(c) f (x) exists for all x, but the derivative f ’’ (x) does not 
exist for some x 

(d) f (x) exists for all x 


Objective Questions II 
(One or more than one correct option) 


26. 


2. 


For every twice differentiable function f:R—- [-2,2] 

with (f())?+ (f ©))?=85, which of the following 

statement(s) is (are) TRUE ? (2018 Adv.) 

(a) There exist r, se R, wherer < s, such that f is one-one on 
the open interval (r, s) 

(b) There exists x) € (—4, 0) such that |f’(~)) |< 1 

(c) iim f(x)=1 

(d) There exists a € (—4, 4) such that f(@) + f’(@)=0 and 
f’@) #0 

Let f: 0,2) Rbe a twice differentiable function such 

f(x) sin t— f(t)sin x 


=sin’ x for all xe (0, 2). 
tx 


that im 


tax 


If f (=) =— + then which of the following statement(s) 


is (are) TRUE? 
n\ 
oc 


4 
(b) f(x)<" = for all xe (0, 2) 


(2018 Adv.) 


(c) There exists ve (0, 2) such that f’(@)= 0 
a) f= =) =0 
@r()+r(2 
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28. 


29. 


30. 


31. 


32. 


Let f:R-> R,g:R—- Randh:R- Rbe differentiable 
functions such that f(x)=2° + 3x+2, g(f(x))=x and 


h (g(g(x))) = x for all x ¢ R. Then, (2016 Adv.) 
(a) g’(2) = 
15 

(b) h’(1) = 666 

(c) h(0) = 16 

(d) h(g(8)) = 36 

Let a,beR and f:R>R_ be defined’ by 

f(x) =acos (|x? - a) + blasin (|x? + x1). Then, f is 
(2016 Adv.) 


(a) differentiable at x = 0, ifa=Oand b=1 
(b) differentiable at x=1ifa=1andb=0 
(c) not differentiable at x = 0, ifa=land b=0 
(d) not differentiable atx=1 ifa=land b=1 


Let p:|-3.2)>2 and g:[-5.2]>R be functions 


defined by f(x) = [x” — 3] and g(x) =|al f(x) + x — 7 f(), 
where [y] denotes the greatest integer less than or equal 
to y for y € R. Then, (2016 Adv.) 


(a) f is discontinuous exactly at three points in - 7 a| 
(b) f is discontinuous exactly at four points in k > 2| 

(c) gis not differentiable exactly at four points in G ; 2] 
(d) gis not differentiable exactly at five points in (- 7 2) 


Let g:R— Rbea differentiable function with 


g(0)=0, g )=0 and g (1) £0. (2015 Adv.) 
pi 
ives 
0, x=0 


and h(x) = é*' for all x € R. Let (foh) (x) denotes f {h(x)} 
and (hof)(x) denotes h{f(x)}. Then, which of the 
following is/are true? 

(a) fis differentiable at x = 0 

(b) his differentiable at x = 0 

(c) foh is differentiable at x = 0 

(d) hof is differentiable at x = 0 


Let f, g: [-1 ,2] > Rbe continuous functions which are 
twice differentiable on the interval (-1,2). Let the 
values of f and gat the points —1,0 and 2 be as given in 
the following table: 


6 0 
1 


In each of the intervals (-1,0) and (0,2), the function 
(f — 8g)” never vanishes. Then, the correct statement(s) 
is/are (2015 Adv.) 


33. 


34. 


35. 


36. 


37. 


38. 


(a) f’ (x) — 3g’ (x) = Ohas exactly three solutions in 
(-1, 0) U ©, 2) 
(b) f’ (x) — 3g’ (x) = Ohas exactly one solution in (—1, 0) 
(c) f’ (x) — 3g’ (x) = Ohas exactly one solution in (0, 2) 
(d) f’(x) - 3g’ (x) = Ohas exactly two solutions in (-1, 0) 
and exactly two solutions in (0, 2) 


Let f : [a,b] > [1,-) be a continuous function and 
lo , if 

g:R- R bedefined as g(x) = [fat , if asx<b. 
[fat af x>b 


x<a 


Then, 

(a) g(x) is continuous but not differentiable at a 
(b) g(x) is differentiable on R 

(c) g(x) is continuous but not differentiable at b 


(d) g(x) is continuous and differentiable at either a or 6 
but not both 


(2013) 


x e xs ; 

If f(x) =4— cos x, - 5 < #0, then 
x= 1, O<%<1 
In x, x>1 


(2011) 
T 


(a) f(x) is continuous at x = —-— 
(b) f(x) is not differentiable at x = 0 
(c) f(x) is differentiable at x =1 

3 


(d) f(x) is differentiable at x =— F 


Let f: R- Rbe a function such that 


f(x+ y) = f(x) + fo), Vx, y ¢ R. If f(x) is differentiable 

at x=0, then (2011) 

(a) f(x) is differentiable only in a finite interval containing 
Zero 

(b) f(x) is continuous for allxe R 

(c) f’(x)is constant for allxe R 

(d) f(x) is differentiable except at finitely many points 


If f(x) =min{1, x”, °}, then 


(a) f (x) is continuous everywhere 

(b) f(x) is continuous and differentiable everywhere 
(c) f(x) is not differentiable at two points 

(d) f(x) is not differentiable at one point 


(2006, 3M) 


Let A(x) = min {x, x7} for every real number of x, then 


(a) his continuous for all x (1998, 2M) 
(b) his differentiable for all x 
(c) h’(x)=1, Vx>1 


(d) his not differentiable at two values of x 


|x— 3], x21 
The function f (x)= oS, x<138 (1988, 2M) 


(a) continuous at x=1 
(c) discontinuous at x =1 


(b) differentiable at x =1 
(d) differentiable at x = 3 


39. The function f (x)=1+|sin xis 
(a) continuous no where 
(b) continuous everywhere 
(c) differentiable at x = 0 
(d) not differentiable at infinite number of points 


(1986, 2M) 


40. Ifx+|y|=2y, theny asa function ofxis (1984, 2m) 


(a) defined for all real x (b) continuous at x = 0 
(c) differentiable for allx (d) such that a = ; forx< 0 
x 


Assertion and Reason 


For the following questions, choose the correct answer 

from the codes (a), (b), (c) and (d) defined as follows. 

(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; 
Statement IT is not the correct explanation of 
Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


41. Let f and gbe real valued functions defined on interval 
(-1, 1) such that g” (x) is continuous, g() #0, g’ 0) =0, 
g’ (0) £0, and f(x) = g(x)sin x. 


Statement I lim [g() cos x— g@) cosec x] = f”). and 
x 
Statement II f’ (0) = g(0). (2008, 3M) 


Match the Columns 


42. In the following, [x] denotes the greatest integer less 
than or equal to x. 


Column | Column II 
A. x|x| p. continuous in (— 1, 1) 
B. |x| q. differentiable in (— 1, 1) 
C. x + [x] r. strictly increasing (— 1, 1) 
D. jx-1|+|x+1], 8. not differentiable atleast at one 


in (-1, 1) point in (— 1, 1) 


(2007, 6M) 


43. Match the conditions/expressions in Column I with 


statement in Column II (1992, 2M) 
Column | Column I 
A. sin (x [x]) p. differentiable everywhere 
B. sin{m(x- [x])} q. nowhere differentiable 
is not differentiable at 1 and —-1 
Fill in the Blanks 


44. Let F(x) = f(x) g(x) h(x) for all real x, where f(x), g(x) 


and h(x) are differentiable functions. At same point 
Xq, FF’ (x) =21 F(X), fF’ Wo) =4 fo), 8’ (%) =— Tg (%) 
and h’ (x) =kh(x), then k=... . (1997C, 2M) 
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x 


45. For the function f(x) =474 ¢!*’ oy : 
QO , x=0 
the derivative from the right, f’ (0° )=... and the 
derivative from the left, f’ 0 )=... . (1983, 2M) 
Q.. 1 : 
46. Let f(x) = ne on (x —1) “lelife#1 be 9 real 


-1, ifx=1 
valued function. Then, the set of points, where f(x) is 
not differentiable, is .... . (1981, 2M) 


True/False 


47. The derivative of an even function is always an odd 
function. (1983, 1M) 


Analytical & Descriptive Questions 
psn (2°), a epei 
2 2 


48. f (x) oa a 


G2yx- 
2 


If f(x) is differentiable at x =0 and |c|< : then find the 
value of a and prove that 646” = (4 — c’). 


49. If f:[-1,1]) > Rand f’ O0)= lim nf (=) and f (0)=0. 
n> n 


(2004, 4M) 


Find the value of lim 2 (n+ 1) cos(+) —n, given that 
n> oT n 
ae (2004, 2M) 


lim cos(* 
n> 0 n 2: 
50. Let ae R Prove that a function f:ROR is 


differentiable at a if and only if there is a function 
g:R—R which is continuous at @ and satisfies 
f(x) - f@)= gs) @-a), VxeR (2001, 5M) 


51. Determine the values of x for which the following 
function fails to be continuous or differentiable 


0< 


Lx; x<1 
f &®=30-x) @-x), 1<x<2.Justify your answer. 
3 — x, x>2 (1997, 5M) 
(4 1} 
52. Let f(x)=ixe ‘*! */) x40 
0 ~ 6=0 
Test whether 
G) f(x) is continuous at x = 0. 
(ii) f(x) is differentiable at x = 0. (1997C, 5M) 


53. Let f [(x+ y)/2] ={f(x)+ f(y)}/2 for all real x and y, if 


f’ (©) exists and equals —1 and f(0) =1, find f(). 
(1995, 5M) 
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54. 


55. 


56. 


57. 


58. 


59. 


A function f(:R—R satisfies the equation 
f(x+y=f @&f(y), Vx, yin Rand f (x) #0 for any xin 
R. Let the function be differentiable at x=0 and 
f’ ©)=2. Show that f’ (x) =2f (x), V x in R. Hence, 
determine / (x). (1990, 4M) 
Draw a graph of the function 
y= [x] + |1l-—x|,-l<x<3. 

Determine the points if any, where this function is not 
differentiable. (1989, 4M) 
Let R be the set of real numbers and f: R-> Rbe such 
that for all x and y in R, f(x)—- f(y) ?< («- »)°. Prove 
that f(x) is a constant. (1988, 2M) 
Let f(x) be a function satisfying the condition 
f(-x) = f(x), V x. If f’ (©) exists, find its value. (1987, 2M) 


Let f (x) be defined in the interval [— 2, 2] such that 


-1, -2<x<0 
re) “lon O<x<2 


gs@M=f(Uxl+lf@l 

Test the differentiability of g (x) in (2, 2). 

Let f (x) =2° —2x?-x4+1 
=max{f(t);0<t<x},0<x<1 

& (x) 4 

=3-x,1<x<2 


Discuss the continuity and differentiability of the 
function g (x) in the interval (0, 2). (1985, 5M) 


and 
(1986, 5M) 


and 


Topic8 Differentiation 


Objective Questions I (Only one correct option) 


1. 


3 inx)) d 
. if 2y=[coe'{ Scosa reine) +X (0. = then ° is 


Tf °C, + 27) C34 G7) PC, 4 ict COC = AR) 
, then the ordered pair (A, B) is equal to 

(2019 Main, 12 April II) 
(a) (420, 19) (b) (420, 18) (c) (880, 18) (d) (880, 19) 


Sel oad _1/ sin x-—cosx 
The derivative of tan7!| -—~—~" 


where (« € (0, =) is 


: x 
- , with respect to —, 
sin x+ cosx 2 


(2019 Main, 12 April 11) 


(a) 1 (b) 2 + (a) 2 
3 2 
2 

If e” + xy =e, the ordered pair (e ; &| at x =O is equal 

dx dx 
to (2019 Main, 12 April 1) 
@) (2 =} © ( i =| © (2. =| (@) (-2.-3] 

e e ee ee e e 

If fd)=1, f@)=3, then the derivative of 
FFF O))) + (FQ)? at x=1is (2019 Main, 8 April II) 
(a) 12 (b) 9 (c) 15 (d) 33 


2 
(2019 Main, 8 April I) 


cosx—3sinx x 


equal to 


60. 


61. 


ae » when x#1 
Find f’ (1), if f(x) = 42% ~7e+5 
1 
--, when x=1 
3 (1979, 3M) 


If f(x) =x tan7! x, find f’ (1) from first principle. 
(1978, 3M) 


Integer Answer Type Questions 


62. 


63. 


64. 


Let f:R—-R be a differentiable function such that 
f@)=0, (3) =3and f’ (0)=1. 


If g(x)= [2 [f’ (t) cosec t — cot t cosec ¢ f(t)] dt 


for xe (0. a then lim g(x) = 
2 a0 (2017 Adv.) 
Let f:R> Rand g:R—>R be respectively given by 
f(x) =|x|+ 1 and g(x) =x°+1. Define h:R—> Rby 
max{f(x),g(%)}, if «<0. 
A@)=4_. ; 
min{/(x), g(@)}, ifx>0. 


The number of points at which h(x) is not differentiable 
is (2014 Adv.) 


Let p(x) be a polynomial of degree 4 having extremum 


atx=1, 2and lim 1 + Pe] =2.Then, the value of p(2) 


x0 x2 


IG. cas deere . (2010) 


sa ba ba T 
(a) 2 -% ee oe (d) oS 


For x>1, if @x)* =4e"", then (1+ log, 2a)? 2 is 
x 


equal to 
(ay x log, 2x + log,2 


(2019 Main, 12 Jan 1) 
(b) x log, 2x - log, 2 

x x 
(c) x log, 2x (d) log, 2x 


If xlog, (log, x) -— 2x + y?=4(y>0), then at x=e is 
~ 


equal to (2019 Main, 11 Jan 1) 
(2e — 1) (1+ 2e ) (1+ 2e ) 
==. th) (©) (a) 
J4+e" 2/4 +e J4+e" 2/44 
Let f:R—>R be a_ function such that 


f(x) =a? + x7f’ (1) + xf’ (2) + £’8), «ER 
Then, f(2) equals (2019 Main, 10 Jan I) 


(a) 30 (b) - 4 (c) -—2 (d) 8 
d’y T 
Ifx=3tan tand y=8sec t, then the value oP eee = 7 
x 
is (2019 Main, 9 Jan II) 
1 1 
a)— = 
(a) - (b) AIC 
1 3 
c) —— id) 
oan OB 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


For xe (0, i} if the derivative of 


tan! 6x Vx ) is Vx- g(x), then g(x) equals 
1-920 (2017 Main) 
@— 9 wy 3* | *  @_ 3. 
1+ 9x 1— 9x 1- 9x 1+ 9x 
If gis the inverse of a function f and f’(x) = oe then 
+ 
g (x) is equal to (2015) 
(a) 1+ x (b) 5x4 
1 5 
¢) (d) 1+ {g(x} 
1+ {g(x}? 
If y=sec (tan! x), then dy at x=1is equal to 
dx (2013) 
1 i 
ay b) = c) 1 d) V2 
(a) a (b) 5 (c) (d) 
Let g(x) = log f(x), where f(x) is a twice differentiable 


positive function on (0, ~) such that f(x+1)=xf(x). 
Then, for N =1,2,3,..., g” Lv + ;) -g’ () is equal to 


2 
I 1 
(a) -441+ —4 +.+ 2008, 3M 
| 9 25 (2.N -1)? 
di. dl 
(b) 441+ —4 tet 
9 25 ana 
(c) -4314+ 1 } 7 +t : 
9 25 (2N+1)? 
(d) 4214 1, Tip 
9 25 (2N+1)? 
dx 
> equals 
‘ (2007, 3M) 


If f’ (««~)=-—f(), where f(x) is a continuous double 
differentiable function and g(x) = f” (x). 


2 2 
If F(x) = {r (2)! 2 {e (2)! and F(5) =5, 


then F'(10) is (2006, 3M) 
(a) 0 (b) 5 (c) 10 (d) 25 

Let f be twice differentiable function satisfying 
fQ)=1, f@) =4, fB) =9, then (2005, 2M) 
(a) f(x) = 2, V xe (R) 

(b) f (x) = 5 =f’ (x), for some x e€ (1, 3) 

(c) there exists atleast one x¢ (1, 3) such that f ’’ (x) = 2 

(d) None of the above 

If y is a function of x and log (x + y) = 2xy, then the value 
of y ()is (2004, 1M) 
(a) 1 (d) 0 


(b) -1 (c) 2 


18. 


19. 
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If x? + y?=1, then 
(a) yy’ - 2(y’)? +1=0 
() yy’ + (y’)? -1=0 
x sinx cosx 
Let f(@x)=|6 -1 0 


(2000, 1M) 


(b) yy’ + (y’)? + 1=0 
(a) yy’ + 2(y’)? + 1=0 


, where p is constant. 


p pp 
@ 
Then, —~ f(x)atx=0 is (1997, 2M) 
Le f(x) 

(a) p (b) p+ p” 

()p+p (d) independent of p 
20. If y?=P (x) isa polynomial of degree 3, then 

2 
gH |p dy equals (1988, 2M) 
dx dx 

(a) P’’’ (x) + P’ (x) (b) P’”’ (x): P’”’ (x) 

(c) P (x) P’”’ (x) (d) a constant 
Fill in the Blanks 
21. Ifxe” = y+sin*x,then at x=0, 2 a . (1996, 2M) 

oY 

22. Let f(x)=x|x\|. The set of points, where f(x) is twice 

differentiable, is... . (1992, 2M) 
23. If f(x)=|x-2land g(x)=f [f(], then g’ (x) =...... for 

x'> 2: (1990, 2M) 
24. The derivative of a “72 7 with respect to 

2 

41 —x"atx= sis ee . (1986, 2M) 
25. If f(x) = log, (log x), then f’ (x) at x=eis...... -(1985, 2M) 
26. If f,(x), g.(a), h,(x), r =1,2, 3 are polynomials in x such 


20: 


that f(a) = g,(a) =h,(a),r =1,2,3 
A@® fh) f@) 

F(x) =| 2%) 8x) 83()], 
hy (x) ho(x) hg (x) 


then F’ (x) at x=a is...... : 


and 


(1985, 2M) 


Ify=f (2) and f’ (x) =sin” pte eee : 
+1 dx (1982, 2M) 


Analytical & Descriptive Questions 


28. 


29. 


30. 


ax” bx c 
If y= +1, 
(x-—a)(x-—b)(x-c) (x-b)(x-c) (x-0) 
Prove that —_ ( sd t 2 + o } (1998, 8M) 
y xla-x b-x c-x 


Find dy at x=-—1, when 
dx 


- 
(sin y) 2 + 43 sec’ 2x) + 2* tan In (x + 2) =0. 
2 (1991, 4M) 


Ifx=sec@—cos® and y=sec” 6 — cos”6, then show that 


2 
waa) (2) 217674, (1989, 2M) 
x 
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31. Ifa be a repeated roots of a quadratic equation f(x) =0 
and A(x), B(x) and C(x) be polynomials of degree 3, 4 and 
A(x) Ba) Cir) 
5 respectively, then show that] A@) B@) C@) |is 
A’@) B’@) C’@) 
divisible by f(x), where prime denotes the derivatives. 
(1984, 4M) 


32. Find the derivative with respect to x of the function 


. = a 2 
y= co ~ sin x) (log 5, , cos x)? + sin! ; bs | | 
+ 


34. Let f be a twice differentiable function such that 
( 


1983, 3M) 
f'’ @)=-f @),f’ @) =g () and 
A(@w=(f @) + lg @) 
Find h (10), if h 6)=11. 


35. Let y=e™ a (tan x)”, find dy ; 
dx (1981, 2M) 


+ cos” (2x + 1), find oy 


5x 
3/(-x)? dx 


Integer Type Questions 
37. Let f:R—R be a continuous odd function, which 


36. Given, y= 
(1980) 


TT 
atx=—. 
4 (1984, 4M) vanishes exactly at one point and f(1) = 7 
yl x 
eo ae a aoe — phat Suppose that F(x) =| , f(t) dt for all xe[-1,2] and 
d'y_( dy | x 7 
x de («2 | (1983, 3M) G(x) = [_tlAFO} |dt for all wxef[-1,2] If 
m ei) = ae then the value of f (5) is 
x>1G(x) 14 2 (2015 Adv.) 
Answers 
Topic 1 it ¢=2 926°, 2=8 6 bs — 
1. (b) 2. (c) 3. (d) 4. (a) 3 6 12 
5. (c) 6. (b) 7. (a) 8. (b) (2 ingle led ag 
9. (d) 10. (c) 11. (b) 12. (d) el etal ele 
13. (a) 14. (c) 15. (c) 16. (c) pet allan ae 
17. (d) 18. (d) 19. (b) 20. (c) & *) - FO 
21. (a) 22. (d) 23. (a, c) 24, -1 Z 
25. 1 26. hv 2hr— ht 27, -1 1 AS" o> and be R 16. (d) 
r 
28. 7 29, 2 30. False 31, log, 4 Topic 5 
TT 
; 1. (a) 2. (d) 3. (d) 4. (b) 
32. | + 2asina 33. 0 5. (c) 6. (a) 7. (b) 6. thé) 
34, a 35. (7) 36. (2) 9. (a,b, d) 10. x €(-09,-1) U[0,°°),[—- 1, 0) 
11. fand f” are continuous and f” is discontinuous at x = {1, 2}. 
Topic 2 ; 
1. (d) 2. (b) 3. (d) 4, (a) Topic 6 
5. (c) 6. (c) 7. (d) 8. (c) 1. (b,c, d) 
9. (b) 10. (d) 11. (c) 12. (c) (x+a+1, ifx<-a 
13. (c) 14, e? 15. e° 16. e* (x+a-1), ifasx<c 
2 2. = : ~ 
17. a=2 gt f(x)} 2h gented 
Topic 3 (x-2)° +b, ifx>1 
1. () 2. (a) 3. (b) 4. (b,c) geben 
5. (1) 6. 1 gof is differentiable at x = 0 
: 4—x, 2<x<3 
Topic 4 nae ; ; 
4. g(x)=42+ x, 0<x <1, discontinuous at x = {1, 2} 
1. (a) 2. (b) 3. (b) 4, (c) ae Gees 
5. (c) 6. (b) 7. (a,b,d) 8. (a, d) : ~ 
9. (b,d) 10; Aaa Discontinuity of g at x = {1, 2} 
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Topic 7 

1. (b) 2. (a) 3. (b) 4, (c) 

5. (b) 6. (a) 7. (a) 8. (a) 

9. (c) 10. (a) 11. (b) 12. (d) 

13. (b) 14. (c) 15. (b) 16. (a) 

17. (d) 18. (d) 19. (a) 20. (d) 

21. (c) 22. (d) 23. (a) 24, (a) 

25. (d) 26. (a,b,d) 27. (b,c,d) 28. (b,c) 
29. (a,b) 30. (b,c) 31. (ad) 32. (b,c) 
33. (b, c) 34. (a,b,c, d) 35. (b, c) 36. (a, d) 
37. (a,c, d) 38. (a, b) 39. (b, d) 40. (a, b, d) 
41. (b) 

42. (A) p,q,1, s;(B) > p, s;(C) r,s; (D) > p,s 

43. (A)> p; (B) > r 44, (24) 

45. f(0*)=0, f(0°) =1 

46. x=0 47, True 48. (a =1) 49, f - 2) 

1 

51. (1, 2) 52. (i) Yes (ii) No 

53. (—1) 54, e* 55. {0, 1, 2) 57. f’(0) =0 
58. g(x) is differentiable for all x € (— 2, 2) — {0, 1) 


Topic 1 


1. 
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59. g(x) is continuous for all x € (0, 2) — {1] and g(x) is 


differentiable for all x € (0, 2) — {1} 


Hints & Solutions 


Q and —Form 
0 


co 
Let 


P= lim = 
290 [4 9sinx+1 —jsin? x—x+1 


x+2sin x 


On rationalization, we get 
. +2si 
P=lim (x sin x) 
x2 0x°+2sinx+1 


o. 2 
sin“ x+x-1 


x (2? + 2sinx+1+ sin? x— x+ 1) 


=lim (2? + 2sinx+1+ sin? x—x+ 1) 
x70 


: x+2sin x 
x lim —;——-5 : 
x20 4° —sin°x+2sinx+x 
=2x lim a ? form 
x30 x°-—sin“ x+2sinx+x 0 
Now applying the L’ Hopital’s rule, we get 
P=2x lim apa ee 
x30 2x-—sin 2x+2cosx+1 
(1 + 2) : . 
= 2 ——_—_ on applying limit 
0-04+2+4+1 ! lala 
S9y? 9 
3 
Ay ee x+2sin x =9 


290 I? 4 2sinx+1 — Jsin? x—x+1 


° form| 
0 


2 1 7 
. |-- 1. |-+— 2. . 
60 ( >| 6 (5+ *) 62. (2) 63. (3) 
64. p(2)=0 
Topic 8 
1. (b) 2. (d) 3. (b) 4. (d) 
5. (b) 6. (b) 7. (b) 8. (c) 
9. (b) 10. (a) 1. (d) 12. (a) 
13. (a) 14, (d) 15. (b) 16. (c) 
17. (a) 18. (b) 19. (d) 20. (c) 
21. 1 22, xe R-{0} 28. 1 24, -4 
2 
25, + 26. 0 PY fea (5) 
e (x° +1) eed 
3 —8 32 
29, ——— 32. 33. 11 
tv 1? -3 loge” 164%" 
35, etn (3x° cosx* + sinx*) + (tan x)*[2x cosec 2x + log (tan x)] 
_—— 2sin (4x+2),x <1 
36, 13 —%) 37. (7) 
——5 7 asin (4x +2), x>1 
3(x-1) 
ee . x —axtb : 
2. Itis given that lim ————— =5 ..-(i) 


x21 x—1 


Since, limit exist and equal to 5 and denominator is 
zero at x= 1,so0 numerator x” — ax + b should be zero at 
so 


So l-a+b=0 => a=1+6b ... (il) 
On putting the value of ‘@ from Eq. (ii) in 
Eq. Gi), we get 
2 2 ay - 
lim = (+ d)xtb_- yy & x) — b(x 1) _5 
xol x-1 x21 x-1 
=, Sig OO) og ati pas 
x21 x-1 x1 
> 1-b=5 
> b=-4 .. (iii) 
On putting value of ‘b’ from Eq. (iii) to Eq. (ii), we get 
a=-3 
So, at+b=-7 
3. Given, 
ME a aE 
lim = lm =—,3 
x71 x-1 x>k x k 
2 
= ida (x — 1)(x + 1)(x* + 1) 
xl x-1 
2 pe 
die (x — k)(x" + k“ + xk) 
xk (x — k)(x + k) 
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2 
> 2x2= ca 
2k 
> k= . 
3 
_ 2 
: te, 0 
4, Given limit is lim ——" ~ —__ F form 
x0 /2 —./1 + cosx 0 
3 
= lim ee E 1+ cosx=2cos” 5 
79 19 — /2 cos~ 2 
lim sin? x 
=< {1 — cos ;) 
_ 2 
= lim = E 1—cos #2 2sin” = 
ve V2 x2 sin'(=) 7 . 
4 
2 
Si a a flim sin x = lim x] 


= = 4,2 
x30 2 IN2. x30 x30 
> 209( =] 2 = = 


cot? x—tanx 


x>m/4 Tl 
cos| x + — 
4 


: 1-tan’x 1 
= lm i 3 “ cotx= 
eenld ose sing) tan” x tan x 
2 ths a —- tan” x) a V2(1 + tan? x) 


x>1/4cosx—sinx tan® x 
. 2 
. cos?x—sin?x 2(sec? x) 
= lm x 


x>n/4 cosx—sinx 


cos” xtan® x 
[14+ tan? x =sec” x] 
(cos x — sin x) (cos x + sin x) : V2 sec* x 


= lm : 
xo n/4 (cos x — sin x) tan® x 
[- (a2-b*)=(a-—b) (a+ 8)] 
. V2sec" x ; 
= hm ——,— (cosx+ sin x) 


x>7/4 tan’ x 


4 
- aie & x E [on applying limit] 
2 
=a) 
xeot4x _.. x 1 tan?2x 


6. lim 


x0 gin? x. cot? 2x 
Ax x 


im er 

x20 tan4x sin“x il 
tan? 2x 

2 


lim ee 
x30 4 (tan4x) sin“ x x 


. 1 4x ( iG ) (sane) 4 
=lim - ; : 
x0 4 (tan 4x) \sin x 2x 1 


aa et | lim = =1= lim 222) 
4 iL x30 sin x x30 Xx 


7. Clearly, 


9. 


(te lay a8 
4 
y 


i 14 Jl ea? a2 alse go? 44/9 
= hm Zq x 
a y (leail ea? 442 


[rationalising the numerator] 

= tim —Otvi+y')-2 [- (a + b) (a - 6) =a? by 
77° yAGii + 1+ 94 + V2) 

1+y%-1 (ie 44 

70 ta ity + ya) Vit yee) 


[again, rationalising the numerator] 


4 
= lim y 
eo Gls al eye eye a ~ 1) 
1 


~ 22 x2 
(by cancelling y! and then by direct substitution). 
1 
4/2 


cot x— cos x _ 


1 cos x(1 -sin x) 


e 1m 3 3 
x>ml2 (qm — 2x) xom2Q8 | Tt 
sin. x) == 


Gis) 


h>08- 3 
° sin( > — 1) [E-=4 h) 
2 2 2 


1,. sinh (1-cos h) 
=— lim 3 
8h 0 cosh-h 


sin nl sin? ;| 
2 


cos h- h? 


= 1m 
8h>0 


. 2 : - 9 
.. sin(% cos” x . sinw(1—sin* x 
lim ( ; 7 lim ( , ) 
x0 bo x0 x 


sin(m — sin? x) 


= lim 5 


x30 x 


7 - 2 
. sin(m sin* x 
Se ee 


x30 x 


. - 2 - 2 d 
= lim 28D =x) *\=n E lim 228 _ 


[." sin (1 — 8) =sin 6] 


x90 sin? x 


10. 


12. 


13. 


14, 


(1— cos 2x)(8 + cos x) _ li 2sin? x(3 + cos x) 


We have, lim 
x30 


xtan 4x x30 os OY ake 
Ax 
. 2sin?x .. (8+cosx) i 
= lim x lim x 
x30 x2 x30 4 . tan4x 
lim 
x90 4x 
: mB 
=2<X%— <1 | lim = = 1and jim 2" 1] 
8-0 86-0 
=2 
PLAN (=) rom 
0, ifn<m 
ax" +a + ..4+a 40 ifn=m 
lim 0 1 A = Do 


wt Dm | 400, ifn>mandagby> 0 


—oo, ifn>mandabd,< 0 
Description of Situation As to make degree of 
numerator equal to degree of denominator. 
e+e 
x+1 


lim 


-ax-8) =4 


x’ +x+1-ax?—ax-bx—b | 


> lim 4 
Xx 00 x+1 
2 1 f 
= lim 24 a)+x(l-a-—b)+(1 b)_4 
X00 x+1 


Here, we make degree of numerator 
= degree of denominator 


l1-a=0 => a= 
and rece 
X—> 00 x+1 
> l-a-b=4 
> b=-4 [. (-a)=0] 
ee te f Qh+2+h*)-f 2) 


hoo f (h-h?+1)-f Q) 
[. f’ @)=6 and f’ (1) =4, given] 
Applying L’Hospital’s rule, 
~ tim {f Ch +24 h*)}-@+2h)-0_ f'@)-2 
ho0 {f’ (h-hh? +1)}-@-2h)-0  f'()-1 


== - [using f’ (2)=6and f’ (1) =4] 
: . {(a-—n) nx — tan x} sin nx 
lim + = 
Given, iim 2 0 
= tim {a n)n van z| Sn Aen =0 
x70 x nx 


as {a -—n)n-1}n=0 

> (a-n)n=1 

= a=nt— 
n 


jim (cos x — 1) (cos x — e*) 


x0 x 


nr 
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15. 


16. 


Above limit is finite, ifn —3=0, ie. n =3. 
. xtan2x-2x tan x 
lim 5 
x20  (1-—cos 2x) 
NOTE — In trigonometry try to make all trigonometric functions in 
same angle. It is called 3rd Golden rule of trigonometry. 
2tanx 
x 2 
1-—tan“x 
(sin? x)? 


—2x tanx 


= lim 
x70 


2x tan o| -1] 
1-tan*x 


4sin‘ x 
1-1+ tan? "| 


= lim 
x0 


2x tan x = 
1-—tan*x 


= lim 
x0 


Asin‘ x 


tan x : 
x x 
‘ 2xtan® x 1 ( x 
= lim 


4 2 pe a4 2 
«> 02sin*x(l—tan*x) »*>02 sin” x(1—-tan* x) 


(= *) 
= . lim = 
x ] 
(= *) (1 —tan? x) 
x 


_ ae 1 
2(1)*(1-0) 2 


LHL= lim 1- cos 2 (x-1) 
x31 x-1 
7 2 _ . = 
aie 4/2 sin* (x — 1) - /2 lim |sin (x-1)| 
x—17 x-1 x317 x-1 


Put x=1-h,h>0, forx>1,h70 
= 40 Tim Isin (-A)| 
h>0 —h 


5 tis a -_ 2 


hoo — 
1- 2(x-1 
Again, RHL = lim chan a 
x>1t x-1 
= tin jg (sin @—1)I 
x—1t x-1 
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Put x=1+h,h>0 
Forx> 1* ,h>0 


= lim v2 sin Al = Yin 4/2 sinh _ 6 
h h>0 h 


hoo 


LHL # RHL. 
Hence, !™, f (x) does not exist. 


= (1 -— cos” x) ; 
17. lim 2 =lm 1 |sinx| 
x30 x x30 J2 x 
At =i 
1 sinh 1 
RHL=1 
m0Vv2 h 42 
and LHL=lim 1 sinh 1 
h>0 V2 —h /2 
Here, RHL#LHL 
-. Limit does not exist. 
sin [x] 
18. Since, f(x)=} [x] ’ [x] #0 
0, [x] =0 
sin [x] 
, e R- 0,1 
0, O<x<l1l 
Atx= 0, 
x07 
and LHL = lim 222) <j 82-7 
x07 [x] hoo [0 _ hj 
yg ead 
hoo =] 
Since, RHL + LHL 
.. Limit does not exist. 
1 2 7 
19. lim + bt 
tin ( 1—n? +4 
14+2+3+...+n_,. n(n+1) 
i = lim 
N-0o al = n”) noo 2 a = n) (l + n) 
5 n 1 
=> lm ——— =~ = 


noe 2 (1-7) 2 


20. Given, f(a) =2, f’ (a) =1, g(a) =—-1, g’ (a) =2 
lim & (x) f@)- g@f@ 


xa x-a 
“tim & MF@- sf’ @) 
xa 1=—0 , 


{using L’ Hospital’s rule] 
= 8’ (a)f(a)- g(a)f’ (a) 
=2(2)-(€1)0)=5 


21. Given, G(x) =— 25 - x” 
ia G(x) - G1) _ lim G’ (x) -0 
x21 x-1 x1 1-0 


{using L’ Hospital’s rule] 


1 


24 


2 2x 
GQ) =-25-«° => G’ (x) =—_—— 
(x) x (x) 5 oe 5| 


=G' (1) = 


22. We have, 


_y -1 1 = 
infe)= 2 ten (espe) xe (0, %) 


Fatt Gee =1) 
> f,()=Y) tan i 


1+ (w+ j)(x+ j-1) 
> Aw=y [tan” ‘(+ j) -tan”*(x+ j-1)] 
j=l 


> f(x) = (tan 1 («+ 1)— tan! x) 
+ (tan” 1(x+2)- tan” («+ 1)) 
+ (tan™ }(x+ 3)— tan” 1(x+ 2)) 
+...+ (tan }(x+ n)—tan™!(x+ n—-1)) 
> f(x) = tan! («+ n)—tan!x 
This statement is false as x #0.i.e., x € (0, ~). 


(b) This statement is also false as 0 ¢ (0, 29) 


(c) f,(x) = tan ‘(x+n)-tan +x 


1 


lim tan(f,,(x)) = lim tan(tan '(x+n)—tan7! x) 
xX co xX co 
= lim tan(f,(«))= lim tao tan 7 
eis x 00 l+nxt+x° 
= lim ——" _. =0 


raeoltnxt x” 
. (c) statement is false. 
(d) lim sec?(f,(x)) = lim (1 + tan? f, (x)) 
— =1+ lim tan2(f,(x))=1+0=1 


(d) statement is true. 


23. L=lim 7 ,a>0 
x0 x 
oe 
1 <2 2\2 x! x 
a-a-/1 + . 
2 2 a’ 4 
ae x 
x 1 oe 
3 
= lim 2a 8 a 4 
x70 
Since, L is finite 
> 2a=4 > a=2 
L=lim a as 
x308-qa 64 
24. lim jog (eat) ~2log (ee h) [° form | 
h>0 h 0 


Applying L’Hospital’s gue: ss get 


f 1+2h 1+h 
= bm —— 
h>0 2h 


~tim 2+ 2h-2-4h 
i530 2h(1+2h)(1 +h) 

: -1 
= lim = 

h>0 (1+ 2h) (1+ h) 
n=0,+1,+2,... 


x#NT, 
otherwise 


95, Given, F@= ee = 


aa » f(x) #0,2 


[ 
2 a , 
[ 


f(x) =0 
f @)=2 
elf@l= (sin? x) + 1, x4#,nu =0,+1,. 
5, x=nt 


Now, iim glfm)= iim (sin? x) +1 =1 


26. Given, P=2 (/2hr —h? + V2hr) 


Here, BD =,r? - (h—r)? =,[2hr -h? 


A= 5 -2BD-h= (/2hr —h?) h 


A hJ2hr — h? 
* lim z = hm 
h>0 PY h>0 8(/2hr —h? + V2hry 
pel? D) 
= lim 3/2 - a 
roo 8h? (far—h + J2ry 
_1 var 
8 (j2r+V2ry 128 r 


bee dl oe | 

x* sin — + x7 x‘ sin— + x 
27. lim £___|= lim x 
x50} 1+ |x| ee 


On dividing by x’, we get 
sin (1/x) nm 1 


1 x 
lim x 1+0 
ro-e ol 0-1 
# 
x? + x? -16x+20 er 
28. f(x)= (x—2)? ; 
k wifx=2 


Since, continuous at x =2. 
2 — 
 fQ)= lim x +x7-16x+ 20 


[using L’Hospital’s rule 
im, (e292 [using Pp ] 
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. 8x°4+2x-16 |, 6x42 
= lim = lim = 
x32 2(x-2) x32 2 


k=7 


29. lim (1 —x) tan 
x31 2 


Put x-l=y 
: T é T 

. —lim ytan— (y+ 1)=- lm »|- cot( >| 
yo 0 2 y> 0 2 


ye 
ae ae 
= tan= y 
2 


30. If lim [/(x)g (x)] exists, then both lim f(x) and lim g(x) 


may or may not exist. Hence, it is a false statement. 


: 2 = Vl+x4+1_,. aoe? 
31. lim x = lim 
x0 /1+x-1 Vl+x+4+1 x30 


= log, (2): @) 
=2log,2=log, 4 
(a+ h)*sin (a + h)-a’sina 
h 
Ae a”[sin (a + h)-sina] 
h>0 h 


32. Here, lim 
hoo 


h [2asin (a + h) + Asin (a + h)] 
h 


+ 2a+h) sin (a + h) 


=a’cosa + 2asina 


: lim(x — sin x) 
: x—sin x ; 
33. lim = 220 


x30 \x+ cos’? x 


lim(x+ cos” x)”? 
x0 


lim@ +1)!” 
= 
34. tim | — ” 
(x Noe 5) pal = 5) 
a 
Q.. 
35. Here, lim Es) =i 


x30 Ox—sin x 


ob Gx)? oF.) 
=1 


. 3! 5! 

= ew ~ 
Ox —|x- Tote 

3! OB! 
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3,2 p5,4 
aC oe ee... 
: 3! 5! 
> iim a= 1 
(@ -1)x+ —+—- 
3! «5! 
Limit exists only, when a —1=0 
=> a=1 ..-(1) 
3,2 pb.4 
op Bix” Brxt 
3! 5! 
lim 5 = 
x 
2(}-2-..| 
3! 5! 
> 6B=1 ... (ii) 


From Kgs. (i) and (ii), we get 

6q@ + B)=6a + 6B 
=6+1=7 

cos (a.”) _ 
36. Given, lim =| == 
030 me 

. efete 4 =1} cosio")=1._-¢ 
#30 cos@")-1 a” 2 


. 90 
cosa") 1 a4 —2 sin” —— 
= lime lim 2 =-e/2 
a0 cos(a”)—1 | a0 a” 


=> 


> ex1~x(—2) lim . = 
a>0 


> ex1x—-2x1x lim % =—_ 
a0 4 2 


For this to be exists, 2n —m =0 
m9 


=> a 
n 


Topic2 1° Form, RHL and LHL 


1 
eel 


1. Let/=lim [1° form] 
x20 1+ f@--x)- f@) 
tim 4(-2+f + 9-16) 
=> [=e* 1+ f(2—x)-f(2) 

if, [1+ f(2—x)-f(2)-1-f(3 + x) + f(3)] 

= gol x(1 + f(2— x) - f(2)) 
fm | f(2- 2) -f@ + x) + £B)-F2)] 

=e x + f2-x)-f) 


On applying L’Hopital rule, we get 
alt -f(2-x)-f'(B+x) | 


ie gull — xf (2—x) + f(2—x) —7@| 


On applying limit, we get 
-f(2-f'B) ) 
[= al- 0+ FO-F@) _ 0 4 


1 
So, in| + uct ASE a =1 
x0( 1+ f2- x) - fQ) 


lim Jx—V2sin™ x 


2. LetL= , then 
x21 V1l-x 
_ im Je-vosm ts, e+ vosin x 
ea 1 vl-x Vn +V2sin! x 
[on rationalization] 
_ lim n-2sin! x 2 1 
x>l vl-x Vn +V2sin! x 
wT -1 
lim T {F cos x} 1 
= a x 
x>1 1-x Vn +v2sin 1} x 
E sin} x+cos x= <| 
2 
lim 2 cost x lim 1 
— _ = X _ 
xo vi-x x>1 Jq+v2sin | x 
1 lim 2cos?x lim ., @ 
=—_ —— “2 sin x=— 
Qn x31 V1-x x31 


Put x=cos0, then as x—> 1°, therefore 0 > 0* 


Now. L 1 lim 20 
ow, L = —— —— 
2/n 80> 0* J1—cos0 


1 hm 20 


) 

= —— RT Tae  1-co @ =2sin?— 

2/n 8 0* Bsin( * : | 
2 


tum val 
= Tn 
20 650+ sin($) 


2 
1 [2 
Wn ae 7 


lim 0 
ars f - = 1 
x20” sind 


Key Idea lim f(x) exist iff 


xa 


lim f(x) = lim f(x) 


At x=0, 
+9 oe 2 
RHL= lim tan(m sin“ x) + ue sin(x [x])) 
x2 0* x 
_ 2 — etn (ae. Q))2 
aren tan(m sin“ x) a sin(x-0)) 
x30* x 
“|x| =x for x>0 
and [x] =0 forO<«<1 
2 2 
= iim tan (a sa x)+x 
x3 0t x 


z—0* mtsin? x x 


pa) i750 
= jini [ae sin“ x) mtsin°x | 


- 2 - 9 
: tan (% sin“ x : sin” x 
=n lim os » iiss — +1 
x2 ot Tsin” x x20t X 
tan x 
1 =1 
=nt+1 x30. xX 
. sinx 
and lim =i) 
x70 Xx 
and LHL 
_ tan (msin? x) + (|x|—sin (« [x])” 
= lm 5 
x3 0° x 


9 ee -4yy2 
= tei tan (m7 sin a sin(x - 1)) 


x> 07 x 
*s|x|=—-—xforx<0 
and [x] =-1 for-—l<x«<0 


tan(x sin? x) + (x + sin(- x))? 


= lm 
x07 x 
li tan(n sin? x) + (x —sin x)” 
= ni 7 5} 
x—0 x 


[.. sin (— 8) = —sin 6] 


ij [ane sin? x) + x” + sin? x—2xsin : 
= lim 


2 


x>0- x 


(ene sin? x) Lia. sin?x 2xsin " 


= lm 


2 2 2 
x30 x x x 
- 2 - 2 - 2 : 
é tan (wsin“ x) msin*x sin” x sin x 
lim =a 2 x th 5 2 
x0 T sin” x x x x 
2 2 
. tan(tsin*x) |. wmsin°x 
= lm — . im mn 
x30 Tm sin” x x20” x 
+: 2 : 
eo SSI . sinx 
1+ lm 2 lim 
x3 07 x x07 x 


=N+14+1-2=7 
+» RHL 4 LHL 
.. Limit does not exist 
Given, 
(1—[x1+ sin I~ a1) sin % tal] 
lim 
x31t jl-—a [1-4] 
Put x=1+ h,then 
x91 >ho0t 


(-Ie1+sintt ~a)sin(% tai) 


-. lim 
x31t ll-a [1-4] 
(1 -|h+1)/+ sin |- hl) sin( i= nl] 
= lim 2 
hot LAl [A] 
(l-(h+1)+sinh) sin( 3 [- ni) 
= lim 2 
h—> ot h [- h] 


(“/- Al=hand|h+1)=h+1lash>0) 
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(-h+sin hysin( 2 cv) 
= lim g 
hot h(-1) 
¢. [x] =-1for-1<x<0 andh>0* >-h>0) 


(h+sinh) (=) 
2 


= hm 
hot -h 


F sinh ; h 
= lim lim 
hot h nootlh 


= lim (=) lim E)=2 (0 ie, 
hoot h nootlh noot A 


= lim 
x 07 |x| x3 07 = 2% 
(«| «| =— x, ifx <0) 
in, OSD (s lim [x] =-1) 
x07 =X x 207 
a Ce ee 
x3 07 ae x3 07 


= 0+ 1)sin (1) (by direct substitution) 


=-sin 1 (." sin(- 8) = — sin 8) 


Key Idea Use property of greatest integer function [x]= x — {x}. 


wel] [ EE] 


We know, [x] = x — {x} 


Similarly, 


-.Given limit = lim {2 “4 z hs oo }| 
x>0t x x Be x x x 
= lim (1+ 24+3+...415) {2} {7h eas +{I) 

x x x 


x>0t 
vO {=} <1, therefore 
x 


o<x{" cas lim "}=0 
L x x 307 x 
_1-x(1+|/1-4) 


1 
cos 
|1—x| (+) 


Nowe tines ge 
x17 x17 1-x 1 


=120-0=120 


qT. f(x) 


x17 


= tim =) co : J-° 
L=x 


end te (= ke 
x17 x31t x-1 1-x 


xo1* 


= lim-(«+1)- cos( a } which does not exist. 
Bi aol 
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8. 


9. 


10. 


11. 


1 
Given, p= lim (1+ tan? Vx) 2 (1° form) 


x0 
2 
lim tan? Jx 1 ties [=] i. 
= go 2x 2,5 0+ vx =e2 


PLAN To make the quadratic into simple form we should 


eliminate radical sign. 
Description of Situation As for given equation, 
when a > 0 the equation reduces to identity in x. 


Le. ax? + bx+c=0,VxeRora=b=c30 


Thus, first we should make above equation independent 
from coefficients as 0. 


Let a+1=t°. Thus, whena>0,¢-> 1. 
(t? -1) x" + (t? —1)x+ (-1) =0 


=> (¢-1){t4+1)x74+ (7 +t4+1)x4+1}=0,asto1 
2x7 + 38x+1=0 
> Qn? +2xn+ x+1=0 
> (2x+ 1) (x+1)=0 
Thus, x=-1,-1/2 
or lim a(a)=-1/2 
a>0t 
and lim B(a) =-1 
. as0t Vv 
Here, lim {1 + x log (1 + b?)}"* [1° form] 
x0 
lim {x log(1 +2} -2 
= eo x 
= els +) 1 + 82) i) 
Given, lim {1 + x log (1 + b?)}"* = 26 sin?6 
x 
=> (1 + 6”) =2bsin70 
. 9, 14+? 7 
sin = QL 
oh (ii) 
b+ 2 1\"2 
By AM >GM, —2 2 (0-2) 
2 b 
2 
eg aes ... (iii) 
2b 
From Eqs. (ii) and (iii), 
sin?6=1 
1 
=> Pan oae Sn 


sin x 
Here, lim (sin x)/* + lim |— 
x30 x30 x 


sin x rs 
_—tog(t) tim EET tim (sin x)" > 0 
=0+ lime ‘* =e x30 


as, decimal)” — 0 


12. 


13. 


14. 


15. 


16. 


17. 


Applying L’Hospital’s rule, we get 


elo ) 
. x2 . sinx 


lim 4 lim —tan x 
er 0 ~coseexcotx _ yx 0 x =@=1 


W/o 
Let y=] 0+9| => log yee [log f (1 + x) - log f (1)] 
fd) x 
; 1 =e 
= ey tim | os ) 
{using L’ Hospital’s rule] 
=f) 9 
fQ) 3 
=> log (lim 9) =2 > lim y= 
x30 x0 


‘ qi, Ces e W 
xe (14+2/x)* 


For xe R, lim (23) 
x>0 | x+2 


2 on 2) U5 x7 45 
¢ 2 say : lim[@t5eyo" Pg ; 


lim [1 + 3x2)" é 
x30 


46 x+4 x+a4 
1 [2 ) = lim p+) [1° form] 
x ool x+ x 00 xt 
lim 5 (x+4) 
=err” x+1 = 
7 Vx 
lim fran ( + x} 
x20 4 
Vx 
T 
| Sane chaee'| Ux 
= lim 4 pr es 
ny 1—tan ™ tan x *>0(1—tan x 
4 
tal + tan gc) tan x ytan alex 7 e 


x —> 0 ra —tan xy Ytan xy tan x/x et 


PLAN lim S0* — 4 
x20 Xx 


(1+ Vx)(1- Vx) 


Given the sin (x-1)+ a (1-4) 1-Vx _l 
*xo1| (x—1)+sin (x-1) 
(sin («—1) _ pee 
' (x-1) _1 
= sin(x« — 1) 4 
(x-1) 
2 
> (4) =+ => (a-1)=1 
=> a=2or0 


Hence, the maximum value of a is 2. 
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Topic3 Squeeze, Newton-Leibnitz’s Theorem and Limit Based 
on Coverting infinite Serie s into Definite Integrals 


1. Given a and £ are roots of quadratic equation 


375x" —25x-2=0 Taking log on both sides, we get 
25 1 : 
at =), Pree @ | 
BP omB 1B ® root n)(x42)...[x4 =| 
2 7 log, {f(x)} = lim log 7 
and ap =- — see (1. e nse 2 2 
B 375 - - n(x? +n? eee late 2 
n n 4 n® 
Now, li "+ i 
ow im ue + im L8 ; 
II (« + = 
=(+a7+«a° +... + upto infinite terms)+ i Jigs r=1 ws 
+B? +B* +... + upto infinite terms) Mee eT [2 ; =| it Grin) 
r= rin rel 
= gD 8. =—*— for GP 
i=@- 1-6 l-r 
_a(1—B)+BG-a)_ a-o6 +B -of eit 
(1-a) d -B) 1-a-B+ap =xlim+y log ——— 
_ @+)- 208 moe Th y=1 a | 
~1-@+8)+ of r?} on 
On substituting the valuea + B = and of = == from r 
15 375 1 —-x+1 
Kas. (1) and (ii) respectively, =x lim — y log | —2 
we get noe Nh ps1 7 a4 
1 4 n 
15 : 375 29 _ 29 = 1 Converting summation into definite integration, we get 
-, 1 2  375-25-2 348 12 1 xt+1 
foes log.{ = log | —— |dt 
ie age og {f@j=x J] log 7 Je 
2 
a Put tx=z 
t) dt : 
a Jr@ [o => xdt = dz 
. lim —-—.— — form : ae ae 
ae ae 7 s log. {f(@)} =x]. log 5|— 
16 l+2°) x 
. f (sec? x)2secx secxtan x 1 
= lim _f% +z 
x>n/4 2x > log tf@} = [, log : 4 5] dz 
{using L’ Hospital’s rule] . ae 
_2f@)_ 8 /@) Using Newton-Leibnitz formula, we get 
= — 1 , l+x : 
m/4 7 - f’ (x) = log 5 «++ (i) 
2n ; 1 2n 7 f(x) l+x 
. Let J=hi =li 
A poe n LX ae Eg r2 sees n XL n iH + (r/n)? Here, at x=1, 
mal 
12 rin FO) _ jog a) =0 


= lim fQ) 7 


ion Ls is gine . f()=0 


Now, sign scheme of f’ (x) is shown below 


= : = dx = 1427)? = 5-1 . - 
1+ x2 
4. Here, x=1 
= -. Atx=1, function attains maximum. 
n” (x +n) (« *) re (« *) Since, f(x) increases on (0, 1). 

f@) = lim Zi, n/ | x>0 e f(1) > f(1/2) 
7) nt oe +n?) [ a =) | ee .. Option (a) is incorrect. 

4 n f(1/3) < f2/3) 


“Option (b) is correct. 


198 Limit, Continuity and Differentiability 


Also, f (x) <0, when x >1 

> f 2)<0 

.. Option (c) is correct. 

Also, f(x) _ log il aa 
f (x) l+x 


/@) fQ_, (4 3 
7@) fe) (i) (5) 
= log 2/3) <0 
PQ) £2 


f()  f@) 
“. Option (d) is incorrect. 
5. We have, 
Yn == [0+ 1) (n+ 2)...(n+ mp” 
and lim y, =L 
= “1 = lim <[(n + 1) (n+ 2) (m4 3)...(n¢ np” 


1 

=> L=lim (1+ = ls 2\( 2)...(14 2) ‘ 
n> 00 n n n n 

=> log L= lim “log ( + +) log(1 + 2)... log(1 + =| 
mo Q n n n 


n 
=> logL= lim a Ylos(1 4 *) 
mo pn n 


=> logL= [, t x log (1 + x) dx 
I 


d 


= - 1 - : ‘oy, 
= logL = (x- log (+ x))9 |< 


(log(l + x) Jax | dx 


[by using integration by parts] 


=> logL =[x log(l + x) - fie a dx 


1 
= logL =log2 Rees ]e 


= logL=log2- [x] + [log(x + NI 
= logL =log2-1+ log2-0 


= logL=log4-loge joa > - > 
e e 


x2 2 
I, cos tdt 
6. lim : 

x30 x SINX 


E form 
0 


Applying L’Hospital’s rule, we get 


27.2 27.2 
. cos’ (x°)-2x-O ,. 2-cos* (x 2 
= lim @) - = lim oy = =1 
0 x0 
x90 xcosx+sinx *>0 Qo y 4 14+1 
x 


Topic 4 Continuity at a Point 


1. Given function is 


(/2 cos x-1 Tt 
xt 
f(x)=4 cotx—-1 4 
T 
k , x= — 
4 


* Function f(x) is continuous, so it is continuous at 
1 


x=, 
4 
ie = lim f (x) 
Aas lash 
lim = 
= ie tt V2 cos x-1 
eae cot x—-1 


Put nai th, when x 7, then h > 0 
‘ cos [E+ h)-1 
lim 4 


k= 
Se cot{ = h)-1 


1 1 
: | cos h sin | 1 
_ lim V2 V2 
h>0 coth—-1_, 
coth+1 


[" cos (x+ y) =cosx cos y—-sin xsin yand 
cot x cot y-1 


cot (x+ y) = 
cot y+ cotx 
_ lm cosh-sinh-1 
h>0 —2 
1l+coth 
hi 1- h)+snh ,. 
| oe - aS (sin h + cos h) 
h->0 2sin h 
li oun” 4 ea” cone 
= 2 2 2 (sin A + cos h) 
A+>0 4sin — cos— 
L 2 2 
_A h 
lim sin — + cos — 1 
=a x(sinh + cos h)| > k== 
=e 2 cos — 2 
L 2 
2. NOTE Allintegers are critical point for greatest integer function. 


Case I When xe I 

f @) = [x] - [x] =27 -x7=0 
Case II When x¢I 
If 0<x<1, then [x] =0 


and 0 <x? <1,then [x”] =0 
Next, if 1<x?<2 => 1<x<V2 
=> [Ix]=1 and [x7]=1 


Therefore, f (x) = [x] - [x] =0,if1<x< v2 

f(x)=0, if O<x< 2 

This shows that f (x) is continuous at x«=1. 

Therefore, f (x) is discontinuous in (- ,0)U [V2,<) on 
many other points. Therefore, (b) is the answer. 


Therefore, 


. Given, f (x) = [tan? x] 
Now, —45°<x<465° 
tan (— 45°) < tan x< tan (45°) 
— tan 45° < tan x < tan (45°) 
-l<tanx<1l 
O0<tan?x<1 
[tan x] =0 


UuUUUY 


i.e. f (x) is zero for all values of x from x=-—45° to 45°. 
Thus, f (x) exists when x > Oand also it is continuous at 
x=0. Also, f (x)is differentiable at x =0 and has a value 
of zero. 

Therefore, (b) is the answer. 


" 


. Here, f(x) = [x] cos & 


cos (75 =r , -l1sx<0 
; OS %<1 
f=) cos = T 1l<x<2 
2 cos ci T , 2<5x<8 


which shows RHL=LHL at x=n € Integer as if x=1 


lim 0=0 


x17 


: (# 
> lim cos 


i *] m=0 and 
x31t 
Also, f ()=0 
.. Continuous at x=1. 
Similarly, when x = 2, 

lim f(x)= lim f(x) =0 

x at sot 

Thus, function is discontinuous at no x. 


Hence, option (c) is the correct answer. 


. Given, f(x) =x(J/x + 4/x +1) 


=> f(x) would exists when x>O0 andx+120. 
= f(x) would exists when x > 0. 

-. f(x) is not continuous at x=0, 

because LHL does not exist. 

Hence, option (c) is correct. 


6. For f(x) to be continuous, we must have 


f(0)=lim f(a) 


ae 
me log (1 + ax) — log (1 — bx) 
x0 x 


7. 


8. 


10. 


11. 
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a log (1+ ax) | b log (1. — bx) 


= lim 
x30 ax —bx 
=a:1+b-1 fusing lim EE * 9) 
=at+b 
f)=(a+ b) 
f (x) = xcos(a(x + [x])) 
At x=0 
lim f(x) = Tim xcos(n (x + [x])=0 
and f(x) =0 


.. It is continuous at x=0 and clearly discontinuous at 
other integer points. 


PLAN If acontinuous function has values of opposite sign inside an 
interval , then it has a root in that interval. 
fg: [0,1J>R 


We take two cases. 


Case I Let f and g attain their common maximum 
value at p. 


> f(p) = g(P), 
where p € [0,1] 


Case II Let fand g attain their common maximum 
value at different points. 


=> f(a) = Mand g(b)=M 
=> f(a)— g(a) >0 and f(b)—g(b) <0 


=> f()-g()=0 for some ce [0,1] as f and g are 
continuous functions. 


= f()- g() =0 for some ce [0,1] for all cases. ...(i) 
Option (a) > £70 - g°(0 +3 [F(- g(O] =0 

which is true from Eq. (i). 

Option (d) > f7(0 — g*(0 =0 which is true from Eq. (i) 
Now, if we take f(x) =land g(x) =1, Vxe [0,1] 


Options (b) and (c) does not hold. Hence, options (a) and 
(d) are correct. 


fQ@n)=a,, f@n*)=a, 
f@n)=b,4+1 
> a,—-6,=1 
f@n+1)=a, 
fi@n+ 1) }=a, 
AQn+ 1)*}=b,41-1 
> a, =6,,,-1 or a,-6,,,=-1 
or a,-1—-60,=-1 
Given, x+y7=4 => y=,4-x 


or f () =.{4-2? 


((+lsina|}%™*! | n6<x<0 
f(x) = b , x=0 
etan 2x/tan 3x : O<x<2/6 


Since, f(x) is continuous at x =0. 
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RHL (at x =0) = LHL (at x =0) = f(@) 


= lim tan 2hitan3h _ lim 1 + |sin h [yaltsin Alo b 
hoo 
> e =e = ae 
a=2/3 
and b=e® 


12. Since, f(x) is continuous at x =0. 


f@O)= LHL 
1-cos 4h 
> a= lim 
h>0 h? 
. 2sin?72h 4 
> a= lim 3 
h>0 h 4 
> a=8 


18. Since, f(x) is continuous forO<x<Z2 
RHL [at x= 4 = LHL [at x= 4 
4 4 


> 2-Zeot% +b) =(4+ av¥-sin 2] 
a 4 4 
= Lee eg ey GS ...(i) 
2 4 4 


Also, RHL [at es 4 LTH [ats - | 


bsin =) (2.5. cot% + 0| 
2 2 2 


20 
= |acos 


=> -a-—b=b 
> at+2b=0 .. (ii) 
On solving Eqs. (i) and (ii), we get 
a=" and bo— 
6 12 
14, Let g(x) =ax+ bbe a polynomial of degree one. 
ax+b, x<0O 
= f(a) = (s+2 + a 
, x>0 
2+x 
Since, f(x) is continuous and f’ (1) = f(-1) 
(LHL at x= 0)= (RHL at x= 0) 
Vx 
=> lim (ax + by =tim( =) 
OLx+2 
> b=0 wva(d) 
Also, f’ Q)=fCD 
= foo-(P** .x>0 
2+% 
> log f(x) = a [log (1+ x) —log 2+ x)] 
x 


On differentiating both sides, we get 


Feralas) 
x 1} log 
f’ (x) l+x 24+%x 2Q+x 


f(x) x 


15. 


16. 


‘x 6 1+x 

: lee l\den@em lo a% 
fh’ @= : 5 
Tie x 


+ ro-t{t-m( 


and f(-1)=-a+b=-a 
2(1 te(?)} 
a=2(§ ae) 
(2 2) 1 
AG «(5)- g}® *<0 . 
cal ; x>0 
2+x 


Now, to check continuity of f(x) (at x =0). 


Thus, f(x) = 


Vx 
RHL = lim [ as 4 =0 
x7 0(24+x 
Tete — log (7) i x=0 
30 3 3) 6 


Hence, f(x) is continuous for all x. 


(sin (a+1)x+sinx 


,x<0 
x 
Given, f(x) = c ,x=0 
(x + bx?)¥2 — xl? 
—— ae, 


is continuous at x =0. 


[from Eq. (i)] 


=> (LHL at x =0) = (RHL at x =0) = f(0) 


=> lim 


sin(a+1)x , sinx 
x0 x x 


bx 1 


ibba el 


=> (a+1)+1=lm 
x30 bx 


> ee are 
2 


and beR 


(i) Given, f,: R- Rand f, (x) =sin (/1- 


. f(x) is continuous at x = 0 


Now, f,’(x) = cos 1 et . y - 
2j1-e* 


Atx=0 
f,’(x) does not exists. 
. f(x) is not differential at x = 0 
Hence, option (2) for P. 
|sin x 
(ii) Given, f(x) =4 tan! x 
d: if x=0 


, ifxz+0 


(2xe* 


2 
e” ) 


*) 


(—sin x 
x<0 
tan! x 
sin x 
f(x) = = x>0O 
tan x 
1 x=0 


Clearly, f,(«) is not continuous at x = 0. 
Option (1)for Q. 
(iii) Given, f, (x) = [sin (log, (x + 2))], where [] is G.LF. 
and f, : (-Le"/*7 -25R 


It is given —l<x<et/?-2 
=> 142<e42<e" 249 
> l<x+2<e 
/ 
> log, 1 < log, (x + 2) < log, e”” 
> 0<log, (+2) <= 
> sin0 <sin log, (x + 2) <sin 2 
> 0 <sin log, (x+ 2) <1 


[sin log, (x + 2)]=0 
f, &) =0, f’3 @) = fy’ (x) =0 
It is differentiable and continuous at x =0. 
“Option (4) for R 


*sin( >), if x #0 
x 


(iv) Given, f, (x) = 
0, ifx=0 


Now, lim f,(x)= lim «sin (*) -0 
x70 x20 x 


fi @= 2ssin{ + cos (2) 
x x 


For x=0, f,’ (a) = lim Gs ea AW) 


2 h 
nesin (7)-0 
= fi’ (@) = lim 5 
Byes. ai vo f Ly. 
> fa ()= Him h sin (*) =0 
; 1 1 
Thus, f,'@) = 2x sin (=) - 0s(), x#0 
0, x= 0 


Again, lim /f’(x)= lim (2: sin (=) — cos (=)) 
x70 x0 x x 
does not exists. 


f : 1 . 
Since, lim cos] — | does not exists. 
x30 x 


Hence, f’ (x) is not continuous at x = 0. 
«Option (8) for S. 
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Topic5 Continuity ina Domain 


1. Given [ae at = (x -2) g(x) 


f(x) 
I, “Al dt 


(x - 2) 
[aiat 
So, lim g(x) = lim -§ 

x22 x72 x-2 


E ; formasx>2> fe)=6 


> &(x) = [provided x #2] 


tim pla) = im 40 F 
x72 x32 1 
d r$2(x) ; , 
E ae FO) dt = fb2), O3(x) — f(,@)- 909] 
x7 1 (x) 
On applying limit, we get 


lim g(x) = 4(f@)? f @)=4 © 
x72 48 


E f@)=6and f'Q)= Z| 


_4x216 | 
48 


18 


2. Given function 


Pires +1)x+sinx 


5 <0 
x 

f(x) = q , &=0 
2 

ae , 2>0 


is continuous at x =0, then 
fO)= lim f(x) = lim, f(x) ...@i) 
x30 x0 


sin(p + 1)x+sin x 


lim f(x) = lim 


x07 x07 x 
=p+1+1l=p+2 E io = a| 
x0 x 
2 
+ — 
and lim f(x)= lim 4, ve 
x07 x07 2 
. vx[at+x0!?-1] 
=li 
x07 eal xe 
1 ; (3 7 1} 
1l+—x4 x 4 1 
2 2! 
= lim 
x07 x 
Es (1 +x)" 


n(n-1) 2, n(n-1(n—2)) 3, 


=l+nx4 + 
1-2 1-2-3 


.lad< 
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Pie ey 
ib 22 1 


= lim|/=+ ete 
x0} 2 2! 2 


From Kq. (i), we get 


fO)= gee and lim f(x)=pt gal 
2 x07 9 


So, (p, a-(-3.5] 


3. Given function 
alm-—x+1, «<5 
f(x) = 


bla-zl+3, x>5 


and it is also given that f(x)is continuous at x=5. 


f6)=a6-n)+1 sav(1) 
lim f(x) = lim[alz —- 6 -h)|+ 1] 
x57 h>0 
=a6-7m)+1 ... (11) 
and lim f(x) = lim[6| (+ h)- | + 3] 
x—>5 t > 
=b6-1)+3 ... (ili) 
+: Function f(x) is continuous at x=5. 
-.f()= lim f(x) = lim f(x) 
x5 t x—>5~ 
=> a6-m)+1=b6-7)+3 
> (a — b)6-1) =2 
2 
5-1 


Clearly, 


=> a-b= 


4, Given function f(x) = [x] - [= xeR 


4+h 
N 5) hi =i 4+h]- 
ow, im fea)=tin (+ nl-[*2*) 
[. put x=4+ Ah, when x—> 4°, then h = 0] 
=lim(4-1)=3 
hoo 

and lim f(x) = lin fi = **) 

x3 47 hoo 4 
[. put x=4-h, when x> 4— 
then h > 0] 

= lim(3 —0)=3 


hoo 4 
and [f(4)= w)-[$]=4-1-3 


“lim f(x) = f(4) = lim f(x) =3 
x47 xo4t 


So, function f(x) is continuous at x =4. 


5. Given function f : [-1,3]— Ris defined as 
|x|+ [x], -l<x<1 
f(~)=4 x4 |xl, 1ls<x<2 
x+[x], 2<x<38 


X, O<x<1 

So 2x l<x<2 

x+2, 2<5x<8 

6, x=3 

[eifn<x«x<n+1, V ne Integer, [x] =n] 
We f(x) =-1# f@) [- f@)=0] 
x> 

[- fQ) =2] 


lim f(x) =1# f(Q) 
x17 
ees f@)=4=f@2)= aa f@=4 [- f@)=4] 


and lim f(x) =5 # f@) [. f(@) =6] 
x37 


Function f(x) is discontinuous at points 0, 1 and 3. 


Clearly, for f(x) to be continuous, it has to be continuous 
atx=1,x=38andx=5 
[.: In rest portion it is continuous everywhere] 


lim (a+ bx)=a+b=5 ...(i) 
x17 

[> lim f(@) = lim f@)= 0] 

lim (6+ 5x)=6+25=30 ..- (il) 
x57 


[- en f(x) = ee f(x) = f6)I 


On solving Eqs. (i) and (ii), we get b =5 and a =0 
Now, let us check the continuity of f(x) at x =3. 


Here, lim (a+ bx)=a+3b=15 
x37 

and lim (6+5x)=b+15=20 
x—33t 


Hence, for a = Oand b =5, f(x)is not continuous at x =3 


.. f(x) cannot be continuous for any values of a and b. 


7. Given, fQ)=Sx-1ford<x<n 


-1, 0<x<2 
ireo={ 9 Q<x<0 
_ftan(-1), O<sx<2 
= tan [7001 | tan0, 2<x<n 


lim tan [f(x)] =- tan1 
x32" 
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and lim, tan [f(x)] =0 10. f@=[edsin| — 
x32 . [x + 1] 


So, tan f(x) is not continuous at x =2. 


1 x-2 1 D) We know that, [x] is continuous on R~I, where I 
Now, f(x) x-1> f(r) > 7 
2 2 f(x) x-2 denotes the set of integers and sin ) 
Clearly, 1 /f(x) is not continuous at x=2. [v+ 1] 
1 discontinuous for [x + 1] =0. 
So, tan [f(x)] and 5] are both discontinuous at x =2. => O<x4+1<1> -1<x<0 
x 
Thus, the function is defined in the interval. 
8. The function f(x)=tanx is not defined at x= tas so f x2 
2 — , O<x<1 
f(x) is not continuous on (0, 7). 11. Given, f(x) = 2 s2n(I) 
‘ Sere: : Qn? 8x42, 1<x<2 
(b) Since, g(x) = xsin — is continuous on (0, 2) and the 
26 
integral function of a continuous function is Clearly, RHL (at x=1)=1/2 and LHL (at x=1) =1/2 
continuous, Also, f(x) =1/2 
x _ 1 : ; 
f(x) = ( t [sin i) dt is continuous on (0, 7). «. £(%) is continuous for all x € [0,2]. 
On differentiating Eq. (i), we get 
f 3n 
1, ie er , x , O<x<l a 
(c) Also, f(x) = ; (2) 3n f’ @®= ig th . tees ..-(ii) 
2sin|—|, —<x<m7 
Clearly, RHL (at x =1) for f’ (x) =1 
Wehave, lim /f(x)=1 and LHL (at x=1) for f’ (x) =1 
a Also, fy=1 
. _l ae « (2x) _ Thus, f’ (x) is continuous for all x € [0,2]. 
an - f(a) = ae 2ein ( 9 =, Again, differentiating Eq. (ii), we get 
er’ : , 1, O<x<1 
So, f(x) is continuous at x= 387 /4. f° @= A i<x<2 
> f (x) is continuous at all other points. — 
: nt. nt rT Clearly, RHL (at x =1) LHL (at x=1) 
(d) Finally, f(x) = rien (+n) => f (=) a Thus, f’’ (x) is not continuous at x =1. 
< an 4 or f’’ (x) is continuous for all xe [0,2] -{1}. 
lim f(x)=lim f ( - h) = lm — sin ( h) = 
sr\ = hoo 2 h>0 2 * * a ne 
+4) Topic6 Continuity for Composition and 
r Function 
x(n /2)* hoo \2 1. Given, f(x)=xcos—, x21 =>f/’ (x)=—sin—+ cos — 
x x x 
_y 2. (38% ,)_% By 1 1 
lim & sin (7 -n] 2 = ea a (=) 
i t ti tx=n/2. : ‘ 
Po Ge) eGo con anna a al Now, lim f’ (x)=0+1=1 = Option (b) is correct. 
9. Wehave, for -l<x<1 ae iL 
? N : 1 , 00 iad : 1 2 
=> O<xsinatx<1/2 ened = a ba aye 
[xsin mx] =0 Option (d) is correct. 


, : : As f’ (1) =sin1+cos1>1 
Also, xsin tx becomes negative and numerically less : : : . 
than 1 when x is slightly greater than 1 and so by f’ (x) is strictly decreasing and iim fF’ @)=1 
definition of [x]. 
f(x) = [xsin a x] =-1,whenl<x<1l+h 


Thus, f(x) is constant and equal to O in the closed 
interval [-1, 1] and so f(x) is continuous and 
differentiable in the open interval (-1, 1). (1, sint +cos1) 


At x=1, f(x) is discontinuous, since jim (1—-h)=0 
and him (l+h)=-1 

.. f(x) is not differentiable at x=1. 

Hence, (a), (b) and (d) are correct answers. 


So, graph of f’ (x) is shown as below. 
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Now, in [x, x+2], xe [1, 0), f(x) is continuous and 
differentiable so by LMVT, 

x+2)-—f(x 
poy = fat2)-fe 


As, f’(x)>1 
For all xe [1, 2%) 


f (x+2)—f@) 
2 


>1l=>) f(t+2)-f(x~)>2 


For all x € [1, %) 


f@+1, if f (x) <0 
On, if f (x) >0 
xtat+l, ifx<-a 

={ (x+a-1)?+0b, if-a<x<0 


(|x-1|-1)?+ 8, if x>0 


As gof (x) is continuous at x=-—a 
gof (- a)= gof (-a*)= gof (-a_) 


> 1+b=1+b=1 5 b=0 
Also, gof (x) is continuous at x=0 
=> gof (0) = gof 0") = gof 0) 
=> b=b=(a-1)?+b = a=l 
x+ 2, ifx<-l 
Hence, gof (x)= x, if-l<x<0 


(lx-1|-1)*, — ifx2>0 
In the neighbourhood of x=0, gof (x) =x", which is 
differentiable at x =0. 
. As, f(x) is continuous and g(x) is discontinuous. 
Case I g(x) is discontinuous as limit does not exist at 
x=hk. 
(x) = f(x) + g(x) 
=lim 6 (x)= lim {f(x) + g()} = does not exist. 
xk x>k 
-. (x) is discontinuous. 
Case II g(x) is discontinuous as, lim_ g(x) # g(R). 
> # 
. (x) = f(x) + g(x). 
=lim 06(x)=lim {f(x) + g(x)} = exists and is a finite 
xk xk 
quantity 
but = o(k) = F(R) + gk) # lim {f@) + g(x)} 
o(x) = f(x) + g(x) is discontinuous, 
whenever g(x) is discontinuous. 
l+x, O<x<2 
8-x%, 2<x<3 
_ 2 1+ f(x), O< f(x) <2 
jor) =F re1=}3 fs Oo 
1+f@), O<f()<1 {14+@6-%x, 2<x<3 
=> fof =41+ f(x), 1<f(*)<2=41+(0+4), O<x<l 
38-f(x), 2<f(@~<3 |8-G+4, 1l<x<2 
4-x, 2<x<8 
=> (fof) (x)=42+x%, O<x<1 
2-x, 1<x<2 


4, Given, f(x) -| 


Now, RHL (atx=2)=2 and LHL (at x=2)=0 
Also, RHL (at x=1) =1 and LHL (at x=1)=3 
Therefore, f(x) is discontinuous at x=1,2 
-. f [f()] is discontinuous at x = {1, 2}. 
5. Since, f(x) is continuous at x =0. 
= lim f(@) = FO) 
=> fO)=f@)=fO=0 .() 
To show, continuous at x=k 
RHL = lim f+ A) = lim [f(k) + f(A) = F(R) + FO") 
= f(k) + fO) 
LHL = he f(k-h)= ee [f(k) + fCA)] 
=f(k)+ f0 )= F(R) + fO) 
lim fG@) =f) 
= f(x) is continuous for all xe R. 


Topic7 Differentiability at a Point 
1. Given function, g(x) =| f(x) | 


where f:R— R be differentiable at ce R and f(d =0, 
then for function ‘g’ at x=c 


#@=im 2229 paecket 
hoo h 


— jim (Pet PMI-IfOl _), e+ I 
h>0 h h>0 h 
[as f(c) =0(given)] 
aii STO [A>] 
ho>0 h 
=| lim [+ D-fO 
h>0 h 
=|f O| [. fis differentiable at x = cd 


Now, if f (©) =0, then g(x) is differentiable at x=¢ 
otherwise LHD (at x= 0 and RHD 
(at x=) is different. 


Key Idea (i) First use L’ Hopital rule 


(ii) Now, use formula 
d 2 (x) 


2 | Fede = FL0,0001- 6° (20 = MO (01- 6” 000 
dx o1(x) 
i 
2Qtdt 
f(x) 
Let = lim [ at ipa ° form, as fe)=6| 
x92 6 (x 2) x32 (x 2) 0 
On applying the L’ Hopital rule, we get 
o2(x) 
_ 2f of’ d 
J=lim FOF |. Ff pdt = floo())-05 @) 
ti $1(x) 
— £,@))- 0" @)] 
So, /=2f(@)-f @)=12f @) [. f@) =6] 
lim at 12/’ 2) 


3. Given function is f(x)=15—-|x-10|,xeR and 


8(x) = FF) 


= f(15-|x-10]) 
=15-|15-—|x-10|-10| 
=15-|5-|x-10]| 


15-|5-(x-10)| ,x2=10 
15-|5+(x-10)| ,x<10 
15-|15-«x| , x2=10 
15-|x-5| ,x<10 

15+ (x-5)=10+x, x<5 
15-(x-5)=20-x , 5<x<10 
15+ (x-15)=x ,10<x<15 
15-(x-15)=30-x, «215 


From the above definition it is clear that g(x) is not 
differentiable at x =5,10,15. 


. Let us draw the graph of y= f(x), as shown below 


oN 


y= cos x 


y= sinx 


>X 


y= min {sin x, cos x} 


Clearly, the function f(x)=min {sin x, cosx} is not 


differentiable at x= and 7 [these are point of 


intersection of graphs of sin x and cos x in (-7, 7), on 


which function has sharp edges]. So, s-|=" 4 ; 
which is a subset of |=" = pa =} 
4 4° 4 4 


. We have, 
f(x) =sin|x|—|x|+2 (@—2) cos|x| 
fa) —sinx+x+2(x—1) cos x, if x <0 
x)= 
sinx-—x«x+2(«-1)cosx, if x>0 
[.. sin(-8) = —sin 89 and cos(-8) = cos 6] 
cosx+1+2cosx—2(x-n)sinx; if x<0 


af @= 


cosx—-1+2cosx-—2(x-—n)sinx, ifx>0 
Clearly, f(x) is differentiable everywhere except 
possibly at x=0 

[. f (x) exist for x <0 and x>0] 
Here, Rf’ ©) = iim, (8 cos x — 1 -—2(«-7)sin x) 


x30 
=3-1-0=2 
and Lf’ (0)= lim (cosx+1-2(x-)sin x) 
aa —0=2 
Rf 0) =Lf ©) 
So, f(x) is differentiable at all values of x. 
> K=0 


6. Key Idea This type of problem can be solved graphically. 
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-1, -2<x<0 
v-1, O<x<2 


and g(x) =|f(~)1+ f(la) 


We have, f(x) = | 


1. -2<x<0 

clay, G)I=4 04, O<x<2 
1, -2<x<0 

={-(7-1), O<x<1 

x71, 1<x<2 


and = f(|xl) =|xI?-1, 0<|xl<2 
[.. f({x|) =—1is not possible as |x| ¢ 0] 
=x"-1, |x|<2 E- lal? = 22] 
=x?-1, -2<x<2 
. g@=lf@)I+ Fx) 
[; dakgt—a, -2<x<0 
=s-(x7-1)+ 27-1, O<x<1 
x14 x? -1, l<x<2 
f 2 -2<x<0 
= 0, O<x<l1 
es 1<e532 


Now, let us draw the graph of y= g(x), as shown in the 
figure. 


Yu 


1 
[ Here, y=2 (x? —l)orx? = 5 (y + 2)represent a parabola 


with vertex (, — 2) and it open upward] 


Note that there is a sharp edge at x=1 only, so g(x) is 
not differentiable at x =1 only. 


* | Key Idea This type of questions can be solved graphically. 


Given, f : (-1,1)—— R, such that 


f(a) =max {-\x|,-v1-2} 


On drawing the graph, we get the follwong figure. 
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[-« graph of y=—|x|is 
yr 


YN 


and graph of y=—./1—2x” 


yr 


“ye 


Vv 


\[- x7 + y? =1 represent a complete circle] 


[ 1 x, L<es 
if ea 
=> f=; -1m, BEB 
-yv1l-x, a << 
From the figure, it is clear that function have sharp 
edges, at B= 510,45 


.. Function is not differentiable at 3 points. 


« | Key Idea This type of problem can be solved graphically 


max{|x1,x},  |a<2 


We have, f(x) = 
vende! 8-2\x, 2<|x|<4 


Let us draw the graph of y = f(x) 
For | x| < 2 f(x) =max{| x], x73 


Let us first draw the graph of y =|x|and y = x*as shown 
in the following figure. 


Clearly, y=|x| and y= x” intersect at x=—1,0,1 
Now, the graph of y =max{|aJ, x7! for |x| <2is 
74 


For | x| € (2, 4] 
feo)=8-21x=| 


8 — 2x, xe 2,4] 
8+2x, xe[-4,-2) 


2< |x| < 4 
=> |x|>2and|x|< 4 


From the graph it is clear that at x =—2,-—1,0, 1, 2 the 
curve has sharp edges and hence at these points f is not 
differentiable. 

3 


. Given, | f(x) - f(y) |<2lx-yl?2, Vx, ER 


lf) — FO) | : 


> <2|x yl2 
lx— yl 


(dividing both sides by | x- y|) 
Put x=x+hand y=x, where his very close to zero. 


1 
Seg | OES TO | 2 tee oie pha 
h>0 (x+ h)-x h>0 
1 
<3 in Fat h)— f@) < lim 2|hA[? 
h>0 h h>0 
= lim [@ tM =fO <0 
h>0 h 


[substituting limit directly on right hand 


side and using lim | f(x)|=] lim f(x) 
xa x-a 


=| f (x) 1<0 g lim fat h)— fo) = ro) 
h>0 h 
=>|f (~)|=0 (| f’ («)|can not be less than zero) 


=> f(@=0 
= f(x) is a constant function. 
Since, f(0) = 1, therefore f(x) is always equal to 1. 


Now, [, ¢eoyax [ax [x], = (1-0) =1 


[ee |«|=0<4 «=0] 


10. 


11. 


12. 


13. 


We have, 
f(x) =|x- m/e"! — 1) sin |af 
((x—n)(e* —l)sinx, «<0 
f(x) = -(x-am)(e* —1)sinx, O<x<a 


(x — 1)(e* —1)sin x, x>T 


We check the differentiability at x =0 and 7. 


We have, 


[ (oe mt) (€~ —1)cosx+ (e*—1) sinx 
+ (x-—72) sin xe*(-1),x<0 


P (¢) <4 [@- BE - 1 cos x4 =1) sinx 
+(x-m) sinxe"]O<x<t 
(x—1)(e" —1) cos x+ (e* —1) sinx 
+ (x—m) sin xe", x> 7 
Clearly, 
lim f’ (x) =0= lim f’ (x) 
x07 x30* 
and lim f’ (x)=0= lim f’ @) 


xT XT 


.. fis differentiable at x=Oandx=n 
Hence, f is differentiable for all x. 
We have, f(x) =| log 2-sin x|and g(x) = f(f(a), xe R 
Note that, for x 0, log 2 >sin x 
f(x) = log 2-sin x 
> &(x) = log 2 —sin (f(x) 
= log 2 —sin (log 2 —- sin x) 
Clearly, g(x) is differentiable at x=0 as sinx is 
differentiable. 
Now, g (x) =— cos (log 2 — sin x) (- cos x) 
=cos x: cos (log 2 —sin x) 
> g (0) =1- cos (log 2) 
Given, f(0) =2= g(1), g@)=0 and f(1)=6 
f and g are differentiable in (0, 1). 


Let h(x) = f(x) -2g(x) ...(i) 
hO) = FO) -2g@)=2-0=2 
and h(1) = f(1) -2g(1) =6 - 22) =2 


h()=h(1) =2 
Hence, using Rolle’s theorem, 
h’(c) =0, such that ce @, 1) 
Differentiating Eq. (i) at c, we get 


> fO-2g(¢— =0 
> f(O =2g'(0) 

PLAN Tocheck differentiability at a point we use RHD and LHD at 
a point and if RHD =LHD, then f(x) is differentiable at the 
point. 

Description of Situation 
ho 0 h 

and Lf ()}= lim L6-)-f@) 
h>0 —h 


14, 
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Here, students generally gets confused in defining 
modulus. To check differentiable at x=0, 


R{f’ O}= lim fO*=f0) 


cos *|-0 
=limh- 


h>0 
0-h)-f (0 cos(— 
L{f’ Of = Jim eit ) = lim = 


2 


=0 


So, f(x) is differentiable at x=0. 
To check differentiability at x=2, 


R{f’ @}=lim fexW-fe) 


2+h) *_||-0 2. cos| 
. ( ) oo(5" | . (2+ h)*-cos h 
=lim = lim 
h>0 h h>0 h 
(2+ h)?-sin| 7-—* 
lim 2 2t+h 
= 11 
ho0 h 
(2+ h)?-sin| — 
ij 2(2+h) T 
= lim . = 
h>0 a: 2(2+h) 
2(2+h) 


and L{f’ 2)}=lim P@-h)- 1) 
h>0 -—h 
(2-h)”- 
=lim 


ho>0 -h 


2 T 
(2—h) cos, | 0 


eis" — =o 
2-h 


= lim 
h>0 -h 


Cee ue 1 
—(2-h) sal ss) 


=lm 
ho 0 h 


Q- iy sin 


Th 
2(2-h) es 
2(2-h) 


= lim = 
h>0 hx 1 
2@-h) 
Thus, f(x) is differentiable at x=0 but not at x=2. 
(x— 1)" 
log cos” (x — 1) 
x-1, 


Given, g(x)= ;0<x<2,m#0, n are 


: x21 
integers and| x-1|= 
l-x, x<l1 

The left hand derivative of |x-—1|atx=lis p=-1. 
Also, lim 8) =p=-1 

oe (l+h-1)" 

im 

h> 0 log cos” (1+ h-1) 


=> 
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15. 


16. 


17. 


n 


> lim ———__ =-1 
h> 0 log cos” h 
= ting — "oy 
h>0m log cosh 
~An-l 
=> irre =-1 
oe), (sin h) 
cos 
[using L’Hospital’s rule] 
n-2 n-2 
ec fie ie eal ie ad 
ho0\ m (=e*] m)}h>0 (tanh 
h h 
=> n=2 and ~=1 > m=n=2 
m 
Given, f(1) (5) r(5) lim f(+\-0 
2 3 n—-> ee n 
as f (=) =0;n € integers andn 21. 
n 
: 1 
=> lim r( }=0 => f@)=0 
n> co n 
Since, there are infinitely many _ points in 
neighbourhood of x = 0. 
“4 f(x) =0 
= f’ @) =0 
= f’O=0 
Hence, fO)=f’ @=0 


Using graphical transformation. 


As, we know that, the function is not differentiable at 
sharp edges. 


(i) y= |x| -1 


‘| 


es i i 
(ill) y = || 


iii) y = | |x| -1| 


In function, 
y=|| x|—1| we have 3 sharp edges at x=—1,0,1. 
Hence, f(x) is not differentiable at {0, +1}. 


E (-x-1), ifx<-l 


tan! x, if-l<x<1l 


5&2), 


Given, f (x)= 


ifx>1 


f (x) is discontinuous at x =—-1 and x=1. 


18. 


19. 


20. 


21, 


-- Domain of f’ (x) ¢ R-{-1,1} 


lim snh-h 


RHD of sin (|x|)-|xl=750 =1-1=0 


[. f @) =0] 


LHD of sin (|x|) —|x| 
. sin|-Al-|-A| sinh-h 
= lim = = 
h>0 -h -h 


Therefore, (d) is the answer. 


0 


Given, f (x) = [x] sin x x 
If x is just less than k, [x] =k-1 
f@=(k-1)sinaz x. 


ier Fa) = lim (k-1)snanx-ksintkh 
xR 


x—k 
iis (k-1)sin a 
xk x—k 
iw (k-1)sin u (k—h) 
h>0 —h 


on [where x =k —h] 
ain (k —1) 1) UNA 1)"(k-1) x 


ho>0 —h 


Given, f (x)=max {x, x°} 
separately, y=x®> and y=x 


NOTE y = x°is odd order parabola and y = « is always 
intersect at (1, 1) and (—1, — 1). 
x in(Co,-1] 


considering the graph 


Now, f=42 PO 

x° in (1,00) 

1) in C=, -1] 
= f' @)= a Coit 


3x7 in (1, ©) 


The point of consideration are 


f’Cl)=1 and f'Cl*)=8 
f’ (-0°-)=0 and f’ @)=1 
f' @)=1 and f'at)=38 


Hence, fis not differentiable at —1, 0,1. 

Let h (x)=|x|,then g@=lf@l=htf @} 

Since, composition of two continuous functions is 

continuous, g is continuous if fis continuous. So, answer 

is (c). 

(a) Let f *)=x> g (=I 
Now, f (x) is an onto function. Since, co-domain of x 
is R and range of x is R. But g (x) is into function. 
Since, range of g (x) is [0, ©) but co-domain is given R. 
Hence, (a) is wrong. 


22. 


(b) Let f(@=x> g(~)=I|xl. Now, f (x) is one-one 
function but g (x) is many-one function. Hence, (b) is 
wrong. 

(d) Let f (x) =x => g (x) =|x|. Now, f (x)is differentiable 
for allx e Rbut g (x)=|xl/is not differentiable at x =0 
Hence, (d) is wrong. 


Function f(x) = (x°-1)|«?-3x+2|+cos(|xl)  ...@ 
NOTE In differentiable of| f (x)| we have to consider critical 
points for whichf (x) = 0. 


| x|is not differentiable at x=0 


cos (-x), if x<0 

but cos | x|= ; 
cosx, ifx 20 
cos x, ifx<0 

> cos | x|= . 
COS x, if x20 


Therefore, it is differentiable at x=0. 
Now, |x? -—3x+2|=|(«-1) (@-2)| 


(x —1) (x - 2), ifx<1 
=4(x-1) (2-2), ifl<x<2 
(x-1)(x-2), if2<x 


Therefore, 
(x? — 1) (w@-1) (x-2) + cos x, 
f (x) =3— (x? -1) (x-1) (v-2) + cos x, 
(x? — 1) (x - 1) («-2) + cos x, 


if-o<x<1 
ifl<x<2 
if2<x< 0c 


Now, x=1,2 are critical point for differentiability. 
Because f (x) is differentiable on other points in its 
domain. 


Differentiability at x=1 


Lf’ Q)= tim £@=f@ 
x31 x-1 
is G 1) (v2) 4 cos x— cos | 
x 317 x-1 
=0-sin1=-sin1 
[-- lim POS 008  iepaig atx=1-0 
x17 x-1 dx 


=-sin xatx=1-0=-sinxatx=1=-sin 1] 


and Rf’ (1)= lim f@)- FQ) 
x-1 


x71 
= Jim, | (x? —1) (x —2) 4 esac) 
x—31t x-1 


=0-sin1l=-sin1l [same approach] 
-: Lf’ (1) = Rf’ (1). Therefore, function is differentiable 


atx=1. 


Aven, DP O)= Vex D ee ~ @) 
x 27 
= im | (x2 —1) (x-1)4 wear?) 
x22 x-2 
=—(4-1)(2-1)-sin2=-3-sin2 


23. 


24, 


25. 


26. 
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lim f(x) - f@) 


nd 
a x3 2t x-2 


Rf’ @)= 


= [oe 1) (e-1)4 cos is 
x3 2t -2 


= (27-1) 2-1)-sin2=3-sin2 
So, Lf’ @)#Rf’ 2), fis not differentiable at x =2 
Therefore, (d) is the answer. 


i x20 
Given, f@e= = i 
aa — x<0 
cast as 56 
PO) as G42) eis ee 
(-x) 
f 1 
, pie ae 
RHDatx=0 => lim z= 
Im a5 
and LHD atx=0 > lim —1_,= 
x20 (1- x)” 


Hence, f(x) is differentiable for all x. 

Since, f(x) is continuous and differentiable where 
f@)=1and f 0)=-1, f(@~) >0, Vx. 

Thus, f(x) is decreasing for x >0 and concave down. 

=> f’ @) <0 

Therefore, (a) is answer. 


Here, f(x) = ee 


Since, we know x [(x—1)] = nz and tan naz =0 
1+ [x]? #0 
f(x) =0, Vx 
Thus, f(x) is a constant function. 


ef! (0), £7" (2) sees 


all exist for every x, their value 


being 0. 
= f’ (x) exists for all x. 
We have, 
(FO) + FO)? =85 
and {:R- [2,2] 


(a) Since, f is twice differentiable function, so f is 
continuous function. 


.. This is true for every continuous function. 


Hence, we can always find x € (r,s), where f(x) is 
one-one. 


.. This statement is true. 


Y 
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(b) By L.M.V.T 
r= 10 fo) =1f @1- 9-0 
b-a 
= reo ie 4) -|- fea) 


Range of f is [- 2,2] 


+4< fO)-fC4<4=> os es 


Hence, | f’ (x) | <1. 


Hence, statement is true. 


(c) As no function is given, then we assume 


fs) ~2sin/ 


f (x) = V85 cos (2) 


Now, (f(0))" + (f’ ©))? = @sin0)? + (V85 cos 0)” 
(f))” + (f ©)? =85 


and lim f(x) does not exists. 
xc 


V85 x 
2 


Hence, statement is false. 


(d) From option 6,|f’ (%)|<1 and x9 € 4,0) 


FO 2<1 
B(%) = (FO9))" + (F (a)? <4 41 
[+ fl) € 2, 21] 


Hence, 


= 8(%) $5 

Now, let p € (4,0) for which g(p) =5 

Similarly, let gbe smallest positive number gq € (0, 4) 
such that g(q) =5 

Hence, by Rolle’s theorem is (p, q) 


g (c) =0 fora € (-4, 4) and since g(x) is greater than 
5 as we move form x= p to x=q 


and f(x)? <4 => (f (x))” 2 1in (p,q) 
Thus, g (Oo =0 

=> ffrtff’=0 

So, f@)+ f’’ @) =0and f’ @) #0 


Hence, statement is true. 


27. Given, lim Oem eT) ens =sin? x 


tox t-x 


Using L’ Hospital rules 


jaw f(x) cost — f’ (t) sin x =n? 


tox 1 


x 


f(x) cos x— f’ (x) sin x =sin? x 
f (x) sin x— f(x) cos x=—sin? x 
f (x) sin x— f(x) cosx __ | 
sin? x 


a(L) = 
sin x 


28, 


On integrating, we get 


AO x+C = f(x)=-xsinx+Csinx 
sin x 
It is given that x=~, f LD pene 
6 6 12 
(Z)- t sin Csin 
6 6 
Tt Tt 1 
Sk, ee ee 
12 12 2 
=>C=0 
f(x)=-xsin x 
(a) f(x)=-xsin x 
T T . T 
= sin —= false 
y 4 4 4 42 
(b) f(x) =-— x sin x 
3 
sin x>x—- 7, V xe (0, x) 
xt 
> = FBI RS Se 
x4 2 
> TS eA) 
Itis true 
(c) f(x) =- x sin x 
f(x) =- sin x- x cosx 
f'(@) = 
=> -—sinx-xcosx=0 
tanx=-x 
KY: 
Xé Sop i >X 
31/2 
ad 


y=-x 


=> Their exists a € (0, x) for which f’(@) = 


It is true 

(d) f(x) =-— x sin x 
f’(x) =— sin x — x cos x 
f’’ (x) =-— 2cos x + x sin x 


aoe (3)= T 
2 2 2 2 


It is true. 


As, g(f(x)) =x 
Thus, g(x) is inverse of f(x). 


=> g(f@)=x 
=> & (Ff): f @=1 
& (f(x) = _ 


(i) 


[where, f’ (x) = 3x" + 3] 


29. 


30. 


When f(x) =2, then 
x + 38x+2=2 
> x=0 


i.e. when x =0, then f(x) =2 
1 
& (f(@)) = aoaa (0, 2) 


1 
= f@=5 


.. Option (a) is incorrect. 


Now, h(g(g(x))) =x 
=> h(g(g(f())) = f@) 
=> h(g(x)) = fF) ... (ii) 


As g(f(x)) =x 

& h(g(8)) = f@) =3° + 88) +2=38 
.. Option (d) is incorrect. 

From Eq. Gi), —-h(g(x)) = f(@) 


= h(g(f(x))) = FF) 

> h(x) = f(F(@)) ..-(i1i) 
[using g(f(x)) = 3] 

= W(x) =f (FO) F @) ---(v) 


Putting x =1, we get 
h’ (1) =f (fQ)): f 0) = 6 x 36 + 8) x 6) 
=111x6=666 
.. Option (b) is correct. 
Putting x =0 in Kq. (iii), we get 
h(O) = f(fO)) = f2@)=8+6+2=16 
.. Option (c) is correct. 


Here, f(x) =acos (|x? —x|) + b|xlsin (|x + x]) 


If # —x>0 
> cos |x? — x|=cos (x° — x) 
xe —x<0 

> cos |x° — x|= cos (x? — x) 

cos (|x° —x|)=cos (x? —x), VxeR wi) 
Again, ifs’? + x>0 
=>  [xlsin (|x? + x])=xsin (? + x) 

ve +x<0 
=> |x|sin (|x? + x])=— «sin {—- (a? + x)} 

lxlsin (1x? +x])=xsin @® +x),VxeER (ii) 

=> f(x) =a cos (|x? —x|)+ bl x] sin (|x? + x1) 


f(x) = acos (? — x) + bxsin (x? + x) ... (iii) 
which is clearly sum and composition of differential 
functions. 

Hence, f(x) is always continuous and differentiable. 


Here, 
(-8, -1/2<x<1 
—2, l<x< 2 
f(x) = [x -3] = [7] -3=4-1, V2<x<v3 
0, VB <x<2 
ue x=2 
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and = g(x) =| x| f(x) + |4a—- 71 f(x) 
=(|x|+14x-7]1) f@) 
=(lx]+|4x—-7]) fx? -3] 


(-x-4x- 7) 3), -1/2<x<0 
(x-—4x+ 7) 3), O<x<l1 
(x—4x+ 7) (2), 1<x< v2 
={ (x-4x+7)(-1), V2<x<v3 
(x—4x+7)0), V3<x<7/4 
(x + 4x — 7) (0), TIA<x<2 
(x + 4x — 7) (1), e=2 
15x+21, -1/2<x<0 
9x-21, O<x<l1l 
6x-14, 1l<x< 2 
B@)= 38x —- 7, V2 <x< 3 
0, VB <x<2 
5x — 7, x=2 


Now, the graphs of f(x)and g(x)are shown below. 
Graph for f(x) 


Clearly, f(x) is discontinuous at 4 points. 
.. Option (b) is correct. 
Graph for g(x) 


X< >X 


12 lamot V2 V3 2 


{3ve7 ae 


Clearly, g(x) is not differentiable at 4 points, when 
x € (-1/2, 2). 
.. Option (c) is correct. 
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31. 


32. 


33. 


g(x), x>0 
Here, f(x)=4 0, x=0 
— g(x), x<0 
, g(x), x20 
f@= 
—g (x), «<0 
.. Option (a) is correct. 
(b) h@=el =i os *20 
e*, x<0 
Sy Ko=| © x>0 
-e*, x<0 
> h’ 0*)=1and h’ 0°) =-1 


So, A(x) is not differentiable at « =0. 
“Option (b) is not correct. 
(c) (foh)(x) = f{h(x)} as h(x) >0 

_| ge), x20 

7 gee *), «<0 

ewg(e), x20 
-e“g(e~), x<0 
=> (fohY 0°) = g (1), (fohY 0) =- ’ Q) 
So, (foh)(x) is not differentiable at x =0. 
-. Option (c) is not correct. 


= (fohy (x) -| 


ox) 
(d) (hof)(x) = ef! |; | x#0 
e=1, x=0 
|g(x)| 

NowGoly Os ta 

h>0 x 

_ ya 2-1 gO) 
h>0 | g(x) x 


21_1  |g(x)-0] |. Lad 
- lim - lim 


= hm 
h>0 |g(~)| h>0 |x| 


| x 


ae A aera as g (0)=0 


.. Option (d) is correct. 
Let F (x) = f(x)-3g (x) 
F(-1) =3, F@)=38 and F(2)=3 


So, F” (x) will vanish atleast twice in (-1,0) U (@, 2). 


+: F’ (x) >Oor <0, V xe (1,0) U @, 2) 


Hence, /’ (x)—38g’ (x)=0 has exactly one solution in 


(-1,0)and one solution in (0, 2). 
A function f(x) is continuous at x=a, 


if lim f(x) = lim f(x) = f(a). 


Also, a function f(x) is differentiable at x=a, if 


x>at x-a 


a 


xa x— 


Le. fa )=f@) 


34, 


Given that, f: [a,b] > [1,) 
( 


0 ? x<a 


an g(x) = | f@dt, a<x<b 


[{f@d, x55 
Now, g(a’) =0= g(a") = g(a) 
[as g(a*) = lim | : f(t)dt =0 
and g(a)= [/f@at =0] 


g(b") = g(b*) = (6) =| fat 


=> gis continuous for all xe R. 


0 -; x<a 
Now, g (x)=4f(x) , ax<x<b 
0 , x>b 


& (a )=0 
but & (a*)=f(a)=1 
[. range of f(x) is [1 
=> gis non-differentiable at x=a 


,), xe [a, d]| 


and g (b*)=0 
but g(b)=f(b)21 
=> gis not differentiable at x= 6. 
eee ees” 
2 
1 
f(x) =4 — cos x, ee 
x1, O<x<1 
log x, x>1 
a T 
Continuity at x=— sy 
1 tT) 
= =0 
a}eCa)-3 
: 1 
RHL = lim cos ( +h) =0 
h>0 2 


. 1 
.. Continuous at x= (- 5) 


Continuity at x=0 
fO)=-1 
RHL= lim 0+ A)-1=-1 
h>0 


.. Continuous at x=0. 


Continuity at x=1, 
fl) =0 
RHL = lim log (1+ A) =0 
hoo 


. Continuous at x=1 


[ 1, oa 
2 
f’ (x) sinx, -—<x<0 
a O<x<1 
i x > 1 
x 


Differentiable at x =0, LHD =0, RHD =1 
.. Not differentiable at «=0 
Differentiable at x=1, LHD =1, RHD=1 
.. Differentiable at x= 1. 


Also, prgen” 
2 


T 
=> ees 


.. Differentiable at x =— ; 


35. f(x+ y)= f(x) + f(y), as f(x) is differentiable at x = 0. 


=> f O=k (i) 
f(x+ h)— fF) 
h 


Now, f (x) = lim 
hoo 


= tin [0+ FO) Fe) 


Given, f(x+ y)= f(x) + f(y), Vx, 
f0) = f@)+ fO), 
when x=y=0 = f@)=0) 


Using L’Hospital’s rule, 
iin 
h>0 1 


=f O=k .. (ii) 


= f (x)=, integrating both sides, 
f(x) =kx+C,as f0)=0 
> C=0 f(x) = kx 
-. f(x) is continuous for all xe R and f (x)=k, ie. 
constant for allxe R. 
Hence, (b) and (c) are correct. 
36. Here, f(x) =min {1, x’, x°} which could be graphically 
shown as 


=f (x) is continuous for xe R and not differentiable at 
x= 1 due to sharp edge. 


Hence, (a) and (d) are correct answers. 
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37. From the figure, 


y = min {x, x?} 


h(x) is continuous all x, but h(x) is not differentiable at 
two points x=0 and x=1. (due to sharp edges). Also 
’ (x) =1,Vx>1. 


Hence, (a), (c) and (d) is correct answers. 


jx-3| , x21 
38. Here, f(x)=4x? 3x 18 
a. ed 
4 2 4 
RHL at x=1, lim [1+h-3|=2 
hoo 
LHL at x«=1, 
= 2 eed 
lim & hy 30 A) 13 _1 313 _14 3 _» 
ho0 4 2 4 4 2 4 4 2 


f(x) is continuous at x=1 


—(x-38), 1l<x<3 
Again, f(x)= (x - 3), x23 
x 38x 18 
Soe, eed 
4 2 4 
-1, 1<x<3 
f’(@=4 1, x>3 
Laer 
—---, <x<l 
2 2 
RHDatx=1 > -1 


eye cly ex : _ : = i differentiable at x=1. 


RHDatx=3 => 


1 
Again, Jace differentiable at x =3. 


LHDatx=3 > -1 


39. We know that, f(x) =1+ |sin x| could be plotted as, 
(1) y=sinx a ...(i) 


(2) ... (ii) 


y=|sin x| 


>X 
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40. 


41, 


42, 


(3) y=1+lsinx| .. (ili) 
Yn 
iis y=1 + |sinx| 
VV VV 
x" —T O T on Br >X 
y’ 


Clearly, y=1+|sinx| is continuous for all x, but not 
differentiable at infinite number of points.. 


x+ y=2y, 
x-y=2y, 
when y>0 > x>0 


when y>0 


Since, x+ =2y> 
Iyl=2y when y <0 


ee Y=, 
y=x/3, when y<0 => x<0 


which could be plotted as, 


Clearly, y is continuous for all x but not differentiable at 
x=0. 

1, 0 

Also, dy = — 

dx |1/3, x<0O 


Thus, f(x) is defined for all x, continuous at x=0, 


differentiable for all x ¢ R—{0}, “ = F for x <0. 
oa 
We have, lim su)corm= 30) ° form| 
x0 sin x 0 
aii & (x) cos x— g(x)sinx _ 
x0 cos x 
Since, f(x) = g(x)sin x 
f’ (&) = g (x) sinx+ g(x) cosx 

and f’’ (x)= g’’ (x) sinx+2g’ (x) cos x— g(x) sinx 
= f’’ 0) =0 
Thus, lim [g(x) cosx—g() cosec x]=0= f’’ (0) 


0 


= Statement I is true. 

Statement II /’ (x) = g (x) sin x+ g(x) cosx 

=> f’@O=80) 

Statement IT is not a correct explanation of Statement I. 


A. x|x| is continuous, 
increasing in (-1, 1). 

B. ,/|x| is continuous in (—1, 1) and not differentiable at 
x=0. 

C. x+ [x] is strictly 
discontinuous at x =0 
= not differentiable at x =0. 


differentiable and_ strictly 


increasing in (-1,1) and 


43, 


44, 


45. 


46. 


47, 


48, 


D. |x-1|+|x+1]=2 in (1,1) 
= The function is continuous and differentiable in 
(-1, 1). 
We know, [x] e 1, VxeR. 
Therefore, sin (mz [x])=0,Vxe¢R. By theory, we know 
that sin (x [x]) is differentiable everywhere, therefore 
(A) © (p). 
Again, f(x) =sin{m(x— [x])} 
Now, x- [x] =({x} 
then n(x — [x]) = m{x} 
which is not differentiable at x € I. 
Therefore, (B) © (r) is the answer. 


Given, F(x) = f(x): g(x)-h (x) 
On differentiating at x =x, we get 
F’ &) = Fo) 8%) 2 (Xo) + F(X) & (X) A (Xo) 
+ f (Xp) B(%p)A’ (Xo) .-) 

F’ (x9) =21 F(x), fF’ (%) = 4F (%) 
& (X)=- 7 g(%) and h’ (x) =RkA(%) 
On substituting in Eq. (i), we get 

21 F(x) =4 f (xp) B(%)A (Xo) — 7 F(X) (Xp) A(X) 


where, 


+k f(x)8%)h(Xo) 
=> 21=4-7+k, [using F (x) = f(%) g(%) A(&%)] 
: k=24 
ie 
Given, f@)={14e"7 **° 
0, x=0 
A — 
ee eae are i 
Rf’ (0) = f’ 0") = jim T= lim "a, =0 
-h 
—Vh 
and EP Wie/' 0 =e 
h>0 —-h 
= lim Pi ae =1 
h>0 Af 1+0 
f’@*)=0 and f’@)=1 
1 
= 2% = . 
Ged. fe (x—1)°sin G1) |x|, ifx#1 
-1, ifx=1 
eu ijPate : —x, O<x-{1} 
(x- 
As, f(x) =4(x-1)*sin + x, x<0 
(x-1) 
-1 ‘ x=] 


Here, f (x) is not differentiable at x =0 due to|x]. 
Thus, f (x) is not differentiable at x =0. 


It is always true that differential of even function is and 
odd function. 


Since, f (x) is differentiable at x =0. 


=> It is continuous at x=0. 
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ie. lim, f@)= lim f@)=/ 0) s POAT 29% 
— aW2_4 ahl2_ 4 ee) 
ee . &*-1laia 
Here, lim, f @) = lim ; = lim ia = so FO ~ him g() 
a 2 bee a x- x70 
Also, lim_f (x)= lim b sin” (=) “page => f’@)= limg@ => f’ @=s@) 
x07 2 2 
se 2 1 => f («)is differentiable at x=a. 
sia 2 2 2 Conversely, suppose f is differentiable at a, then 
=> a=1 lim P21) exists finitely- 
Also, it is differentiable at x=0 ee) F@) 
Rf’ @)=Lf' @) Let e@=1 x-a °°" 
gest 7 f’ @), x=a 
Rf’ 0°) = lim —2__ 2 [-a=] Clearly: ieee al ©) 
h>0 h ‘ ; 
=  g (x)is continuous at x=qQ. 
=i ae" -2-h 1 Hence, f (x) is differentiable at x=a, iff g(x) is 
h—0 2h2 8 continuous at x=aQ. 
. ifc-h\) 1 51. It is clear that the given function 
and ie [ is __b/2 Cae) et 
h->0 -h é f@=,0-xQ-x), l<xs2 
1- 4 (8 — x), x>2 
Dk continuous and differentiable at all points except 
4-2 8 possibly at x=1 and 2. 
tinuity at x=1 
2 6462 = (4-22) Con = i ; . , 
> a=1 and 6467=(4-°’) press et oe 
= lim[1-(1—h)]= limh=0 
; ) 4 1 h>0 hoo 
. Here, lim — (n + 1) cos (=| “Nn and RHL= lim f(~)= lim (-x) @-x) 
n>eo TT n x—31t x—1t 
=a nf? (2 , 1) ee (2) -i} = lim nf (2) = lim [1-1 + A)] R-A+ A)] 
n- © T n n Wace n aes oe h- a - h)= 0 
1) 2 1) afl nS? 
where, f a a cos -1=f'() o LHL= RHL= f ()=0 
‘ Therefore, f is continuous at x=1 
is f 0) = lim nf (2)| Differentiability at x=1, 
—o m fA-W-70) 
a2 ad : Ly y= 
lim — (n+ 1)cos~ —-n=f’ (0) eal) —h 
n> JU n =, = = 
2 “jn 1-0 eon) is (= )--1 
where, f(x) =~ (1+ x) cos! x-1, f@) =0 no —h ho0\-h 
T 
and Rf’ 0)= Jim £0+0-F) 
> f’ w= = {a + x) = + cos! + - 
2 = = = 
n Ea Pee a+ e-c+ W) 
2 eZ 2 h>0 h 
=> f’O= | 1+ ja .. ii) _y ~AQ-A)_,. oe 
aL ital jim C= = mh -1) =—1 
. From Kgs. (i) and (i), we get Since, L [f’ (1)]=Rf’ (1), therefore f is differentiable at 
. 2 =] 1 2 x= 1 
lim — (n+1)cos~ |—|-n=1-— a 
n> co TT n T Continuity at x = 2, 


. Since, g (x) is continuous at x=a => lim g (x)=g(@) LHL = ae f (x)= ao (l—x) @—x) 
x7 a 


and f (x)- f @)=g (x) («-a), VxeR [given] = lim - @-A)] [@-@-A)] 
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52. 


53. 


= lim(-1+h)h=0 
h>0 


and RHL= lim f (x~)= lim @-4x) 
x 2% x 2t 


= lim [B- (2+ A)] = lim (1-hA)=1 
hoo h>0 


Since, LHL # RHL, therefore fis not continuous at x =2 
as such f cannot be differentiable at x =2. 

Hence, f is continuous and differentiable at all points 
except at x=2. 


, x>0 
Given, f(x)= Pe =e » £<0 
0 , x=0 


xe* , x>0 
So € +» x0 
0 » #=0 


(i) To check continuity at x =0, 
LHL (at x =0)= lim —h =0 
hood 


F h 
RHL =m gn =0 


Also, f @)=0 
.. f(x) is continuous at x =0 


(ii) To check differentiability at x =0, 
$= tie 102-70 
h>0 —-h 


= lim ae 
h>0 —h 


-2/h _ 
2 iim “Og 
h>0 h 


-. f(x) is not differentiable at x =0. 


Givens (= ”) _ fat f(y) nen 


On putting y =0, we get 


x) f(x)+fO)_ 1, , . = 

(2) FO Tas fel & FO=1 
= 2f(Z)=rer+1 
=> fe) =2/(2)-1.v ER (i) 
Since, f’ (0) =-1, we get 

lim/ Ot M-fO __5 

hod h 
- A ace ...(ii) 


ho>0 h 


54, 


f(xt h)— f(x) 
h 


Resa iofeke aca 
gain, f’ (x) lim 


2 
hood h 


[02+ 12H) _ se 


h 
1 2x 2h 
5)2(Z) +275] 1 ie 


hood h 


(7 =) _ f(x) 


[from Eq. ()] 
; f(a) -14.2f(h)-1]— fo) 
= lim 


ho0 h 


“tim f+ f)-1-f@) 


ho0 h 


phe Se | [from Eq. (ii)] 


f’ (~)=-1, VxeR 
= | f’@dx=[ -1 dx 


> f(x) =-x+ k, where, k is a constant. 
But f@)=1, 

therefore f(0)=—-0+k 

> 1=k 

= f(@=1l-x, VxeR = fQ@)=-1 


We have, f(x+ y)= f(x): f(x), Vx, ve R. 
- £0)=f)-fO) => fFO){fO)-1}=0 


> fO)=1 [.- FO) #0] 
Since, f’ 0)=2 => lim LOS TO) =2 
hoo h 
= lim i=! 2 [- fO=1] ...@) 
Also f’ () = lim eens 
tim £0: FQ)= 1) 
hood h 
[using, f(x+ y) = f(x): FO) 
a a 
f’ (wx) =2f (x) [from Eq. (i)] 
7 f'@) 
f (x) 


On integrating both sides between 0 to x, we get 


pee dx =2x 
0 f(x) 


log, | f(x) |— log, | f@) |=2x 
log,| f(x) | =2x 

log, | f@)|=0 
f@)=e* 


[- f@) =] 


55. y=[x]+|1-x|,-l<x<3 


-1+1-x, -1<x<0 
O+1-x, O<x<l1l 
> y= 
1l+x-1, 1sx<2 
2+x-1, 2<x<8 
—-x, -l<x<0 
l-x, O<x<l 
> y= 
+X, 1<*#<2 
x+1, 2<x<3 
which could be shown as, 
Ye 
447 a 
3+ 
27 a 
{7 
WSs 
x’ —— > 
1 0} 123 X 


Clearly, from above figure, y is not continuous and not 


differentiable at x = {0,1,2}. 


56. Since, If) - f@) P< @- y)? 
| f(y) — F@)P 
=> cae <(x- y) 
2 
_ f(y) — f(@) Zyiy (i) 
yok 
2 
=> lim f(y) — F@) < lim («-y) 
you yx y= 
=> If’ P <0 


which is only possible, if | f ’ 


f’ @)=0 
or f’ (x) = Constant 
57. Since, f(—x) = f(x) 


.. f(x) is an even function. 


fF’ )=hn 


“tim [O-W-fO 


m fO+h)-fO) 
0 h 


ho0 —h 
Since, f ’ (0) exists. 


Rf’ O)=Lf’ @) 


(x)|=0 


[. FCA) = fA)] 


=> 

h>0 h h>0 h 
Ss Hii OO, 

ho>0 h 

h>0 h 


f’@)=0 


58. Given that, f(x) = | 


59. 
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-1, -2<x<0 
(x-1), O<x<2 
Since, x € [-2, 2]. Therefore, |x| ¢€ [0, 2] 
=> f(|x|) =|x]-1, V xe [-2, 2] 


x-1, O<x<2 
a fsd={"2 —2<x<0 
1, —2<x<0 
Also, |f(x)|=,l-x, O<x<1 
x-1, 1lsx<2 
Also, g(x) = f(1xl) +1 f@) | 
—x-1+1, -2<x<0 
= «x-1l+l1-x, O<x<l 
x-l+x-1, 1l<x<2 
—Xx, —2<x<0 
g(x) = 0, O<x<1 
2(e-1), 1<x<2 
-1, -2<x<0 
g’(~)=4 0, Osx<l 
2, l<x<2 


-. RHD (at x=1) = 2, LHD (at x=1) = 0 
= g(x) is not differentiable at x =1. 


Also, RHD (at x=0) = 0,LHD at (x=0) = -1 


= g(x) is not differentiable at x=0. 


Hence, g(x) is differentiable for all x « (-2, 2) — {0,1} 


f= -x7-x4+1 


Given, 


=> f’ («) = 3x7 -2x-1 = Bx+ 1) (x-1) 
.. [{(x)is increasing for x € (—, — 1/3) U (1, &) 


and decreasing for x € (1/3, 1) 


Also, given g(x) = 3 
— x, 


f(x), O<x<1 
38-x, 1<x<2 


> g)= 


At x=1, 


> gta) =| 


— x7 x4 1, O<x<1 
3-X, l<x<2 
RHL=lim (@-.«x)=2 
x1 
LHL = lim (? —x*-x+1)=0 
x 
.. It is discontinuous at x=1. 


2_ Oy <x< 
Kgs, 2° GS 38x°-2x-1, O<x<1 
-1, 1<x<2 


and 


>  g(t)=-1 
and g’(1_)=8-2-1=0 


“. g(x) is continuous for all xe (,2)—{1} and g(x) is 


differentiable for all x € (, 2) — {1}. 


max {f(t);0 <t<x}, O<x<1 
1l<x<2 
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[at 
60. Given that, f(x)= 2a? ~Tx+5 


,when x #1 
, When x=1 
3 


RED ein CI 
ho>0 h 


1+h-1 ( 1) 
2 

ae 2(1+h)°-70+hA)+5 3 

ho50 h 

= 8h4+2(1+h)?-70+h)+5 

no0 | 8A{2(1+h)?- 70 + h) +5} 


2h? 2 
=lim x I= 
no0 | 3h (-3h+ 2h”) 9 


LHD = lim i= asi) 
ho70 —h 


aatitas Cl 
_ jim L20- = 70-A)+5 3 


ho>0 —h 
—3h+2(1+ h?-2h)-701-h)+5 
3h (20. —h)?- 70 —h) +5] 

. 2h? 2 
= lim 5 = Aa 
ho0 —8h(2h7+3h) 9 


ho>0 


LHD = RHD 


64, 


Hence, required value of f’ (1) = -= : 


61. Given, f(x)=xtan! x 


Using first principle, 
f a= tim 
ho>0 


oe Oo 1) 
h 


[ -1 _ -1 
— im) +2) tan (+ A) - tan 2 
hoo] h 
[ -1 -1 -1 
—jim| fan +h) tan) | Atan a+) 
hoo} h h 
=lim 7 tan is }+tanta+n 
rm0Lh 2+h 
tan7! oie 
. 2+h T 
=lim h ; 
a ey ee 
2t+h 
if_ fh 
; 1 2t+h wT La 
= lim ae 
ho02+h h 4 2 4 
(2+h) 


62. g(x)= [2 (f’ (t) cosec t — cot t cosec t f(t))dt 


g(x) = (2) cosec “ — f(x) cosec x 
f(x) 


=> g(x)=3-— 
sin X 


63. 


lim g(x) = lim 
x0 x0 


Ga (2) 
sin x 

_ mn BOS ea F &) 

cos x 


PLAN 
(i) Inthese type of questions, we draw the graph of the function. 
(ii) The points at which the curve taken a sharp turn, are the 
points of non-differentiability. 


Curve of f(x) and g(x) are 


H x 
1 


= 
h(x) is not differentiable at x= +1 and 0. 


As, h(x) take sharp turns at x= +1 and 0. 


Hence, number of points of non-differentiability of h (x) 
is 3. 


Let p(x) =ax' + bx? + cx" + dx+e 
=> p’(x) =4ax® + 3bx7+2cxt+ d 
p(1)=4a+3b+2c+d=0 (i) 


and p’(?)=32a+12b+4c+d=0 ... (11) 
Since, lim (1422) =2 [given] 
x0 x 
44 \ 1 2 1 

lim ee tdx+e_y 

x0 x 
=> c+1=2, d=0, e=0 
=> c=1 


From Eqs. (i) and (ii), we get 


4a+3b=-2 
and 32a+12b=-4 
> pees and b=-1. 
4 
x! 
p(x)=—-x +x 
4 
> pdj=2® a4 
4 
> p(2)=0 


Topic8 Differentiation 
ii, 


We know, 

(+ x)" = "Cy + "Cx + "Cy xt + bi Oper lg 
On differentiating both sides w.r.t. x, we get 
mileage? "C42" Cok... nC 


On multiplying both sides by x, we get 
n x1 +x)" * = "Cx t+ 27°C +... 4 "Cx" 
Again on differentiating both sides w.r.t. x, 
we get 
n[t+x)"-1+(n-lx+x" 7] 
="0 42" "Cee cen "Ca 
Now putting x =1 in both sides, we get 
WO 4 O") "Cot CY", Hct & )C, 
=nQ2"-1 4 (n-1)2"~*) 
For n = 20, we get 
OC, 2) Cs By MCs 4.2.2 BOY Cy 
= 202'° + (19) 2"*) 
= 20 (2+ 19) 2" = 420 (2"8) 
= A(2®) (given) 
On comparing, we get 
(A, B) = (420, 18) 
o Tat ten [es ie = tan" [= i 7 


sin x+ cos x tanx+1 


[dividing numerator and denominator 


by cosx>0,¢(0, 5) 


tan x—- tan = 
1 4 


=tan = 
1+ [tan *) (tan x) 


stan tan{ “|| 


E tan A-—tanB _ 


. —_——_—— = tan (A - B) 
1+tan AtanB 


: Lilaswk 1 
Since, it is given that xe (0, 5) so 


1 nT 
x-—e/-—,— 
ieCia) 


Also, for (« - *) € (- is ‘ =) 
4 4° 4 


Then, 
f(x) = tan! [tan (x - *)) =x- 7 


E tan' tan =6, for 0 ( ; | 


Now, derivative of f(x) w.r.t. is 


df (x) _ 4 af) 
d(x/2) ~ d(x) 


2948 [x t\=2 
dx 4 


3. Key Idea Differentiating the given equation twice w.r.t. ‘x’. 


Given equation is 


e +xy=e ..-(i) 


Limit, Continuity and Differentiability 219 


On differentiating both sides w.r.t. x, we get 
dy _ dy 


on ae ..- (i) 
= dy __|_9 (iii) 
dx e+%x 


Again differentiating Eq. (ii) w.r.t. ‘x, we get 


2 2 2 
d : 
o 3 +e(2) + x seo erage ...(iv) 
dx dx dx” dx dx 
Now, on putting x=0 in Eq. (i), we get 
a. ll 
e =e 
=> yal 
On putting x =0, y=1in Eq. (iii), we get 
dy___ 1 _ii 
dx e+0 e 
Now, on putting x=0, y=1 and cas in 
dx e 


Eq. (iv), we get 


d’ 1 
= 7 =3 
hoy © 
dy dy ( 1 = 
So, —,—~/at (0, 1) is} -—,— 
[< 3) oe ee 


4, Let y= f(f(F@)) + (f@)) 


On differentiating both sides w.r.t. x, we get 
a =f (FF @))): f (fF): f @&) + 2f Of @) 


[by chain rule] 


So, =f (FFA): £ FQ): £O +2fOF OD 
at x=1 
dy , , 
—| =f FQ): f @-@)+20)@) 
dX. 4 


[- f@) =1and f (1) =3] 
=f Q)-@)-@6)+6 
=(8x9)+6=27+6=33 


5. Given expression is 


2 2 
_1( V3 cos x + sin x _1( V3 cotx+1 
2y =| cot - =| cot 
cosx—v3sinx cot x— V3 
[dividing each term of numerator and 


denominator by sin 4] 
2 


cot x cotx+1 ' 
=| cot! ae: ae i cot = ‘8 | 


Tt 
cot x — cot — 
6 


2 
=| cot” cot{Z = +: cot(A — B) = cot Acot B+ 1 
6 cot B- cot A 
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m+0, -™<0<0 
‘- cot t(cot®)=4 0, 
O@-nm, 1<O0<2n 


0<0<Tz 


6. Given equation is 
Qa)” sAe”-* . Gi) 
On applying ‘log,’ both sides, we get 
log, (2x) = log, 4+ log, eno 
2y log, 2x) = log, (2)? + (Qx-2y) 
[. log, n” =m log, n and log, & = f(x) 
=> (2log,@x)+2)y =2x+ 2 log, (2) 
x+ log, 2 
=> = A Be 
1+ log, (2x) 


On differentiating ‘y w.r.t. ‘x, we get 
dy 7 (1+ log, (2x))1 — («+ log, 2) = 
dx (1+ log, 2x))” 


1+ log,@x)-1 aS log, 2 
% 


(1+ log, (2x))” 


x log, (2x) -log, 2) 
x 


So, (1+ log, 2x)? ay -( 
dx 


7. We have, xlog,(log, x)—x°+ y*=4, which can be 


written as 
yr aat x” — xlog, (log, x) dea: (1) 
Now, differentiating Eq. (i) w.r.t. x, we get 
2y dy =2x%—x s 1-log, (log, x) 
dx log, x x 
[by using product rule of derivative] 

d 2x - ims log, (log, x) 
= ( »)= OBe ¥ .. (ii) 

dx 2y 


Now, atx=e y?=4+ &- elog, (log, e) 
[using Eq. (i)] 


=4+4 e-elog,(1)=4+ e-0 
=e'+4 
> y= Jerr+4 [. y > 0] 
- Atx=eand y= Je’ +4, 
dy 2e-1-0_ 2e-1 
dx 2Je+4 aJe+4 


[using Eq. (11)] 


8. We have, 
fe) =2 + Ff 0) + xf’ @)+ f’’ B) 

=> f’ (x) =3x7 + Qxf’ (1) + f’’ 2) ag (1) 
=> ff’ @=6x+ 2f 0) (ii) 
=> f'' (x~)=6 .. (iii) 
=> f’’()=6 
Putting x =11in Eq. (1), we get 

f Q)=8+4 2f (1) + f’’ 2) eas) 
and putting x =2 in Eq. (11), we get 

f’ 2)=12+2f () ...(V) 


From Eqs. (iv) and (v), we get 
f A=38+2f 0)+ 024+ 2/7 ()) 
> 38f (1) =-15 
> f d)=-5 
> f’ 2)=12+2(-5)=2 {using Eq. (v)] 
‘ faa? + 2° 0) + sf’ @+ f’’ @) 
=> f(x) =? —5x? + 2x+6 
=> fQ) =2? —5(2)? + 22) + 6=8-204+4+6=-2 


9. We have, x=3tantand y=3sect 


d dy a (8 sect) 
Clearly, a dt = a 
ee (8 tan t) 
dt dt 
_ 3sect tant _ tant _ ont 
3 sec’ t sect 
and 22-4 (2) _d (2). dt 
dx* dx\dx) dt\dx) dx 
ajdy) d_. 
_ dt\dx) _ an ‘) _ cost _ cos’ t 
dx ad 6} tan t) 3sec” t 3 
dt dt 
d’y nr) 08 | 1 1 
Now, - [a t A 
dx 4 3 3Qv2) 6V2 


_if 6xvx _4| 2+ Gx?) 
10. Let y=tan™! = tan! 
ee [23, | Pe 


=2tan! Bx") : 2tan-}x=tan™! zi 


1-2 
dy 1 3 ye 9 
=2- 8x — lx 
an isGe 3S Toe 
9 
x) = ——— 
oO) Toe 


11. 


12. 


13. 


14, 


15. 


Here, g is the inverse of f(x). 


> fog(x) =x 
On differentiating w.r.t. x, we get 


? _ = sl 
Pig@xg@=1> g(x) Fee) 
1 cn pee: 
sree] 
1+ {g(x 
=>  g(x)=1+ {g(x} 
Given, y = sec (tan ‘ x) 
Let tan }x=0 
=> x=tan0@ 


y=sec@ =/1+x° j 
On differentiating w.r.t. x, we get 
dy = i 2x 
dx Q/1 + x” 
Atx=1, Beets 
dx 2 


Since, f(x) = e8 = e& Y= f(x41) = xf (x) = xe? 


g(x+1)=logx+ g(x) 
1.e. g(x+1)- g(x) =logx .. (i) 


and 


: 1 
Replacing x by x- of we get 


ex ;| ex ;] = los{ «5 = log Qx-1)-log2 
1) .f..1)_. -4 ” 
2g (= 5) g (« 5] @x—1? .. (i) 


N in Eq. (11) and adding, 


On substituting, «=1,2,3,..., 


we get 
1 id 
"| N+4 sg’ 441+ t : 
“( 5)-# --afi+} 9 ana" 
Since, -( a) 
7m ids dx 


d (#)- d (¢ 1 td 
dy\ dy) dx\dx) dy 
dx d?y (2) (4 d?y (2) 
= = = 
dy” dx? }\ dx dy dx? }\ dx 
f" @=- f@ 
= Sif’ (=~) 
=> & (x) =— f(x) [° g(x) = 


rele(3 {eG} 
_ r @)=2(#(2))-#(3)-3 


Since, 


f’ (x), given]...(i) 


Also, 
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16. 


17. 


18. 


19. 


=0 [from Eq.(i)] 


(a) (a) 


> F (10)=F 6)=5 


F (x) is constant 


Let, g(x) = f(x) — 
= g(x) has atleast 3 real roots which are x =1,2,3 
[by mean value theorem] 
= g’ (x) has atleast 2 real roots in x € (1,8) 
=> g’’ (x) has atleast 1 real roots in x € (1, 3) 
=> f’’ (x)—2-1=0. for atleast 1 real root in x € (1,3) 
=> f’’ (x) =2, for atleast one root in x € (1, 3) 


Given that, log (x + y) =2xy ...(i) 
. At x=0, = log (y)=0 => y=1 
.. To find & at (CO, 1) 


On differentiating Eq. (i) w.r.t. x we get 


El 4 P| ig pg 
x+y dy dx 

dy _ 2y(xt+ y)-1 

dx 1-2(x+y)x 


> (2) =1 
dx)(o,1) 


Given, x7+ y?=1 


=> 


On differentiating w.r.t. x, we get 
2x+2yy¥ =0 
> x+ y¥ =0. 
Again, differentiating w.r.t. x, we get 
Loy ty =O 
=> 1+ (7)? + yf’ =0 
x sinx cosx 
f@=|6 -1 0 


pop UP 


Given, 


On differentiating w.r.t. x, we get 
3x" cosx —-sinx| |x? 


sinx cosx 
f’(@)=|6 -1 0 |+/0 oO O 
p pp Pp of 


x sinx cosx 
+/6 -1 0 


0 0 0 
3x" cosx —sinx 
=> f’@=|6 -1 0 
2 3 
Pp p p 
6x -sinx -—cosx 
=> f’@=/6 -1 0 |+0+0 
pp DP 
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6 —cosx sinx 23. Given, —f (x) =|x-21 
a ay a : g ©) = f If @]=Ilx—21-21 
P P P When, x>2 
aaah g(x) =|(@-2)-2|=|x-4|="-4 
f’’’@)=|/6 -1 O |=0= independent of p o g’ (x) =1 when x>2 
2 23 
Dp p Pp 
24, Let u=sec? (- : Jana v= Jl-x 
20. Since, y? = P(x) Qx°-1 
On differentiating both sides, we get Put = —— 
2yy, =P’ (x), a u=sec (—sec2 6) and on sin8 7 
Again, differentiating, we get = i hi 28 [- sec” (x) = 1 —sec~ x] 
yyy + 2y2 = P’? (x) and v=sin@ 
du 
= 29 yo + By" = yP’’ (x) = a 
= 29 y= °P*’ (x) -2.(91)” GUO 
P’ (wy? an Fag cos 
= 29° yy = PQ): P” (ay - OF eae 
| - BSB 
Again, differentiating, we get dv cos® \du)g-n/3 
2 Ed (x Yo) = P’ (x): P’’ (x) + P(x): P’’’ (x) 25. Given, f (x) = log, (log x) 
dx ; - log (log x) 
_ 2P’ (x) P’’ @) % (gees 
a Sa log x 
et 9 “ GF ys) = P(x) P’”” (x) On differentiating ae a we get ; 
r, Pr (log x) (3. : ‘| — log (log x)-— 
By Lg yee = P(x): P’’’ (x) i’ (= ogx x : x 
21. Given, xe” = y+ sin? x ioe(h) ie (;3) — log (1): - 
On putting x =0, we get f’@= -¢ o? : 
0-e= yt+0 l 
~ Wb = f=; 
Ah@® h@® £® 
On differentiating Eq. (i) both sides w.r.t. x, we get 26. Given, F(x) =| g, (x) go (x) gs (x) 
1-e™ +4-e% («2 + »| -2 +2sin x cos x hy (x) hg (x) hg (x) 
ee : A @ fh’ @ f’@ 
On putting x =0, y=0, we get o F’ (=| 2, go(%) gs &) 
e° +00 +0) [FI +2sin 0 cos 0 hy (x) hg (x) hg (x) 
dx.Lo, 0 £@ h® £®O||AM k® 4 
24 EB =] +} 8,°() 89’) 83’ @I+| 8) 82) 83 (&) 
dx \o,o hy (x) hy (x) hg (x) hy’ (x) he’ (x) hg’) 


, => F’(a)=0+0+0=0 
a aia [- f(a) = g,(a) =h,(a); r=1,2,3) 
f(x) = x rs ifx20 peed 

—#,  ifx<0 27. Given, y= | . ) 
f(x) is not differentiable at x =0 but all R-{0}. x +1 


=> 


Piped decd 
Therefore f’ (@) =12%, x >0 a 
> —2x, x<0 dy _ (2S) d (a=) 
i i dx 241) dxlx?t1 
= rr@a py, 229 : : 


of 2x-1) | x? + 1)-2- Qx-1) 2x) 
Therefore, f(x) is twice differentiable for all xe R-{0}. = sin , 


+1 (x? + 1)? 


: (Bot 2x7 + 2x42 
=sin . 


+1 (x7 + 1)? 
_ -2(-—x%-1) . 9| 2xe-1 
(x? + 1)? _ (2 + ) 
ie 2 ax” bx Cc 
; @@-a)(@-b)(x-d (@-b)(e-0) (x-9 
ax” bx x 


(x-—a)(x-—b)(x-c) (x-—b) (x o Cc) 


7 ax” x b 24 
(x—a)(x—-b)(x-Q (x-Olx—-b> 
ax” x x 


(@@—a)(x—b)(x-0  (@-0 (5) 


x a ) # 
= +1)/> y= 
(x-—c)(«-b)\x-1 (x— a) (x— b) (x-) 
log (x- a) (x— b) (x- ©) 
=> log y=8 log x— log (x- a) — log (x — b) — log(x - c) 


=> log y=logx 


On differentiating, we get 
y 38 1 1 1 


yx x-a x-b x-Cc 


y’ [ 1 ) 2 1 [ 1 ) 
=> = + 

y x x-a x x-b x x-c 

y 


‘ -—a b c 

=> = 

y x(x-a) x(x-b) x(x-od 

y’ a b c 
> = + 

y x(a-x) x(b-x) x(c-x) 
= v2 G4 b ‘28 ) 

y “xl\a-x b-x c-x 


. sin x 3 1 
29. Here, (siny) 2 + oa sec (2x) + 2* tan {log (x + 2)} =0 
On differentiating both sides, we get 


: sin ay : T T 
(sin y) ? -log (sin y)-cos ra a 


sin Ry -1 
+ (sin | (sin a 2 - cos ye 
2 V3 5 _ 2* sec” flog (x + 2)} 
2 Q|x|) 4x2 -1 (x + 2) 


+ 2* log 2- tan {log (x + 2)} =0 


Putting [+- -l,y= -2) , we get 


_ 7 3 
Coma 


30. Given, 
On differentiating w.r.t. 8 respectively, we get 


x=sec@ — cos@ and y=sec” 6 — cos” 6 


bau =secO tan8 + sin8 
dé 
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and a =nsec"~!@-sec@ tan@ — n cos” '@-(—-sin®) 


=> a = tan 6 (sec + cos6) 
dé 


and ay =ntan6 (sec” 6 + cos”) 
do 

dy _ n (sec"@ + cos” 8) 

dx sec 6 + cos0 

(2) _ n” (sec"®@ + cos” 8)” 

dx (sec@ + cos)” 


=> 


_ n? {(sec”@ —cos”6)* + 4} nn? (y? + 4) 
{(sec@ — cos)” + 4} (x? + 4) 


d 2 
=> (x? 4 (2) = ny? +4) 
x 


A(x) BX) C(x) 
31. Leto(x~)=| A@) Ba) Ca@) ..-(i) 
A’@) B’@) C’@) 
Given that, © is repeated root of quadratic equation 
f (x) =0. 
». We must have f (x) = (x —0)?- g(x) 
A’ (x) B(x) C’(@) 
o’(@)=|A@) Boa) C@) 
A’@) B’@) C’@) 
A’q@) B’@) C’@) 
=> 6’@)=|/A@) Bo) C@) |=0 
A’q@) B’@) C’@) 


> x= is root of 0’ (x). 
> (x —a) is a factor of ’ (x) also. 
or we can say (x—@)” is a factor of f(x). 


= 6 (x)is divisible by f(w. 
32. Given,y= {004 ,sin x): (log,,, ,cos x) ) + sin | ( ae :}} 
: 1l+x 
: 2 
we log, (sin x) - sin? 2x 
log, (cos x) 14+ x 
(log,(cos x)-cotx | 
dy =2 | (sinx) + log, ( in x): tan x) 2 


dx log, (cos x) flog, (cos x)}” “1422 
| 2-1e(2)] 
-log 
dy v2)|, 2 
> (2) 7 =2<1- ; art =) 
(=-4) log 1+ 
2 16 
8 32 
= =. + 5 
log,2 164+ 17 


33. Given, (a+ bx)e =x => y= lo = 
at bx 


=> y =x [log (x) — log (a + bx)] 03 (1) 
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34, 


35. 


On differentiating both sides, we get 


(2 e J +1 Row) — tox (a+b 


dx x atbx 


sig Og 2 ty 
dx x (a + bx) 


ax 
a+t bx 


> xXYy= 


oes (4) 


Again, differentiating both sides, we get 


ioe ee (a + bx)-1—x-b{ | 
oe (a + bx)? ca 
ag ve a’x” 
> (a+ bx)? 
2 
=> 4,5)" [from Eq. (ii)] 
“— \ (a + bx) 
= a yo = (xy, — 9)” 
dy (dy .\ 
Bl 
mi dx” . dx - 


Given, A(x) = [f@]’ + [g@)? 
=> h’ x=2f(x)- f’ (x) + 28(@)- 8’ (x) 
=2 [f()- g(x) - g(x): f@)] 
=0 [- f’ @&) = g @)and g’ (x) =-f()] 
h(x) is constant. 
= h(l0)=h(6)=11 
Since, y= evsing® (tan x)”, then 


asin x 


3 
y=utov, where u=e and v= (tan x)” 


‘ a (de, a - 
dx \dx dx 
Here, u =e" x" and log v= x log (tan x) 


On differentiating both sides w.r.t. x, we get 


Gt _ gins? (8x? cosx® + sin x*) (ii) 
dx 


ana? 

and ae aa + log (tan x) 

v dx tanx 

“ = (tan x)* [2x- cosec (2x) + log (tan x)] ...(iii) 
x 


36. 


37. 


Download Chapter Test 
http://tinyurl.com/yédl841x 


From Egs. (i), (ii) and (iii), wet get 


BY = gusinx® (8x? cos x° + sin x?) + (tan x)” 
dx 
[2x cosec 2x + log (tan x)] 
Given, y= ae sy cos"(2x + 1) 
3 |1—x| 
5x 2 
+cos*2x+1), x<1 
_ |80-4) 
> y= 
+ cos’?Qx+1), x>1 
3(x—1) 


The function is not defined at x=1. 


(5 {° ~ x) -x(-1) 


2sin (4x+ 2), x<1 


_, w_J8l a-%’ 
o S/o) 2sin (4x+ 2), x>1 
3 (x-1) 
(5 
dy_ 30 —-x" 2sin (4x + 2), Ke I 
dx | 5 secs 
3@ 21» 2sin (4x+2), x>1 
Here, in () = 
x91 G(x) 14 
= lim 4 5 == [using L’Hospital’s rule]...(i) 
As F (x)= [ f(t) dt=> F’ (x)= f(x) (ii) 
and Gox)=[" elf ¢@i ae 
=> G’ @)=a\f (FQ) (iii) 
i ote Oe 
1G (x) 91 G(x) x1 x|f {FO} 
o 7). ...(iv) 
1/ALfFQ}| Ff G/2)} 
Given, in? = es 
x31 G(x) 14 
i 
a: 27 1)_ 
7 i)" 
2 


or 
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Application of Derivatives 


Topic 1 Equations of Tangent and Normal 


Objective Questions I (Only one correct option) 


1. 


If the tangent to the curve y= xe R (x¥+ V3 ), at 


29? 


a point @,8)#(@,0) on it is parallel to the line 
2x + 6y—11=0, then (2019 Main, 10 April 11) 
(a) |6x+ 2B|=19 

(b) | 6a + 2B|=9 

(c) | 20+ 6B|=19 

(d) | 20+ 68 |=11 

Let S be the set of all values of x for which the tangent to 
the curve y= f(x) =2° — x” —2xat (x, y)is parallel to the 
line segment joining the points (1, f(1)) and (-1, f(-1)), 
then S is equal to (2019 Main, 9 April I) 


oe we 
() {-> i (a) {-3-4 


If the tangent to the curve, y=2° + ax— b at the point 

(1,5) is perpendicular to the line, -x+ y+ 4=0, then 

which one of the following points lies on the curve ? 
(2019 Main, 9 April 1) 


(a) (-2, 2) (b) (2, = 2) 
(c) (2, (d) (2,-1) 
The tangent to the curve y =x" —5x+5, parallel to the 


line 2y = 4x + 1, also passes through the point 
(2019 Main, 12 Jan II) 


A helicopter is flying along the curve given by 
y—22=7,(«>0). A soldier positioned at the point 


1 : i 
(5. 7] wants to shoot down the helicopter when it is 


nearest to him. Then, this nearest distance is 


(2019 Main, 10 Jan II) 
1 [7 V5 1 {7 1 
sig ne b) == aaa d) — 

os re O a3 Or 


6. 


10. 


11. 


If 6 denotes the acute angle between the curves, 
y=10-x" and y=2+ x" at a point of their intersection, 
then | tan 6|is equal to (2019 Main, 9 Jan I) 


7 8 4 8 
= b) — ES dd). — 
(a) iT (b) ig (©) 5 (d) ar 


If the curves y” = 6x, 9x” + by” =16 intersect each other 


at right angles, then the value of b is (2018 Main) 
7 

a) 6 Ee 

(a) (b) 5 
9 

c) 4 d) = 

(c) (d) 5 


The normal to the curve y(x—-2) (x-3)=x+6 at the 
point, where the curve intersects the Y-axis passes 


through the point (2017 Main) 
(a) (-5-3] (b) (55) 
2 2 2 2 
() (5-§ (a) (55| 
2 a 2 3 


Consider f(x) = tan = sn x (0, = 
1-sinx 2 


A normal to y=f(x) at x =2 also passes through the 


(2016 Main) 


(b) (0 =) () (z. 0| (d) (2. 0| 
3 6 4 


The normal to the curve x” + 2xy —3y” =0 at (1,1) 

(a) does not meet the curve again (2015 Main) 
(b) meets in the curve again the second quadrant 

(c) meets the curve again in the third quadrant 

(d) meets the curve again in the fourth quadrant 


point 
(a) (0, 0) 


The point(s) on the curve y? +3x’?=12y, where the 


(2002, 2M) 
() E oS 0 
3 


alse 


tangent is vertical, is (are) 


(ee? 
(c) (0, 0) 
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12. 


13. 


If the normal to the curve y= f(x) at the point 


(3, 4) makes an angle . with the positive X-axis, then 


f’ 8) is equal to (2000, 1M) 
(a) -1 (b) —3/4 

(c) 4/3 (d) 1 

The normal to the curve x=a (cos0+9sin6), 


y=a (sin®@ —8@ cos@) at any point ‘@’is such that 
(1983, 1M) 
(a) it makes a constant angle with the X-axis 
(b) it passes through the origin 
(c) it is at a constant distance from the origin 
(d) None of the above 


Objective Questions II 
(One or more than one correct option) 


14. 


15. 


On the ellipse 4x*+9y?=1, the point at which the 


tangents are parallel to the line 8x=9y, are (1999, 2M) 


If the line ax+ by + c=0is a normal to the curve xy = 1, 
then 

(a)a>0,b>0 
(b) a> 0, b< 0 
(c)a<0,b>0 
(d)a<0,b<0 


(1986, 2M) 


Fill in the Blank 


16. 


Let C be the curve y’ —3xy+2=0. If H is the set of 
points on the curve C, where the tangent is horizontal 
and V is the set of points on the curve C, where the 
tangent is vertical, then H =...andV =... . (1994, 2M) 


Analytical & Descriptive Questions 


17. 


18. 


19. 


20. 


21. 


If | f(x) — f(x) |< (4 — x9)", Vx,,%.¢R. Find the 
equation of tangent to the curve y= f(x) at the point 
(1, 2). (2005, 4M) 
The curve y=ax° + bx” + cx+5, touches the X-axis at 
P(-2,0) and cuts the Y-axis at a point Q, where its 
gradient is 3. Find a, b, c. (1994, 5M) 
Tangent at a point P, {other than (0, 0)} on the curve 


y= meets the curve again at P,. The tangent at P, 
meets the curve at P, and so on. 


Show that the abscissa of P,, P,, P,, ..., P,, form a GP. 
Also, find the ratio of 
[area (AP, P,P, )\/[area (AP,P; P,)}. (1993, 5M) 


Find the equation of the normal to the curve 
y=(1+ x) +sin 1(sin?x) at x=0. (1993, 4M) 
Find all the tangents to the curve y=cos (x+ y), 
—2n <x<2n, that are parallel to the line x+ 2y=0. 
(1985, 5M) 


Integer Answer Type Question 


22. 


The slope of the tangent to the curve (y—x°)? = x(1+ x”)? 
at the point (1, 3) is (2014 Adv.) 


Topic 2 Rate Measure, Increasing and Decreasing Functions 


Objective Questions I (Only one correct option) 


1. 


A spherical iron ball of radius 10 cm is coated with a 
layer of ice of uniform thickness that melts at a rate of 
50 cm®/min. When the thickness of the ice is 5 cm, then 
the rate at which the thickness (in cm/min) of the ice 
decreases, is (2019 Main, 10 April II) 


1 1 5 
2S OC) 
er be 


1 
(b) —— (c) — 
18% 361 
Let f(x) =e —xand g(x) =x" — x, V xe R. Then, the set 


of all xe R, where the function h(x) = (fog) (x) is 
increasing, is (2019 Main, 10 April II) 


fa Tuas (aU. 
(a) [ose ) (b)) aS 15 } 
-1 
5. 
A water tank has the shape of an inverted ny circular 


(©) [0, ©) @} 0 ULL) 


ar 


: ‘ ‘ afl : 
cone, whose semi-vertical angle is tan oF Water is 


poured into it at a constant rate of 5 cu m/min. Then, the 
rate (in m/min) at which the level of water is rising at 


the instant when the depth of water in the tank is 10 m 


1s (2019 Main, 9 April II) 
2 1 

(a) — (b) — 
T 51 
a 1 

Cc) —— d) —— 

©) 15 @) 10 


Let f : [0,2] > Rbe a twice differentiable function such 
that f’’ (x) >0, for all xe (,2). If o(~) =f(x~) + f@—-x), 
then 0 is (2019 Main, 8 April 1) 
(a) increasing on (0, 1) and decreasing on (1, 2) 
(b) decreasing on (0, 2) 
(c) decreasing on (0, 1) and increasing on (1, 2) 
(d) increasing on (0, 2) 
If the function f given by 
f(x) =9° -3(a -2) x + 3ax+ 7, 
for some a € Ris increasing in (0, 1] and decreasing in 
(x) -14 : 
——, =0(x #1) is 
(x-1) 
(2019 Main, 12 Jan II) 
(d) 5 


[1, 5), then a root of the equation, 


(a) -7 (b) 6 (c) 7 


6. 


10. 


11. 


12. 


13. 


14. 


15. 


x d-x 
Ja2+x2 fb? + (d-x)? 
and d are non-zero real constants. Then, 

(2019 Main, 11 Jan II) 


Let f(x) = , xe R, where a, b 


(a) f is an increasing function of x 

(b) f’is not a continuous function of x 

(c) f is a decreasing function of x 

(d) f is neither increasing nor decreasing function of x 


If the function g : (—:%, 0%) > (-£ > 4 is given by 


Zs Tt ? 
g(u) =2tan e)- Then, g is (2008, 3M) 


(a) even and is strictly increasing in (0, ~) 
(b) odd and is strictly decreasing in (—°%, 00) 
(c) odd and is strictly increasing in (—-9, ©) 
(d) neither even nor odd but is strictly increasing in 
(—c0, 02) 
If f(x) =x? + bx" + ex+ dand0 <b? <c, then in (-~, «) 
(a) f(x) is strictly increasing function (2004, 2M) 
(b) f(x) has a local maxima 
(c) f(x) is strictly decreasing function 
(d) f(x) is bounded 


The length of a longest interval in which the function 


3sin x—4sin® xis increasing, is (2002, 2M) 
1 1 

a) = ee 

(a) (b) ; 
3m 

(c) — d) x 

) ‘ (d) 
If f(x) =xe*"~”, then f(x) is (2001, 2M) 


(a) increasing in [-1/ 2, ]] 
(c) increasing in R 


For all x € (0,1) 


(b) decreasing in R 
(d) decreasing in [-1/2, 1] 


(2000, 1M) 
(a) e <1+x (b) log, (+ x)< x 
(c) sinx>x (d) log. x>x 
Let f(x) =| e* (x — 1) (x- 2) dx. Then, f decreases in the 
interval (2000, 2M) 
(a) (7, -2) (b)(-2,-1) ©) (1, 2) (d) (2, 2) 


The function f(x) =sin* x + cos‘ x increases, if 
3 


(a) 0<x<% (bj) <n 2” (1999, 2M) 
8 4 8 
jet seer" (jh eee 
8 8 
If f= he and g(x) = — where 0<x<1, then in 
sin x tan x 
this interval (1997, 2M) 
(a) both f(x) and g(x) are increasing functions 
(b) both f(x) and g(x) are decreasing functions 
(c) f(x) is an increasing function 
(d) g(x) is an increasing function 
: l : 
ihetaneiea taj (1995, 1M) 
log (e+ x) 


(a) increasing on (0, ) 
(b) decreasing on (0, 0) 


16. 
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(c) increasing on (0, 1/e), decreasing on (m/e, o) 

(d) decreasing on (0, 1 /e), increasing on (1 /e, 0) 

Let f and g be increasing and decreasing functions 
respectively from [0,°) to [0,0) and h(x) = f{g(x)}. If 
h(O) =0, then h(x) — h(1) is (1987, 2M) 
(a) always negative 

(b) always positive 

(c) strictly increasing 

(d) None of these 


Objective Questions II 
(One or more than one correct option) 


17. If f:R—R is a differentiable function such that 
f (x) >2f(x) for allxe R, and f(O)=1then (2017 Adv.) 
(a) f(x) > e* in (0, ©) 
(b) f’ (x) < e™ in (0, 2) 
(c) f (x) is increasing in (0, o) 
(d) f(x) is decreasing in (0 ©) 
18. If f:@, oo) — Rbe given by (2014 Adv.) 
i) 
x [+7 dt 
= ¢) at 
f(x) = Je 7 
Then, 
(a) f(x) is monotonically increasing on [1,-°) 
(b) f(x) is monotonically decreasing on [0,1) 
© F0)+f(2)=0,v"e Oo) 
x 
(d) f(2*) is an odd function of x on R 
19. If h(x) = f(x) — f(x)? + f(x)® for every real number x. 
Then, (1998, 2M) 
(a) h is increasing, whenever fis increasing 
(b) # is increasing, whenever fis decreasing 
(c) his decreasing, whenever f is decreasing 
(d) Nothing can be said in general 
Fill in the Blanks 
20. The set of all x for which log (1 + x) < xis equal to..... ; 
(1987, 2M) 
21. The function y=2x"-log|x| is monotonically 


increasing for values of x(#0), satisfying the 
inequalities... and monotonically decreasing for values 
of x satisfying the inequalities... . (1983, 2M) 


Match the Columns 


Directions (Q.Nos. 22-24) by appropriately matching 
the information given in the three columns of the 
following table. 

Let f(x) =x+ log, x— x log, x, x € (, ~) 

Column 1 contains information about zeros of f(x), f’ (x) 
and /f” (x). 

Column 2 contains information about the limiting 
behaviour of f(x), f (x) and f” (x) at infinity. 
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Column 3 contains information about increasing/decreasing Column | Column II 
nature of f(x) and f’ (x). ; 
A. x+sinx p. increasing 
Column-1 Column-2 Column-3 B. secx q. decreasing 
) f(x) = 0 for some i) lim f(x) =0 P) fis increasing r. neither increasing nor decreasing 
xe (1,e°) nae in (0, 1) 
) (x) = Ofor some ii) lim f(x)=- 0  (Q) fis decreasing Analytical & Descriptive Questions 
xe (1,€) me in @,e*) 3x («+ 1) [. 2 | 
26. Prove that sin x+2x> ,V xe/0, 
ll) f(x) = Ofor some ili) lim f’(x)=- 0 (R) fis increasing 1 [ 2 | 
x€ (0,1) ity (Justify the inequality, if any used). (2004, 4M) 
V) : ba for some Vv) lim F’(%) =0 S) ee 27. Using the relation 2 (1 — cos x) < x, x #0 or prove that 
sin (tan x) 2>x,VxE (0, TT /4). (2003, 4M) 
22. Which of the following options is the only INCORRECT 28. If -1<p<i, then show that the equation 
combination? (2017 Adv.) er : : , 
es ; 4x? —3x— p =Ohas a unique root in the interval [1 /2, 1] 
(a) (I) Gi) (P) (b) (D Gy) (Q) and identify it. 
(c) TD Git) (P) (d) (I) @) (R) (2001, 5M) 
23. Which of the following options is the only CORRECT xe™ x<0 
combination? 29. Let f(x) -| a 2 <6 
(a) @ Gi) ®) (b) (II) Gv) (P) ali 
(c) AD) Gii) (S) (d) (IV) @ (S) where, a is a positive constant. Find the interval in 
24. Which of the following options is the only CORRECT which f’(x) is increasing. (1996, 3M) 
combination? 30. Show that 2sinx+2tan x >3x, where0<x<7/2. 
(a) (IIT) Gii) (R) (b) (IV) Gv) (S) (1990, 4M) 
(c) TD Gi) (Q) (d) D @ ®) 
1. Show that1+ x1 4x? 4+1)2J14+27 Vx>0. 
25. Match the conditions/expressions in Column I with oi Showiherlpaleg Grae a1) art a ane 2M) 
Pralemenean Cole 32. Given A= {x Baus 4 and f(x) = cos x— x (1+ x). Find 
Let the functions defined in Column I have domain 6 3 
(-n /2, m/2). f(A). (1980, 2M) 


Objective Questions I (Only one correct option) 


1. 


If f: R- Ris a twice differentiable function such that 
f’ (x) > 0 for all xe R, and (=) = Zz f(1) =1, then 

2) 2 (2017 Adv.) 
(b) f° @>1 
(5 < ra<i 


(a) f(s 0 


()0< fs 


2 


Topic 3 Rolle’s and Lagrange’s Theorem 


Analytical & Descriptive Question 


3. 


If f (x) and g (x) are differentiable functions for0 <x <1, 
such that fO) =2, g@)=0 
fQ)=6, gQ)=2 


Then, show that there exists c satisfying 0<c<1and 
f’ (Q=28 (0. (1982, 2M) 


Assertion and Reason 


Topic 4 Maxima and Minima 


2. Let f(x)=2+ cos, for all real x. Objective Questions I (Only one correct option) 


Statement I For each real t, there exists a point cin 


644 nl -such that #'(o=0 1. Let f(@=5-|x-2| and g(x)=|x+1, xeR If f(x) 
: , ; attains maximum value ato and g(x) attains minimum 
peceure hicseR bn Ig Te be Ke): i 
Statement II f(t) = f(t+ 2m) for each real t. (2007, 3M) value of B, then Perea @ubeh eduan Te 
(a) Statement I is correct, Statement II is also correct; (2019 Main, 12 April 11) 
Statement i is the correct explanation of Statement I (a) 1/2 (b) — 3/2 () -1/2 (d) 3/2 
(b) Statement I is correct, Statement II is also correct; . 
Statement II is not the correct explanation of 2. If the volume of parallelopiped formed by the vectors 


Statement I 
(c) Statement I is correct; Statement II is incorrect 
(d) Statement I is incorrect; Statement II is correct 


i+Aj+k, j+Akand Ai+ kis minimum, then A is equal 
to (2019 Main, 12 April 1) 


@) () () vB (@) -v3 


eal 


10. 


11. 


If m is the minimum value of k for which the function 
f(x) =x kx - x” is increasing in the interval [0, 3] and M 
is the maximum value of f in the interval [0, 3] when 
k =m, then the ordered pair (m, M) is equal to 

(2019 Main, 12 April 1) 
(a) (4, 3V2) (b) (4, 3V3) 
(c) (3, 33) (d) (5, 3V6) 
If f(x) is a non-zero polynomial of degree four, having 
local extreme points at x =—1,0,1, then the set 
S={xeR: f(x) = f(@)} contains exactly 
(a) four rational numbers (2019 Main, 9 April !) 
(b) two irrational and two rational numbers 
(c) four irrational numbers 
(d) two irrational and one rational number 
The height of a right circular cylinder of maximum 


volume inscribed in a sphere of radius 3 is 
(2019 Main, 8 April II) 


(a) V6 (b) 28 
() V3 () 218 
If S,; and S, are respectively the sets of local 


minimum and local maximum points of the function, 
f(x) =9x* +122? — 36x? + 25, xe R, then 
(a) S, = 2}; S, = {0,]} (2019 Main, 8 April I) 
) §=(2,0;5,= 0 
(c) S, = {-2,; S, = {0} 
(2) S, = {5 S, = {0,3 
The shortest distance between the line y=x and the 
(2019 Main, 8 April 1) 

7 11 
ae ajc 
4/2 _ 4/2 
The maximum area (in sq. units) of a rectangle having 
its base on the X-axis and its other two vertices on the 
parabola, y=12—- x” such that the rectangle lies inside 
the parabola, is (2019 Main, 12 Jan |) 
(a) 36 (b) 20/2 
(c) 82 (d) 18/3 
The maximum value of the function 

f(x) = 8x — 18x" + 27x — 40 

on the set S ={xe R: x? + 30 < 11x} is (2019 Main, 11 Jan 1) 
(a) 122 (b) - 122 (c) — 222 (d) 222 
Let A (4,-4) and BQ,6) be points on the parabola, 
y” = 4x. Let C be chosen on the arc AOB of the parabola, 
where O is the origin, such that the area of AACB is 


maximum. Then, the area (in sq. units) of AACB, is 
(2019 Main, 9 Jan II) 


curve y?=x—2is 


(a) 2 ) 2 (c) 
8 


(a) ait (b) 32 
() 312 (a) 302 
Fi 2 


The maximum volume (in cu.m) of the right circular 
cone having slant height 3m is (2019 Main, 9 Jan I) 


(a) st (b) 2/8x 
(©) 3V8n (da) 6x 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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Let fia and er x eR —{-1,0,1}. If 
x 


3 
x 
h(x) = Et) , then the local minimum value of h(x) is 
&(x) (2018 Main) 
(a) 3 (b) -3 
(c) -2/2 (d) 2/2 


If 20 m of wire is available for fencing off a flower-bed in 
the form of a circular sector, then the maximum area (in 


sq. m) of the flower-bed is (2017 Main) 
(a) 12.5 (b) 10 
(c) 25 (d) 30 


A wire of length 2 units is cut into two parts which 
are bent respectively to form a square of side = x units 
and a circle of radius =r units. If the sum of the 
areas of the square and the circle so formed is 


minimum, then (2016 Main) 

(a) 2n = (m+ 4)r (b) (4- a)x = ar 

(c) x= 2r (d) 2x=r 

The least value of a € R for which 4ax” + Z >1, for all 

x 

x>0, is (2016 Adv.) 
1 1 1 1 

a) — — c) — Gy 225 

ry ©) 29 On O35 


Let f(x) be a polynomial of degree four having extreme 


values at x=land x=2. If !™ ji fo) = 8, then f(2) is 
x 


x>0 
equal to 
(a) -8 (b) -4 
(c) 0 (d) 4 
If x=-1 and x=2 are extreme points of 
f(x) =a log|x| + Bx? + x, then (2014 Main) 
1 I 
a)a=-6, =— a=-6, =-_ 
(a) B 5 (b) B ; 
1 1 
ca=2,pR=-— dja=2,B=— 
(c) B 2 (d) B 3 
The number of points in (—%, e%) for which 
x’ —x sinx—cosx=0, is (2013 Adv.) 
(a) 6 (b) 4 (c) 2 (d) 0 


Let f, g and h be real-valued functions defined on the 
interval [0, 1] by f (x) = e+ ar, e(x= xe +6" and 
h (x) = ve +e" If a, b and c denote respectively, the 
absolute maximum of f, gandhon [0,1], then (2010) 
(a) a=bandc#b (b) a=canda#b 

(c) a#bandc#b (d) a=b=c 

The total number of local maxima and local minima of 
2+)", -8<x<-1, 


the function f(x) = 1s (2008, 3M) 


-l<x<2 
(a) 0 (b) 1 (c) 2 (d) 3 


If f(x) =27+2bx + 2c? and g(x) =— x" -2cx+ b7, such 
that min f(x) >max g(x), then the relation between b 


x3, 


and ¢, is (2003, 2M) 
(a) No real value of b and c (b) 0< c< bV2 
()lel<| b| V2 (d)|cl>| b| V2 
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22. If f(x) = cle ee Osis . Then, at x=0, f has 
(2000, 1M) 
(a) a local maximum (b) no local maximum 
(c) a local minimum (d) no extremum 
2 
23. If fwe= = , for every real number x, then the 
x 
minimum value of f (1998, 2M) 
(a) does not exist because fis unbounded 
(b) is not attained even though fis bounded 
(c) is 1 
(d) is —1 

24. The number of values of x, where the function 
f(x) = cos x + cos (/2x) attains its maximum, is(1998, 2M) 
(a) 0 (b) 1 (c) 2 (d) infinite 

25. On the interval [0,1], the function x”° (1 — x)”° takes its 
maximum value at the point (1995, 1M) 
(a) 0 (b) 1/4 (c) 1/2 (d) 1/3 

26. Find the coordinates of all the points P on the ellipse 
cu + oD =1, for which the area of the APON is 
a 
maximum, where O denotes the origin and N is the foot 
of the perpendicular from O to the tangent at P. 

(1990, 10M) 
+b” ta” +b? 
(a) [= (b) te 
Va" ne Va7+ b? a?—b? Va?-b? 
a2 + b? + +b? 
Va" i Va? e va2—0? Va? +0? 

27. If P(x) = ay + a,x" + agx’ +...+ a,x is a polynomial in 
a real variable x with 0 < dy) <a, <da,<...<a,. Then, 
the function P(x) has (1986, 2M) 
(a) neither a maximum nor a minimum 
(b) only one maximum 
(c) only one minimum 
(d) only one maximum and only one minimum 

28. If y=a logx+ bx’ + xhas its extremum values at x =—1 
and x=2, then (1983, 1M) 
(a)a=2,b=-1 (b) a=2,b=—— 

(c)a=- 2, b= 5 (d) None of the above 

29. Ifp, q andr are any real numbers, then (1982, 1M) 

(a) max (p, q)< ied (p, 9,7) 

(b) min (p, oes q-|p-4q)) 

(c) max (p, g)< min (p, g, r) 

(d) None of the above 
Objective Questions II 
(One or more than one correct option) 

|cos@x) cosQx) sin@x) | 
30. If f(x)=|-cosx cosx -—sinx|, then 
sin x sin x COS X (2017 Adv.) 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


(a) f(x) attains its minimum at x = 0 

(b) f(x) attains its maximum at x = 0 

(c) f’(x) = Oat more than three points in (-7, 7) 

(d) f’ (x) =0 at exactly three points in (-7, 7) 

Let f:R—- @0,) and g:R—- R be twice differentiable 
functions such that f’’ and g’’ are continuous functions 
on R. Suppose f’ 2) = g(2) =0, f’’(2) #0 and g (2) 0. 
ie im £O8@ 


—— > = 1, then 
x2 f" (x) & (x) 


(2016 Adv.) 
(a) f has a local minimum at x = 2 
(b) f has a local maximum at x = 2 
(©) fF" (2)> FQ) 
(d) f(x)— f’’ (x) = 0, for atleast one xe R 
The function f(x) =2|x|+|x+2|-||x+2|]-2|x|| has a 


local minimum or a local maximum at xis equal to 
(2013 Adv.) 


@) 2 = (2 (a) 23 
A rectangular sheet of fixed perimeter with sides 
having their lengths in the ratio 8:15 1s converted into 
an open rectangular box by folding after removing 
squares of equal area from all four corners. If the total 
area of removed squares is 100, the resulting box has 
maximum volume. The lengths of the sides of the 


rectangular sheet are (2013 Adv.) 
(a) 24 (b) 32 (c) 45 (d) 60 
[  ¢& O<x<1 
If f(x)=42-e"!, 1<x<2 and g@=[> f(t) dt, 
x-e , 2<x<38 
xe [1,3], then (2006, 3M) 


(a) g(x) has local maxima at x = 1+ log, 2and local 
minima at x=e 

(b) f(x) has local maxima at x = land local minima at x = 2 

(c) g(x) has no local minima 

(d) f(x) has no local maxima 


If f(x) is a cubic polynomial which has local maximum at 

x=-1. If f@)=18,f0)=-1 and f’ (x) has local 

minimum at x=0, then (2006, 3M) 

(a) the distance between (— 1, 2) and (a, f(a)), where x = a 
is the point of local minima, is 2/5 

(b) f (x) is increasing for x € [1, 2/5] 

(c) f(x) has local minima at x =1 

(d) the value of f(0) = 


The function 


f(x) = | i t (e —1) (¢-1) ¢-2)? (t-3)' dt has a local 
minimum at x equals (1999, 3M) 
(a) 0 (b) 1 (c) 2 (d) 3 

_ [8x7 +12x-1,-1<x<2 
If poy = [et ge ycg? then (1993, 3M) 


(a) f(x) is increasing on [-1, 2] 

(b) f(x) is continuous on [-1, 3] 

(c) f (2) does not exist 

(d) f(x) has the maximum value at x = 2 


Match the Columns 
38. A line L:y=mx+8 meets Y-axis at H(0,3) and the 


arc of the parabola y?=16x,0< y<6 at the point 
F' (x9, Yo). The tangent to the parabola at F(x, yo) 
intersects the Y-axis at G(,¥4,). The slope m of the 
line L is chosen such that the area of the AEFG has a 
local maximum 

Match List I with List II and select the correct answer 
using the codes given below the list. 


Column | Column Il 
P, m= i 1/2 
Q. Maximum area 2: 4 
of AEFG is 
R.  Yo= 3. 2 
S. yy = 4. 1 
Codes 
P Q R S 
(a) 4 1 2 8 
() 38 4 1 2 
() 1 38 2 4 
d@) 1 38 4 2 


Passage Based Problems 


39. 


40. 


41. 


Consider the function f : (—c°, 0) — (—ce, 0) defined by 
f(x) = x ax+ 1 0<a<2. 


= (2008, 12M) 
x +axt1 


Which of the following is true ? 

(a) (2+ a)” f’’@) + (2-a)’f”"(-D) =0 

(b) (2- a)? f’’() - (2+ a)?” -=0 

© f’@ fC) = @- a)? 

@) f’@ fC) =- @+ a)? 

Which of the following is true ? 

(a) f(x) is decreasing on (-1, 1) and has a local minimum at 
CHa 

(b) f(x) is increasing on (—1, 1) and has a local maximum at 
v= 1 

(c) f (x) is increasing on (—1, 1) but has neither a local 
maximum nor a local minimum at x=1 

(d) f(x) is decreasing on (-1, 1) but has neither a local 
maximum nor a local minimum at x=1 


* f'@ 
Let g (x)= 
J Oh age 
(a) g (x) is positive on (- oo, 0) and negative on (0, 00) 
(b) g’ (x) is negative on (— ~, 0) and positive on (0, ~) 
(c) g’ (x) changes sign on both (— ©, 0) and (0, ©) 
(d) g’ (x) does not change sign (- »%, ©) 


dt. Which of the following is true? 


Analytical & Descriptive Questions 


42. 


If f(x) is twice differentiable function such that f(a) =0, 
f(b) =2, f(O =1, f(d) =2, f(Q =0, wherea <b <c<d<e, 
then the minimum number of zeroes’ of 
g(x) ={f’ (xo)! + f” (x)- f(x) in the interval [a, e] is 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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For the circle x" + y? =r, find the value of r for which 
the area enclosed by the tangents drawn from the point 
P(6, 8) to the circle and the chord of contact is 
maximum. (2003, 2M) 
Find a point on the curve x” + 2y? =6 whose distance 
from the line x + y= 7, is minimum. (2003, 2M) 
Let f(x) is a function satisfying the following conditions 
@) f(0) = 2,f@=1 


Gi) f(x) has a minimum value at x = 5/2and 


2ax 2ax-1 2ax+ b+1 
(iii) For all x, f’ (x) = b b+1 -1 
2(ax+b) 2ax+2b+1 2ax+b 


where, aand b are some constants. Determine the 
constants a, b and the function f(x). (1998, 8M) 
Let C, and C, be respectively, the parabolas x” = y—1 
and y”=x-—1. Let P be any point on C, and @ be any 
point on C,. If P, and Q, is the reflections of P and Q, 
respectively, with respect to the line y=. Prove that BR 
hes on C, Q, lies on C, and PQ = min (PP,, QQ, ). Hence, 
determine points Py) and Q, on the parabolas C, and C, 
respectively such that P\Q) < PQ for all pairs of points 
(P, Q) with P on C, and Q on C,. 

If Sis a square of unit area. Consider any quadrilateral 
which has one vertex on each side of S. If a,b,c and d 
denote the length of the sides of the quadrilateral, then 
prove that 2 <a7+b7+d7<4. (1997, 5M) 
Determine the points of maxima and minima of the 


function f (x) =; Inx—bx+ x", x>0, where b>0 is a 


constant. (1996, 5M) 


Let (h, k) be a fixed point, where h >0,k>0. A straight 
line passing through this point cuts the positive 
directions of the coordinate axes at the points P and Q. 
Find the minimum area of the AOPQ, O being the 
origin. (1995, 5M) 


The circle x” + y” = 1cuts the X-axis at Pand Q. Another 
circle with centre at Q and variable radius intersects 
the first circle at R above the X-axis and the line 
segment PQ at S. Find the maximum area of the AQSR. 


(1994, 5M) 
(b° — b7+ b-1) 
+ , O<x<l 
Let f(x) = (62 +3b +2) i 
2x — 3, 1<x<3 


Find all possible real values of 6 such that f(x) has the 
smallest value at x=1. (1993, 5M) 


What normal to the curve y=x" forms the shortest 
chord? (1992, 6M) 


A window of perimeter (including the base of the arch) 
is in the form of a rectangle surmounted by a 
semi-circle. The semi-circular portion is fitted with 
coloured glass while the rectangular part is fitted with 
clear glass. The clear glass transmits three times as 
much light per square meter as the coloured glass does. 
What is the ratio for the sides of the rectangle so that 
the window transmits the maximum light? (1991, 4M) 
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54. 


A point P is given on the circumference of a circle of 
radius r. Chord QR is parallel to the tangent at P. 
Determine the maximum possible area of the APQR. 


is open at the top. The bottom of the container is a solid 
circular disc of thickness 2 mm and is of radius equal to 
the outer radius of the container. 


(1990, 4M) If the volume of the material used to make the container 
55. Find the point on the curve 4x7 + ay” =4a2, 4<a7<8 is minimum, when the inner radius of the container is 
that is farthest from the point (0, —2). (1987, 4M) 10 mm, then the value of BAG is (2015 Adv.) 
T 
56. Let A(p”,— p) B(q’, q), C (r?,—r) be the vertices of the ; ; : . 
Henngle ABC JM vanilla ARDE e drawncw, or 2° VORNOR Te Dares Wirouels. te pola U0) 
vertices D, E and On the line segments BC, CA and intersects the ellipse * 4 7 =1atthe points P and @. If 
AB, respectively. Using calculus, show that maximum 4 3 : 
area of such a parallélogram is 1 eer noar the tangents to the ellipse at Pand Q meet at the point 
(1986, 5M) = 
57. Let f(x) =sin® x+ Asin? x, — ; <x< - Rindthe If A(h)=area of the APQR,A,= max A(h) and 
' 8 ; ea 
intervals in which A should lie in the order that f(x) has Do> ger Aves nens Oi Sha 1s Caual to (2018 Ady 
exactly one minimum and exactly one maximum. ; 
(1985, 5M) 64. Let f:R—R be defined as f(x) =|x|+|x°-1|. The 
; . : total number of points at which f attains either a local 
58. Find the coordinates of the point on the curve y = le Wine NnGGr a local sane ie (2012) 
where the tangent to the curve has the greatest slope. 65. Let p(x)be a real polynomial of least degree which has a 
(1984, 4M) local maximum at x=1 and a local minimum at x =3. If 
59. A swimmer S is in the sea at a distance d km from the p(l)=6 and p() =2, then 7/0) is equal to en) 
closest point A on a straight shore. The house of the 66. The number of distinct real roots of 
swimmer is on the shore at a distance L km from A. He xt — 49? + 12x74 «-1=0is...... 
can swim at a speed of u km/h and walk at a speed of 67. Let f be a function defined on R (the set of all real 
vu km/h (v>u). At what point on the shore should be numbers) such that f’ (x) =2010 (x-2009) (x—2010)? 
land so that he reaches his house in the shortest 3 4 . P : 
ble time? ies oi (x—2011)? (x-2012)", Vx ¢ R. If gis a function defined 
Pee ( » 2M) on R with values in the interval (0, ) such that 
60. If ax’+b/x2>c for all positive x where a >0 and b>0, f (x) = In (g (x)), V x € R, then the number of points in R 
then show that 27ab2 >4é. (1982, 2M) at which g has a local maximum ie...... (2010) 
61. Ifx andy be two real variables such that x >Oand xy = 1. 68. The maximum value of the expression 
Then, find the minimum value of x+ y. (1981, 2M) — 1 re eee (2010) 
sin“ 6+ 38sin@ cos +5 cos” 0 
Integer Answer Type Questions 69. The maximum value of the function 
= 2 
62. A cylindrical container is to be made from certain solid f(x) = 2a 15x" + 36x— 48 on the set 
material with the following constraints : It has a fixed A={x | x +20 SOx} 18 «0.0... ; (2009) 
inner volume of Vmm?, has a 2 mm thick solid wall and 
Answers 
Topic 1 Topic 2 
1. (a) 2. (c) 3. (b) 4, (d) 1. (b) 2. (a) 3. (b) 4. (c) 
5. (c) 6. (b) 7. (d) 8. (b) 5. (c) 6. (c) 7. (a) 8. (a) 
9. (b) 10. (d) 11. (d) 12. (d) 9. (a) 10. (b) 11. (c) 12. (b) 
13. (c) 14, (b, d) 15. (b, c) 18. (c) 14. (b) 15. (d) 16. (a, c) 
16. H=6,V=1,1} i: 9 56 17. (c,d) 18. (a,c) 19. x>-1 
ee eas 2. 2e(-Le}u(he}ee(-m—2}u(a2) 
2” 4 2 2 
ih: 48 21. (d) 22, (c) 23. (c) 
20. y+x-1=0 24, A>p,Bor 28. ae 
a 


T 31 
. a ee 


. (8) 


Topic 3 
1. (b) 2. (b) 
Topic 4 
1. (a) 2. (b) 3. (b) 4. (d) 
5. (b) 6. (c) 7. (c) 8. (c) 
9. (a) 10. (a) 11. (b) 12. (d) 
13. (c) 14, (c) 15. (c) 16. (c) 
17. (c) 18. (c) 19. (d) 20. (c) 
21. (d) 22. (a) 23. (d) 24, (b) 
25. (b) 26. (a) 27. (c) 28. (b) 
29. (b) 30. (b, c) 31. (a, d) 32. (a, b) 
33. (a, c) 34. (a, b) 35. (b, c) 36. (b, d) 
37. (a, b,c, d) 
38. (a)P > 4 Q7>1 R->2 S53 39. (a) 
40. (a) 41. (a) 42. 6 43. 5 units 


44, 


46. 


48, 


49, 


52. 


53. 


57. 


62. 
66. 
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il 5 1 5 
45. a=—,b=—, =— x 
= Fi f(x) 


(2, 1) 
n-(% *) and, =(4 *| 
oo 


ohk 50. Wf 


Maxima at x = 


and minima at x == (b+ Vb? -1) 
51. b €(-2, -1) U[]1, ~] 


fin -ny s2<0,ix +2y-2=0 


Hints & Solutions 


Topic 1 Equations of Tangent and Normal 


1. Equation of given curve is 


y= xe R, (x#+ V3) Gi) 
x -38 


On differentiating Eq. (i) w.r.t. x, we get 
dy _(x”-3)-x@x)_ (-x’-8) 
dx (x? —3)? (x? — 3)? 
It is given that tangent at a point @, B) # (, 0) on it is 
parallel to the line 
2x+ 6y—-11=0. 


.. Slope of this ee 22 ey 
AX, B) 
on a+3 1 
@-3P 8 
= 307+ 9=a4-6a74+9 
=> at —-9a7=0 
> a =0, -3, 3 
=> a =3 or —3, [a #0] 
Now, from Eq. (i), 
a -3 1 1 
— - =—o 
a = B=5ng 9-3 2. 2 
According to the options, |6a + 2B|=19 
at @,B)=(#3, >] 
2 
. Given curve is y= f(x) =x? —x*-2x (A) 


So, f(l) =1-1-2=-2 
and f(-1)=-1-1+2=0 
Since, slope of a line passing through (~,, y,) and 


(x9, Yo) is given by m = tan® = eT 
Xy— 


.. Slope of line joining points (1, f(1)) and 


6:6+T 54. 8 yg, units 55. (0, 2) 
3 3 ud 
rn ( 5° 3) 58. x=0,y =059. [raw 61. (2) 
(4) 63. (9) 64. (5) 65. (9) 
(2) 67. (1) 68. (2) 69. (7) 
4 gate, oF DPE 2-0 
CDE 1-(-1) 1+1 
Now, ay = 3x7-2x-2 
dx 


[differentiating Eq. (i), w.r.t. ‘x] 
According to the question, 


dy _ 
dx 
=> 3x7 -2x-2 = -1 => 3x? -2x-1=0 
=> (x I) @x+1)=054=1-5 
Therefore, set S = |-z , i} 
. Given curve is y=x° +ax—b ...(i) 
passes through point P(1, —5). 
-5=l+a-b>b-a=6 .. (11) 
ancl slope of tangent at point P(1,—5) to the curve 6, is 
dy 
m =— = 3x2 + =a+3 
1 dx, 5) [ a|q,-5) = 


-: The tangent having slope m, =a+3 at point P(1, —5) 
is perpendicular to line —x+ y+4=0, whose slope is 
M,=1. 


a+3=-1 =>a=-4 [. mm, =-1] 
New, on substituting a =—4 in Eq. (11), we get b =2 
On putting a =—2 and b =2 in Eq. (i), we get 
y= x? —Ax -2 
Now, from option (2, —2) is the required point which lie 
on it. 


. The given curve is y = x*-5x+5 40) 


Now, slope of tangent at any point (x, y)on the curve is 


Jy “é 
— =2x-5 ai 
ae (ii) 

[on differentiating Eq. (i) w.r.t. x] 


234 Application of Derivatives 


+: It is given that tangent is parallel to line 


2y=4x+1 
So, one [.: slope of line 2y =4x+1is 2] 
x 
> S-6e 9 bee an ge 
2 
On putting x= = in Eq, (i), we get 
_49 35, 69 35 1 
4 2 4 2 4 


Now, equation of tangent to the curve (i) at point 


: = “ and having slope 2, is 


1 7 
t+—=2]x > y4 2x-7 
yet ( 2) = 
ty y=2x-2 ... iii) 


On checking all the options, we get the point (2 s- 7| 


satisfy the line (iii). 


The helicopter is nearest to the soldier, if the tangent to 
the path, y= ee 7, (x = 0) of helicopter at point (x, y) is 
perpendicular to the line joining (x, y) and the position 


of soldier (5 ; 7). 


(1/2, 7) 
- Slope of tangent at point (x, y) is 
dy _ 3 : 
5 = xl = m, (let) (i) 


and slope of line joining (x, y) and (5 ; 7| 1s 


-7 “3 
m, => 9/(11). 
x-— 
2 
“M,=-1 
= fi Eas. (i d (ii 
3un(_2 = [from Eqs. (1) and (i1)] 
3 ? ei? oo  .BI2 
=> st 4 =-1 fe ya? +7 
2 
3 2 1 
> —xX°=-x+— 
2 2 
=> 3x7 +2x-1=0 
=> 3x7 + 3x—-x-1=0 
= 3x(x+1)-1(x+1)=0 
1 
=> x=—,-1 
3 


= 


x 
x= 


3/2 
(fer 


0 
Z 
3 


and So, y= e+ 7] 


3/2 
Thus, the nearest point is E ; (3) + | 


Now, the nearest distance 
2 3/2 2 2 3 
= Wla-s) *(7-() -7) =yLa) +) 
2 3 3 6 3 
= cd oe | 7 ae 
36 27 V108 V108 6V3 


tangents to the curves at the point of intersection. 
Given equation of curves are 
y=10-x ..(i) 
y=24+x" vce(10) 
For point of intersection, consider 


10-x7=24+% 


and 


=> 2x7 =8 
> x =4 
=> LA 


Clearly, when x=2, then y=6 (using Eq. (i)) and when 
x=-2,then y=6 

Thus, the point of intersection are (2, 6) and 

(—2, 6). 

Let m, be the slope of tangent to the curve (i) and m, be 
the slope of tangent to the curve (ii) 


For curve (i) ay = —2x and for curve (11) ay =2x 
dx dx 


.. At (2, 6), slopes m, =-— 4 and m, =4, and in that case 


My —m™m 


|tan0|= 
1-16) 15 


_|4+4]_ 8 
+ mM 


At 2,6), slopes m, =4 and m, =—4 and in that case 


itane[= —m, —4-4) 8 
ae 1-16] 15 
. We have, y?=6x 
=> ed =6 > dy = 3 
dx dx y 
Slope of tangent at (x,, ¥,) 1s m, =— 
‘1 
Also, Ox? + by” =16 
> 18x + 2by 2 =0 > dy _ -9% 
dx dx by 
‘ —9x, 
Slope of tangent at (x,, 7) 1S my = 5 
Bal 


Since, these are intersection at right angle. 


8. Given curve is 


y(x -2)(x-3)=x+6 <ee(1) 
Put x=0in Eq. (i), we get 
y@- 2) (-3)=6> y=1 
So, point of intersection is (0, 1). 
x+6 
(x — 2)(x — 3) 
dy _1(x—2)(x—3)—- («+ 6)\(x-3 + x—-2) 
dx (a — 2)? (x — 3)” 
4 _6+30 _ 36 
(2 (0,1) 4x9 36 


Now, y= 


=1 


.. Equation of normal at (0, 1) is given by 
—1 
-1=— (-0 
y ; (x—0) 
=> x+y-1=0 


which passes through the point ( ‘ x} 


. We have, f(x) = tan! 


\1-sin x 


x 
cos — + sin — 
= | 2 
x 
cos — — sin — 
2 
ne x oT 
€ cos — >sin~ for 0<—< } 
x 
1+ tan — 
=tan! 2 
1—- tan — 


= ranber(S}- 


; Tes cs 
Now, equation of normal at x= : is given by 


(>-1(§)}=-2(2-§) 


= (»-3)=-2(e-B) es (B)-9 +B 74 


11. 
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which passes through (o, =) 


Given equation of curve is 
x7 + Ixy — By? =0 ..-(i) 


On differentiating w.r.t x, we get 


2x+2xf +2y-b6yy =0> ¥ = amu: 
3y-—x 
At e=1,yHl,y =1 
1.e. (2) =1 
dx)i4,1) 


Equation of normal at (1, 1) is 


yo1=-2@-1) > y-1=-@-1) 
=> x+y=2 va(12) 


On solving Eqs. (i) and (ii) simultaneously, we get 


=> x 42x2-x)-33(2-x?=0 
=> x? + 4x-2x7-3(44 x? -4x) =0 
> x” + 4-12 —3x7 + 12x =0 
=> —4x" + 16x -12 =0 
=> 4x? —16x+12=0 
=> x? —4x+3=0 
> (_ -—1)(x-3)=0 
x=1,3 


Now, when x=1, then y=1 
and when x=3, then y=-1 
P=(1,1) and Q =, -1) 
Hence, normal meets the curve again at (3, —1) in fourth 
quadrant. 
Alternate Solution 


Given, x7 + Ixy —3y7 =0 
> (x- y)\(x+ 39) =0 
> x-y=Oorx+3y=0 


Equation of normal at (1, 1) is 

y-1=-1@-1) => x+y-2=0 

It intersects x + 3y =Oat (8, -1) and hence normal meets 
the curve in fourth quadrant. 


xt+ty=2y' 


Given, y + 3x7 =12y ...(i) 
On differentiating w.r.t. x, we get 
=> 3y" ®Y . 6x=19 2 
dx dx 
as dy _ 6x ; 
dx 12-8y 
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12. 


13. 


14, 


dx _ 12-3)? 
dy 6x 


=> 


' d 
For vertical tangent, oF 0 
dy 


=> 12-3y=0 => y=+2 
i F : 4 ‘ 
On putting, y=2 in Eq. (i), we get x=+ — and again 


V3 


putting y=—2 in Eq. (i), we get 3x°=-16, no real 
solution. 


4 
So, the required point is (+ =, 2) ; 
V3 


Slope of tangent y = f(x) is o =f’ We, 4 
6 


Therefore, slope of normal 


a 1 7 1 
fs, 4) f’@) 
But et = tan (=) [given] 
f’(8) 4 
=> a tan (2+) —-—1 
f’(8) 2 4 
f’@)=1 


Given, x= a (cos@ + O@sin8) 


and y=a (sin@ —8@cos8) 
Fa a( sin@ + sin8 + 8@cos8)=a 0 cos0 


and =a (cos@ —cos@ + O0sin8) 


dy 


—z=a0sinOd => dy 
do 


x 


=tand 


Thus, equation of normal is 
y-—a(sin®@—6cos80) _—cosé 
x-—a (cos0 + @sin8@) 


sin@ 
= -x cos0 + a OsinO cos0 + a cos” 

= y sin® + 0 asin@ cos@ —asin70 
=> xcos0+ ysind=a 


whose distance from origin is 
|0+0-a| 


,{cos”9 + sin? 
Given, 4x? + 9y" =] wxa(l) 
On differentiating w.r.t. x, we get 


8x+ 18y 2 =0 
dx 


dy 8x _ 4x 
dx 18y 9y 


The tangent at point (A, k) will be parallel to 8x=9y, 
then 


=> 


_4h _8 
9k 9 
=> h=-2k 


Point (h, k) also lies on the ellipse. 
: 4h? + 9k? =1 Gi) 


15. 


16. 


17. 


On putting value of A in Eq. (ii), we get 
A(-2k)7 + 9k? =1 


=> 16k? + 9k7 =1 
=> 25k? =1 
=> p=. 
25 
=> pees 
5 


Thus, the point, where the tangents are parallel to 


Bx=9yare[ 2+) ana(?, =} 
5 5 5 65 


Therefore, options (b) and (d) are the answers. 


: 1 
Given, xy=1 > y=— 
% 
d 
2 ee 
dx x 


Thus, slope of normal = x” (which is always positive) and 


gece us ‘ a 
it is given ax + by + c=01is normal, whose slope = ——. 


b 
> = >O or bal <0 
b b 
Hence, a and b are of opposite sign. 
Given, y —8xy+2=0 
On differentiating w.r.t. x, we get 
dy dy 
3y°— - 38x -3y=0 
id dx dx - 
> dy By? -38x)=38y => dy 3y 
dx dx 8y"-—3x 


For the points where tangent is horizontal, the slope of 
tangent is zero. 


dy 0 > By 


1.e. 7 = 
dx 38y" — 3x 


= y=0 but y=0 does not satisfy the given equation of 
the curve, therefore y cannot lie on the curve. 


So, H=0 [null set] 
For the points where tangent is vertical, o = 00 
¢ 
=> = = co 
V8 
=> y-x=0 
> yax 


On putting this value in the given equation of the curve, 
we get 


y —38-y"- y+ 2=0 


=> -2y? +2=0 
> yp -1=0 =>y=1 
> y=1,x=1 
Then, V ={1,13 


As | f(x) - F(X) 1S (&, - %9)", Vay, 5%)  R 


=> If(q)- FG) 1S lx, - x” [as x" =|x/"] 


18. 


fG)- FD)| cin — xl 
% — XQ 
= tim |FGd-FOD) |e jim |, —ay 
x > XQ x, — Xe x, > x9 


=> |f)I<0, Vx eR 
| f’ (x) | <0, which shows | f’ (x) |=0 
{as modulus is non negative or | f’ (x) | >0] 
-. f’ («)=0or f(x) is constant function. 
= Equation of tangent at (1, 2) is 


y-2_,, 
oF =f) 
or y-2=0 [as f’ (x) =0] 


=> y—2=0is required equation of tangent. 


Given, y=ax° + bx” + cx+5 touches X-axis at P(-2,0) 


which implies that X-axis is tangent at (—2, 0) and the 
curve is also passes through (—2, 0). 


The curve cuts Y-axis at (0, 5) and gradient at this point 
is given 3, therefore at (0, 5) slope of the tangent is 3. 


Now, ey =B8ax" + 2bx+ 
dx 


Since, X-axis is tangent at (2, 0). 
| 2 | 


=0 
| dx Wane 
=> 0 =3a (-2)? + 2b (-2)+¢ 
> 0=12a-4b+c wae) 
Again, slope of tangent at (0, 5) is 3. 
dy| 
dx (0,5) 
=> 3 =38a (0) + 2b @)+e 
> 3=C¢ .. (il) 


Since, the curve passes through (-2, 0). 
0 = a(-2)° + b(-2)? + c(-2) +5 


> 0=-8a+4b-2c+5 .-. (iii) 
From Kgs. (i) and (ii), 
12a -4b=-3 ... (iv) 


From Kgs. (ii) and (iii), 
-8a+4b=1 w+. (V) 
On adding Eas. (iv) and (v), we get 
4a=-2 => a=-1/2 
On putting a = — 1/2 in Eq. (iv), we get 
12(-1/2)-4b=-3 


> -6-4b=-3 
> —3=4b 
=> b=-3/4 


a=-1/2,b=-3/4andc=3 


19. 


20. 
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Let any point P, on y= x° be (h, h®). 
Then, tangent at P, is 
y—h? =3h7(x—h) (i) 
It meets y=2° at P). 
On putting the value of y in Eq. (i), we get 
x? —h? =3h7(x—h) 
(x — h) (x7 + xh + h?) =3h?(x— h) 
x + ch +h? =3h” orx=h 
x + xh -2h? =0 
(x— h) («+ 2h) =0 
x=h or x=-2h 
Therefore, x =—2h is the point P,, 


UuUUN SY 


which implies y =-8h® 
Hence, point P, = (-2h,-8h°) 
Again, tangent at P,is y+ 8h? =3 (-2h)?(x + 2h). 


It meets y=x at P, 

=> x + 8h =12h7(x+ 2h) 

=> x” —2hx -— 8h? =0 

=> («+ 2h) (x-4h)=0 = x=4h => y=64h3 
Therefore, P, = (4h, 64h’) 


P, = (-8h,- 8h?) 

Hence, the abscissae are h, —2h, 4h, —8h,..., which form 
a GP. 

Let D’=AP, P,P; and D’’=AP, P, P, 


Similarly, we get 


h hn? 1 
; 2h -8h? 1 
D’_APP,P,_ || 4h 64h? 1 
DY’ AP,P;P, 2h -8h? 1 
; 4h 64h> 1 
-8h -512h> 1 
h kh 1 
1) 26, ane 4 
4h 64h? 1 
h kh 1 
a 2)x(-8)/-2h -8h? 1 
4h 64h> 1 
~ == =1: 16 which is the required ratio. 


Given, y = (1+ x) + sin 1(sin? x) 


Let y=u+v, where u=(1+ x), v=sin ‘(sin x). 
On differentiating w.r.t.x, we get 
dy _du_ dv 


ae ag ae saa (1) 


u=(1+ x) 


On taking logarithm both sides, we get 


Now, 


log, u=y log,(1+ x) 
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1 du y dy y-0 
> = log, (1 4 and = => 2Qy=-x+ 
udx 1+x dix 1O8e( 0} x+3n/2 2 ee 
3m 
= BH ay | yg Ving G4 | ...(ii) and =e 
dx li +x dx | 
Again, v=sin | (sin? x) = ar eyR 
=> sin v=sin? x and (a 
2 
=> cos po! Peinwroes : . 
dx are the required equations of tangents. 
du _ 1 : dy 
=> 2 sin x cos x : i is | — : 
eran ( ) 22. Slope of tangent at the point (x, y,) is ee me 
= eee ee Given curve, (y—2°)?=x(1+ 2)? 
dx j1-sin?v yi-sin‘ x 5, (dy 
: => 2(y 2)( ox") = (4 at 4 Be (1 4 2) 2s 
From Eq. (i), dx 
2 -a+39| bane 2 ~ loge( 4 9} 2 sin x cos x Put x=1 and y=3, dy/dx=8 
dx 1l+x 1 —sin* x 
sie cee oaacee mare Topic 2 ie and Decreasing 
dx 1-(14+ xy log, (1+ x) unetrons 
1. Let the thickness of layer of ice is x cm, the volume of 
At x=0, . ‘ ; 
ie spherical ball (only ice layer) is 
=(1+0) +sin sin () = 4 ‘ ; 
dy 1(1+0)'~!+2sin 0- cos 0/,/(1 —sin‘0) eee sd 
dx 1-(1+ 0)! log, (1 + 0) On differentiating Eq. (i) w.r.t. ‘?, we get 
d. =—7(8(10+ x =-50 en 
dy, 73 TAU + IS [given] 
dx yak, ats ; : 
: : [- ve sign indicate that volume is decreasing as 
Again, the slope of the normal is time passes]. 
m=-— ‘ =-1 > Amb ape a2 50 
dy/dx dt 
Hence, the required equation of the normal is At x mu 
y-1=(1) @-0) oF — [4n(10 + 5)"] =- 50 
1.e. yt+tx-1=0 dx 50 1 1 . 
=> = = = cm /min 
21. Given, y= cos (x+ y) dt 225(41) 92n) 181 
= (2) =~sin (x+y): (1 4 *) ...(i) ee the thickness of the ice decreases at the rate of 
—  cm/min. 
Since, tangent is parallel tox+2y=0, 18% 
piewsions dy__1 2. The given functions are 
dx 2 f(x) =e —x, 
From Eq. (i), ; =—sin (x+ y)- (1 +) and g(x)=x°-x,VxeR 
=> sin (x + y) =1, which shows cos (x + y) =0 Mhen ie) = Woe) = Fe) 
i 0 Now, h’ (x) = f’ (g(x): 8 (x) : 
a: 3m = (& - 1). @x-1)=€* ~” - 1) @x-1) 
= ak ia ae = (e&*-) _ 1) Q@x-1) 
gee aie 3m ‘: It is given that h(x) is an increasing function, so 
2 2 h’ (x) =0 ' 
a(x -1) - > 
Thus, required points are ( 0| and (-=. 0| = . oo 
2 2 Case I x- 1) >0 and (e“*~» -1)>0 
.. Equation of tangents are ag Pe ‘te ay 20 
jee 


x—-n/i2. 2 => xe [1/2, 0) and xe (—~», 0] U [1, ©), so xe [1, 09) 


Case II x -—1) <0 and [e“*~? -1] <0 


> <5 and xu 1) 50 = xe(-=2)and (0, 1] 
[4 2] 

Ss > 0, = 

0 ei 2 | 


From, the above cases, x € ©. | U [1, 0%). 


Key Idea Use formula: 


Volume of cone = ; mr7h, where r = radius and h= height of the 


cone. 


Given, semi-vertical angle of right circular cone 


=tan? (5) 
2 
a 


Let 
=> 

: r 
> [from fig. tana = rl 
> ..-(i) 


*: Volume of cone is (V) = ; mr’h 


es ee ee er 
V IG h) (h) a th [from Eq. (i)] 


On differentiating both sides w.r.t. ‘?, we get 


dV il n(3h2) dh 
d 12 dt 
dh 4 dV 
> SS 
dt th? dt 
ee = wien 28 tal eel 
dt th dt 
Now, at h =10m, the rate at which height of water 
level is rising = an 
t\n=10 
= —— x5= es m/min 
7 (10) 5% 
. Given, o(x) = f(x) + f@—-4x), V xe ©, 2) 
=> o (x) =f @&)- f 2-x) ..-() 


Also, we have f’’ (x) >0 V xe (0,2) 
=> f’ (x) is a strictly increasing function 
V xe (0, 2). 
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Now, for (x) to be increasing, 


o’ (x) 20 
> f w-f@-x)=0 [using Eq. (i)] 
> fm2=f@-x) > x>2-x 

[. f is a strictly increasing function] 
> 2x>2 > x>1 
Thus, (x) is increasing on (1, 2). 
Similarly, for (x) to be decreasing, 


o (x) <0 
=> f «~-f @-x)<0 
[using Eq. (i)] 
=> f@<f @-x) 
> x<2-x [. fis a strictly increasing 
function] 
=> 22 
=> x<l 


Thus, (x) is decreasing on (0, 1). 


. Given that function, 


f(x) =2° -3 (a-2)x"+3ax+7, for some aeRF is 

increasing in (0, 1] and decreasing in [1, 5). 

f d)=0 [.- tangent at x=1 will be 
parallel to X-axis] 


= (8x" — 6(a — 2) x + 8a), _, =0 


> 3 -6(a —2)+ 8a =0 
> 3-6a+12+38a=0 
=> 15-3a=0 
= a=5 


So, f(x) =9° —9x7 +15x+ 7 
= f(x)-14=2° -9x?+15x-7 
=> f(x) —14 = (x-1) (x? —8x + 7) = (x—-1) (x- 1)(x—- 7) 


= a = (x — 7) (i) 
Now, f nar 0, (x #1) 
=> x-7=0 [from Eq. (i)] 
=> Caf 

. We have, 
f= a 


(a7 + xy? (b7 + (d —x)*)"? 


Differentiating above w.r.t. x, we get 


2, ,ayz ,l 2x 
eae ™ "2? +2 
(a? + x”) 


2(d — x)(-1) 
2(b? + (d — x)?)"? 
(b? + (d — x)*) 
{by using quotient rule of derivative] 
a’ +x —x | b+ (d-x)?-(d-x)” 


(6? + (d - x)*)"?(-1) - (d - x) 


~ (a2 - ay? : ine (d — x)2)3” 

= a b >0 
(a2 + eye : (b2 + (d — xy"? ” 
VaxeR 


Hence, f(x) is an increasing function of x. 
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7. 


10. 


11. 


Given, g(u) =2 tan '(é) - - for u € (—c9, ©) 
g(-u) =2tant(e") — © =2 (cot (e’)) - = 
2 2 
=) ee me 
=2 (; tan | - 


=n/2—2tan ‘(é)=— g(u) 
g(-u) =- gu) 
=> g(u) is an odd function. 
We have, g(u) =2 tan 1 (é')- n/2 


ge" 


tae 
g(u)>0,VxEeR 

So, g (uw) is increasing for all xe R. 

Given, f(x) =2? + bx? + cxt+ d 

> f’ (x) =8x" + 2bx+ ¢ 


As we know that, if ax” + bx + c>0, Vx, then a >0 and 
D<0O. 


Now, 


[- & >0] 


D =4b? - 12c=4(b? - 0) — 8c 
[where, b?- c<0 and c> 0] 
D=(-ve) or D<O0 


=> f’ (x) = 3x7 + 2bx + c>0 Vx € (—0, 0) 
[as D <Oanda > 0] 


Hence, f(x) is strictly increasing function. 
Let f(x) =3sin x—4sin® x =sin 3x 


The longest interval in which sin x is increasing is of 
length tt . 


So, the length of largest interval in which f(x) =sin3xis 


: ‘ . 1 
increasing 1S 3 


Given, f(x) = xe*"-” 


=> f' @=FO-) + xe — 2x) 
=e" [14 x(1-2x)] 
= F&I 4 x — 2x7) 
=— 4°” (2x? — ¥-1) 
=~ 9-9) (y_1) Qx+1) 
which is positive in (-3 1} 


1 


Therefore, f(x) is increasing in 5 al i} 


PLAN §=Inequation based upon uncompatible function. This type 


of inequation can be solved by calculus only. 
Option (a) Let f(x) =e -1-~x. 
then f (x) =e" -1>0,Vxe 0,1) 
= f(x) increase in (0, 1) 
=> f(x)>f@)ford0<x<1 


=> e-1l-x>0Oore’ >1+xfor0<x<1 


12. 


13. 


Option (b) Let g(x) = log,(1+ x)-x,0<x<1 


g (x)= : l= <Ofor0<x<1 
Lex l+x 
= g(x) decreases for0<x<1 
= g(x)< g@) for0<x<1 
= log,(l+x)-x<0 for0<x<1l 
or log,d+x)<x for0<x<1l 


Therefore, option (b) is the answer. 
Option sinx>x 
Let h(x) =sin x-x 
h’ (x) = cos x-1 
For x € (0,1), cosx—-1 <0 


= h(x) is decreasing function. 


> h(x) < h@) 

=> sinx-x <0 

> sin x < x,which is not true. 
Option (d) p(x) =logx-x 


p Gis 22150 Sere (0,1) 
x 


Therefore, p’ (x) is an increasing function. 


=> PO) < p@) < pd) 
=> —o <logx-x<-l 
=> logx-x<0 
=> logx<x 


Therefore, option (d) is not the answer. 


Let f@=[¢4 (x —1) (x«-2) dx 
=> f’ (x) =e" (w- 1) (w-2) 
+ — 3 ee 
1 2 


wf’ (x) <Oforl<x<2 
= f (x) is decreasing for x € (1,2). 
Given, f(x) =sin‘’ x+ cos* x 
On differentiating w.r.t. x, we get 
f’ (x) =4sin® xcosx—4 cos’ xsin x 
= Asin xcos x (sin? x— cos” x) 


= 2 sin 2x (— cos 2x) 


=-—sin4x 
Now, f’ (x) >0, ifsin4dx <0 
=> NM <4x <2 
= Beye ...(i) 
4 2 


= Option (a) is not proper subset of Eq. (i), so it is not 
correct. 

Tt 3m 

—<x<— 

4 8 

Since, option (b) is the proper subset of Eq. (i), so it is 
correct. 


Now, 


14, 


15. 


Given, g(x) = = , where 0<x<1 
tan x 


Now, g(x) is continuous in [0, 1] and differentiable in 
]0, 1. 
For 0<x<l, 
tan x—xsec” x 
& (x) = —_,—_ 
tan” x 

H(x)=tan x—xsec?x, O<x<1 
Now, H (x) is continuous in [0, 1] and differentiable in 
]0, 1. 
For O0<x<1, H(x)=tan x—xsec*x,0<x<1 


Again, 


> H’ (x) = sec’ x — sec” x —2xsec” x tan x 
=—2x sec” x tan x <0 


Hence, H (x) is decreasing function in [0, 1]. 


Thus, H(x)<H@) for 0<x<l1 
=> A(x) <0 for O<x<l1l 
> g& (x) <0 for O<x<l 


= g(x) is decreasing function in (0, 1]. 


Therefore, g(x) = * is a decreasing function in 
tan x 
O<x<1. 
Also, g(x)< gQ) for O<x<1l 
> <1 for O0<x<l 
tan x 
> x<tanx for O<x<1l 
/si fi 0 <1 
Nowetlae fie {* sin x or <x 
1 for x=0 


Now, f is continuous in [0, 1] and differentiable in ]0, 1[. 
For 0<x<1, 

. sinx-—xcosx (tanx-—.x) cos x 
f'@) = = fan x=9) 


2 


= - >Ofor0<x<1 
sin* x sin* x 


= f(x) increases in [0, 1]. 


Thus, f(x) = * increases in0<x<1. 


sin x 


Therefore, option (c) is the answer. 


Given, f(x) = log (x + x) 
log(e+ x) 
log (e+ x)- log (m1 + x) - : 
, e+x 
x) = Ad 
f’ (x) ip Ome (a) 
When x>0,t+x>e+x 
log (m1 + x) > log (e+ x) ... (i) 
and : > z . (ili) 
e+x TNt+x 
On multiplying Eqs. (ii) and (iii), we get 
log (1 + x) . log (e+ x) ie) 


e+ x T+ x 


16. 


17. 


18. 
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From Eggs. (i) and (iv), f’ (x) <0 
.. f (x) is decreasing for x € (0,0). 
Let F (x)=h (xX)-h(Q)=ftg @}- fg QO} 
F’ (x)= f’ {g (@)}- 8’ @) 

= (+) )=-ve 
[since, f(x) is an increasing function f’ (g(x))is + ve and 
g(x) is decreasing function g’ ( f(«)) is —ve ] 
Since, f’ (x) is -ve. 


.. f(x) is decreasing function. 


When O<x<1l 

> h (x) -—h (1) =+ve 
When x21, 

> h (x) —h (1) =-ve 
Hence, for x>0, 


h(x) — h (1) is neither always positive nor always 
negative, so it is not strictly increasing throughout. 


Therefore, option (d) is the answer. 
f (x) >2f(x) => dy >2dx 
a 
f(x) x 
=> | dy > 2] dx 
1 2 0 
In(f(x)) > 2x 
Re f(x) > e* 
Also, as f’ (x) > 2f (x) 
f (x) >2c* >0 
(4) 
e t 


t 


53 
a (=) 


Given, f(x) = fr 


x 1/x 
ed edd acted 
x r x x 


As f’(x)>0, Vx € 0, °°) 
.. f(x) is monotonically increasing on (0,°). 


= Option (a) is correct and option (b) is wrong. 


; (+7) ; [+7] 
Now, pore f(2}= ff 2 di+f“ at 
=0, Vx € (0, ) 
cer 
Now, let g(x) = fQ") = L- — dt 
[+7] 
gca)=f@")= |. <——dt=-) 


.. f@*)is an odd function. 
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19. Given, h(x) = f(x) — fx)? + fo? 
On differentiating w.r.t. x, we get 
h’ (x) = f’ (x) -2F (x) f’@) +38 f7°@): f’@) 
= f’ @®[L -2f@) + 3/7@)] 


i f°) Fea? - 5 fa)+ 3 
= 3°) (r09-3 +t -}) 
af") (r0-3 . a 
-91'69|(r09-3 . 4 


NOTE h’(x)< 0, if f’(x)< Oandh’(x)> 0, if f’(x)> 0 


Therefore, h(x) is an increasing function, if f(x) is 
increasing function and h(x) is decreasing function, if 
f(x) is decreasing function. 


Therefore, options (a) and (c) are correct answers. 


20. Let f(x)=log (1+ x)-x 


; 1 x 
=> x) = 

Pe 1l+x l+x 
=> f’ (*)>0 
when -1l<x«<0 
and f’ (x) <0 
when x>0O 


.. [{(«)is increasing for -1<x <0. 

=> f(x) < FO) 

> log (1+ x)<x 

Again, f (x) is decreasing for x >0. 

=> f(x) < f) 

> log (1+x)<x 

# log (1+ x)<x,Vx>-1 


2 
Sie Haske. we - logx, x«x>0 
2x°—log (—-x), «<0 


d (ae) x>0 
> a t 
dx 4x-—, x<0 
x 
2 — 
4x Dg R soy = 2% 1) @x+ 1) 


Increasing when x € (-3 : 0| U (3 , =| 


and decreasing when x [ °°, *) U (0. 


Solutions. (22-24) 
f(x) =x+ Inx-xlnx 
fQ)=1>0 
f(@) =e +2-22=2-6 <0 


= f(x) =0 for some x (1, e”) 


.. Lis correct 
, 1 

f @®=14 
x 


f (x) > 0 for (0, 1) 
f (x) <0 for (e, 0) 


-. Pand Q are correct, II is correct, III is incorrect. 


ee 
f @=—3 x 


f’ (x) <0 for @, o%) 


.. 8, is correct, Ris incorrect. 


Inx ten Inx 
x 


IV is incorrect. 


lim f(x) =—< 


Xoo 

lim f’ (x) = — 00 

Xoo 

lim f” (x) =0 

X00 

. ll, 11, Iv are correct. 
22. (d) 23. (c) 
24.(c) 
1 
a 
Therefore, x+sin x is increasing in the given interval. 
Therefore, (A) (p) is the answer. 


25. (e+ sin x) = 14 c0sx=2.08*% >0 for re 
x 


Again, - (secx) =secx tan x which is > 0 for0<x<2/2 
¢ 


and <0 for 3 <H<0 


Therefore, sec xis neither increasing nor decreasing in 
the given interval. Therefore, (B)—>(r) is the answer. 


26. Let f(x)=sinx+2x pute) 
T 
On differentiating w.r.t. x, we get 
> f’ (x) =cosx+2 oe) 
T 


=> f’’(«)=-sinx > <0, x p =| 


f’ (x) is decreasing for all x € p a 


U 


f’ (x) >0 [se 
=> f’ (x) > f(a /2) 

.. [(x) is increasing. 

Thus, when x =0, f(x) = f(@) 


x< 1/2] 


> Siar ye SD SG 
Tq 

> duvets 
T 


27. Let f(x) =sin (tan x)- x 
f’ (x) = cos (tan x)-sec2x — 1 


= cos (tan x) (1+ tan? x)-1 
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= tan’ x {cos (tan x)} + cos (tan x) — (ax + 1) ee, i x<0 
iene Hence, {’@= 1, if x=0 
> tan? x cos (tan x) — 14+2ax-3x", if x>0 


28. 


29. 


2] Now, we can say without solving that, f’(x) is 
"2 (1 —cosx)<2x",x#0 Scosx>1 - continuous at x =0 and hence on R. We have, 
2 v7 ~+ a(ax+1)e", if x<0 
> cos (tan x)>1- “as Pf’ @= ta — 6x, if x>0 
a. Te a f’@) 
f’(x) > tan? x cos (tan x) — | and oe) om 0- —0 
>tan”x [cos (tan x) — cos (1 /3)] >0 = im + Der = 
= f(x) is increasing function, for all x € [0, 1/4] x30" x 
= AX _ | 
As f0)=0 = f()=0, for allxe [0, 2/4] a ee 1 
=> sin (tan x) >x x30" | me | 
i -l<p< a 
Caen, mee ae = lim ae“ +a- lim : 
Let f (x) =40? -3x- p=0 x3 0 x30 8 6ax 
= wet = 
Now. faycle® i-~20 fr psi ee 
ow, =—- Te =--]-— < eas So 4 , 
Ww S75 Pp P and Rf’’)= lim f(x) - ft’) 
Also, f (0)=4-3-p=1-p20 [p<] x>0* =x +0 


. f (x) has atleast one real root between [1 /2, 1]. 
Also, f’ (x) =12x«7-3>00n [1/2,1] 

> f’ (x) increasing on [1/2,1] 

> f has only one real root between [1 /2, 1]. 


To find a root, we observe f (x) contains 4x? — 3x, which is 


multiple angle formula for cos 36. 

* Put x =cos® 

=> 4cos*0-3cos0 —p=0 

> p=cos30 = 0 =(1/3) cos '(p) 


-. Root is cos (; cos | w} 


NOTE This type is asked in 1983 and repeat after 13 years. 
At x=0, LHL= lim f(x)= lim xe“ =0 


x > 07 x37 07 
and RHL = lim oan lim («+ ax” - x?) =0 
x2 0* > ot 


Therefore, LHL =RHL=0= f (0) 


So, f(x) is continuous at x =0. 


+axe™, if x<0 
Ble, Os Uae 3x7, if x>0 
f(x) — FO) 
and Lf’ 
PO-= hava x—-O 
= Tim “* = lim &*=e9=1 
x 3707 x x>07 
and Rf’) = lim $= FO) 


x2 0t x+0 
. xtax?-2 -0 
= lim 


x20t x 


= lim l+ax-x=1 


x3 0* 
Therefore, Lf’(0)= Rf’ O)=1 => f’@)=1 


(1 + 2ax — 3x”) -1 


= lim 
x2 0t x 
. Qax — 3x? ; 
= lim = lim 2a-8x=2a 
x3 07 x x2 07 


Therefore, Lf’’ (0) = Rf’’ 0) =2a 


Gia e if x<0O 
Hence, f'’@= if x=0 
Be bg: if x>0 


Now, for x <0, f’’(x)>0, ifax+2>0 
= For x<0, f’’(«)>0, if x>-2/a 


> f’ (x) >0, if a 
a 
and forx>0, f’’(x)>0, if2a-6x>0 


f’’ (x) >0, ifx<a/3 
Thus, f(x) increases on ; 2/a, - a on [0, a/3]. 


= for x >0, 


Hence, f(x) increases on eS [ 2 _ a 


30. Let y= f(x) =2sinx+ 2tanx-38x 
> f’ (x) =2cosx+2sec?x-3 
For O<x<1/2, f’ (x) >0 


Thus, f(x) is increasing. 


When x20, f(~)=f ©) 
> 2sinx+2tanx-38x2>0+0-0 
> 2sinx+ 2tanx>3x 


81. Let f(x) =1+ x log (vt x? +1)-,/14+ 2° 


Rg 


r . | 
x 1 
. ff’ (=x: : RE TSI + log (+ 4x” + 1) 
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32. 


a ea 


> f’ (x) = log (x + /x" + 1) 


=> f’ (x) 20 [log (x + «x? +1) 20] 


&: 
fx? + 1 


.. f(x) is increasing for x > 0. 
> f(x) 2 FO) 
=> 14+ xlog (w+ 1+ 2")— 142° 21+0-1 


=> 14+xlog(xt+.1t+ 2°) 214+ x7, Vx2>0 


and f(x) =cosx—x-x" 


=> f'(x)=-sinx-1-2x=-(sin x+ 1+ 2x) 


which is negative for x € EB z 


f'(x) <0 


or f(x) is decreasing. 


Hence, f(A) = (=), f (3) 


[-2(0 2) -2(162) 


Topic 3 Rolle’s and Lagrange’s Theorem 


1. 


2. 


f («) is increasing 

For some x in (3 ; 7 
f @)=1 
fQ)>1 


Given, f(x) =2+cosx,VxeR 


[LMVT] 


Statement I There exists a point ¢ [t,t+r], where 
f@=0 

Hence, Statement I is true. 

Statement II f(t) = f(t+2z)is true. But statement II 
is not correct explanation for statement I. 

Since, f(x) and g(x) are differentiable functions for 
O<xs<l1. 


»,y_ fQ)— fO) 
f= 
Using Lagrange’s Mean Value theorem, 
6-2 =4 
1-0 
: g (1) - g@) 
d oe 
an g’ (~ <5 
= 2-0 =?2 
1-0 
> f’ (=2¢ © 


Topic 4 Maxima and Minima 


1. Given functions are f(x) =5 —|x-2| 


and g(x)=|x+1\|, where xe R. 
Clearly, maximum of f(x) occurred at x=2, soa =2. 
and minimum of g(x) occurred at x=-1, sop =-1. 


> ap =-2 
2 
New: Vin (x — 1) («&" — 5x + 6) 
x>-o8 =x” 6x48 


~ tim G&D) @-3) @-2) 0B =—J] 
x2 (x — 4) (« -2) 

_ im & 1)@-3) @-1)@-3) _1x@€1)_1 
x>2  (x—4) 2-4) <2) 2 


Key Idea Volume of parallelopiped formed by the vectors a, 
band cisV = [abc]. 


Given vectors are i+ rj +k j+ Ak and Ai+ k, which 
forms a parallelopiped. 


.. Volume of the parallelopiped is 


1a 1 
V=llo 1 AN=14Aa27-A 
7 0 1 


=> Var" -AG41 
On differentiating w.r.t. A, we get 
dV 


—-=8 0 =1 
dxr 
For maxima or minima, cl =0 
dr 
> A=Ht =: 
3 
[2/3 >0 for A= ea 
dv : V3 
and De =6A = 1 
2/3<0 , for A=-—~ 
V3 
1 
ae is positive for A =~, so volume ‘V’ is minimum 
ae? V3 
1 
for A =— 
13 
. Given function f(x) =x) ka - x? see (1) 
the function f(x) is defined if kx — x” >0 
> x — kx <0 
> xe (0, k] wee (11) 


because it is given that f(x) is increasing in interval 
x € [0,3], so k should be positive. 


Now, on differentiating the function f(x) w.r.t. x, we get 
f’ (x) = kx — 27 + x 

2.) ka — x” 

_ 2(kx — x") + kx — 2x7 _ bkx- Ax” 

2) hx — x 2 hx — x2 


x (k — 2x) 


as f(x) is increasing in interval x € [0,3], so 
f (x) >0V xe (,3) 
=> 3kx — 4x7 >0 


> Ax” —3kx <0 


asf x - =) <0>xe lo, 3k] (as kis positive) 
4 Lael 


So, ssttoke4 


= Minimum value of k=m=4 
and the maximum value of f in [0, 3] is f(@). 


‘: f is increasing function in interval x € [0, 3] 


“+ M = f(8)=34x3—3? =3v3 
Therefore, ordered pair (m, M) = (4, 33) 


The non-zero four degree polynomial f(x) has 
extremum points at x=-1,0,1, so we can agsume 
f (x) = a(x+ 1)(x—0) («- 1) = ax(x?-1) 
where, a@ is non-zero constant. 

f (x) = ax’ -— ax 


> fa)=Sat-FP+C 


[integrating both sides] 

where, C is constant of integration. 
Now, since f(x) = f(0) ‘: 

go eC ae 

4 2 4 2 
=> x(x?-2)=0 = x=-V2,0, v2 
Thus, f(x) = f() has one rational and two irrational 
roots. 


Key Idea 
(i) Use formula of volume of cylinder, V = mr 2h 


where, r = radius and h = height 


(ii) For maximum or minimum, put first 
derivative of V equal to zero 


Let a sphere of radius 3, which inscribed a right circular 
cylinder having radius r and height is h, so 


From the figure, a =38cos0 


=> h =6cos0 


aes) 


and 


‘: Volume of cylinder V = ar7h 
= 1(3sin9)"6cos6) =547 sin70 cos . 


= 
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F a dV 
For maxima or minima, ap =0 


> 541 [2 sin @ cos”6 — sin? 6] =0 
=> sin 0[2 cos”6 — sin?6] =0 
2 [ TT | 
> tan“@ =2 6 €| 0, — 
L 2)| 
> tan@ = V2 


2 1 
> sino= |? and cos@ =——= 
3 V3 


From Kgs. (i) and (ii), we get 


1 
h=6—~=2V3 
V3 


Given function is 
f (x) =9x" + 122° — 36x" + 25 = y (let) 
: mt dy 
For maxima or minima put oo 
ax 
Y _ 363 + 36x? — 72x=0 
dx 
x? + x7 -2x =0 
x[x? + x-2] =0 
xx? + 2x—-x-2]=0 
x[x(x + 2) —1(x+ 2)] =0 
x(x —1)(x + 2) =0 
x=-2,0,1 


By sign method, we have following 


-2 0 1 


VUUUUNU ov 


Since, o changes it’s sign from negative to positive at 
x 


x = ‘2’ and ‘1’, sox =—2,1 are points of local minima. 


d. Sieh vid . 
Also, - changes it’s sign from positive to negative at 
x 


x=0, so x=Ois point of local maxima. 
“iS, ={-2, l} and S, = {0}. 


Given equation of curve is 
; i 
yo =x-2 s3(1) 
and the equation of line is 
y=x .». (il) 


Consider a point P(¢? + 2, t) on parabola (i). 

For the shortest distance between curve (i) and line 
(11), the line PM should be perpendicular to line (11) and 
parabola (1), 1.e. tangent at P should be parallel to 


y=x. 
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: dy = Slope of tangent at point Pto curve (i) 
dx at point P 
=1 [.. tangent is parallel 
to line y=4] 
> a =1 
2p 
[differentiating the curve (i), we get2y = =1] 
x 
os DeAlexga [- P(x, y) = P(t? +2, t)] 
2t 2 —— , 
So, the point P is ( ; x} 
4 2 
jp _ 4 
a l4 2 
Now, minimum distance = PM = 
/2 


[.: distance of a point P(x,, y,) from a line 
jax, + by, + ¢ || 


Jae | 


ax+by+c=0is 


= ae units 
8. Equation of parabola is given, y=12 — x 
or x” =—(y-12). 
Note that vertex of parabola is (0, 12) and its open 
downward. 


Let Q be one of the vertices of rectangle which lies on 
parabola. Then, the coordinates of Q be (a, 12-7) 


AY 
_jo.72 
R /M Nee. 12-2?) 
f° \ 
mn 
Xe | \ yy 
| s O Pla) \ 
| Hi | y=12-x2 
Y¢ 


Then, area of rectangle PQRS 
= 2 x (Area of rectangle PQMO) 
[due to symmetry about Y-axis] 
=2~ [a(12 - a”)] =24a -2a° = A(let). 
The area function A, will be maximum, when 


dd _9 
da 
=> 24-6a?=0 
> a?=4>5a=2 [. a > 0] 


So, maximum area of rectangle 

PQRS = (24 x2)-2 2) 

= 48 —-16=382 sq units 
9. We have, 

f (x) = 3x — 18x” + 27x — 40 

= f’ (x) =9x" — 36x 4 27 
= 9(x" — 4x + 3) =9 (x — 1) (x—8) esi) 

Also, we have S ={xe R:x?+30<11 x} 
Clearly, x? + 30<11x 


=> x? —11x+30<0 
> (x— 5) (x-6)<O0> xe [5,6] 
So, S = [5,6] 


Note that f(x) is increasing in [5, 6] 
[. f’ (x) > 0 for x € [5, 6] 
..f(6) is maximum, where 
f 6) =36) — 186)? + 276) - 40 = 122 


10. According to given information, we have the following 
figure. 


CP 2) 7B @, 6) 


A (4, 4) ee 


For y? =4ax, parametric coordinates of a point is (at”, 
2at). 

.For y? =4x, let coordinates of C be (t”, 2¢). 

Oe a 

Then, area of AABC = is 9 6 1 

a 4 -4 1 


|t?( — (-4)) - 249 — 4) + 1 36 - 24) | 


11042 —10¢ 60 |= ?-4-6|=5|t2-t-6| 


Let, A(t) =5|t?-t-6| ...(i) 
Clearly, A(4, — 4) = A(¢?, 2t,) > 2t, =-4 

=> t,=-2 

and BQ, 6) = B(t?,2t,) > 2t,=6 > t, =3 

Since, C is on the arc AOB, the parameter ‘f for point 
Ce (-2, 3). 

Let f(t) =t?-t-65 ff" (t)=2t-1 

Now, f ®=0>1=5 


Thus, for A(t), critical point is at t =, 


2 
Gea 

2 2 
11. Let A = height of the cone, 
r =radius of circular base 


=, @)-h? pe Pah? 4+ r7J 
= /9-h? . i) 


125 _ 
4 


Now.A( =] =5 31 ‘ [Using Eq. (i)] 


Now, volume (V) of cone = ; ur’h 


=> V(h) = 570 —h*)h [From Eq. (i)] 
=F n(9h-h] ... (i) 

For maximum volume V’ (h) =0 and V”’ (A) <0. 

Here, V’ (h)=05(Q9-3h”)=0 

=> h=43 fh €0] 


and V’(h) = ; n(-6h) <0 for h = V3 


Thus, volume is maximum when h = ¥3 
Now, maximum volume 


V3) = ; n(9V3 — 3V3) [from Eq. (ii)] 


=2/3n 
12. We have, 
f= x2 +4 andgxyex-t => Ape 
x x g(x) 
12 
2 + a (« - +2 
; _ ep x 
. A(x) 1 i 
x-— x-— 
x x 
2 
=> A(x) = (« = )+ 7 
y= se 
x 
x-—>0, (»-=]+ of [2./2, ~) 
x x 
= paar 
x 
x=—<0, [»-=]+ Z € (—co, 2/2] 
x 1 
= as. 
x 
-. Local minimum value is 2V2. 
13. Total length =2r+r0=20 L\ 
a 9 _ 20 —2r 
Pr r r 
Now, area of flower-bed, 
A= r 
2 iz) 
, At ne *r) 
r 
> A=10r-r? 
o2 249-8 
dr 


: ‘ais dA 
For maxima or minima, put ae =0. 
r 


=> 10-2r=0 => r=5 


_1 @2[20-26)] 
Aaa 5 ©) [ 5 


= 5 X25 x2=25 sq. m 


14, 


15. 


16. 
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According to given information, we have Perimeter of 

square + Perimeter of circle = 2 units 

=> 4x+ 2mr=2 

poe ai 
T 

Now, let A be the sum of the areas of the square and the 

circle. Then, 


=> 


A=x'4+ ar" 
eH yA2 
ea za 
1 
2 
= A(x) =x? + (= 2x)" 
a4 dA 
Now, for minimum value of A(x), Te =0 
x 
i eg AEE ph ye 
1 
> mx+4x=2 >x= ... (ii) 
T+4 
Now, from Eq. (i), we get 
1-2. z 
T+4 m7+4-4 1 Sa 
r= = = ...(i1) 
T UMn+4) n+4 
From Kgs. (ii) and (ii), we get x=2r 


Here, to find the least value of a¢R, for which 


tog 8 Sa, for all x>0. 
x 


ie. to find the minimum value of a when 


1 ; ae 
y= dow? + — ;x>0Oattains minimum value of a. 
x 


dy 1 : 

— =8ax-—= oats 

dx ‘ x ® 

d’y 2, se 
Now, = 80 + — .. (ii 

dx” x @) 
When oT Qthen 8x0 =1 

dx 


1\83 @ 
At al : > = 80 + 16a = 24a, Thus, y attains 
8a dx 


UB 
minimum when x= (=) 5 >0. 


1B 
.. yattains minimum when x= (=) ; 


1\23 
i.e. do (=) + (8a)"% >1 
> os 420" >1 
> 3073 >1 > ab 2 
27 


Hence, the least value of a is = 


PLAN Any function have extreme values (maximum or minimum) at 
its critical points, where f’ (x) = 2. 

Since, the function have extreme values at x=1 and 

x=2, 
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17. 


18. 


s f (~)=Oatx=landx=2 
> f Q)=Oand f’ (2) =0 


Also, it is given that, 
im |, , £@)| 
xo| 1 of 2 =3 
z 14 tm £0 5 
x 
im f(x) 
= 250 =2 
x 


= f(x) will be of the form ax* + bx® + 2x”. 


[.: f(x) is of four degree polynomial] 


Let f(x) = ax* + bx? + 2x7 
> f’ (x) =4ax? + 3bx? + 4x 
> f @)=4a+ 3b6+4=0 ...(i) 
and f @)=82a+12b+8=0 
=> 8a+3b4+2=0 ... (ii) 
On solving Eqs. (i) and (ii), 

1 

e get a=—,b=-2 

we gi 5 

x! 

f(x) = aad + 2x" 

> f2)=8-16+8=0 
Here, x=-1 and x=2 are extreme points of 


f(x) =a log|x|+ Bx? + x, then 
f(o=% +2Bx+1 
x 


fCl1)=-a -28+1=0 ...(i) 
[at extreme point, f’ (x) = 0] 


f@)=2 +48 +1=0 ...(ii) 


On solving Eqs. (i) and (ii), we get 


1 
a=2, B=-— 
B 2 


PLAN The given equation contains algebraic and trigonometric 


functions called transcendental equation. To solve 
transcendental equations we should always plot the graph for 
LHS and RHS. 
Here, x” = xsin x+ cos x 
Ye xe 
x- o >X 
y’ 


Let f(x)=x? and g(x) =xsinx+cosx 
We know that, the graph for f(x) =x” 
To plot, g(x) =xsin x+ cos x 

g (x) =xcosx+sin x-sin x 

g (x) =xcosx ...(0) 
... (ii) 


g” (x) =—-xsin x+ cos x 


19. 


20. Given, f(x) = 


Put g(x=0 > xcosx=0 
-9 2 on On TT 
"9°2°272 
g (x) 
1n/2 
t + >Xx 
-50/2\_ Ja 1/29 n/2 m\_/5n/2 
y’ 
At 2-0, a »5f” (x) >0, so minimum 
Age OE (x) <0, so maximum 
2° 2° 2 
So, graph of f(x) and g(x) are shown as 
¥ 
f (x) 
T g (x) 
x’ t 4X 
1/2 O n/2 
y’ 


So, number of solutions are 2. 
i 3 2 a2 2 a 
Given function, f (x) =e" +e” , g(x)=xe" +e” and 


2 2 
h(x)=x"e" +e” are strictly increasing on [0, 1]. 
Hence, at x=1, the given function attains absolute 
maximum all equal to e+1/e. 


> a=b=c 
+x), if-3<x<-l 
x73 if-1<x<2 


3 (x+2)", if-3<x<-1 


=> e = eee 
Pe De , if-l<x<2 
3 
yY * 
Xe >X 
(3,0) [ (1,0) 
yy 


Clearly, f’ (x) changes its sign at x =—1 from +ve to -ve 
and so f(x) has local maxima at x=-1. 

Also, f’ (0) does not exist but f’ (0) <0 and f’ 0*) <0. 
It can only be inferred that f(x) has a possibility of a 
minima at x =0. Hence, the given function has one local 
maxima at x=-—1 and one local minima at x=0. 


21, 


22. 


23, 


24, 


25. 


Given f(x) =x? + 2bx+ 2c? and g(x) =— x? —2cx+ b? 
Then, f(x) is minimum and g(x) is maximum at 


[s _72 and f(x) = =p , respectively. 
4a 4a 


_ Up? — a2 
Bg me - 8c) _ ac? — b?) 
2 2 
and max g(x)= Gesee - (b? + ¢’) 
4(-1) 
Now, min f(x) > max g(x) 
> 27 -b*>b? +e 
=> ce? > 2b? 
=> lc] > V2 | 
It is clear from figure that at x = 0, f(x)is not continuous. 
A 
ya-x ed 
X’¢ >X 
O 
y 


Here, f(0) >RHL at x=0 and f(O)>LHL at x=0 
So, local maximum at x=0. 

2 i 
Soa ae 1 2 


Given, f(x) = 
+1 x +l 


f(x) will be minimum, when is maximum, 


41 


ie. when x’ +1is minimum, 
le. atx=0. 
. Minimum value of f(x) is f@) =-1 
The maximum value of f(x) =cos x+ cos (V2x) is 2 


which occurs at x =0. Also, there is no other value of x 
for which this value will be attained again. 


Let f(x)=x A -—x)”, xe [0,1] 

=> ff’ (x) =25 x4(1— x) — 75x (1 — x)" 
=25x"4 (1 — x)"* [A —x)- 34] 
= 25x74 (1 — x)" (1 — 4x) 

For maximum value of f(x), put f’ (x) =0 


=> 25x74 (1 — x)" (1 — 4x) =0 
=> 220,15 
4 
Also, at x=0, y=0 
At x=1, y=0 
and at x=1/4,y>0 


-. f (x) attains maximum at «=1/4. 
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26. Let the coordinates of P be (a cos0, bsin 0) 


Equations of tangents at P is 


* cos0 +2 sin® =1 
a b 


Again, equation of normal at point P is 
axsec0 — by cosec0 = a7—b? 


Let M be foot of perpendicular from O to PK, the normal 
at P. 


Area of AOPN = ; (Area of rectangle OMPN) 


1 


=—ON-OM 
2 
Now, ON = : = a 
cos2@ sin20 /b2cos?0+a7sin20 
a? + b? 
[perpendicular from O, to line NP] 
2 22 2 pd, ie 
andOM = a~—b _ (a°— b°)-cos®-sin8 


Va?sec’0+ b’cosec® ya?sin26 + b? cos?0 
ab(a” — 6”) cos0-sin®@ 
2(a7 sin70 + 6? cos”6) 
2 ab(a?— b”) tan® 
2(a? tan76 + b”) 


Thus, area of AOPN = 


tan@ 
a” tan?6 + b” 
sec”0(a” tan76 + b”)—tand 2a” tan sec’) 
(a tan76 + b”)” 
_ sec’O(a” tan@ + b°— 2a” tan”@) 
(a7 tan”6 + b”)? 
_ sec’ 0(a tan6 + b)(b— a tan6) 
7 (a? tan76 + b”)? 


Let f@) = [(0<8<n/2] 


f'@)= 


For maximum or minimum, we put 
f @)=0 => b-atane=0 
[sec20 #0,a tan0+b#0,0<0<2/2] 


> tan6=b/a 


+ a \)>0,if0 <0 < tan !(b/a) 
Also, f or? 0, if tan!(b/a)<0<2/2 
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Therefore, f(0) has maximum, when 


Again, sin@ = 


By using symmetry, we get the required points 


+a? +02 ) 
Va24 b? Va24 b? 
2 


27. Given, P(x) = do + a,x" + agx* +...4 a,x" 


where, a, >@,,_1 >@,_9>...>@_>a, >a, >0 


=> P’ (x) =2a,"4 4agx? +...4 2na,x°""" 


= 2x (a, + Qayx” +...+ na,x"~ *) ses() 
where, (a, + 2ax” + 3a,x‘+...+na,x°"" >0,VxeR. 
P’ (x)>0, when x>0 


Thus, 
P’ (x) <0, whenx<0 
i.e. P’ (x) changes sign from (—ve) to (+ve) at x=0. 
P(x) attains minimum at x =0. 


Hence, it has only one minimum at x=0. 


28. y=a logx+ bx"+ xhas extremum at x=—1land x=2. 


26 sega d 


dx 
and x=2 5 © .2bx+1=0,atx=-1 
x 

and x= 2 

—-a—-2b+1=0 

a 
and —+4b4+1=0 

2 

1 

> Cea 


bp, ifp>q 
q, ifg>p 
p, if pis greatest. 


29. Since, max (p, g) = 


and max (p,q,r)=,q,_ if qis greatest. 
r, if ris greatest. 


. max (p, g) < max (p, q,1r) is false. 


-—q, if p> 
We know that, Ip al={P 7 hd : 
q-p, ifp<q 

(1 


(p+q-ptq), ifp2q 


me SS) 


1 
3 (Pta-lp-a)= 
pC Pe Pog: Bp<d 


q, if p2q 
bp, if p<q 


1 . 
> oe aig lym) 


|cos2x cos2x sin 2x| 
30. f(x) = - cosx cosx -—sin 1 
|sinx sinx cosx| 
cos 2x(cos” x+ sin”x) — cos 2x 
(—cos?x+ sin?x) + sin 2x(—sin 2x) 
= cos 2x+ cos 4x 
f («) =—-2sin 2x —-4sin 4x = —2sin 2x(1 + 4 cos 2x) 
At x=0 


f (x) =0 
and f(x) =2 
Also, f’ (x)=0 

sin 2x =0 


or cos 2x = — 
4 


nt 1 
> x = — or cos 2x =-—— 
2, 4 


tim LO8@ | 
x> 2 f’ (x): g (x) 
fm FOS @+ FO) BQ) _ 
x2 f’" (x) gf (x) + f (x) 8’(x) 
[using L’ Hospital’s rule] 
f@) ¢ @)+ fF @)s@) _, 
f’2) & @)+ f 2) g’@) 
f@) g 2) Beery = = 
7’@) £@ 1 [-f @)=g8)=0] 
=> f@) =f’) .- @) 
f(x) — f’ (x) =0, for atleast one xe R. 
= Option (d) is correct. 
Also, f:R— @, ©) 
> f2)>0 
- f’2)= f2)>0 
Since, f’ (2) =Oand f”’ (2) >0 
.. f(x) attains local minimum at x=2. 
= Option (a) is correct. 


32. PLAN 


31. Here, 


=> 


[from Eq. (i)] 


ifx > 
We know that, |x| = ia eae 
-x, ifx<0 


- geal x-a, ifx2a 
-(x-a), ifu<a 


and for non-differentiable continuous function, the maximum or 
minimum can be checked with graph as 


ry Yu 


! 

1 >X 
O x=a x=a 
Minimum at x = a Maximum at x = a 


>X 


Ya 


! >X 
O x=a 


Neither maximum 
nor minimum at x = a 


Here, f(x) =2|x|+|x+2|-—||x+2]-2|x|| 
(—2x-—(x+2)+(x-2), if whenx<-2 
—-2Qx+x+24+8x+2, if when-2<x<-2/2 


wae <2 


= —Ax, if 
Ax, if when0<x<2 
2x+ 4, if when x>2 
(-2x-4, if x<-2 
2x+4, if -2<x<-2/3 
=; -4x, if eRe 
Ax, if oaee 
2x+4, if x>2 


Graph for y= f(x) is shown as 


33. PLAN 


The problem is based on the concept to maximise volume of 
cuboid, i.e. to form a function of volume, say f(x) find f’(x) and f’’ (x). 
Put f’(x) = 0 and check f’’(x) to be + ve or —ve for minimum and 
maximum, respectively. 


Here, /=15x-2a,b=8x-2aand h=a 
t 
a= is ot = a 
x 
8x-2a 8x 
. 15x-2a | 
t > 
| 
15x 
Volume = (8x — 2a) (15x —2a)a 
V =2a- (4x - a) (15x - 2a) ..-(0) 
a 
8x-2a 


15x-2a 


34, 


35. 
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On differntiating Eq. (i) w.r.t a, we get 


ae 6a? — 46ax + 60x? 
da 


Again, differentiating, 
dv 


a 


Here, (32) =0 => 6x -23x+15=0 
da 
5 
At a=5 > x=3,- 
6 
d*v 
=> —; | =2 80 - 28x 
[#) -200- 290 
2 
ats=3 £3}=260-69)<0 
da” 
2 
Maximum when x = 8, also at ee > ee >0 
6 da 
At x=5/6, volume is minimum. 
Thus, sides are 8x = 24 and 15x = 45 
Given, 
[ e& , if0<x<l 
f(x)=42-e 1, ifl<x<2 
x-e , if2<x<3 
and g(x) = | , fat 
=> & (x) = F(x) 
Put g(x=0 => x=1+ log,2 and x=e 
o, if0<x<1 
Also, g’ (X= ae, ifl<x<2 
1 , #f2<x<3 
At x=1+ log, 2, 
g’ (1+ log, 2) =— ee 2 <0, g(x) has a local maximum. 
Also, at x=e, 


g” (e) =1>0, g(x) has a local minima. 


-: f(x) is discontinuous at x=1, then we get local 
maxima at x=1 and local minima at x«=2. 


Hence, (a) and (b) are correct answers. 
Since, f(x) has local maxima at x=-1 and f’ (x) has 
local minima at x=0. 
f’" (x) = Ax 
On integrating, we get 


Pe 
pak re [. f’ C1) =0] 
> * + c=0 > K=-2c¢ ... (0) 


Again, integrating on both sides, we get 


foy=n sexed 
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37. 


= fe)=2(2) +20 d=18 ... (ii) 


and fay=%+e+ d=-1 .».(111) 
From Eas. (i), Gi) and (111), 


f(x)= . (19x? —57x + 34) 


f' @=7 672 sn=— Desh 


For maxima or minima, put f’ (xy)=0=> x=1,-1 


Now f’’ &) =+ (1142) 
At x=1, f’’ (x)>0, minima 
At x=-1, f’’ (x) <0, maxima 


.. f(x) is increasing for [1,2V5]. 
-. {(x) has local maxima at x=-1 and f(x) has local 
minima at x=1. 


Also, fO) =34/4 
Hence, (b) and (c) are the correct answers. 


f@=[ 7, ee -1) @-)E-2) ¢-3) dt 


= = + = + 
Se! 10) 1 2 oie 


, _ d « t 5 
f@=— J, t(e' — 1)(t - 1)(¢ - 2)° (t- 38) de 


= x(e* — 1)(x-1)(x- 2)? («@- 3) x1 
pe ZIP £0 at= fy Conw @~ £19 G01 6°69 
For local minimum, f’ (x) =0 
> x=0,1, 2,3 
Let f(x) = g(x) = x(e* -— D(x- I) - 2)? «@- 3) 


Using sign rule, 


This shows that f(x) has a local minimum at x«=1 and 
x=8and maximum atx=2. 


Therefore, (b) and (d) are the correct answers. 
For -1<x<2, we have 
f(x) =3x7 + 12x-1 
> f’ (x) =6x+12>0,V-l<x<2 
Hence, f(x) is increasing in [-1, 2]. 
Again, function is an algebraic polynomial, therefore it 
is continuous at x € (—1, 2) and (2, 3). 
For continuity at x = 2, 
lim f(x)= lim (8x +12x«-1) 
x3 2 x 2 
= lim [38 2-h)?+122-h)-1] 
h>0 
= lim [8 4+ h?-4h)+24-12h-1] 
h>0 
= lim (12 + 3h? -12h + 24-12h—-1) 
h>0 


= lim Gh? —24h + 35) =35 
ho>0 


38. 


and lim f(x)= lim (@7- 4x) 
x 2r x at 
= lim [37-2 + h)] =35 
ho>0 
and fQ)=3-27 4 12-2-1=12+24-1=35 


Therefore, LHL = RHL= f(2) => function is continuous 
at x=2 = function is continuous in -1 <x <3. 


Now RPO = i 2) 
x32 x-2 
~ jim [2+ -f2 
h>0 h 
2 — 
~ lim BIZ @ + h)- Bx2? + 12x2-1) 
h>0 h 
= lim — =-1 
hoo h 
and Zf’@)= lim f@)- f@)_ 4, f@-h)- fe) 
xo oO x-2 h>0 h 
[[3@-h)?+122@-h)-1] | 
, (3 x274+12x2-1)| 
= lim 
h>0 —-h 
_ [12+ 3h?-12h + 24-12h -1]-35 
= lm 
ho>0 —h 
. 8h? -24h + 35-35 
= lim 
ho>0 —h 
_ Bh-24 _ 94 
h>0 —s 


Since, Rf’ (2) # Lf’ 2), f’ (2) does not exist. 
Again, f(x) is an increasing in [-1, 2] and is decreasing 
in (2, 3), it shows that f(x) has a maximum value at x = 2. 


Therefore, options (a), (b), (c), (d) are all correct. 
Here, y? =16x,0< y<6 


Y 
E(0, , 


(4t?, 8t) 
G p me 
ty 
Tangent at Ff, yt=x+ at” 
At x=0, y=at=4t 
Also, (4t?,8t) satisfy y=mx+c. 
=> 8t=4mt? +3 
=> 4mt?-8t+3=0 
0 3 1 
i ae 
ear A 0 4t 1l=—-4t°@ -4t) 
4e? 8t 1 
A =2[8t? — 40°] 
dA _o16t 12¢7] =-12¢(12¢-1) 
dt 
0 1 
2 


39. 


40. 


41. 


42. 


Maximum at t = ; and 4mt? —8t +3 =0 


> m-4+3=0 
> m=1 
GO, 4t) > G@,2) 
=> yy, =2 
(Xo, Yo) = 4t”,8¢) = (1, 4) 
yy =4 


_ (x? + axt l)-2ax | 2ax 
F@) x 1 : x? +axt1 
pee [ (x2 + ax + 1)-2a —2ax2x+ a)| 
r@ l (x? + ax+ a)” 
=| —2ax” + 2a 1 al (x? -1) ] 6) 
(x? + ax+ a)?| l@ + ax+ | ” 
[ (x? +ax+1) (xe) — 2(0c* -1) 
fex — (x + ax + 1)(2x+ a) 
ee (x? + ax + 1)* 
= [2x (x? + ax + 1)-2 (x? - 1) 2x4 a) | (ii) 
| (x? + ax + 1)° i 
» avy 4a(a+2) 4a 
i (a+2y  (a+2)" 
" _4a(a-2)_ —4a 
and f” (-1) Boa Gao 
@+a)f’ ()+ @-a)’ f’ (1) =4a-4a =0 
When x € (1,1), 


x <1 >x°-1<0 
.. f (x) <0, f(x) is decreasing. 


x=1, f” ()=—— 


ae _ 4a 
(a + 2) 


>0 [-O0<a<2] 


So, f(x) has local minimum at x= 1. 
Pe) » 
x) =——_. -e 
e@) 1+(é)? 
[ 20 x 
=o at a _| e = 
le +aF +? | l+e 
g (x) =0,if e -1=0, ie. x=0 
If x<0,e* <1 > g (x)<0 


iteGs £ LF: f’ @)] 


To get the zero of g(x), we take function 
hw) = f@): f’ @&) 


between any two roots of h(x), there lies atleast one root 
of h’ (x) =0. 


43. 


44, 
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> g(x)=0 => hA(x)=0 
=> f(x)=O0or f’ (~)=0 


If f(x)=0Ohas 4 minimum solutions. 


f’ (x) =0 has 3 minimum solutions. 
h(x) =0 has 7 minimum solutions. 
=> h’(x)= g(x) =0 has 6 minimum solutions. 
To maximise area of A APB, we know that, OP =10 and 
sin8 =7r/10, whereO € (0, 1/2) vee (1) 
Yr 
7 P(6,8) 


>X 


Area = 5 2AQ) (PQ) 


= AQ - PQ =(r cos8) (10 - OQ) 

= (r cos®) (10—rsin®@) 

=10sin8 cos (10-10 sin?6) [from Eq. (i)] 
=>  A=100cos*? @sin@ 


oe = 100 cos* 6 — 300 cos”6- sin76 


Put a4 =0 
dé 


= cos”@=3sin76 
=> tan =1/J/3 
=> 0=n7/6 


At which - <0, thus when 6 = 27/6, area is maximum 
From Eq. (i), r=10sin 3 =5 units 


2 2 
Let us take a point P(V6 cos8, V3 sin6) on _ + 7 = 


Now, to minimise the distance from P to given straight 
line x+ y=7, shortest distance exists along the 
common normal. 


Yr 
y 
N 
Po cae a : X+ty=7 
X’< a a “ 
y 
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45. 


46. 


a’/x, V6 sec0 


Slope of normal at P=— = 2 tan0=1 
b?/y, V6 cosecO 
2 ' 1 
So, cos0 = |? and ae 
Hence, required point is P(2, 1). 
2ax 2ax-1 2ax+b64+1 
Given, f’ (x) = b b+1 -1 
2(ax+ 6b) 2ax+2b4+1 2ax+b 
Applying R, > R,; — R, —2R,, we get 
2ax 2ax-1 2ax+b+4+1 
f’@=| 6 b+1 -1 
0 0 1 
> f’ (x) =2ax+ b 
On integrating both sides, we get 
f(x) = ax? + be tc 
Since, maximum atx=5/2 = f’ 6/2)=0 
> 5a+b=0 ...(0) 
Also, fO)=2 > c=2 .. (ii) 
and fQ)=1 35> a+b+c=1 ...(iii) 
On solving Eqs. (i), (ii) and (iii), we get 
a a 
4 4 
1. 5 
Thus, co eee. 


Let coordinates of P be (t,t? + 1) 
Reflection of Pin y=xis PR, (7 +1, t) 
which clearly lies on y? = x—-1 

Similarly, let coordinates of @ be (s?+ 1,8) 
Its reflection in y= xis 


Q, (s,s”+ 1), which lies on x”? = y-1. 


We have, PQ? =(t-s)?+(t?-s’)? = PQ 
=> PQ, = P,Q 
Also PP, || QQ, [.. both perpendicular to y=<x] 


Cy : x?=y-1 


Thus, PP,QQ, is an isosceles trapezium. 
Also, P lies on PQ, and Q lies on P,Q, then 
PQ > min {PP.QQ,} 
Let us take min {PP,QQ,} = PP, 

PQ* > PP? = (41-4)? 4+ @?41-#) 


=2(t?+1-t7) = f(t) [say] 


47. 


we have, ff’ (t)=4(t7+1-#)(2t-1) 

= 4[(t-1/2)? + 3/4] [2t-1] 
Now, f @=0 
=> #=1/2 


Also, f’ (t) <0 for t <1/2 
and f (t)>Ofort>1/2 
Thus, f(¢) is least when t = 1/2. 


Corresponding to t = 1/2, point Py on C, is (1/2, 5/4) and 
P, (which we take as Q)) on Cy are (6/4,1/2). Note that 
PoQo < PQ for all pairs of (P,Q) with P on Co, 


Let the square S is to be bounded by the lines x = +1/2 
and y=+1/2. 
i; (i : 
We have, a?= -5| +(5- } 
" (x 2 ae 
‘. 
A(x, 1/2) |1/2 
D(-1/2, 1/2) 
xX'¢€ He >X 
1/2 B(-1/2, y) 
C(x2-1/2) | -1/2 
y’ 
1 
=a Hi -% S 
Similarly, b? = x5 - ye xy t y+ ; 


1 
C= 2-99 + Ret Jot 5 
2 2 2 al 
d ee es a aa 
a+b? 4 074 d? =2(xr + yet xe + y2)4+2 


1 
Therefore, 0 < x2, x2, y2, y2< rr 


O<xiexgt yet ysl 
=> 0 < 2x2 +254 yet ys) <2 
But 2 <2(xr + xo + yrs y4+2<4 
Alternate Solution 


Cat ye .. (i) 


B(1, 4) 


>X 


48, 


b? = (1-x,)*+ y? ...(ii) 
a*=(1-4,)?+0-x) (iii) 
d® =x74+(1-y,)" ...(iv) 


On adding Eas. (i), (ii), (iii) and (iv), we get 
a+b? ++? ={x + (1-m) }+{97 + -9,)} 
+{x5 + (1—29)"} + {95 + (1- 99)" 
where %,, ),,X9, V2 all vary in the interval [0, 1]. 
Now, consider the function y=x?+(1-x)?,0<x<1 


differentiating > 2 =2x-2(1-x). For maximum or 
x 


minimum dy =0. 
d. 


ie 
=> 2x-21-x=0 > 2x-24+2x=0 
=> 4x=2 => x=1/2 
: d’y 
Again, —  =24+2=4 
. dx” 


Hence, yis minimum at x= 5 and its minimum value is 
1/4. Clearly, value is maximum when x= 1. 


-.Minimum value of a? + 674+ + ee eee 


and maximum value is1+1+1+1=4 
f(x)is a differentiable function for x >0. 


Therefore, for maxima or minima, f’ (x) = 0 must satisfy. 


Given, f(a) == Inx— bx 2°, x>0 
> p@=t-t- ps2 
8 x 

For f’ (x) =0 
> 2 peg 

8x 
> 16x” - 8bx+1=0 
=> (4x — b)? = b? -1 Gi) 
=> (4x — b)? =(b-1)(b+1) [6b =0, given] 


Case I O<b<1, has no solution. Since, RHS is 
negative in this domain and LHS is positive. 


Case II When b=1, then ee is the only solution. 
When 6 =1, 4 


2 
Pies ies -2 [0 sett |=2(s ;] 
8x x 2 16) x 4 


We have to check the sign of f’ (x) at x = 1/4. 


Interval Sign of f’(x) Nature of f(x) 


—oo, 0 —ve u 


(a | +ve T 
4 
( =) +ve T 
zi 
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From sign chart, it is clear that f’(x) has no change of 
sign in left and right of x = 1/4. 


Case III When b > 1, then 
1 ie 1 
“(~) =— -b+2x=-|x bx 4 
a 8x =( 2 ) 


16 
2 ae ae 
- (« } (-1)| 


x} 4 16 | 
oe eae Gear 


= 2 (a) (eB) 
x 


where, a <fB anda == —./b?-1)and 
B= - (b+ ./b? —1). From sign scheme, it is clear that 
- >0, for0O<x<a 
f’(x~)4<0, fora<x<B 
>0, forx>f 


By the first derivative test, f(x) has a maxima at x=a@ 
1 
= ab? 1) 


and f(x) has a minima at x= == + 4/621) 


. Let equation of any line through the point (A, k) is 


y-k=m(x-h) iss 0) 


For this line to intersect the positive direction of two 
axes, m=tan@<0O, since the angle in anti-clockwise 
direction from X-axis becomes obtuse. 


The line (i) meets X-axis at P [n = big ; 0| and Y-axis at 
m 

QO, k — mh). 

Let A=area of AOPQ= 3 OP -0Q 


=5(n-*) mn 

2 m 

-3 (“Ja Py ee | eee 

2 m 2m 

et (k —h tane)” [.- m = tan 6] 
2 tan@ 

ee. (k? + h? tan?6 —2hk tan6) 

2 tan8 


=> @kh k? cot® — h” tan) 
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> ue = : [-k2(— cosec’®) — h? sec] 
de 2 
7 : [k? cosec’® — h7 sec’0] 
To obtain minimum value of A, — =0 


=> k* cosec’0 —h”sec?6 =0 
k? h? k? 


oy = 
sin?0 cos”0 


=> en ee 
h 


tan6<0, k>0,h>0 [given] 
Therefore, tan = — _ (only possible value). 


@A_l 


Now, ; [-2k cosec” @ cot @ — 2h” sec” 6 tan @] 


= — [k7(1 + cot?) cot + h7(1 + tan76) tan6] 


[ d?A | [ of, h?\(-h 
~ ae? | wn |" f | =) k 


(+h yh (h2 + kk) | 
k h 


_ 2a prlh, Fl : 
eae rates [- h, k> 0] 


Therefore, A is least when tan9@ =— k/h. Also, the least 
value of A is 


Aa ope e(>) n=) 
3| k h )| 
= 5 Bhk + kh + kh]=2hk 


50. Since x’+ y”=1 a circle S, has centre (0, 0) and cuts 
X-axis at P(—1, 0) and Q(1,0) . Now, suppose the circle 
S., with centre at Q(1,0) has radius r. Since, the circle 
has to meet the first circle,O<r<2. 
Again, equation of the circle with centre at Q(1, 0) and 


radius ris 
Yu 
RB S 
S, | A . 
iM 
* Gop LO Si Jat1.0) . 


To find the coordinates of point R, we have to solve it 
with 
e+ yal .. (ii) 
On subtracting Eq. (ii) from Eq. (i), we get 
(x—1)?-—x%=r?7-1 
2 


> e+ 1-2-2 = 77-1 
=> 1-2x=r?-1 
2-r? 

~~ 2 


On putting the value of x in Eq. (i), we get 


2-r : 


7 rj4— r 


=> y= 5 


Again, we know that, coordinates of S are (1-r,0), 
therefore 

SQ=1-(l-rn=r 
Let A denotes the area of A QSR, then 


4-7? | 
Amar" f | 
2 
aor fa-F 
> Aaa 4-7?) 
16 
Let f(r)=r44-—r?) =4r4 — r® 
_ f’(r) =16r* —6r? =2r* @ - 3r”) 


For maxima and minima, put f’(r)=0 

=> 2r* (8 — 8r”) =0 

r=0,8-38r?=0 

rat) Br =8 

r=0, r?7=8/3 
V3 
[<O0<r<2,s0r=2v2/3] 

Again, f’’(r) =48r? - 30r4 


t vuy 


51. 


52. 


2 
,” 2/2 -48 (422) 30 (4%?) 
V3 3 3 
10 x 64 640 256 


=16x8 = 128 - 3 =— <0 


Therefore, f(r) is maximum when, r= a 


Hence, maximum value of A 


_1(2N2) |, (2v2)"_1(8 8 
+78) , (2) (5): 3 


_2 j12-8 2-2 4 _4v8 


3° 43 3y3 3B 9 
(b° — b? + b-1) . 
. , if0<x<1 
Given, f (x)= (b? + 3b + 2) a 
2x-3 » Wi<xv<3 


is smallest atx=1. 
So, f (x) is decreasing on [0, 1] and increasing on [1, 3]. 
Here, f(1) =—1is the smallest value at x=1. 
.. Its smallest value occur as 
(0° — 6° + 6-1) 
b° +3542 


lim f(x)= lim C2’) 4 


x71 x17 


In order this value is not less than —1, we must have 
3 2 
b° —b°+b-1 >0 


b+ 3b4+2 
2 
= (b° +1) (6-1) . 
(6+1)(6+2) 
j_ j__-F 
= | = || 
be (-2, -1) U [1, 2] 
Vx: 
y= 
we ‘ 
A 
xX’ >X 
y’ 
Any point on the parabola y = x” is of the form (¢, t”). 
Now, dy =2x > [ dy] =2t 
dx dx |, Sy 


Which is the slope of the tangent. So, the slope of the 
normal to y= x" at A(¢, ¢”) is —1/2t. 
Therefore, the equation of the normal to 
y=x" at A(t, t”)is 
1 
~t?=|-—|(x-t wei 
y-#=(-Z)a-9 (i 


Suppose Eq. (i) meets the curve again at Bit, ay 
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Then, f-P=-— -t) 
1 
=> @-H)G+o0=- Gb 
=> (+1) =-— 
=> i ee 
2t 


Therefore, length of chord, 
L = AB’ =(t-t,)?+ (@ - #2)? 
=(t- 4)? + ¢-4)°¢ + 4)” 
=(¢-4)[1 + (+) 


-(t+00 3) fis (ee- 3) 
= L= (2¢ + V1 “| =r + 2) 


On differentiating w.r.t. t, we get 


3 2 
& -8(1+ 5] +12(1+ 4) (-=) 
dt 4t At” At 
2 
Pere. 
at?) | a2) | 


-2(1+ za) («-3)=4(0+g) 4) 


; — dL 
For maxima or minima, we must have ae = 
t 


> 2t -=0 > fie 
=> ae 
2 
2 
Now, 2 -a(1+4,)(-2,) (00-2) 
dt At 2t t 
2 
1 1 
: 14 2+ 
( all *) 
[a 2 
=> | -o+4(1+3] (2+ 2)>0 
dt t=+1/V2 2 


Therefore, L is minimum, when t = + 1/V2. Fort =1/V2, 
point A is (1 [4/21 /2) and point B is C79), When 
t =—1/V2,A is (-1/V2,1/2), Bis (V2,2). 

Again, when t = 1/2, the equation of AB is 


yan x+ V2 
2 ae 
2 V2 
1 _ i 
=> 0-2 {(+ 2} -o+ (3 2] 
=> -2y+4= 2x42 
= V2x+2y—-2=0 


258 Application of Derivatives 


53. 


54, 


and when t = — 1/2, the equation of AB is 


y-2_ x2 

Gs 
= 2)( = 12) = (4%) (3-2) 
= 2y-4= 2 (x- V2) 
= V2x-2y+2=0 


Let 26 be the diameter of the circular portion and a be 
the lengths of the other sides of the rectangle. 


Total perimeter =2a+4b+ 1b=K [say] ...() 


Now, let the light transmission rate (per square metre) 
of the coloured glass be L and Q be the total amount of 
transmitted light. 


— 


a ty 
Coloured \ 
glass \ 


2b \ 


a Clear glass a 


2b 
Then, @Q=2ab (3L)+ ; nb?(L) 


=> Q= S (nb? + 12ab) 
> Q= ‘ [mb? + 6b (K —4b — xb)] [from Eq. (i)] 
L 


=> Q == 6Kb - 24b? — 5b”) 


2 


On differentiating w.r.t. b, we get 
go) (6K —48b —107b) 


db 2 
For maximum, put aq =0 
db 


= jae aii) 
48+107 
2, 
Now, ee —48-10n) <0 
db- 2 


Thus, @ is maximum and from Eqs. (i) and (ii), we get 
(48 + 10m) b=6 {2a + 46+ mb} 


Rage’ = 6 =6:64+7 
a 6+T 


Since, the chord QR is parallel to the tangent at P. 
2 ON LQR 

Consequently, Nis the mid-point of chord QR. 
QR=2QN =2rsin® 

ON =r cos® 

PN =r+rcos0 


Also, 


55. 


Let A denotes the area of APQR. 


Then, A=5-2rsind (r+ rcos@) 
> A=r*(sin0 + sin@ cos) 
> A=r*(sin@ + sin 20) 
=> ae = r* (cos® + cos 20) 

de 

2 
and ae =r’(-sin@ —2sin 20) 


de” 

; sis dA 
For maximum and minimum values of 8, we put ao =0 
=> cos0+ cos20=0 => cos20=-cos0 


=> cos8 =cos (tm — 20) => 0= 


d’A 


2 


wla wla 


Clearly, <0 for 0= 


Hence, the area of APQR is maximum when 6 = = 


The maximum area of A PQR is given by 


2 & TG 1. 2n 2 V3 V3 
A=r er =r } 


3 2 4 
343 » ; 
=—— rr’ sq units 
4 
Let P(a cos@, 2sin 8) be a point on the ellipse 
2 2 
Ax? + a?y? =4a” ie. = a ae 
a 4 


Let AQ, —2) be the given point. 


Then, 
(AP)? = a” cos’ + 4 (1 + sin6)” 


=> ©, (AP)? =~ a sin20 +8 (1 + sin@)-cos8 
d 2_ 2 . 
=> a (A? = [(8 —2a”) sin®@ + 8] cos®@ 


For maximum or minimum, we put “a (AP)? =0 


=> [(8—2a7)sin6@ + 8] cosé =0 


> cos8=0 or sinO= 


a?-4 


Pe4<a?<8> 


>1=sin0 > 1, which is 
impossible] 


a’-4 


56. 


2 
Now, (AP) = — {(8 — 2a”) sin® + 8} sin 


+ (8 -2a”)-cos”6 
2 


For 0 =F we have a (AP)? =— (16 —2a2) <0 


: : . T : 
Thus, AP? i.e. APis maximum when0 = a The point on 
the curve 4x” + a”y? = 4a” that is farthest from the point 


AQ, 2) is (« cos 7 ,2sin z) = (0,2) 


Let AF =xand AE = y, AABC and AEDC are similar. 


b 
> Spee = ES 
x b-y 
= bx=c(b-y) = x=7 (0-9) 
Let z denotes the area of par 
allelogram AFDE. 
Then, z=xysinA 
=> z= 7 (b-y)y-sin A i) 
On differentiating w.r.t. y we get 
dz _c ‘ d’*z -2c . 
—=-—(b-2y)sinA and y= sn A 
dy b dy b 
For maximum or minimum values of z, we must have 
de _ 
dy 


c b 
> —(b-2y)=0 => = 
x y) a ) 


2 
Clearly, as 7 = <0,Vy 
y 


. . b 
Hence, z is maximum, when y= a 


On putting y =: in Eq. (i), we get 


the maximum value of z is 


ze <{o =)-3-sin A == besin A 
bl 2) 2 4 


57. 


58. 
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= ; area of AABC 


p -p il 
=ixilq q 1 
2. 215 

ro -r il 


Applying R,; — R,; —R, and R,> R,-R, 


p* -p 1 
1} 2 (9 
ad ia qt+p 0 
r?-p* -r+p 0 
‘ p -p il 
=p ae P)\q-p 1 O 
r+p -1 0 


=" (p+ @(r-p) Ca-") 


4 
1 
oF (p+ q)(q+r)(p-r) 
Let y = f(x) =sin® x+ Asin?x,—7 cect 
Let sinx=t 
yet? +At?,-1<t<1 
= O81? + 2th =1 t+ 2A) 


For exactly one minima and exactly one maxima dy/dt 
must have two distinct roots € (-1, 1). 


=> t=0 and t=-7h (1,1) 
> -1<-—<l 
=> 2.2529 
> in e(-3.3) 
2°2 
Given, =" 5 
Le 
dy (1+ x7)-1-x (2x) 1-x 
= = = 
dx (1+ 2°)? (1+ x)? 
Let a = g(x) [i.e. slope of tangent] 
x 
1-2 
x) = —— 
g@) (1+ x’)? 
2 (_on)_ (1 _ v2). 2». 
Se) (-2x)-(1 ee 
(1+ x°) 
_ 2x (1+ x”) [1+ 27)+2 (1-2)]  -2x B - x”) 
(1+ x*)4 (1+ x’) 


For greatest or least values of m, we should have 
g(x)=0 => x=0,x=+ V3 
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Now, 
pp. 1+ 2°? 6x? -6)- 2x? —6x)-3 (1+ x*)?- 2x 
e@) (1 + x76 


At x=0, g’’ (x) =-6<0 

-. g (x) has a maximum value at «=0. 

=> (x =0, y =0) is the required point at which tangent to 
the curve has the greatest slope. 


59. Let the house of the swimmer be at B. 


: AB=Lkm 
Let the swimmer land at C on the shore and let 
AC=xkm 
S 
d peo +. & 
A «  C (L-x) B 
< L > 


SC=Jx°+d? and CB=(L-x) 
_ Distance 
Speed 


Time from Sto B= Time from S to C+ Time from C to B 


pale t d®  L-x 


Time 


For maximum or minimum, put f’ (x) =0 


> vx? = u? (x7 + d?) 
> x’ = uid” 
vu 
f’ («)=Oatx=+ ue ,(U>U) 
juz —u? 
But x# eu 
vu? 
.. We consider, x = ue 
vu? 
1 a 
Now, fi’ @= >0,V x 
U x? + d? (x2 + d?) 
Hence, f has minimum at x= alte, 
vu -u 


60. Given, eee eee er 
x 


Let On ae ae 
iG 


61. 


62. 


f’ () =2a8- = 8 
x ae 
ie 2b é ve 
— am i ee a [since, a, 6 are all positive] 
58 
Now, put f/f’ (x)=0 = x-(2) >0 [. a,b >0] 
a 
58 
At e=( } , f’’@=t+ ve 
2a 


V3 
= f (x) has minimum at x= (=) ; 
a 


b V3 7 jj 213 b 
wed (2) J=0(2) rea" 


V3 


b 2 
v3 
=> (72) oles 
b 2 
On cubing both sides, we get 
3 
2a 276 oa 
b 68 
=> 27ab" > 42 
Let f(x) =x+ y, where xy =1 
> fax+" 
x 
1 #1 
> “(~)=1-3= 
f’ (x) 2 
Also, f’’ (e) =210 


On putting f’ (x) =0, we get 
x=+1,but x>0 [neglecting x=— 1] 
f’’ (x) >0, for x=1 
Hence, f(x) attains minimum at x=1, y=1 
=> (x+ y) has minimum value 2. 


Here, volume of cylindrical container, V =mr7h_ ...(i) 


and let volume of the material used be T. 


T=n[(r+2)?-r7]h+n(r+2)?x2 


=> Tan [(r+22—P]-Y, + 2m (r+ 2)? 
Ur 


[. V =ar7h > h=—] 
Tr 


Py 
) +9n (7 +2) - 


=> r=v( 


On differentiating w.r.t. r, we get 


af ev ()(2) 1 An (r +2) 
r 


dr r 
At-r=i0, “0 
dr 
Now, o=(r+2)-4(x-4) 
r 
Ss Vig 
3 
where r=10 
V 
=> ——_=T7 
1000 
or a =4 
250 


63. PLAN As to maximise or minimise area of triangle, we should find 
area in terms of parametric coordinates and use second 
derivative test. 


Here, tangent at P(2 cos9, V3 sin®) is 


P| (2cos @, V3 sin @) 


O (h,0) R 
(2 sec 8, 0) 
Q 


(2 sec @, -V3 sin @) 


| 
a 


* cos0 4 » sin@ =1 


V3 
“ R(@sec8, 0) 
=> A = Area of APQR 


= ; (2/3 sin ®) 22sec — 2 cos8) 
= 2,/3 -sin? @/cos® (i) 


Since, <h<l 


1 7 
cos@ <— .. (1 

5 (ii) 
dA _ 2V3 {cos0-3sin?@ cos® — sin® @(-sin6)} 
de cos’ 


_ 2/3 -sin”@ 
ee 


Ble Mle Nle 
lA 


[3 cos”6 + sin”6] 
cos 
_ 2/3 sin? 


-2cos70 +1 
2 [ ] 


COs 
= 2,/3 tan76 (2 cos70 + 1) >0 


1 1 
When —<cos0<-, 
4 2 
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3 
A, = Amax Occurs at wseel= 2V3-sin® @ 
4 cos®@ 
Whence _ 455 
4 8 
1 
Ag = Ayjin OCCULS at co es 
_ {2V8 sin? 6 
cos®@ 
When a ee au 
2° 2 
Box — 8A, =45 -36 =9 
V5 al 2 


64. PLAN 
(i) Local maximum and local minimum are those points at which 
f’(x)=0, when defined for all real numbers. 
(i) Local maximum and local minimum for piecewise functions 
are also been checked at sharp edges. 
x, ifx>0 


Description of Situation yalxl={®, ifx<0 


2 


2 
Also, yatta oD 1), 


(2). #=1exe1 
f-x+1— x, if x<—-1 
if—l<x< 
yeti ei lathe —x+1-x7, & 1<x<0 
xt1l—-x", if O<x<1 
xtx°-1, if x21 
(_ Jue if x<-1 


1, if -1<x<0 
— x ae if O< 
v+xe—-l1, if x21 


which could be graphically shown as 


>X 


11/20] 1/2 4 


Thus, f(x) attains maximum at x=3> and f (x) 


attains minimum at x=-1,0,1. 
= Total number of points =5 


65. PLAN If f(x) is least degree polynomial having local maximum and 
local minimum ata and B. 


Then, f (x) =A (x-a) (xB) 

Here, PD (x) =A (x-1) (x—-3) =A (x7 - 4004 8) 

On integrating both sides between 1 to 3, we get 
|e (x) dx = [ d (x7 4x4 8) dx 

3 


> (p(x)? = (= -297 + 5] 


1 
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ii 1 
_ = _ a= 68. Let Q) = —~ 
= Ee) .(o vee) (; 248) [CO Gea bcos So oe 
2 A « let = 204 . 4 2 
~ 2-6-2 {=} gain let, g() — 0 ay oe 
: —— +5 = Js sin20 
=> A=3 2 2 2 
=> PD (x) =3 (x-1) (x3) =34+2c0s20+ >sin20 
‘ 2 
. p 0)=9 9 
66. f(x) =x — 49° + 1207+ 2-1 “ 8 @)min = 3-447 
f’ (x) = 408 —12x7 + 24x41 =3-2=1 
f" (x) = 12x" — 24x + 24=12 (x? — 2x4 2) 2 2 
=12{(x-1)? + 1} >0 Vx .. Maximum value of f(@) = a =2 
| 


= f (x)is increasing. 


. _ 2 =F 
Since, f’ (x) is cubic and increasing. 69. Given, A= {x|x° + 20 $92} = {xl x ¢ [4,5]} 


=> f’ (x)has only one real root and two imaginary roots. 


>< 


-. f(x) cannot have all distinct roots. 

= Atmost 2 real roots. 

Now, f(- 1) =15, f@) =-1, fd) =9 

-. f(x) must have one root in (— 1,0) and other in (0, 1). 


>X 


= 2 real roots. 
67. Let g(x)=e/, VxeR 
= gx=d-¢@) 


= f’(x) changes its sign from positive to negative in the Now, f’ (x) =6(x? — 5x + 6) 
neighbourhood of x = 2009 Put aC ne 


= f (x) has local maxima at x = 2009. f@) =—20, f(8)=-21, f(4)=-16, f6)=7 


From graph, maximum value of f(x)on set Ais f(6) = 7. 


So, the number of local maximum is one. 
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Indefinite Integration 


Topic 1 Some Standard Results 


Objective Questions (Only one correct option) 


1. Leta € 0, 2/2) be fixed. If the integral 
| tanx+ tana 


dx = A(x) cos 2a + B (x) 
tan x — tana 


sin2a + C, where C is a constant of integration, then the 


functions A(x) and B (x) are respectively 


(2019 Main, 12 April Il) 


(a) x+ aand log,|sin(x + a) | 
(b) x-a and log,|sin(x — a) | 
(c) x-a and log,|cos(x — a) | 

(d) x + a and log,|sin(x — a) | 
= == dx is equal to 
x 


2. The integral | 
+x 


(here C is a constant of integration) (2019 Main, 12 April |) 


Z es 
@ tig 2tse orig @ = 26 
2 x 2 x | 


x +1 


(c) log, +C (d) log, 


3. it) = tant (#4) te) 
(x? — 2x + 10)” 3 x” —2x +10 


where, C is a constant of integration, then 


(2019 Main, 10 April 1) 


i) Aa ond f= 9ie—) 
27 

(b) A= — and f(a) = 8(¢—) 

() A=— and f(x) =3(@-D 
Bd 


(d) A = = and f(x) = 9 (x — 1)? 


1 


where, C is a constant of integration, then the function 
(2019 Main, 8 April II) 


f (x) is equal to 


il 1 
© Ee © oF 
© -4 (a 2 

2x" i 


sin - 

5. | <— dx is equal to 
sin — 
2 


(where, C is a constant of integration ) 
(2019 Main, 8 April I) 
(a) 2x+ sinx +2 sin 2x+C 
(b) x + 2sinx + 2 sin 2x +C 
(c) x+ 2sinx+ sin2x+C 
(d) 2xn+ sinx + sin2x+C 


. 3x3 4 2x! 
6. The integral | @x' +3241! 


is a constant of integration) 


dxis equal to (where C 


(2019 Main, 12 Jan Il) 


x4 xl 
(a) —__—_.—__ + C ) ———_,___ + 
6(2x* + 3x7 + 1° 6(2x* + 3x7 + 1) 
x x2 


+ —__________ + 
(2x* + 3x? + 1)? (2x4 + 3x? + 1)° 


7. If | aa dx = f(x)j/2x-1+C, where C is a 


42x -1 


constant of integration, then f(x) is equal to 
(2019 Main, 11 Jan II) 


(a) 2(¢+ 2) ) t@+4) 
3 3 

() 2@-4) @ t@+1 
3 3 


8. If{ vi a dx = A(x)(/1 —x2)" + C, 
x 


for a suitable chosen integer m and a function A(j), 
where C is a constant of integration, then (A(x))” 


equals (2019 Main, 11 Jan |) 
1 -1 
(a) —~ (b) —— 
Ox4 3x3 
-1 1 
(c) (d) 
27x? 27x8 


9. Let n>2 be a natural number and 0 <0< :. Then, 
L 
| (sin” 6 — sin ®)” cos@ 


d@ is equal to 
sin"*!@ 

(where C is a constant of integration) 

(2019 Main, 10 Jan 1) 
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10. 


11. 


12. 


13. 


14. 


ory Ax, (x 20), and f()=0, then 
(x? +14 2x" 


the value of f(1) is 
1 

(ay-+ 
2 


1 1 


(2019 Main, 9 Jan 1) 


Forx’znn+1lneN (the set of natural numbers), the 
integral 


j = pans — 1) -sin2(x? — 1) 


dx is equal to 


2sin(x” — 1) + sin 2(x” - 1) 
(where C is a constant of integration ) (2019 Main, 9Jan 1) 
(a) slog. lsec(x” -DI+C 


x? -1 
sec 
2 
1 see ? (7 — 2) 
2 


2 x -1 
sec 
2 


The integral 
| sin” x cos” x 


(b) log, +C 


(c) log, +C 


+C 


1 
d) —log, 
eS g 


dx 
(sin x+ cos’ xsin? x+ sin? xcos? x 
+ cos? x)" 
is equal to 
a. ae _—— 
3(1+ tan” x) 3(1+ tan” x) 


(jae ( ——_+c¢ 
1+ cot’ x 


14+ cot? x 


(2018 Main) 


(where C is a constant of integration) 


The value of | =, is 
x2(x4 + 1) (2015 Main) 


1 
1 
@ [= a +¢ (b) (x4 + D4 +e 
x 1 
uy 
()-(+D4 +e (d) - (= ay we 


x 


¥ 

ec x 

| ee dx equals to 
(sec x + tan x) 


(for some arbitrary constant K) (2012) 


15. 


16. 


AT 


= 1 2 


(a) it (sec x + tan x) \+K 
(secx+ tan x)? 11 (7 
1 1 1 2 
TE (sec x + tan a)?h+ K 
(sec x + tan x)! 11 7 
-1 a.Z 2 
c) {<4 (sec x + tan x) he K 
(secx+ tan x)? 11 7 
1 ds 1 
(d) 7 (sec x + tan x) ‘| +K 
(sec x + tan x)? 7 7 
e~ 
ifr= dx, J = dx. 
le EE Gi ley e* +1 
Then, for an arbitrary constant c, the value of J-—I 
equals (2008, 3M) 
ee 1, Je*™+e% +1 
(a) slog cal oa +c. (b) =log| ———_—_|+c¢ 
ef 4 ee 41 2 e* —e +1 
Qe 
+1 1 ee 1\, 
(c) = slo eet, +¢ (d) =log| © c 
et +e +1 2 “fee 41 
If f @)=—— am for n>2 and g(x)= (fofo...of) (x). 
ee ) f occurs n times 
Then, | xn 2g (x) dx equals (2007, 3M) 
i=1 
(a) (+nx") "+e 
n(n-1 
1 oes 
(b) ——(1+ nx”) "+e 
n-1 
1 
1 1+ 
(c) (+nx") "+e 
n(n+1) 
1 
1 The 
(d) ——(l+ nx") "+e 
n+1 
2 
-1 
The value of I a ee (2006, 3M) 


is 
xe J2x4 -2x7 41 


(a) 2 2-G+ate (b) 2 he 2 dG 
x xt 


ae a = + ae +c (d) None of these 
2 x? xt 


8 
bo 


One or More Than One 
18. 


Let f:R—>R and g:R—-R be two non-constant 
differentiable functions. If f’ (x) = (¢4~&) g (x) for 
allx e Rand f(1) = g@)=1, then which of the following 
statement(s) is (are) TRUE? (2018 Adv.) 
(a) f(2)<1- log, 2 (b) f(2)>1- log, 2 
(c) g()>1- log, 2 (d) g()<1- log, 2 


Numerical Value 
19. 


Let f:R—R be a differentiable function with f@)=1 
and satisfying the equation /f(x+ y)=f(x)f (y) 
+ f’ (x) f(y) for all x, ye R. 


Then, the value of log, (f(4)) is ....... ; (2018 Adv.) 


Fill in the Blank 
Ae + 6e — dx= Ax+ Blog @e* — 4) + C, then A=... 
9e* —4e* 


Be... andCe=... . 


20. If | 


(1989, 2M) 


Analytical & Descriptive Questions 


21. For any natural number m, evaluate 
| GP” + 32" + 2”) (2x°" + 3x0" + 6)!” dx, x>0. (2002, 5M) 


1 —)" dx 


pam (1997C, 3M) 
14+ Vx 


x 
23. Evaluate | . — as 
\1+ Vx 


Topic 2 Some Special Integrals 


Objective Question I (Only one correct option) 


22. Evaluate | 


(1985, 25M) 


1. The integral i sec*® xcosec”?x dxis equal to (here Cis a 
(2019 Main, 9 April I) 


(b) -3tan 7"? x+C 


~tan*" x+C 


constant of integration) 
(a) 3tan7?x+C 


(c) -3cot!? x +C (a) 


2. Let I, = | tan” x dx (n > 1). If 


I,+1,=a tan’ x+ bx° +C, where C is a constant of 
integration, then the ordered pair (a, b) is equal to 
(2017 Main) 


o(b) 93) eb jets 


Topic 3 Integration by Parts 


Objective Questions (Only one correct option) 
1. If | eo dx= gine ae C, where C is a constant of 


integration, then g(—1)is equal to (2019 Main, 10 April II) 


(a) -1 (b) 1 
@ -1 @ -2 
2 2 
2. ie] ae 


(secx tan x f (x) + (secx tan x+ sec? x)) 
dx = &°* f(x) + C, then a possible choice of f(x) is 
(2019 Main, 9 April II) 


(a) xsecx+ tanx+ : (b) secx+ tanx+ = 


(c) secx+ xtan x- (d) secx-tanx- 


WIR po 
Nl ple 
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24. Evaluate | — (1984, 2M) 
x(x" + 1) 
25. Evaluate the following: (1980, 4M) 
i hi = x 
1 1+sin|—x|dx ll ——— dx 
() f jresi (5 a@ [7S 
2: 
26. Integrate (1979, 2M) 


(a + bx)? 
27. Integrate 
; : 2 2 <4 4 
sin x-sin2x-sin38x+ sec x- cos’ 2x+ sin” x-cos” x 


(1979, 1M) 
28. Integrate the curve a (1978, 1M) 
1x 
29. Integrate aa ie (1978, 2M) 
—cotx sinx-—cosx 
Analytical & Descriptive Questions 
3. Find the indefinite integral 
— ee Me | a (1992, 4m) 
Met x Vet Vx ; : 
4. Evaluate | (Vtan x + Jeot x) dx. (1988, 3M) 
V2 
5. Evaluate i dx. (1987, 6M) 
sin Xx 


2 sin x-sin2x 


6. If f(x) is the integral of a 


, where x # 0, then 


find lim f’ (x). (1979, 3M) 
x0 


3. The integral | cos (log, x) dxis equal to (where Cisa 


constant of integration) (2019 Main, 12 Jan 1) 


(a) 7 [cos(log, x) + sin(log, x)| + C 


(b) x [cos(log, x) + sin(log, x)] +C 
(c) x [cos(log, x) = sin(log, x)] +C 
(d) 5 [sin(log, x) — cos(log, x)] +C 


z 1 3 
4. If [Pe dx=—e* f(x) 4 C; 
| po 
where C is aconstant of integration, then f(x) is equal to 
(2019 Main, 10 Jan II) 
(b) 4x? +1 


(d) — 2° +1 


(a) — 49° -1 
(c) — 2x° -1 
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1 : ic ps : 
5. | (1 cep: *) Bade eagle (2014Main) Analytical & Descriptive Questions 
x 
Base 2x+2 
xti atl 7. Evaluate [ sin7!] ——“=~=—— |} dx. (2000, 5M) 
(a(x-Ne *+e (b)xe *+e J 4 
ee Sen 
(c) (x+ Ne “F4e (d) —xe "2 ie 8. Find the indefinite integral 
6. If | f (x) dx = w(x), then | x f(x?) dxis equal to | cos 20 log[ SESS + 4 do. (1994, 5M) 
(a) 2 x? wo?) - | x(x? )dx] + ¢ (2013 Main) a 
‘ 9. Evaluate [ sin’ Vx — cos” VX oy (1986, 2% M) 
(b) 5G?) 8] ewe?) det ¢ re rear is : 
1 3 dy — f 2 -leé 
(c) a w(x?) iE: w(x?) dx + ¢ 10. ad a raart (1983, 2M) 
Ae ere By a8 
(d) = [xX° ye") — | x yw’) dx] +c ; 
a py 11. Evaluate | a +sin x) cos xdx. (1981, 2M) 


Topic4 Integration, Irrational Function and Partial Fraction 


i 4 ; r ; 
Objective Questions (Only one correct option) > Whence: f cos? x + eee ee 


2 9 sin? x + sin’ x 
1. The integral | aca ae dx is equal to : re 
(x? + + 1) (2016 Main) (a) sinx — 6tan“(sinx) + ¢ 
5 ot So ot 
(a) _-* ae (b) BH 2 ae +¢ _ 
(? + 2° +1)? (c) sinx — 2 (sinx)~ — 6tan “(sin x) + ¢ 
(b) x? ‘ (d) sinx — 2 (sinx) + + 5tan 1 (sin x) + ¢ 
20? + x? + 1)? : ae . 
Analytical & Descriptive Questions 
) 2” +C P 
¢}.—___ > 
a0? + + 1)? 3 J + Bx +2 (1999, 5M) 
( — x10 (x? + 1)? («+ 1) : 
2 5 3 2 
oe ee 4. Bvaluate [ 7" "np (1996, 2M) 
where, C is an arbitrary constant. + xe" )? 
Answers 
; / 
Topic 1 gf. 2 tI 
1. (b) 2. (c) 3. (c) 4. (b) x 
5. (c) 6. (b) 7. (b) 8. (c) 25. (i) 4sin7 -4 cost + c 
9. (c) 10. (c) 11. (b) 12. (b) ; ; 
13. (d) 14. (c) 15. (c) 16. (a) (ii) aR x~ (1 ae sll ar ‘hee 
17. (c) 18. (b,c) 19. (2) ; ; 
a 
20. A=- , B=— and C R 26, (a+ bx 20 og a+) 2 + 
a1. : yea 43x + 6x™J™rin4¢ 27. are ee + COPE + sin 2x + tan x— 2x 
6(m+1 


_ 3x sin4x | sin8x 


Z 1 
22. 2[cos’ Vx —log|1 + [1 — x| 5 og lall+e ae anes agen 


23, -2,/1-—x+cos!Vx+,/x(1—x) +e 28. tan” (x")+¢ 29. 5 log (sin x c0s x)to te 


Topic 2 
1. (b) 2. (b) 
: 3 23 12 x2 4 4 ge 12 gil? 4 1 xl!3 — gyll4 7 xl/6 
2 7 3 5 2 


+ 6x6 411) In(1 + x"°) 
+12In(1+ x”*)-—3[InG + x) +c 


4, J2 tan”! a 
J2 


12 xifl2 f (2 x /? 3 x3 


+4/1— tan’ x 


5. —log| cot x + cot? x 11+ cS Janta 
6. (1) 
Topic 3 
1. (d) 2. (b) 3. (a) 4, (a) 
5. (b) 6. (c) 


7. (x+1)tan™ (=) slog(4x" 1 8x4 13)+c 
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cos@ + sin® 


8. sina }4 In(cos20)+¢ 


cos8 — sin® 


9. Z [yx — x” —(1 —2x) sin) Vx]—x+c 
T 


x 
é 


(x+1)° 


+e 


cos2x 
+c 


11. xsinx + cosx — 


Topic 4 
1. (b) 2. (c) 
8. —Llog| x + 1]+<log| x” 
2 4 


et) 
1 

t + C 

1+ xe 


xe~ 
1+ xe* 


4, log 


Hints & Solutions 


Topic1 Some Standard Results 


1. Let y= f BBet ne awe Ge 
tan x— tana 2 


sin a 


sin x 
+ 
cos O 


_ f cos Xx 
i sin a 


sin x 


cosx cosa 


dx 


_ ¢ sin xcosQ@ + sin & cos x 
ines cos x 
sin (¢ +0) 4 
ger rer a 
Now, put x-a =t >dx= dt, so 
T= ja 
sin ¢ 


dt 


=| sin t cos 2 + sin 20, cos t 
sin t 


= f (cos 20+ sin 20 8 ,) a 
sin t 


=t (cos 2a) + (sin 2q@) log, |sint|+ C 

= (x-) cos 2M + (sin 2a) log, |sin (x -a)|+C 
= A(x) cos 2a + B(x) sin 2a + C (given) 

Now on comparing, we get 

A(x) =x-a and B(x) = log, |sin (x—«a) | 


2. | Keyldea 
(i) Divide each term of numerator and denominator by x? 


@i)Letx2+ 1 = 
x 


Let integral is [ = ( Edy =| Cab 
x! +x 


[dividing each term of numerator and 


denominator by x] 


Put 24-21% = (2x ( =| dx = dt 
Z 


x 


dt 
T=| —=log.| @1+C 


= log, (# +5] +C 
x 
= log, x +1 +C 
dx dx 
3. Let I= = 
| aes 10)" Serpe 


Now, put x-1=3tan@ >dx=3sec0 dé 
3sec’0 de =| 3sec’® de 


So,I = 
J (3? tan?6 + 3”)? 34 sec‘o 
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=> { cos’ dé as 1+ cos20 54 
27 27 2 
1+ eee 


E cos70 = 
2 


1 sin 20 


1 
= 3g) + 00520) de= (0+ 


1 tan") ; 1 ene -C 
54 3 108\ 1+ tan“60 


|: sin 20 = 


}+e 


2tan0 
1+tan760 


- F tan") : — z|+C 
54 3 18 | (x-1)?4+3 
= gtan'(**) 1 x-1 

54 3 18 | x? -2x+ 10 


el tan ==) oe tC 
54 3 x” —2x+10 


1=a)tan(2=4)4 £@) + C 


x” —2x +10 


On comparing, we get A= 7 and f(x) =3(x- 1). 


dx 
4, Let [=| ————..> 
= dx _ dx 
J 1 a3 | 7 IB} 
a “(4+1) (+1) 
xe xo 
1 3 
Now, put =ztlst 
x 
> © ay =302dt 
x 
2 
> ee 
x 2 
-5 tat 1 
So, [= 2 =-5 Jae 
v3 
ee s(<6 +3] tC | é-4+1| 
2 2\x x 
11 6y1/3 
= 1l+x + C 
2 2! ) 
=x- f(x) + x9)" +C [given] 


On comparing both sides, we get 
1 
x) =-—> 
fe) 20° 


5x : x 
in — 2 sin — cos — 
5. Let I= 2 dy= 2 dx 
x : x 
sin — 2sin — cos — 
2 2 


[multiplying by 2 cos in numerator and 


denominator] 
sin 3x + sin 2x 
(oe 


sin x 
[..2sin A cos B=sin(A+ B)+sin(A—- 8B) and 
sin2A =2sin Acos A] 
=| (3sin x —4sin® x) + 2sin xcos x Ix 
sin x 


[- sin 3x =3sin x—4sin® 4] 
=| (3 —4sin? x + 2cosx)dx 


=| [8 — 2(1 — cos 2x) + 2 cos x]dx 

[. 2sin? «= 1 - cos 2a] 
=| [8 —2 + 2 cos2x+ 2 cos x]dx 
=| [1 + 2cos2x + 2cos x]dx 
=x+2sinx+sin2x+C 


6. Let 


3 1 

I= ua ea 7 dx=| a 7 ax 
(2x* + 8x7 + 1) (2+3+5] 
x? xt 


[on dividing numerator and denominator by x'°] 


1 
Now, put2+ 24 =1 
ane 


a 2 
-44+1 
cr et pea ee eee 
2t 2 -441 6t 
1 1 
= at i=2E =| 
6)2+—[5+5 
( x 2) 
x? 


= + 
6 (2x1 + 8x" + 1)° 


7. We have, 


x+1 : 
| fixwt dx = f(x) ./2x-1+C (i) 


Let I= { aes 

2x —1 

Put 2x-1=t?>2dx=2tdt > dx=tdt 
+1 

fof. 2 
<5 


dx 


+1 


_lyyp 
tdt se +3) dt 


aay 


2 


t 


E Qxn-1l=P>x= 
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Lf ts £e7 
= + 3t|/+C= t“+9)+C Un n 
(5 6 | ) => r=[= ae us +C 
n-1 1 
on a1 @-1(5+1] 
= Qx-14+9)+C [. t=./2x-1 ] n 
6 n+1 
2x —-1 1 n 
— 6 (QQx+8)+C (1-7) 
_xt4 rae ee (n -1) (n+ 1) 
uae 
On comparing it with Eq. (i), we get n(a- - —_ ” 
ae dL = sin 6 LC 
f@= 3 n2-1 
8. We have, E u=l1- + and t=sind| 
1-x s 
dx= A(x) (J/1-2°)"+C ... (i) 8 6 
J xt () ) 10. We have, f@)={ pa is 


(7 +14 2x") 


2 
A . OV x (dividing both numerator and denominator by x"*) 
Put-1=t?> 3 dx=2t dt dx=—tdt =f ba ° + 7x ® 
- F (x8 $+ 2) 
I=-| t!dt=-—+C Let x? +x4'4+2=t 
i 43 3/2 i ue > (-5x° © — 7x ®)\dx = dt 
== a +| rofven(S-3] | > (x ° + 7x ®)dx=-dt 
7 , . a fx) =[- =f rae 
=-35 G/1-2F +C ...(ii) me a ; 
= +C= +C=—+C 
On comparing Eas. (i) and (ii), we get —-2+1 -1 t 
ee ee _ 1 1C= x ; 
32” F x > 4a7 42 Qn! + x7 41 
(A@))” = (AQ) =- 278  £@)=0 
- = +C>C=0 
sin” 6 —sin@)"” cos 0+0+1 
9 Let I=‘ ) dé 
sin”*@ woe x! 
Put sind=t => cos@d0=dt “ Qx!+ x7 +1 
(¢e” — 0)” 1 1 
[=| ——_—— dt => l= = 
J get fa) 2()'+174+1 4 
1/n 
t 
t”| 1 -— 2sin(x? — 1) —sin2(x?-1 
tel, Ue Leta ey ane 
peti 
n— n n- n 2 
jo oi ae paeal eae? Put ~—*=9 =» x°-1=20 = 2xdx=2d0 
trti n 2 
1 > x dx=d0 
mu ar ae Now, I= 2sin26 —sin40 
a Lf ey 3 wee deeds , 2sin20+sin40 
dt es =| cae Rl oa 
> pe ped 2sin26+2sin2 6 cos20 


(..sin2A =2sin A cos A) 
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=| 2sin 20(1 — cos 20) 
2sin 26(1 + cos26) 


= Je — cos20 5 o=| 2Qsin” 9 
[eee 2.cos” Pe 


[1 —cos2A =2sin? A and 1+ cos2A =2 cos” A] 


=| Vtan?0 do={ tan0d0 


sec 
12. We have, P ; 
I={ sin” x-cos* x 


= log,|sec0|+ C = log, 


. dx 
(sin x + cos’ x-sin? x + sin® x- cos” x+ cos? x)” 


+ 2 2 
| sin” xcOoSs’ xX 


{sin® x(sin? x + cos” x) + cos’ x(sin” x + cos” x)}” 


sin? xcos?.x 


=| sin” x cos” x =| 
(sin® x + cos? x)? cos® x(1 + tan’ x)? 


-(/=aes tan” xsec? x 


(1 + tan® x)” 
Put tan? x=t = 38tan’xsec’ xdx=dt 
at dt 
3/ (1+)? 
-1 -1 
=> = : > zt 
3 (1+ t) 3 (1+ tan” x) 


13. : dx =| dx 


4 3/4 3/4 
x(x" + 1) 1 
#(1+5] 
x 
Put 1+ = =t* 
x 


=> =* Heap di 
x 


Oe. 2a 
x 


Hence, the integral becomes 


pee | dt = t+c= (1+4y" +6 


14. PLAN Integration by Substitution 


Le. T=[F{g(x)}-9’(x)dx 
Put g(x)=t = g’(x)dx =at 
. T=[ft)at 


Description of Situation Generally, students gets 
confused after substitution, i.e. secx+ tan x=t. 


Now, for secx, we should use 
sec’ x—tan?x=1 
> (secx—tan x) (secx+ tan x) =1 


1 
> pee on 


Here, 


I={ sec” dx 
(secx+ tan x)?” 


Put secx+ tanx=t 
=> (secxtan x+sec’ x) dx = dt 


dt 
> secx-t dx=dt = aera 


1 il 1 
secx—tanx=- => secx= t+ 
t 2 t 


I =| secx-secx dx 
(secx+ tan x)? 


1 1 
= 72 * riz |t & 
7(secx+tanx)"~ 11(secx+ tan x) 


=] 1 
= jae \a+3 (sec x + tan x) ‘\4 +K 


e& 3x 
15. Since, J= lace” and J = i Gy ax 
# og 44 1l+e*+e™ 
(2* — &) 
J-I= dx 
ln 
Put e@=u => edx=du 
(u?=1) [ o 
J T=| sie ;du={| du 
l+u°t+u —— uz 
u 
are 
=( au 
1 
(«+ =) -1 
u 
Put ees 
u 
1 
u 
=f dt 22 ips nae 
Pat BFF 7 
1 ur—ut1 
=—lo 3 
2 ut+ut1l 
aig: eve +1). 
2 eta +1|. 
16. Given, f(x) = forn=2 
(=e alk 
f (x) x 
ff @= = 
[1 fe f (xy (l + 2Qx”ryuln 
ba 
and 2) = — 
ff 0) = aa 
x 


& (x) = (fofo...of) (x) = 


ntimes 


(l+¢ nx") 


17. 


18. 


19. 


n-1 
Let T= x g(x) d= | 
d . 
1 | n? x" dx 1 ao 
n?J (1+ nx” yun n?s (1+ nx yun 


1 
= 
(+nx") "+e 


7 n(n-1) 
(x" —1) dx 
x 2x! = Oy" +1 
[dividing numerator and enominator by x] 


Let I=[ 


1, dt 1 ¢? 
| _ 


ee ae . + C 
4/ Jt 4 1/2 


2 x x 
We have, f’ (x) = 6 -& ¢ (x) VxeR 
; (2) 

= if @= me) & (x) 

f@_ & @) 

Fe) glx) 
= tp @ =e g(a) 
On integrating both side, we get 

eM = e8&M LC 
Atx=1 

ofM —~ -e4 0 

et =e 4C 
At x=2 
of) 810 

=> A=614C [= 
From Kgs. (i) and (ii) 
ea) 


[. fQ) = 1) --() 


ef?) ~961 
=> ef sae 
We know that, e” is decreasing 
: —f(2)<log,2-1 
f(2) >1-log,2 
8) 4 ef?) ~961 


> [from Eq. (iii)] 
> e&) <o¢61 
— g(1)< log, 2-1 
> g(1)>1-log,2 
Given, 
f+ y= FO) f(y) + f @SO), Vx, ye R 
and f(0)=1 


Put x= y =0, we get 
fO) =f) f ©)+ f ©) FO) 


20. 


21. 
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ne 
> =6©1=2f O=>f O) 5 
Put x=xand y=0, we get 
eS ag f (x) fO) 
> La e 
= f(a) =5 fla) 


On integrating, we get 


f@)_1 
f@) 2 


log fa) = 5+ C 


1 
> f(x) = Ae? , where & =A 
If f@)=1, then A=1 

1 
Hence, f (x) = e? 
> log, f(x) = 5 


=> log, fd) => x4=2 


Given, | ia dx = Ax + Blog Qe* —4)+¢ 
9e* —4e~* 
de* +6 
LHS = dx 
Soe =A 
Let 4de* +6 = A Oe* —4) + B(18e*) 
=> 9A+18B=4 and -4A=6 
= ASE gah pee 
2 36 
Qe Ox 
o, [AOE Ot BR de = Af idx+ BI + at 
9e~ -4 t 
where t =9e” —4 
=Ax+ Blog Qe* —4)+¢ 
38 35 be 
=-—x+— log Ye™ -4)+¢ 
aa g ( ) 
a3 p35 
2 36 
and c=any real number 
For any natural number m , the given integral can be 


written as 


I= G2 + 4?" +4 x) 


m 2m 1/m 
(2x? + 3x” + 62”) dx 
x 


1l/m 


> I=[ 228” + 3x7" +6 x”) 


(emt 4 emt + xt) dx 
Put 22°” + 32°" + 6x" = 
> 6 mx" + 6 mx?" + 6 mx") dx = dt 
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V/2 
22. Let ={ (EF) am 
+VXx x 


Put x=cos?@ = dx=—2cos0sin0 dod 


Iz | 1 —cos0 a ~2cos@-sin® 5, 
1+ cos® cos”0 
_f. 2 ,-2sin® 5, 
ae cos0 
Sein ei vada” 5 gia?” 
_ f 2 2 2 de 2f 2 de 
cos —-cos@ cos® 
2 
=-2f 1—cos@ 5 
cos 


=2/ (1 —sec0) d6 =2 [6 — log|sec6 + tan6|]+c 


=> I[=2 ow Vx — log 


aed | +c 
vx Vx 
> 1=2 | cos" Vix~ logl1 + y= 21 logisl] +c 


1-vx 
1+ Vx 


Put x= cos”6 = dx = —2sin0 cos0 dé 


23. Let T=[ dx 


I=[ |+—S°5° .C2sine cose) do 
1+cos0 


=~ [2tan‘. sin 8 cos® d@=-2 | 2sin? _ cos6 dé 


=-2] (1 — cos®) cos® do=-2[ (cos 0 — cos”0) d® 


=—2 cos@ do+{ (+ cos 20) dO 


26. Let l= 


= OT Wa eae 
=-2/1—x+costVx+Jx(l—x)+e 
dx dx 
24. Let I= | =| 
2 4 3/4 3/4 
(965 Se 
( ) 2 (142) 
x 
P -4 
ut l+<x 
x 
V4 V4 
I= a | a= Ee + C= (14 a | | 
4-f¢ 41/4 x 
4 V4 
_ @& +1) oe 


x 
25. (i) Let =f j1+sin> dx 


= | eos?’ + sin? + 2sin 2 cos is dx 
4 4 


=| cos ~ + sin ~ dx = 4sin~ —4cos~+e 
4 4 4 4 


(i) Let T= {ax 
afl —Xx 
Putl-x=t? >= -—dx=2tdt 
p= [0-29 ay 


=-2[ 0-274 ¢*) dt 


9 


re ee 
(a + bx)? 
Put at+bx=t = bdx=dt 


eal (5) a1 f (eee a 


t? b Bb 
24 | 1 2a a dt 
b° t ¢? 


1 a? 
=—~|t-2alogt——|+c 
a "| 


1 a 
=—3| a+ bx—2a log (a + bx)- +c 
b at 


27. Let 1, = | sin x sin 2x sin 3x dx 


7 oa (sin 4x+ sin 2 «—sin 6x) dx 


cos4x cos2x | cos6x 
16 8 24 


ES | sec” x-cos?2.xdx 


= | sec’ x (2 cos” x—1)"dx 
=| (4 cos? x+ sec” x—4) dx 
=| (2 cos2.x+ sec” x—2) dx 


=sin2x«+ tanx-2x 


and I, = | sin‘ x cos’ x dx 


==) (8-4 cos 4x+ cos 8x) dx 


_ 8x sin4x sin8x 
128 128 1024 


T=[,+1,+1, 
cos4x cos2x cos6x_. 
+ +sin2x«+ tanx-2x 
16 8 24 


3x sin 4x | sin8x 
128 128 1024 


28. Let r=| ea 2x 


t+x* 24 14(*) 
Put =u => 2xdx=du 
1; du 1 4 a 217.9 
[== =—tan +c=—tan  (x")+c¢ 
ol tae 2 es @) 
29, Let I= {—“"*_ dx 


sin x—cos x 
Again, let sin x = A(cos x+sin x)+ B(sin x—cos x), 
then A+ B=1land A-~-B=0 
1 


=> Rag Bee 
2 2 


1 ; Dg. 
— (cos x+ sin x) + = (sin x— cos x) 
T=[ 2 - ~ dx 
(sin x— cos x) 


2 ‘y cos x+ sin x 


— dx+—[1dx+e 
2 2 


sin x—cos x 


aay Ging tens Sie 
=o 2 


Topic2 Some Special Integrals 


2 4 


1. Let I= | sec? xcos ec} x dx= | ag 


2 7 
cos? xsin? x 
dx 


4 


: = 4 2 
sin x \3 3 3 
COS” XCOS” Xx 


COs Xx 


[dividing and multiplying by cos*? x in denominator] 


7 dx _ psec? xdx 
a se oe 
tan8 xcos?x — (tan x)3 


Now, put tan x= t >sec”x dx = dt 
-4 
dt t3 
t=) ag=y +C 
— i. 
3 


1 
= 3 t+C= eres 38tan 3? x+C 


I 
13 (tan x)? 


2. We have, I, = | tan” x dx 


I+ Ina. | tan” xdx+ | tan”*?xdx 


=| tan” x(1 + tan? x) dx 


ta nt+ly 
=| tan” x sec? x dx= 9" —*i.¢ 
n+1 
tan” x 
Put n=4, we get I, + I, = +C 


Per Te) 
5 
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_ 1  . n@+¥x) 
ian I (eee Tee) 


l=L+k, 
where, I : dx, 
5 | Ie + x 9 
6 
L jes 
x + Vx 
1 
Now, =| (ecta] dx 
Put x=t?® => dx=12t''dt 


= 12] ¢ Pip afar PS ed 
St ecu 
t#1 


8 7 6 5 4 3 2 
ao (fe a ee 
8 7 6 5 4 38 2 


+ 121n (¢+1) 


Ve + Vx 


Put x=u°=> dx=6u° du 


a(S 4) gy’ du=f BC+ W) eae du 


ue + uP ur(1 +u) 


and i=] { ss fh as 


3 
— u 1 
6Jayp me + u) du 


=6 | nate) In(1 + u) du 


ut 
6] [uw wet pay} ina + du 
= 2 ; ; In (1 + w) 
=6[ w u+)nd + u) du 6 | aan du 


2 2. 
(5-5 uJmnas u) 
3. 2 


(pa 
ut+1 


=@2u> -3u7+6u) ln (1+ wu) 


aii 65 [In (1 + u)]? 


j (20 bua du 3 [In 1 + uw)? 


ut 


=(2u® -3u7+6u) In (1+ w) 


3 
5 ou? + Ly iin w+] ae +P 
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3 928 — 12 ty gl 12 m2 4 gal _ 


—~6x° 19.0!" 4.12 In@ 4+ 
+ (2x1? — 3318 + 6/6) In (1 + x18) 


[222-3 112-11 In +a!*)| 


~3 [In (14+)? + 


_3 23 12 M2 4 2 12 pile 
2 7 3 5 
ae Ax!4 — 7/6 — 19 12 
+ (294? — 3x1 + 6 a6 +11) In (1 + 28) 


+12In(.+x")-3 Index") P +e 


tanx+1 
4, Let T=| Wtanx + Vcotx) dx = | ———— dx 
J ) J vtan x 
Put tanx=t? =>sec’x dx =2t dt 
= dx=— at 
1+t 
Pad Be 41 
I . dt 
ie ag ie 
1 
ee 1+ 
=2| f_ dt =2 5 dt 
nee) ( -;] + (2)? 
Put pena eee 
t fs 
du 
[=2 
Peawany: 
2 u 
> I =—~ tan} —]+c 
cle 
=a tent vtan x —~Vcotx ee 
V2 
9 7 
B Vet Fe pe Fis =f cos’ x —sin” X oy 
sin x sin? x 


=| cot? x-l1dx 


Put cotx=sec@ = —cosec’x dx = sec 6tan6 dé 


ee J Ysecte —1.See? tan? 1 sec@-tan0 de 


— (1 + sec’) 


= a ee tan70 de 


1+ sec70 


=-f sin?6 : de 
cos + cos” 8 


7 | 1—cos”@ 
cos@ (1 + cos76) 


_ | (1 + cos?) —2.cos”0 
cos@ (1 + cos70) 


=~ sc0 do+2f 8°, ae 
+ cos” 


=- log sec + tan6|+2/ “ae 
= 'SIn 


dt 
IF a 


where sin 8 = t 


o {v2 +sin® | 
Slane |” 


=— log |sec6 + tan6 | 


1 
°° 


=-—log|cotx+ cot? x«—-1 | 


1 
V2 


tané | 


=— log |sec0 


V2 + Vl —tan?x 
V2 —./1 —tan?x 


log 


xe 


On differentiating w.r.t. x, we get 
; 2sinx-sin2x 2sinx/(1-—cosx 
f’ w= = 


6. Given, f(x) =| (Pensa?) dx 


a x p 


x 


2sin? = 
2 


x 


lim f’ (x) = lim2 (= *) 
x20 x20 x 


Topic3 Integration by Parts 
1. Let given integral, J = [ve Pe* dx 


Put x Enea dt 


So, =5 Je e! 
1 2-t =} . 
=, lere + | e '(t) dt] [Integration by parts] 
=5I Pe 40 e*)4 f 2c! de] 
“pt [-t?e ‘-2te' -2e°]+C 


74+ 2)4C0 fe t=x7] ...(i) 
-: It is given that, 
T=| Pe* dx= g(x)-e* +C 
By Eq. (i), comparing both sides, we get 
g(x) =- ; (xt + 2x? + 2) 


al 5 
14+24+2)= 
as ) 


So, g(-1)= 


2. Given, | &°* T(secx tan x) f(x) + (secx tan x + sec” x)|dx 


=e". F(x) + C 
On differentiating both sides w.r.t. x, we get 
&°°* [(secx tan x) f(x) + (secx tan x + sec” x)] 
= °°" f’ (x) + &°* (sec x tan x) f(x) 
=> &°"(secx tan x + sec’ x) = 8" f’ (x) 
=> ff’ (x) =secx tanx+ sec” x 
So, f= | f (x)dx= | (secx tan x + sec” x)dx 
=secx+ tanx+C 
So, possible value of f(x) from options, is 


f(x) =secx+ tanx+ a 


3. Let [= | cos(log, x)dx 
= xcos(log, x) — | x(— sin(log, «x)) ~ dx 
[using integration by parts] 
= xcos(log, x) + | sin(log, x) dx 
= xcos(log, x) + xsin(log, x) - | x(cos(log, x)) - dx 


[again, using integration by parts] 
=> I=xcos(log, x) + xsin((log, x) — I 


> T= 5 [cos(log, x) + sin(log, x)] + C. 


4, Given, | bet dx = a ett f(x)+C 


In LHS, put x =t 
> 3x"dx = dt 


So, | Pet dy = / te “dt 


let ett 
=_|¢—_~ | —dt 
aS 
[using integration by parts] 
At At 
aoe = 180 
3| -4 -16 
Lat 
=- a” [4t+1]+C 
4x3 
=-<5 [4x7 +1]+C fe t=29] 


f(x) =-1—423 (comparing with given equation) 
1)\ «+ - 
5. { l+x-—le *dx 
x 
x+ i 1 Xr : 
=| e sdx+ fx[1 -5}e dx 
xe 


it 
xta 


d x+ 7 d ( ) x+ or 
= x ae Coa) x 
fe x+ xe [ze x 


1 
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x+— pine Fas eee 
=[e * dx+ xe n= oH xdx=xe *+¢ 


6. Given, | f(x) dx = y(x) 


Let T=[ PG?) dx 
Put xe =t 
=> rinse 

3 


1 
=>) tf@de 


-Hef f(b) at- {2 {Fe at| au 


[integration by parts] 


=F tvO-f van 


275 


(i) 


=; [Py (x?) — 3 | xy) dx]+c [from Eq. ()] 


=5#y@)— | xy (8) dx +e 


qT. Let I= sin! aire dx 
4x" +8x+13 


2x+2 | 


= feet 


Put 2x+2=3tan0 => 2dx=38 sec do 


I= | sin} 
= | sin! 


= | sin! 


__dstan® eee. dd 
J9tan70+9} 2 

aeany Pech dé 
3sec8 } 2 

_ ae een dé 
cos@-secO}) 2 


= | sin! (sin 8): sec’® d@ 


=" [0 sec’e do =" (9-tand - | 1-tanéd6] 
2 2 


wl|w w|w 


E 


[6 tan 8 — log sec] + ¢ 


+ (Fa*2) Pa) 
art | oe | | aes 
3 3 


2x+2 


log .j1 4 
eyi+ (7% 


ie 
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=(x+1)tan? (S =) log E (? > al + 


3 
4 
=(x+1) tan i(?** 2) = log (4x7 +8x+13)+¢ 


et log3+ @ = (| 


[given] 


T=[ cos 20In cose ene dé 
cos8 —sin@ 


We integrate it by taking parts 
[ 6+sin0 
ln | ————_ 


- as first function 
cos@ — sin 


2 cos® —sin@ 


+f F || COO mE | a obde ...(i) 
2/ dé cos 8 —sin®@ 


But d fea cont em 
dé cos§@ —sin@ 


= 5 [In (cos ® + sin 9) — In (cos® — sin 8)] 


sin 20 (2 + ane 
— In 


= B= Cite ogep a ne ose) 
(cos 8 + sin 8) 
(cos 8 — sin) (cos@ — sin 8) — (cos @ + sin 8) 
(— sin 0 — cos 8) 


(cos@ + sin 8) (cos® — sin @) 


cos 8 — sin® 


cos” — cos@sin@ — sin@ cos0 + sin26 + cos@ sin® 
+cos’6+sin?6 + cos 6-sin 0 


cos”6 —sin70 
_2(cos*6+sin7@) 2 
cos 20 cos 20 


Therefore, on putting this value in Eq.(i), we get 


I= sin 26 in( sees?) - 5 Jsin20 2 ag 


cos@ —sin@ cos 20 


cos@ + sin®@ 


5F esoin - 
2 cos@ —sin@ 


}: ; In (cos 26) + ¢ 


- 1 = -1 
. Let I=] cee eel 
sin’! /x + cos! Vx 


sin! Jx — ( -sin?! vs) 
2 
=| A dx 


2 
=) [2sin ve—2) dx = [sin “Vx dx-x+0¢ ane 
1 2 a 


= 
wm 


Now, | sin Vx dx 
Put x=sin?0 > dx=sin20 


=| 0-sin26 FPO cc f ; cos 20 dé 


10. 


11. 


as cos 20 + | ine 
2 4 


=-4o fl -2sin®8) + sind 1 -sin?® 
=~ 5 sin Vix (= 2x) +5 vets 
From Kgs. (i) and (ii), 


1=4)-5a-2a)sin Ves 3 fe- |-240 
T 

eae x —(1-2x)sin ! Jx]-x+c 

1 


...(ii) 


¥+1-2 1 2 y 
. tele as No He ee 


=[e- s 5 dx 
(x+ 1) 


: 1 
| e- x ax 
(x + 1) 
Applying integration by parts, 


ea 
\oor? Je (n+ 1 ax} 


Je: i x ax= e sre 
(x + 1) (x+ 1) 


Let I =| (€* + sin x) cos x dx 
=| (x + sin x) cos x dx 
i. ‘ 
= | xcos x dx + | (sin 2x) dx 


cos2x 


= (x-sinx—[ 1-sin x dx) - +¢ 


: cos 2x 
=xsinx+ cosx— +c 


Topic4 Integration, Irrational Function 
and Partial Fraction 
_p 2x? + 5x? _ 2x? + Bx? 
ee Ie +Paye FP d+ets eye 


dx 


=| 2x3 + 5x § 
(+0 74+0°)3 
Now, put lex 7tx > =t 
=> (2x °-5x °) dx=dt 
=> (2x3 + 5x °) dx=- dt 


I=- GH a- [rede 
t 
7 peti . _ 1 ae 
Saat ot | 
x9 


=—,~—,—_ + C 
2° +22 +1)? 


2. Let 


dx 


cos’ x + cos’ x 
T=[ ‘ 


sin’ x+sin* x 


_ f (cos” x + cos‘ x)- cos x dx 
(sin? x + sin’ x) 
Put sinx=t > cosxdx=dt 
jaf =H +a-M g, 


oe 
1-074+1-207+4 t4 
=> I= dt 
J t+ ¢* 
2-3t74+ 44 : 
=> = wel 
J t? (t? +1) @ 
Using partial fraction for 
2 
y oo! 4425 ca [where, y = ¢7] 
y+ I) y ytl 
> A=2,B=-6 
it er 6 
y+) y ytl 


Now, Eq. (i) reduces to, I =| fi + = = =.) dt 
+ 


=t-2-6tan"() +¢ 


=sin x- —6 tan ‘(sinx)+c¢ 


sin x 
e+ 8x42 + Qnt+ x42 
(x7 +1)? (+1) (x? 4+ 1)?(x4 1) 


x(x? + 1) + (xe + 1) 
(x? + 1)7(x + 1) 


= x ; 2 
(2+ 1x41) (+1? 
Again, = aes + C 
(x7 +1)(v4+1) (741) (x41) 
=> x = (Ax+ B) (x + 1)+ C(x? +1) 


On putting x«=-1, we get 
-1=2C >3C=-1/2 
On equating coefficients of x”, we get 
0=A+C 
> A=-C=1/2 
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On putting x =0, we get 


0=B+C 
> B=-C=1/2 
x + 8x42 — «x+1 1 2 
(6841)? (+1) 26741) 241) 6? +1)? 
-| x + 3x42 


(x? + 1)? (x + 1) 

1 dx lp xtl dx 
= dx+2)| —>—,; 

le 5) at * Perey: 


1 1 2 
>[= log|x+1]+ —log|a*+1| 
2 e 4 . 


+ Stan 242K (i) 
dx 
where, J, =| —;——s 
=) (x? +1)? 
Put x=tand 
> dx = sec’ dé 
2 
sec 0d0 2 1 
= | ——_.—— = | cos" 0 dO =— | (1+ cos20)d0 
J ten +1)? J 3 I ( ) 
= 5 [0+ Fsin20 | 
2 2 
1 1 tan0 
=-0+—- 7 
2 2 (1+ tan“6) 
een eee = 
2 2 (14+2x°) 
From Eq. (i), 
1 1 2 3 <1 x 
l= log|x+1)/+ —log|x°+1)+—tan™ x4 +¢ 
2 é| | 4 g| | 2 e+ 
A te Go el 
x (1 + xe") xe“ (1 + xe“) 


Put 1+ xe° =t> (e + xe) dx=dt 
dt 1 1 1 
I= = dt 
J (t —1)t? Ay t | 


1 
See ea ea ee 


t—1 


1 
= log Pons 


12 
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Topic 1 Properties of Definite Integral 


Objective Questions I (Only one correct option) 


1. 


A value of a such that 


a+1 


dx ( )i 
| = log, is 
, (Fa) +a +1) o (2019 Main, 12 April Il) 
1 1 
(a) -2 (b) = (c)- = (d) 2 
2 2 
n/2 cot x . 
If] dx =m(n + n),thenm- nis equal to 
9 cotx+ cosec x (2019 Main, 12 April 1) 
1 1 
a) -—— b 1 CG). d -1 
(a) : (b) (c) . (d) 


73 x cosec* x dxis equal to 
(2019 Main, 10 April Il) 
(b) gil6 - 3/6 
(a) 38 _ gis 


: TIS 
The integral | 1g S&C 
1 


(a) 3/6 — 32/3 
(c) $3 — 318 
2n 
The value of | [sin 2x (1 + cos 3x)| dx, where [t] denotes 
0 
the greatest integer function, is 
(a) -—1 (b) 21 (c) — 20 


(2019 Main, 10 April !) 
(d) x 


1 
The value of the integral | xcot l(1—x7+x*)dx is 
0 


(2019 Main, 9 April Il) 

eT 1 
a) —-—log,2 
(a) rae ae 


™ T 
c) —-log,2 d) —-log,2 
(©) rie (d) 5 


- 3 
m/2 sin” x ; 

The value of | ———— dx is 
09 sinx+cosx 


n-2 


(2019 Main, 9 April I) 
t—-1 


(a) () = 


Let f(x) = g (t)dt, where gis a non-zero even function. 


If f(x + 5) = g(x), then | f(t)dt equals 
(2019 Main, 8 April II) 


x+5 
(a) 5 f g(t)dt | g(t)dt 
oe ' 
(c) 2 [ e@adt (d) [s@dt 
5 x+6 


8. 


10. 


11. 


12. 


13. 


If f(x) ee and g(x)=log,x, (x>0) then the 
value of the integral (ae * olf (x))dx is 

(2019 Main, 8 April I) 
(a) log, 3 (b) log. e 
(c) log, 2 (d) log,1 


. Let f and gbe continuous functions on 


[0, a] such that f(x)=f(a—x) and g(x) + g(a-x)=4, 
then [; F(x) g(x) dx is equal to (2019 Main, 12 Jan 1) 


(a) 4)" f(@) dx (b) [° f@) dx 
(c) 2f- f(x) dx (d) - 3f- f(x) dx 


The integral [, (2) - (2) log, x dxis 


equal to (2019 Main, 12 Jan II) 
3 11 1 
@) (b) -=+=-—, 
2 2 e 2” 
1 3.41 al 
(c) = d@) —=--—, 
2 e 2 2e 
dx 


The integral ee equals 


7/6 sin 2x(tan® x+ cot? x) 
(2019 Main, 11 Jan II) 


“on (s)) 9 aCe 


1lf{az -if 1 T 
©) +(2 oe (a) ” 
ons 

il 
BE 2 


(where, [x] denotes the greatest integer less than or equal 


The value of the integral Lr dx 


to x) is (2019 Main, 11 Jan |) 
(a) 4-sin4 (b) 4 
(c) sin 4 (d) 0 


b 
Let I = | (xt — 2x”) dx. If [is minimum, then the ordered 
pair (a, b) is (2019 Main, 10 Jan 1) 
(a) V2, 0) 
(©) (V2, - V2) 


(b) (0, V2) 
(d) © V2, V2) 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


He 
if [208 _ ae =< s,(e 0), then the valucets 
2k secO V2 

is (2019 Main, 9 Jan II) 
1 

(a) 1 (b) — 
2 

(c) 2 (d) 4 


9 
The value of | |cosxP dxi 
v J, | sx! dxis (2019 Main, 9 Jan 1) 


2 4 4 
(a) = (b) -= (c) 0 (d) = 
3 3 3 
n/2 
The value of f” sin’ = dx is 
wee (2018 Main) 
1 T Tt 
a) — jo) ea c) 41 d) — 
(a) - (b) 5 (c) (d) 5 
/ 
i oe, is equal to 
m4 1+ cosx (2017 Main) 
(a)- 2 (b) 2 (c) 4 (d)-1 
n/2 x7 cosx 
The value of oe ee dxis equal to eneaae 
2 2 
(a) = - ) = +2 
(c) 1 a etl? (d) ig re enl2 
2 
The integral [ En dx is equal to 
2 log x7 + log(86—12«+ x”) (2015, Main) 
(a) 2 (b) 4 () 1 (a) 6 
The integral [” "@ Maxi it 
e integra [. fa cosec x) ‘dx is equal to Seanad 
(a) f Noe?) oa 8 dy 
log(1+V2 
(b) [, e+ ?¢ +e") du 
log(1+ V2) ov 
© fo @-e")"du 
(a) vn ~ 6 dy 
4 - 9X ets, aXe i 
The integral | [| 1+ 4sin 4sin— dxis equal to 
0 2 2 (2014 Main) 
(a) n—4 (0) 4-48 
(c) 43 - 4 (d) 4/3 - 4-2/3 
r m/2 2 T—x 
The value of the integral | eile * log cos x dx 
- T+x 
is (2012) 
nt? 1 1 
(a) 0 as wars OS 
lo: i 2 
The valueof [° = ie dxis (2011) 
log2 sin x” + sin a x”) 
1 3 cl 3 1 3 
a) —lo lo c) log= d) =log— 
Oy ee Ye (c) Es Oe 


The value of 


- [x? + 8x7 + 3x+ 34 («+ 1) cos (x + 1)] dxis (2005, 1M) 


(a) 0 (b) 3 (c) 4 (d) 1 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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The value of the integral | —— dkxis (2004, 1M) 
@=+1 ()2- (c) -1 (1 
2 2 
v 
The integral [ C + log (*4)} dx equals(2002, 1M) 
al 1 
@-! = wo (1 (a) log (5) 
2 2 
The value off cos? x ~ dx,a >0,is (2001, 1M) 
(a) % (b) an 
(«) = (d) 2x 
2 
cos Xx bs < 
ae e sinx , fan 21S2 
Ze is otherwise 
then {© f(@) dx is equal to (2000, 2M) 
(a) 0 (b) 1 ©) 2 (d) 3 
The value of the integral |", | log. x | dx is (2000, 2M) 
(a) 3/2 (b) 5/2 n (d) 5 


If for a real number y,[y] is the greatest integer less 

than or equal to y, then the value of the integral 
32/2 

| [2sin x] dxis 
u/2 


(1999, 2M) 
(a) -% (b) 0 
1 T 
mew! d)= 
(c) 5 (d) 5 
i equal to 
oe ae (1999, 2M) 
1 
(a) 2 (b) -2 (c) 5 (d) - 


Let f(x) =x- [x], 
the integral part of x. Then, ic f (x) dxis 


for every real number x, where [x] is 


(1998, 2M) 

(a) 1 (b) 2 
(c) 0 (d) -= 
If g(x) = [cos t dt,then g(x + 7) equals (1997, 2M) 
(a) g (x) + g(n) (b) g(x) — g(%) 
(©) e(x)g(n) (a) £&) 

&(T) 
Let f be a positive function. 
ge a =f" xf [x (1—x)] dxand 

ij= i fle @-)] dx, where 2k ~1>0. 
Then, A is (1997C, 2M) 
I; 

(a) 2 (b) k 
() 1/2 (d) 1 
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2m ‘ 
35. The value of I, [2sin x] dx, where [.] represents the 


greatest integral functions, is (1995, 2M) 
(a—y-2™ by -n op (d) -2n 
3 3 
36. If f(x) = Asin (=) +B, 
r(3k2 and i, f (x) dx= ae , then constants 
1 
A and B are (1995, 2M) 
(a) = and™ @)2and? @oand—-* @“*ando 
2 2 T T T T 
/2 
37. The value of | i 4 (1993, 1M) 
0 1+tan’ x 
(a) 0 (b) 1 
(c) x/2 (d) 2/4 


38. Let f:R—- Rand g:R—-R be continuous functions. 
Then, the value of the integral 


/2 
[-, [f(@) + fCx)] [g@) - g-x)] dxis (1990, 2M) 
(a) © (b) 1 (c) -1 (d) 0 
39. For any integer n, the integral 
| : 2" agg? (2n + 1) xdxhas the value (1985, 2M) 
(a) (b) 1 
(c) 0 (d) None of these 
: /2 vcot x 
40. The value of the integral [ ~ _—*°°'* dy is 
F iF Vcotx + vtanx 
(a) w/4 (b) n/2 (1983, 1M) 
(c) (d) None of these 
Assertion and Reason 
41. StatementI The value of the integral (2013 Main) 


ioe dx 
n/6 1+ tan x 


b b 
Statement II | f (x) dx =| f(a+ b-—x) dx 


is equal tom/6. 


(a) Statement I is correct; Statement II is correct; 
Statement II is a correct explanation for Statement I 

(b) Statement I is correct; Statement II is correct; 
Statement IJ is not a correct explanation for 
Statement I 

(c) Statement I is correct; Statement II is false 

(d) Statement I is incorrect; Statement II is correct 


Passage Based Questions 


Passage I 
Let F: R> Rbeathrice differentiable function. Suppose that 
F()=0,F(8)=-4 and F’(x%)<0O for all xe(1,3). Let 
f(x) = xF (x) for allxe R. (2015 Adv.) 
42. The correct statement(s) is/are 
(a) f’)< 0 (b) f(2)< 0 
(c) f’ (x) # Ofor any xe (1, 3) (d) f’ (x) = Ofor some xe (1, 3) 


3 3 
43. ta x” F’ (x) dx =—-12and I x F’’ (x) dx = 40, then the 
correct expression(s) is/are 


(a) 9f’(3) +f’) -32=0 b) [fe dx =12 


() 9f’(3) — f’Q) + 82=0 =) [fe dx =-12 


Passage II 
For every function f(x) which is twice differentiable, these 
will be good approximation of 


fire ax= (P54) ira)+ £0), 
for more acurate results for c € (a, b), 


FO=>* If) f(Ol4 i “ [f@) - fl 


Wieie=0 22 


b b-a 
| f@)dx= 7 {f(a)+ f(b) +2f(O} dx 


[6 ax- 
44. If lim—* 2 


toa (t-a)’ 


(2006, 6M) 


(f+ f@} 


0, 


then degree of polynomial function f(x) atmost is 


(a) 0 (b) 1 
(c) 3 (d) 2 


45. If f’’ (x) <0, Vx eé (a,b), and (¢, f(c) is point of maxima, 
where ce (a,b), then f’ (c) is 


a) =f) ‘ss a /O=fo)] 


b-a [ b-a 
[ f(b) -f@)] ad 
(c) 2 a - | (d) 0 
46. Good approximation of [sin x dx, is 
(a) w/4 (b) n(V2+ 1)/4 
(c) x(/2+ 1/8 (a? 


Objective Questions II 
(One or more than one correct option) 


47. Let f: R—> (0,1) be a continuous function. Then, which 


of the following function(s) has (have) the value zero at 
some point in the interval (0, 1) ? (2017 Adv.) 


(a) e* - | f@) sin tat 0) fla) + ff sine at 
0 0 


(c) x- “|ro cos t dt (d) x? — f(x) 
0 


98 k+1 R+1 
48. Iff=) I, era 


(a) I> log, 99 


dx, then 
(2017 Adv.) 


(b) I< log, 99 


49 49 
Che — = d) I> —= 
(c) er (d) =O 


49. 


50. 


51. 


Let f(x) =7tan® x+7tan® x—3 tan’ x—3tan*x for all 
xe (- ; ‘ =) Then, the correct expression(s) is/are 
m/4 
(b) [" F(a) dx =0 
la 
(d) [, f(x) dx=1 


(a) [" xf) dx=4 
a XTX x= — 
if 12: (2015 Adv.) 


192%? 


2+ sin‘ mx 


ms fe f (x) dx < M, then the possible values of m and M 


Let f’ (x)= for all xe R with (5) =0. If 


are (2015 Adv.) 

(a) m=13, M= 24 

Ce eee ee 
4 2 

(c)m=-11M=0 

(d) m=1,M=12 

The option(s) with the values of a and L that satisfy the 


4m 
| e' (sin® at + cos’ at)dt 


equation = L, is/are 
t (ein 6 4 
[, e (sin’ at + cos” at)dt (2015 Adv.) 
et 4 
Qe=ar=" —* ijeseg=* >! 
e -1 e +1 
An An 
Gear" = @as2ne" Ft 
e -1 e +1 
x'(d-x)* |. 
52. The value(s) of | ee dxis (are) (2010) 
71_ 3a 
a) —-T —— c) 0 dq). -3=55% 
( 2 (b) ioe (c) ( aS - 
53. If I, _ ae tt — dx, n=0,1, 2,...,then 
(1+) sinx (2009) 
10 
(a) [,, = Tne (b) Y tas =107 
m=1 
10 
© \Yhn=9 @) f, =i 
m=1 
Numerical Value 
54. The value of the integral r 1+ 3 ag Aris 
9 (+1)? (1-x)°) 
ganaieee (2018 Adv.) 
Fill in the Blanks 
55. Let f: [1,0] — [2,] be differentiable function such 


56. 


that f(1) =2. If 6[° #@) = dt =3x f(x)-8, V x21 then 


the value of f() is .... (2011) 
tet nays = 4s 
dx 


dx = F(k) — F(1), then one of the possible 


42 sin x? 
If [. — 


values of kis ..... i (1997, 2M) 


57. 


58. 
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The value of | 37m ™ sin (% log x) duis 


~ (1997, 2M) 
xsin?” x 
(eh a — re . 


: 2 
sin?” x + cos?” x 


2 
For n> 0,{ . 
2 (1996, 2M) 


59. If for non-zero x, af (x)+ Of (=) ares, where az), 
x) %« 
then | “f() dx = 
1 —. (1996, 2M) 
60. The value of il vx AXIS ....05 : 
2/5-x+ vx (1994, 2M) 
3n/4 
61. The value of | . — 0 sseie : 
m/4 1+sin x (1993, 2M) 
62. The value of | |1-x"| dx is... 
(1989, 2M) 
63. The integral { ” [ "1 dx, where [.] denotes the greatest 
function, equals ...... . (1988, 2M) 
Match the Columns 
64. Match the conditions/expressions in Column I with 


65. 


statement in Column II. 


Column | Column Il 
1 dx 1 2 
—log} — 
Ps ere Ps 9 (5) 
2 
2log| — 
_ o(5) 
ie dx S iT 
24-4? 3 
in dx Tt 
a ee 


Match List I with List IT and select the correct answer 


using codes given below the lists. (2014) 
List | List Il 
P. The number of polynomials f(x) with (i) 8 
non-negative integer coefficients of degree 
< 2, satisfying f(0) = Oand ffx x)dx =1,is 
Q. The number of points in the interval (ii) 2 
[-v13, /13] at which f(x) = sin(x?) + cos(x?) 
attains its maximum value, is 
2 see 
R: i 3x dx equals (iii) 4 
“1+ e* 
fis cos2x loo 1% Jo my 0 
1/2 —x 
equals 
['"cos2xlog iia dx 
0 1-x 
Codes 
P QRS P QRS 


(a) (aii) Gi) (iv) @) 
(c) (ii) Gi) @) Gv) 


(b) Gi) Git) Gv) @) 
(d) (ii) Gai) @) Gv) 
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Analytical & Descriptive Questions 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


Us 


78. 


79. 


(6050) | : ey Bu. 


The value of 7 1s (2006, 6M) 
i (Ql = gpoyiot dx 
Evaluate 
| ve Ieos x | 2 sin (5 cos | + 3.cos (5 cos ‘| sin x dx. 
2 2 (2005, 2M) 
13 
Evaluate | Ue SnAw dx. (2004, 4M) 
-1n/3 T 
2-cos(Ix1+ =] 
3 
If f is an even function, then prove that 
u/2 w/4 3 
| f (cos 2x) cos x dx = v2| f (sin 2x) cos x dx. 
. 7 (2003, 2M) 
qT er x 
Evaluate | — os (1999, 3M) 
0 es x ais @ 8 x 


1 1 
Prove that | ‘ tan! (—] dx =2 f tan* xdx. 
—x+x 


Hence or otherwise, evaluate the integral 


1 
| . tan! (l—x+ x”) dx. (1998, 8M) 
w/4 
Integrate | log (1 + tan x) dx. 
0 (1997C, 2M) 
; nm 2x (1 + sin x) 
Determine the value of | ———,— dx. (1995, 5M) 
—~ 1+ cos" x 
Evaluate the definite integral 
v3 xt 1f 2x 
dx. (1995, 5M) 
a3 - 3) -_ ; + 5) 
3 Q9? + xt — 20? + 2x7 4-1 
Evaluate | see ee dx. (1993, 5M) 


2 (x? + 1) (x* -1) 
A cubic f(x) 


minimum / maximum at x=—land x= 1/3. 


vanishes at x=-2 and _ has relative 


1 
If | _,f@) dx = 14/8, find the cubic f(x). (1992, 4M) 
: T 
_vsin (2x) sin ( cos | 
Evaluate | dx. (1991, 4M) 
0 2x — 1 
Show that , 
u/2 , r 1/4 
| f (sin 2x) sin x dx = V2 | f (cos 2x) cos x dx. 
0 ° (1990, 4M) 


Prove that for any positive integer k, 


BMIENK 9 [cos x + cos3x+...+ cos(2k — 1) x] 


sin x 


12 
Hence, prove that [; sin 2kx -cotx dx = eee a 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


If f and g are continuous functions on [0, a ] satisfying 
f(x) = f(a-—x) and g(x) + g(a — x) =2, then show that 


f “f@)g@) dx =| fC) dx. (1989, 4M) 


Prove that the value of the integral, 


ibe [f(x~) f(x) + f@a—-x)}] dx isequal toa. (1988, 4M) 


Evaluate [ “Togiy@ =x +020] de 


™ xdx 


(1988, 5M) 


Evaluate | ,0O<a<T. 


Acne ana oes 1 
01+ cosasinx MSb,2—™) 


n/2 xsinxcosx 
Evaluate i rr x. 
9 cos’ x+sin” x (1985, 2 1m) 

2 


Evaluate [ cise (1984, 2M) 
1-x 
n/4 ginx+cosx 
Evaluate | ‘ “Ga ieenes 16sin 2x (1983, 3M) 


(i) Show that [ “ef (sin x) dx=~ f “f (sin x) dx. 
7 250 (1982, 2M) 


fale 3 3/2 : 
(ii) Find the value of | | x sin nx| dx. 
t (1982, 3M) 


1 
Evaluate [; (tx + 1 — x)"dx, 
where n is a positive integer and ¢ is a parameter 


independent of x. Hence, show that 


1 
| x*(1 — x)" "dx = , for k=0,1,...,n. 
0 (1981, 4M) 


Integer Answer Type Questions 


89. 


90. 


91. 


[x], x<2 
0, x>2’ 
where [x] denotes the greatest integer less than or equal 


2: 
ide IfT=[ af (#') 


Let f: R- Rbea function defined by f(x) = 


dx, then the value of (47 — 1) 


12+ f («+1) 
is (2015 Adv.) 
1 -1,. (12+ 9x? 
Ifa = eft + 3 tan x d 
Is ) ieee 


where tan! x takes only principal values, then the 


3m). 
value of (108. 1+a|- =) is 
4 (2015 Adv.) 


2 
The value of [4a =. (1—x") } dx is 
. dx” (2014 Adv.) 
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Topic 2 Periodicity of Integral Functions 


Objective Questions I (Only one correct option) 
1. The value of [~ a 
-n/2 [x] + [sin x] + 4 


the greatest integer less than or equal to ¢, is 
(2019 Main, 10 Jan II) 


(by (7 +5) 
12 


, where [t] denotes 


(a) 1 (7m - 5) 
12 


3 3 
(c) 16 (4m — 8) (d) 50 (4m — 8) 


2. Let T >0be a fixed real number. Suppose, f is a 
continuous function such that for all 


xe Rf(e+T)=f@).1EI=| sf) dy 


then the value of [ f 2x) dx is (2002,1M) 
(a) 51 (b) Z 
(c) Bf (d) 61 


3. Let g(x)= | . f(t) dt, where f is such that ; < f(t) <1 for 
te [0,1] andO< f(t) < : for t € [1,2]. Then, g() satisfies 


the inequality (2000, 2M) 


3 1 
@-3<g@<} 
@5< g(2)< 5/2 


(b) O< gQ2)<2 


(d) 2< g(2)< 4 


Analytical & Descriptive Questions 
4.. Show that | _ = |sin x|dx=2n+1-cosv, where nisa 


positive integer andO<u<7. (1994, 4M) 


5. Given a function f(x) such that it is integrable over 
every interval on the real line and f(é¢+ x) = f(x), for 
every x and a real ¢t, then show that the integral 


a+t 
| : f (x) dxis independent of a. (1984, 4M) 


Integer Answer Type Question 


6. For any real number x, let [x] denotes the largest 
integer less than or equal to x. Let f be a real valued 
function defined on the interval [—10, 10] by 


f(x) = x—[x[], if f(x) is odd 


1+ [x[-x, if f(x) is even 


2 10 
Then, the value oft | f (x) cos tx dxis...... (2010) 
10 J-10 


Topic3 Estimation, Gamma Function and 
Derivative of Definite Integration 


Objective Questions I (Only one correct option) 


1. IFf . f(t) dt =x" + f " 2¢(@)dt, then f’ (5) is 
(2019 Main, 10 Jan II) 
@& (a4 
25 5 


24 18 


2. Let f:[0,2] > R be a function which is continuous on 
[0,2] and is differentiable on (0,2) with f() =1. 

Let F(x) ={- f(Jt) dt, for x € [0,2]. If F’ (x) =f’ (x), V 
x € (0,2), then F'2) equals (2014 Adv) 
(a) e?-1 = (b) e*-1 (c) e-1 (d) e* 

3. The intercepts on X-axis made by tangents to the curve, 
y= in t| dt, x € R, which are parallel to the line y = 2x, 
are equal to (2013 Main) 
(a) +1 (b) + 2 (c) +3 (d) + 4 

4. Letf be a non-negative function defined on the interval 
(0,1]. If [. 1-(f'(t))? dt =[ (fade, O<x<1 and 


f@)=0, then (2009) 


(a) r(5\<3 and Ge 

obo) 

(c) (5\<3 and f(z)<3 

(a) (5)>3 waa (Z\<5 

1 22 . 1 

5. If Nees t* f(t) dt =1-sin x, Vx e (0, 2/2), then f (= 

is 

(a) 3 (b) V3 (2005, 1M) 

(c) 1/3 (d) None of these 


2 
6. If f(x) is differentiable and ie x f(x) dx == 8, then 


f (= equals (2004, 1M) 
25 
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7. 


10. 


11. 


12. 


13. 


xe $1 2 
If f(x) = ie * e’ dt, then f(x) increases in (2003, 1M) 


(a) (2, 2) (b) no value of x 
(c) (0,2) (d) (-e0,0) 

. If Im,n)= [ea + t)" dt, then the expression for 
I(m,n) in terms of Im + 1,n -1)is (2003, 1M) 
Gy tat 

m+1 m+4+1 
)—_I(m+ 14n-}) 
m+1 
CG 2" je in =f 


m+1 


(a) T(m4+ 1,n -1) 
m+i1 


m+1 


. Let f(x= “2-2? dt. Then, the real roots of the 
1 


equation x” — f '(x) =O are (2002, 1M) 
(a) +1 (b) + - (+ 5 (d) 0 and 1 

Let f : 0, 0) Rand F(x) ={ "f( dt. 

If F (x”) =x" (1+ x), then f (4) equals (2001, 1M) 


(a) : (b) 7 (4 (@) 2 


[it@at=x+ J *  f(@) dt, then the value of f(1)is 


(1998, 2M) 

1 1 

= 0 1 d) -= 
(a) 5 (b) (c) (d) 5 
Let f:R— Rbe a differentiable function and f(1) =4. 
Then, the value of lim [’ PE iis 

xoli 4 x-1 (1990, 2M) 

(a) 8f’() (b) 47’) 
(c) 2’) (d) f’@) 


1 
The value of the definite integral | : (+ e*) dxis 
(a) -1 


(b) 2 (1981, 2M) 
(c)1+¢e? 
(d) None of the above 

Objective Question II 

(One or more than one correct option) 

14. If g@)= [7 sin“ dt, then sais 
(@) (-3)=2n () (-%)=- 2% 
eee d (2) =-2 

© #({Z)=2n @ e'(2)=-2. 


Passage Based Questions 
Let f(x) = (1—x)*sin? x+ x", Vxe Rand 
g(x) =[- os -In 7 f(t) dt V x € (1, ~). 


t+1 


15. Consider the statements 
P: There exists some x € R such that, 
f(x) + 2x=2(1 + x”). 
Q: There exists some x € R such that, 
2f(x)+1=2x (1+ x). 
Then, 
(a) both Pand Qaretrue (b) Pis true and Q is false 
(c) Pis false and Q@is true (d) both Pand @Q are false 
16. Which of the following is true? 
(a) gis increasing on (1, «) 
(b) gis decreasing on (1, ) 
(c) gis increasing on (1, 2) and decreasing on (2, o) 
(d) gis decreasing on (1, 2) and increasing on (2, ©) 


Fill in the Blank 
secx cosx sec’x+ cot xcosecx 
17. f(x)=|cos?x cos? x cosec?x 
1 cos? x cos’ x 


n/2 
Then, |, f(x) dx=.... 


Analytical & Descriptive Questions 


18. For x>0, let f@=[" at 
+ 


f (x) + f (./x) and show that f (e) + f (1/e) =1/2, where 
(2000, 5M) 


Int = log, t. 
19. Leta+ b=4, where a <2 and let g(x) bea 
differentiable function. If o >0, V x prove that 
x 


| 58) dx + | : g(x) dx increases as (b — a) increases. 


(1997, 5M) 
20. Determine a _ positive integer n<5, such that 
1 
| eo" @-1)"dx = 16 —6e 
0 (1992, 4M) 


21. If‘f’is a continuous function with [70 dt > «0 as 


|x |— 0, then show that every line y = mx intersects the 


curve y? + i) dt =2 


22. Investigate for maxima and minima the function, 


f(x) = f xc ~1)(¢ — 2) +3(¢ — 1)2(¢ — 2)”] dt. 


(1987, 2M) 


—— dt. Find the function 


(1991, 2M) 


(1988, 5M) 


Topic 4 Limits as the Sum 


Objective Question I (Only one correct option) 
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Objective Questions II 


— (n+8 4278 Qn)'3 )., (One or more than one correct option) 
1. lim m+ ag ee yz | 18 equal to 
Tey 20 n n n 4. For aéR (the set of all real numbers), a #-1, 
(2019 Main, 10 April I) : (194+ 2°4+...4+ n°) il 
4 3 4 lim a =A 
(a) =(2)%8 (b) 2(2)48 - = ne (n+ 1)°° [(na +1) + (nat+2)+...+ (na+n)] 60 
? i 3 Then, a is equal to 
© 2@e-= a) a" (a) 5 (b) 7 (©) (@) 
2. li Le ees La ae lt _y_ = yon 
tin { Le wee a ae eal equal to 5. Let S, = irene and T,, = d habe cP for 
(2019 Main, 12 Jan Il) n=1,2, 3,0, then . (2008, 4M) 
(a) tan” '(3) (b) tan '(2) s Tq s 1 
(c) m/4 a n/2 (a) n< 33 (b) n> ag 
. (n+ 1)(n+2)...3n)”. pe aT > 
wee ao ee (2016 Main) ie 3v3 ialal 3V3 
18 27 . ee , 
ie er Analytical & Descriptive Question 
9 
Os (d) 3log 3- 2 6. Show that, lim ( | u tt E |= tox 
Answers 
Topic 1 7. tiogs- 16. fix)=x8ex?—x42 9 77 = 
1. (a) 2. (d) 3. (b) 4, (a) 2 10 T 
5. (a) 6. (c) 7. (d) 8. (d) 1 1 1 on x 
9. (0) 10. (a) LL. (0) 12. (d) ee ag ae 
13. (d) 14. (c) 15. (d) 16. (d) 
17. (b) 18. (a) 19. (c) 20. (a) 85. B54] 86. alte) | 87. «| d 1| 
21. (d) 22. (b) 23. (a) 24, (c) , - 
25. (b) 26. (a) 27. (c) 28. (c) eal 
29. (b) 30. (c) 31. (a) 32. (a) 88. |e | 89. (0) 90. (9) 
33. (a) 34, (c) 35. (a) 36. (d) 91. (2) 
37. (d) 38. (d) 39. (c) 40. (a) 
41. (d) 42. (a,b,c) 48. (c,d) 44, (b) Topic 2 
45. (a) 46. (c) 47. (c, d) 48. (b, d) 1. (d) 2. (c) 3. (b) 6. (4) 
49. (a, b) 50. (*) Bl. (a, c) 52. (a) ; 
53. (a, b,c) 54, (2) 55. (8/3) 56. (k =16) Topic 3 
‘ 7] 1. (a) 2. (b) 3. (a) 4. (c) 
57. (2) 58. 1° 59. % (eee? 5a 5S | 5. (a) 6. (a) 7. (d) 8. (a) 
1 7 9. (a) 10. (c) 11. (a) 12. (a) 
60. *| 61. (V2 -1) 62. (4) 63. (2 — V2) 
9 13. (d) 14. (*) 15. (c) 16. (b) 
64. A> S;B>S;C>P;D>R 65. (d) 17. ("2") 18. ane)? 20. (n =3) 
24. 1) e. (1) | ” Le | 
66. 5051 67. «cos sin( 1 7 : : a ; 
5 | 2) 2 2 | 22. Atx=1and = f(x) is maximum and minimum respectively. 
[4a _, ‘| Tt 
1. 2. (b 3. (b 4, (b, d 
72. * (og 2) 73. 1m? 74, <n + 3log (2 + V3)—4y3] 5. : 4) ” Ue oe 


Hints & Solutions 


Topic 1 Properties of Definite Integral 


at+1 dx 
1. Let I= 
i J (c+ a) (x+a+4+1) 


an 


=] (x+a+1)—-(x+ a) 
7 (x+) (w+ a+ 1) 


aa 
= | z : Jas 
x+Qa x+0+4+1 


a 


atl 


=[log.(x+ «)—log,(x+a+1)] 


= log, (= te x calles 1 = log, (2) (given) 
0 


2at+1) 9 
SS 
4a (a+1) 8 

807 +80+2=907+ 90 

a? +a-2=0 

(a+2)@-1)=0 

a=1,-2 
From the options we get @ =—2 


% Letra ia ine 


=> 8 [407 +40 + 1] =36 G7? +a) 


Vuuy 


cot x + cosec x 
cos x 


sinx sinx 
a gt — cos x) 


0 1—cos’x 


[= cos’ x 


sin” x 


dx 


n/2 
a [, (cosec x cot x — cot? x) dx 


n/2 
= [, (cosec x cot x — cosec” x + 1) dx 


= [-cosecx+ eT 
\T 
[ cosx-1 7” -2sin’ 2 
- x+ 
Sina Jo asin > cos 5 
12 
=|x tan =| ae l= 
L 2], 2 
=m[n+n] [given] 


: 1 
On comparing, we get m= 5 andn=-2 


m-n=-1 


Alternate Solution 


m/2 cot x 
Let I= [, dx 
cot x + cosec x 
cos x 
= ("7 _sinz —_ dy 
0 cosx 1 
+ 


sinx sinx 


m/2 COSX 
=| ————— dx 
9 cosx+1 


x 
2cos?~-1 
12 
=| —2_dx 
2.cos? 
2 


6] 


6 
E cos®@ = 2.cos” = —landcos@+1 = 2 cos” = 
2 


al, tan = i-l@ 2) 
L 2 
Since, J=m/(x —-n) 
“mt —n)= ; (m — 2) 
On comparing both sides, we get 


i= and wea 
2 


Now, mn =>X-2=-1 


T/3 
3. Let [= J sec”® x cosec“? x dx 
r/6 


[multiplying and dividing the denominator by cos? x] 


Put, tan x= t, upper limit, atx=m/3>t= V3 and 
lower limit, at x= 2/6 > t =1/ 3 


and sec’ x dx = dt 


Bg fw y? 


‘i uaa 18 Fea ie 


1 u6 
--8(gn 3") 


= 3.346 _3.3-V6 
= 37/6 — 39/6 


4, Given integral 


on 
i= I, [sin 2x: (1 + cos 3x)]dx 
= [sin 2x-(1 + cos 3x)|dx 


an 
+ lh [sin 2x- (1 + cos 3x)|dx 
TT 
= I, +I, (let) . Gi) 
2n 
Now, I,= | [sin 2x- (1 + cos 3x)]dx 
tT 
let 2x —x=t, upper limit ¢t =0 and lower limit t = 
and dx = —dt 
0 
So, I,=-| [-sin2x-(1 + cos3x)|dx 
TT 


=| [-sin 2x- (1 + cos3x)]dx ...(ii) 


| [sin 2x- (1 + cos3x)]dx 
+ ie sin 2x: (1 + cos 3x)|dx 
[from Eqs. (i) and (ii)] 


= [naa [- [x] + [-x] =-1, x¢ Integer] 


=—T 
1 

5. Let I= | xcot 1 (1 — x? + x*)dx 
0 


Now, put x” = t >2xdx = dt 
Lower limit at x =0, t=0 
Upper limit at x=1,t=1 


1 
T= | cot (1 —t + t?)dt 
2 0 


i 
= =| tan! — dt .. cot }x=tan? 1 
2 6 1-t+t [ x 
1 
=" / tan! t=-1) dt 
a 1+ ¢(t-1) 
1 


1 
=3) | (tan! t— tan! (t—1)dt | 
Z 7 | 
1 %*—-Yy 


[ 
a tan ene 


=tan/x- tan! | 
1 1 1 
: | tan! (t -1)dt = | tan! (1 -t-1)dt=- | tan! (t)dt 
0 0 
because | f (x)dx = | f(a -—x)dx 
0 0 


1 
So, [= =| (tan ¢+ tan! t)dt 


dt 


=f hy 4a t 
an tdt=[ttan~ t] - 
r J 1+¢ 


ll 
omer 
ot j~) 


[by integration by parts method] 


1 Wal TT 1 
= log,(1 + t*)Jo = log, 2 
5 Sel Mo ra 
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Key Idea Use property of definite integral. 
in f(xddx = ik fla + b— x)dx 


Let i= [2 _sin’x oy (i) 
0 sinx+cosx 


On applying the property, [’ f(odx = | : f(a+ b-x) dx, 
we get 


TX 3 
p= [7° _8 4 _ ay (ii) 


cos x+ sin x 
On adding integrals (i) and (ii), we get 


m2 gin® x+ cos? x 


21 = ih dx 


sin x+ cos x 


Tv . . rH 
_ [2 (sin x+ cos x) (sin? x+ cos” x—sin xcos x) ae 
0 sin x+ cos x 


= [2 1 -5 sin xcos | dx 


z 1 
=| 2(1-Fsin2s] dx 
0 2 


R 


. Given, f(x) = | g(t)dt 
0 


On replacing x by (x), we get 


fx)= | gat 
0 


Now, put ¢ =—u, so 


fC) =-| gCu)du=—| g(u)du =- f(@) 
0 0 


[.: gis an even function] 
= f(x) =—- f(x) = f is an odd function. 
Now, it is given that f(x + 5) = g(x) 
f6—x) = gx) = g(x) = f(e+ 5) 
[.: gis an even function] 


> f(—-—-x)= f(x+5) se) 
Let T=| f (dt 
0 


Put t=u+5 > t-5=u — du 
x-5 


ie ! eens, i suidu 


Put on me eee we gt 


5 -x 


T=- | g(-t)dt = j g(t)dt 


5-x 
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b a 
[::' =| f (x)dx = | f(x)dx and gis an even function] 
b 


a 


I= | f (dt 


5-x 

= f6)-f6G-x)=f6)-f6+x) 
5 5: 

= | f (t)dt = | g(t)dt 


5+x 5+x 


[by Leibnitz rule f(x) = g(x)] 


[from Eq. (i)] 


8. The given functions are 


g(x) = log, x, x>Oand f(x) = 2 *008* 
2+ xcosx 
ten r=[""" g(f@)dx 
Then, I= J"! Jog, | 52 Ja sail) 
moe 24+ xcosx 


Now, by using the property 
b b 
| f@)dx=| f(a + b-x)dx, we get 
14 
es ew | nO ... (ii) 
m1 4 2-—xcosx 
On adding Eas. (i) and (ii), we get 
MY i = i 
oI= i. 2—xcosx oe 2+cosx ae 
"(2+ xcos x 2 xcosx 
={"" 2—xcosx 2+ xcosx 
m4 2+xcosx 2-—xcosx 


[. log, A+ log, B= log, AB] 
=> 21 = [r, loge Wdx=0= I=0=log,(1) 
9. Let I=(" f(x) g(x) dx i) 
= [,f@- x) g(a—x) dx 
E |, fe) dx = |, f@ — x) de| 


= I=[f@)[4- g@]dx 
[- f(@) = f(a—x) and g(x) + g (a-x) =4] 
= [4f(x) de — ['F(@) g@) dx 


= T=4['f@) dx-I 
=> 2T = 4 |" f(a) dx = T=2 "Ff (x) dx. 


10. Let J= ie (2) = (:)} log, x dx 


Now, put (*) =t> x tog, (2 *) = tog ¢ 
e e 


= x(log,x-log,e)=logt 


[from Eq. (i)] 


> Ls (*) + (log, x — log, | dx = is dt 
me: ioe 


= (1+ log, x-1) dx =" dt => (og, x) d=" dt 


11. 


12. 


13. 


Also, upper limit x =e >¢=1 and lower limit x=1> 


e 
‘ _ 1 2 i 1 = ~2 
I= vel! -7): va => [= ie G4 dt 
1 
[2 1)| 1 i 3 1 
Ls + = +1 gtejpHo-e-—a 
2 t)ia 2 2e 2 2e 
n/4 dx 
Let =|", - 7 5 
sin 2x(tan° x+ cot? x) 
-{*" (1 + tan? x) tan? x L ididows 2tanx | 
7/62 tan x (tan! «+ 1) |" 1+ tan?x 


_1 ic: tan‘ x sec*x 
2 Jx/6 (tan? x + 1) 
Put tan? x =t [ sec*x =1+ tan” 4] 


= 5tan‘* x sec*x dx = dt 


la 


=. if! dt 
25 Janey 41 


= a [tan (1) - owe] 
7 7 (z (on) 


Let I= [> sin’ re] 


2 al 
1 [x] 
2 T 


sin?(- % 


TGC 


dx 


Also, let f(x) = 


Then, f(-x) = (replacing x by — x) 


-[x], if xel] 
| a={ , 
[x], if xeél 


sin?x _ 


= fC-x)= 
2° Lx] 
i.e. f(x) 1s odd function 
‘ 0, if f(x) is odd function ] 
i [f Gyaes {at (x)dx, if f (x) is even function | 


We have, J = r (xt —2x*)dx 


Let f(x) = x4 — 2x? = x7 (x? — 2) 
= x" (x — V2) (x + V2) 


Graph of y = f(x) =x* — 2x" is 


.-f() <0 for -V2<x< V2 


+) = ) - (+ 
|-2 0 (4B 


b 
Note that the definite integral | (x* —2x")dx represent 
a 


the area bounded byy = f(x), x=a, band the X -axis. 
But between x =— V2 and x = V2, f(x) lies below the 
X-axis and so value definite integral will be negative. 


Also, as long as f(x) lie below the X-axis, the value of 
definite integral will be minimum. 


.(a, b) = (- V2, V2) for minimum of I. 


14, We have, fe cae oe oe | ee 
2k sec V2 


3 =~tan@ 1 ;*3 tand 

Let [= d0= 
I [2k sec 0 2k if sec 
1,73 (sin 8) 


0 
_ (cos 8) | £2 
cos0 


Let cos8 = t >- sin 0 d@= dt > sin 0 d0= - dt 
for lower limit, 0 = 0>t =cos0=1 


dé 


1 ;*3 sin ®@ 
de= 
V2k ik {cos 0 


for upper limit, 6 = ® 5¢= cos : a 


1 
v2 dt _ —1 pV2.-5 
= = sag) t 2dt 
ib, Wea ; ; 
= - Bvt}? 
Bel TL] 
2 
2 Re f= z(t 1) 
Br | 2 V2k 2 
I= i= (given) 
2 (1 1 j= 1 > = 1 
J2k V2 V2 2k 
=> 2=J/2k > 2k =4>k=2 
15. We know, graph of y= cos xis 
xX’« >X 


.. The graph of y=|cos x|is 
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=|cos x| 


al n/2 7 


Tv 
af 3 3 3 
I= 9) cos I =2 : |cos x|?dx 


(. y= |cosx|is symmetric about x= 


) 


wla 


ja 


bo 
—— 
a 


= 5 3 t > fi [ 
=2I cos’ x dx I cosx2=0 sla 


Now, as cos 3x =4 cos? x—3cosx 


1 
“cos? x= 7 (cos 3x + 8.cos x) 


Tv 
aA 1=2 [2 (cos3x+ 3 cos x) dx 
4Jo 


3. gsin™ |! ino ssino 
2 2| |3 | 


2 \[3 
[tee ; a oe 
| sin =sin{ )- aie ‘| 
_1f 1 feral 4 
2. 33: 3 


« sin? x 
Let = | ~ ax 
svat 2 
2 1 1 
ryasin'{-E +x] 
=> l= dx 
TT Tv 
-n/2 “ot * 
14+2 
[ b 
|. | f@dx= j havo x)dx | 
[Ee Sa 
a 2 i ore 
Tigh + 2 
T/2 ox : 2 
= 72 2 _ x 
Bae 2*4+1 
n/2 x 
=> 21 = | vinta “Ha 
2* +1 
—n/2 
n/2 
=> 2T= | sin? x dx 


—m/2 


290 Definite Integration 


m/2 
> 21 =2 | sin” x dx [-. sin?xis an even function] 
0 
m/2 
> I= | sin’xdx 
0 
n/2 [ a a 1 
> I= | cos*xdx [3 | f(x)dx = | f(a—x)dx | 
0 L 9 0 i 
u/2 
> 2I= | dx 
0 
= a= [x]? = I=" 
3n/4 3n/41— 
17. Let I=[" an =|, a = dx 
m/4 1+cosx °"/4 1—cos*x 


= [7 es 1- COBX 5 
n/4 gin? x 
38n/4 2 
= I (cosec* x —cosec x cot x)dx 


= [- cot x + cosec x37{4 


= [+ ¥2)- C14 ¥2)]=2 


18, Let I= =a (i) 
mi21 4 
Ean fsdx= |" f (a+ b-s) de| 
[ a | 
7/2 x" cos CX g is 
=> [= lox o—— Gi) 
On adding Eas. (i) and (ii), we get 
2I = whens : _ | ax 
Z +e" lt+e =| 


=|" ca cos x: (1) dx 
a eg | 
: Jif) dx=2) F(a) dx, when f(x) =f 2?) 


T/2 9 
> 21 =2[ x cos x dx 


Using integration by parts, we get 
21 =2 [x*(sin x) — 2x) (- cos x) 4 


> 21-2) 2] 


(2) (-sinx)] 5? 


m2 


[=—-2 
4 
19. PLAN Apply the property 


[2 tejate = [° f(a + b — xx and then ada. 


log x” 
2 log x? + log(86 —12x+ x” ‘a 
=f? 2 log x 
2 2log x+ log(6—x)” 
m [i 2 log xdx 
2 2[log x+ log6-—«x)] 


Let I=[- 


= 7" ii log x dx (i) 
~ 42 flog x+ log6—-x)] ~ 
> - [ 080 7) dx «+ (ii) 


2 log6—-x)+ log x 
Lect? 
i) 


On adding Eas. (i) and (ii), we get 


4 =, 
2r=| log x + log(6-— x) 
2 log x+ log - <x) 
& 4 
= or I, dx=[x]$ > 27=2 
> 2f=2 > J=1 
20. PLAN This type of question can be done using appropriate 
one 
Given, [= ie (2 cosec x)!" dx 


cosec x (cosec x + cot x) 


_ [" 12 2)" (cosec x)'® 
nla (cosec x + cot x) 


Let cosecx+ cotx=t 
> (-cosec x- cot x — cosec”x) dx = dt 
and cosec x — cot x =1/t 
iL 
> 2 cosecx=t+— 
t 16 
t+— 
I=-[ 2 ae 
V2+1 2 t 
Let t=e" => dt=e"du. 
When t =1,e"=1>u=0 
and when t = V2 +1,¢@= 241 
=> u = In (v2 +1) 
__ f° -uyie du 
=> I= [cess 2d! + ety 
In (V2 + 1) 
=o me + et) du 
21. PLAN Use the formula x2 =| poe Wee 
—(x-a), x<a 


to break given integral in two parts and then integrate separately. 


2 
i (1- 2sin 2) x= [ j1- 2sin Idx 


TT 
— [3 (a 2 sin *) dx I (1 2 sin Zax 
0 2 ie 2 


a 
— T 
-(4 400s) & 400s) 
2/0 2) 
3 
=4/3 -4-© 
3 
2 1 
22. [= li + og Joos as 
= T+x 


As, [. f(x) dx =0, when f(-x) =— f(x) 


b 7 
f (x)dx = | fat b-x)dx | 


dx 


12 12 
r(\ x” cos x dx +0 =2/" (x? cos x) dx 
—n/2 0 


12 
=2{(x" sin xh —_ i 2x-sin x dx} 


2 
2% -2{(- x-cos x5” -j"" 1-(- cos x) dx} 


2 = ~2 (sin ag |-2 = 4 = [= 7 


23. Put x?=t =xdx=dt/2 


T= [ee a fi 
log2gin ¢ + sin (log 6 — t) 


. b b 
Using, [,f@ dx = i flat b-x) dx 


sin (log 2 + log3 — t) 
log2 sin (log2 + log3 — t)+ sin 
(log 6 — (log 2 + log 3 - t)) 
1 ibe sin (log 6 — t) 
2 “log2 sin (log6 — t)+ sin (¢) 
_ ibe sin (log 6 — t) 
log2 gin (log6-—t) + sint 


dt 


1 plog3 
aol 


dt 


dt .. (ii) 


On adding Eas. (i) and (ii), we get 
lo 1 1 _ 
grat | g3 on t+ sin (log 6 t) dt 
2 Jlog2 sin (log6—t) +sint 


> 2Il= 


pee. 
oO. = ; (log 3 — log 2) 


24. Let I= ° + 3x7 + 8x +3 + (x+ 1) cos (x + 1)] dx 


= [loc 1)’ + 2+ («+ 1) cos («+ 1)] dx 


Putx+1l=t 
> dx = dt 


T=[)@ +2+tcost)dt 


=f e dt+2f d+, t cost dt 


=0+2-2 [x], +0 
=4 


[since, t® and ¢ cos ¢ are odd functions] 


[where, ??7=1-—2x° >t dt =-x dx] 
= (sin +1-sin!0)+ [é/?=2/2-1 
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[ | 
I log c = 2 is an odd = 
Lae 


V2 0 V2 
=] _ of dx+ | [x] dx= fC) dx+ | (0) dx 
1 1 
= Oo = 04 \-- 
[x] 12 9 2 
x 2 
27. Let I= = ~ dx ...(i) 
ie ey 
-—1 2 — 
PS ace) 
= te|' a C08 ay Gi) 
oe 2 


On adding Eas. (i) and (ii), we get 


2T= " z=] cos’x dx 


=| 7 cos’ x dx=2 | Eee dx 
—-™ 0 2 


_ TT a = Tt TT 
=f a+ cos 2x) dx =|, Ldx+ | cos 2x dx 


u/2 
= [x]5 +2 | cos2x dx=n +0 


> 2T=n > T=n/2 
fe8* sin x, for|x|<2 
28. Given, f(x)=, 2 , otherwise 


. [fe dx= |" f(a) dx + [re dx 


= 2 cos x: d or, _ 2 3 
=| ,¢ sin x ee x =0+ 2 [x]5 


cos x 


sin x is an odd function] 


[af eeaeeol 
po ff @ de=2) 


fee 
=2 [8 -2]=2 


e” llog, x fi | log. x e"| log, x 
29. 5 - a fe. ; a is rs las 


[ since, 1 is turning point for | 
log, x 
x 


l & 
=H] ES dae J 


for + ve and — ve values 


log, x A 


x 


[dog, 2)*}1.. + [dog] 


Nl|R w]e 


(0-(-1)}4 =e 0)=2 
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30. The graph of y=2sinx for 1/2<x<38n/2 is given in 
figure. From the graph, it is clear that 


f 2, if x= 7/2 
1, if w/2<x<5n/6 
2sinx]=4 0, if 5n/6<x<n 


-1, if nu<x<7x/6 
-2, if 7n/6<x<38n/2 


31/2 : 
Therefore, | [2 sin x]dx 
TT 


= fra +f T Od at: ld ; perc 2) dx 
a a ea age 
= [al tig + Cal + Lead tie 
-(= 1 ( Tt x] 23 oa 
6 2 6 J 2 ° 6 
=2(2 ! x(1 L\an(Z 3] 
6 2 6 3 


“eee 


3n/4 dx : 
31. Let I=| ao (i) 
3n/4 dx 
> I= 
deers 1+ cos (% —x) 
31/4 dx ws 
I=[ =. ... (ii) 


On adding Eas. (i) and (ii), we get 


ar= fo" 1 1 ae 
n/4 \1+cosx 1—cosx 


3/4 
=> 2I= | : — dx 
m/4 \ 1 —cos*x 
3n/4 
> T=| cosec’x dx = [- cot x]37/4 
a 
shoe hz got | Cieiss 
Ll *& 4 


82, Let [| f@)dv=[' [bd de=[' xde-f "fel dx 


=0- | a [x] dx  ['.. xis an odd function] 


-1, if -l<x<0 
But [x]=5 0, if O<x<l1 
1, if e=1 


33. 


34. 


35. 


1 0 1 
|_,@lax= I [x] dx+ J, [x] dx 
0 al 
=|, (-1) dx + J,° dx 
=— |x]? +0=-1; ~. [/fe@de=1 
Given, g(x) = [ cos" t dt 


+X 4 
=> g@tn=] cos‘ t dt 


TT 4 TX 4 
=| cos tdt+| cos tdt=[,+ I, 
0 T 


Tv 
where, J, =| cos‘ ¢ dt = g(n) 
0 


= T+x 4 
and I,=[_ cos” ¢ dt 
Put t=na+y 
> dt = dy 


I,= | cost (y+ 1) dy 


=[5¢ cos y\dy=f cost y dy= g(x) 


§ (xt 1) = g(m)+ g(a) 


k 
Given, I, = | xf [x(1-x)] dx 
1-k 
k 
=> i= | a-»f [(1 —x) x] dx 
1-k 
=(" fla-sdx]-[" sf Q-xld 
=|_,fla-sldx]-| af @-x]Jdx 
i 
L,=1,-1, a 
=> 1=fo-4h = i, 2 
It is a question of greatest integer function. We have, 


subdivide the interval m to 2m as under keeping in view 
that we have to evaluate [2 sin x ] 


Ya 
1.1/2 
X'< Bu : >X 
(0,n) 30 30 (0,2n) 
—1/2,7n/6 4-1,30/2  -1/2,112/6 
’ Y 
: 1 
We know that, sin ae 
6 2 


6 
(2-5) 
=> sin —— =sin| 21 =- sin—= 
6 2 
. 3m 
> sin — =sin — =-1 


Hence, we divide the interval nz to 27 as 


( ) & a Ge 
TL, , , , 27 
6 6 6 6 


sinx=(0, sh il sh * 0] 

2 2 2 
=> 2 sin x = (0, -1), 2,-1), 1,0) 
> [2 sin x] =-1 


Tn / t/6 
=| * Bain a] dx+ [0 [2 sin x] dx 


** sins] d 
+f. gl sin x] dx 


_ 7n/6 1) dx 11a/ 2) d Dd 
=|) CDdxt+f_ “es ydx+ f°" C1) dx 
_ i. 2() mn 10n_ 52 
6 6 6 6 3 
36. Given, f(x) = Asin( ™ )+B f (5 )- V2 
1 
and | Fe ca 
0 Tt 
AN Tx (1) An n AT 
x) =—cos— > = co 
f°) 2 2 (3) 24 22 
1 AN 4 
But ‘fa)= 2 «. =/2 => A= 
f (5) 2/2 T 
Now, I. f (x) dx= 74 |) , {Asin( a} ie 
T 
1 
Lidl 2D oy *y Gel a8 > geen 
Tq ie T Tq T 
> B=0 
/2 1 n/2 1 
37. Let © er —_——_,— dx 
ls 1+ tan’ x if sin® x 
cos’ x 
m/2 cos’ x ‘ 
> l= dx sea 
I cos’ x+sin® x @ 
és cos % — 
= I dx 
* ont (F-a) +sin*( 5-9 
cos x|+ sin x 
2 
n/2 sin® x sa 
> 7 dx sl 
iF sin? x + cos? x @ 


On adding Eas. (i) and (ii), we get 


PS die —% BT £ Fea 


al : [xt =n /2 


38. Let 1=[""" (f+ fC) | [g@) - ga] de 


Let 90) = [f@) + f-2)] [e@) - g-a)] 
= — oCa)=[fCx) + £0] [gCa) - 0) 
= 9-2) =- 0 @) 


= 6(x) is an odd function. 


n/2 
J .9@ dx =0 
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39. Let I= [; ef" * cog! (Qn + 1) x} dx 


40. 


41. 


42. 


es 0, f(a—x)=— f(x) 
Using| | f(x) dx= 2 fo" Fe) dx, f(a-x)=f(«) 


Again, let f(x) = ee". cog8 {2n + 1) x} 
f(m — x) = (e* *){-cos® Qn + 1) x} =— f(x) 
I=0 


isk 7= le cot x 
Veot x + vtan x 


= | n/2 vtan x 
0 Jeotx + vtan x 
On adding Eas. (i) and (ii), we get 


Q1= (ie dx 


i) 


.. (ii) 


=> 


[=— 
4 


n/3 dx 


m/61+/tan x 
=|" dx 
were tan(2 x] 
\ 2 
=|" dx 
7 n/61 + /cot x 
= =|" eI (ii) 


7/61+/tanx {tan x 


Let I=[ (i) 


On adding Eas. (i) and (ii), we get 
u/3 


ote Fig & 


=> 21 = [x]" 3 dx 


l[xn al] a 


~ ols 6)" 12 

Statement I is false. 

But [2 feode = [fa + b-x)dx is a true statement by 
property of definite integrals. 


According to the given data, 
F’ (x) <0, Vxe (1,3) 


We have, f(x) =xF (x) 
> f W=F(x)+xF’ (x) wea(l) 
> f Q)=F(0)+ F’(1)<0 

[given F'(1)=Oand F” (x) <0] 
Also, f(2)=2F()<0 [using F(x) <0VxeE (1, 3)] 


Now, f (x)=F(x)+xF" (x) <0 
[using F(x) <0, Vxe (1,8) 
> f (x) <0 
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43. Given, [; x2” (x) dx=-12 


=> PF oh - [2x F(x) dx =-12 


=> 9F@)-F(1)-2[ f(x) dx=-12 
[:. xF' (x) = f(x), given] 
=“ -36 -0-2]° f (@)dx=-12 


[f@ dx=-12 anal [/ 8’ @ax=40 


[PF (w)]3 -[° 3x°F” (x) dx = 40 


[x2 (cF” (x)]? —3~x(-12) =40 
b2- Lf @—F@}s =4 
9[f @)-F@)-[f @)-FM|=4 
9[f @)+4]-[f @)-0] = 
9f @)-f’ () =-32 
fi feyax-E f+ F@)_ 
44, Given, lim— 


toa (t = - 


UuUUU TU | 


Using L’Hospital’s rule, put t-a=h 
ath h 
J, f@) dx-F1fla+h)+ f@} 
=> lim — = 


hood h? 


flat h)-Stfla+ h)+ flay) 2 if (a+h)} 
=> lm 5 = 
ho0 3h 
Again, using L’ Hospital’s rule, 
f(ath)-3 fF ath)-5f (athy—Z i" (ath) 
lim = 
h>0 6h 


PF pv qth) 
=> lim —4—————- = 


h>0 6h 
=> f’ (a)=0,VaeR 


=> f(x) must have maximum degree 1. 
45. F’ (© =(6-a) f’ + f@)- f(0) 
F’©=f' ©@-a)<0 


= F’ (cd) =0>5 f= fO-f@ 
b-a 


n/2 a, oe 
46. | sinxdx= 2 sin0+sin +2sin 2 
0 4 2 2 


=F +2) 


pee  & e(1,e)in (0, 1) and | f(t)sin t dt € (0,1) in (0, 1) 
0 


eR | f(t)sin t dt cannot be zero. 
0 


So, option (a) is incorrect. 


2 
(b) f (x) + | f(t)sin t dt always positive 
0 


«Option (b) is incorrect. 


1 
ax 


2 
(c) Let h(x) = x- | f(t) cos t dt, 
0 


2 
h(0) = = f(t) cost dt <0 
0 


ay 
2 


h(i) =1- | f@cost dt >0 
0 


.. Option (c) is correct. 
(d) Let g(x) = x° — f(x) 
g0)=—f@)<0 
g(l)=1- f@)>0 
.. Option (d) is correct. 


9g k+1 


(R+ D ax 
48. [= 
Xu - x(x + Ti 
9g k+1 
Clearly, baa Vee ee 
oy , et pe 
k+1 


=> p fowl ty 


7 98 1 

> I> k+1 = fs 

x ( as ri pve: 
> ae : gies as i 

3 100 100 50 

gg k+1 kel 98 
Also, I< dx= [log,(k+1)-log, k] 

dL | x(k + 1) py 

I< log, 99 


49. Here, f(x)=7 tan® x + 7tan®x-3tan* x—-3tan?«x 
for all xe(= 2] 
2 2 


f(x) = 7tan® x sec” x—3 tan? x sec” x 
= (7tan® x—3 tan” x) sec” x 


nm/4 T/4 6 2 2 
Now, J, x f (x)dx = | s (7tan” x—8 tan* x)sec” x dx 


TT 
= [x(tan’ x—tan? ola" 


-—" 1 (tan! x-tan® x) dx 
14 
=0- [ tan® x(tan’ x—1)dx 


n/4 3 2 ) 
=-I, tan” x (tan~ x-1) sec” x dx 


Put tanx=t >sec’x dx = dt 


[Px f@dx=-f #8 (t2—-1) dt 


50. 


51. 


roa 


= Jat -# dt =| Sees 


4 B| 4 6 12 


T/4 6 2 2 
Also, [, (7tan’ x—3 tan* x) sec” x dx 


nm/4 
f@)dx= |. 
=( —3t”)dé = [#7 -]} =0 


192x° 192%" _ 
2+sintnx 3 2 


f @)= 


Here, 


; i ee 
On integrating between the limits . to x, we get 


x 192%" 192%? 
rae dx <I f (x)dx xs ae 
192/, 1 13 
12 (x 4) sre FO) s24x4 ~> 


=> 16x*-1< f(x) <24«1- 


bo] w 


eo ‘ ee | 
Again integrating between the limits a to 1, we get 


[asx -l)dx< [,,f@ dx sf 2404 -2\ax 


1 

=> pee < f(x)d. <| HE 8.) 
5 V2 _ 5 2 1/2 
Th 2 1 33 «6 

= 2.6<[) fa)dxs3.9 


(*) None of the option is correct. 
4n 
Let I, = , e'(sin® at + cos* at)dt 
Tw 
= \, e'(sin® at + cos‘ at) dt 
2 
+] " ef (sin® at + cos! at) dt 
wT 
3m 
+] e' (sin® at + cos* at) dt 
On 
An 
+{ e' (sin® at + cos* at) dt 
3n 


Rabe ei,+i ...@) 


Now, i [- e' (sin® at + cos’ at) dt 
Put t=n+x=> dt=dx 
i =|. e**. (sin® at + cos* at) dt =e - Ip ...(ii) 
Now, I, al e (sin® at + cos* at) dt 
Put t=2n+x > dt=dx 
L,= [oe e**" (sin® at + cos‘ at)dt=e"-I, _ ...(iii) 


and I; =i e (sin® at + cos’ at) dt 


Put t=3n+x 


iA =|. é™** (sin® at + cos’ at)dt=é"-I, __...(iv) 
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From Eqs. (i), (ii), (iii) and (iv), we get 
Leahtee Lee Ltée" hh ste +e" +e") 


4a Pp 
[; e (sin® at + cos* at)dt 


Tu 
[, e' (sin® at + ci at)dt 


=(1+e"+e" +e") 


AT 
ae = te R 
e-1 
4 4 
52. Let I= [2 ce ap =1) G=9*+G-a 5 
0 14+ x7 0 (1 +x”) 
plcede Le 


= _ 4 
=[@ 1)(1-x) dx+J. ae, 


2 
x") — 404 sci dx 
(1+ x°) 


=|, {6% Yd-x*+( 


=| [w? 1) (1—x)4 + (14+. x*)-4x4 4 ) dx 
0 +x 
6 5, eA 2 4 
=| (« Ax? + 5x° —4x°+4 : dx 
0 1% 
7 6 5 . 
_|x sail + Bk 4x + 4x—4 tan? | 
7 6 5 3 5 
14,5 ts4-a(2 0 22 
q- 6 5. 3 4 7 
58. Given T,=[" —Sme de Gi) 
-m™ (1+ 7*)sinx 
: b b 
Using { f@) dx=[ f(6+ a—x) dx, we get 


r,=f" T* sin nx 
a (1+ 2") sinx ) sin x 


.. (ii) 


On adding Eas. (i) and (ii), we have 


21, =|" salad =2 [SIP ay 
-m™ sin x Oo sinx 
[e f(x ae is an even function] 
sin x 
—%, 1,=[° = dx 
Oo sinx 
m sin (n + 2)x—sin nx 
Now, I,,.-In= i dx 
sin x 
={" cos (n : 1) x-sin x ae 
0 sin x 
. 7 
=2[ “cos (n+ L)xdx=2/5™ (w+ Dx] _ 
0 1 (n+1) | 
Leotl, (iii) 
Since L, =|, = ne dex 
0 sinx 
> I, =m and I,=0 
From Eq. (iii) 5 ee Ce eat 
and I,=1,=I1g =...=0 
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10 10 
= Ylonyi=10m and jd, =0 
m=1 m=1 


-. Correct options are (a), (b), (c). 


_ ue 14+ +3 
54. (2)Let = =| apa ay 
> r={" 1+ V3 ya aX 
. eal 
ao") | 
1l+x 
Put ae zy -—2dx _ 
1+<x (1+ x)” 
Ghee Opies pe 
2 3 
ya [i+ 
1 eae 
“a/3y( a)" 
Pm NOE Ee 
~ 2 |ael, 
> T=(1+V3)W3-1) = [=3-1=2 


56. (Gives: Ft)= : and6 | “f(i)dt = 3x f)—a°, V x21 


Using Newton-Leibnitz formula. 
Differentiating both sides 
> 6f (x):1-0 =3f (x) + 3xf" (x) - 32x" 
= 3xf’@)-8/@)=3r? = f'@)-*f@)=x 
x 
xP? O-PM_, _, aR 
x dx |x 
On integrating both sides, we get 


£@) 


 =i46 > e=2 and fa) =a? 2x 


ue 
fQ=4-o=, 


NOTE Here, f(1) = 2, does not satisfy given function. 
~ tee 


3 
2 4 8 
For that =x°-“xand f2)=4-—=— 
f(x) =x Aa f@) ra 
4 sin x2 
56. Given, | : = F (k)- F (1) 
Put x =t 
> 2x dx = dt 


16 esint dt 
= [. 2 7 3 = FM-FO 


= a on dt=F()- FA) 


Fe =x+Cc E fay=5 


57. Let [= ie 


58. 


[F ®)° = F(k)- FQ) 


[ d _@ 
‘ ae 


sin x 


| 
; one 


F (16)-F ()=F (k)-F (1) 
k=16 
37m 1 sin (1 log %) gy 


x 


Put nlogx=t 


> FE dedi 
x 


ae | sin (t) dt = — [cos ¢]2”" =— [cos 37m —cos0] 


=-[C)-11= 


xsin2” x 


Let [= {. dx (i) 


0 sin” x+ cos?” x 


Ie f on (2x —x)[sin Qn —x)]” 
[sin 2x —x)]"" + [cos Qa —x)]™" 
[ [fe dx = [,f@ ~ x) dx] 


2i 


fe 2x Qn — x)-sin™” x d 
[, + 2n 2n 7 
sin” «+ cos” x 
I= ® Qnsin™x Qn xsin2” x d 
J, + on 2n I, +. on 2n x 
sin” x + cos” x sin” x + cos“ x 


=| am = Om sin” x 
: 2 
0 sin” x+ cos” x 


2n 


dx-I [from Eq. (i)] 


dx 


2n Tt sin” x 
in| 


0 gin” x+ cos?” x 


ii nm sin” x 


I=n l Oain2r 2n dx 
sin” x + cos” x 
7 x sin” (20 — x) aa 
0 gin” (2m — x) + cos?”(2n — x) 
[using property | 


ie f(s) de= | SFG) + f@a~a)ldx| 


I=n 


[‘ sin” xdx 
on 2 
0 sin” x+ cos” x 
™ sin” x | 
| - an 2n dx 
9 gin’ x+ cos” x 
+ on 
sin” xdx 
T= on | * San a EX 
0 sin?” x + cos?” x 
[-n/2 sin™ xdx | 
[=4n Jo an? xt cose | ... (ii) 


sin” x + cos?” x 
m/2 sin” (x /2 —x) 


sin?” (x /2—x) + cos?” (n /2 —x) 


2n 


T=4n oe (ii) 


ae 
x+sin™ x 


I=4n| 


59. 


60. 


61. 


On adding Eas. (ii) and (iii), we get 


m2 gin?” x+ = 


21 =4n ni 
sin?” x + cos?” 
_ m/2 = n/2 ; T 
> 20=4n] 1 dx =4n [x])°°" =4n m 
> I=n 
Given, af(x) + bf(1 ae: ..-(i) 
x 
Replacing x by 1/x in Eq. (i), we get 
af (1/x) + bf(x)=x-5 ss) 
On multiplying Eq. Gj) by a and Eq. (ii) by 6, we get 
ati obfdie =a (2 z 5] st 
x 
abf (1 /x) + b?f (x) = b (x«-5) (iv) 
On subtracting Eq. (iv) from Eq. (iii), we get 
(a? — b”) f(x) = <= be 5a+5b 
= f@)=—— (: bx —5a 4 56] 
(a7 — b*)\ x 


2 1 2f a 
=> [{F0) d= ae IS bx 5a + 5b) de 


2 


tt ae 
“oa a 5(a al 
1 
i ae 
alogl1+—+5(a | 
ee eee | _ ie 
ole or 
vx 
Let [= lipcee ae atl 
I=[- 2+38-x ds 
6-—x)+/2+3-x 
= [ees x A) 


On adding Eas. (i) and (ii), we get 
oj es OED ie SOT [iide=1 31=+ 
2/5 -x+ Vx 2 2 
r=[" x 
n/4 1+sin x 


Let (i) 


b b 
[J f@dx=[ fiat b— x) dx] 
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38n/4 T—-X 
= [78 B® a 
r/4 1+ sin (a — x) 


31/4 T 31/4 x 
=| — dx— | — dx 
m/4 1+sin x m/4 1+sin x 
3n/4 dx 


a 1+sin x 


[from Eq. (i)] 


T paula dx 
ee (1 +sin x) 
T p3nl4a 
ne (1 + sin x) (1—sin x) 
T p3x/4 (1 —sin x) 
=o 


(1 —sin x) 


a) 
m/4 1—sin* x 


a ae iL 
2/2/4 \ cos?x 
T 


31/4 9 
= va (sec* x—secx- tan x) dx 


sin :) a 


cos” x 


37/4 
[tan x — sec x]0", 


(- V2 - V2)] 
— 2+ 2/2) = (V2 -1) 


eater 


62. en l1—<2| dx 


(2-1) des [-, (—x) des [,@ 1)dx 


Pf ot fe 


=[76 

[3 | | 
[3 ‘Le 3 ]*ts 
-(-3 a 


; x 
+14 3-2) +(1-4 5] +($-2-5 +1) 
3 3 3 3 

15 2 5 V2 15 
63. ; [x"] dx=[0dx aa Ldx +], 2dx 


=0+ [xy +2 Eye 


= (V2 -1)+2 (15 - V2) 
a2 1438-217 
=2-2 


64. (A) Let I= [| 
ee 


Put x=tan0 = dx=sec"0 dé 


iz 2] ide == 
(B) Let I= Cs 
x 


Put x=sind 
=> dx=cos0dée 


1={"°1de=" 
0 2 
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2 dx 142 T 
D = =—-—Q=— 
Olas [sec x] - 


65. (P) PLAN (i) A polynomial satisfying the given conditions is taken. 
(i) The other conditions are also applied and the number 
of polynomial is taken out. 


Let f(x) = ax? + bx + 
{0)=0 => c=0 
Now, [, f(x) dx=1 
a 
> (2+) a1 5 ery 
3 2 2 
0 
> 2a+3b=6 


As a, b are non-negative integers. 
So, a=0,b=2o0ra=3,b=0 
f (x) =2x or f (x) = 3x" 


(Q) PLAN Such type of questions are converted into only sine or 
cosine expression and then the number of points of 
maxima in given interval are obtained. 


f(x) = sin (x”) + cos (x?) 


= 2 + cos (x) + + sin | 


= /2 | cos x” cos ua + sin Le sin 62) | 
L as ad ] 


= V2 cos (¥ -4) 


T 
4 


> rat | forn=0 > x=t for n=1 


So, f(x) attains maximum at 4 points in [-v13, 13]. 
(R) PLAN 
(i) ie f(x) dx = f f(—a) dex 


-a 


F 9 T 
For maximum value, x~ =2nn => x? =2nn+ 1 


(i) [°, fee)ox =2 f° fx) akx, if f-x) = fx), ie. f is an even 


function. 
2 
2 
‘| oF dx 
214 e 
and J= ees dx 
-21+4e* 
2 27% 
> 2r ie | 
2ll+e ev4+1 


7 ee Ss ar=2[- 3x2 dex 


I=]? =8 


66. 


67. 


(S) PLAN f f(x) dx = 0 
If f(—x) = — f(x), ie. f(x) is an odd function. 
Let f(x) = cos 2x log (3 7 =| 
1-x 


f (-x) = cos 2x log [i] =— f(x) 
l+x 

Hence, f(x) is an odd function. 
So, i. f(x) dx =0 
(P) > Gi); (Q) > Gil); (R) > @); (8) > Gv) 
Let I, =| : (1 — x59)191 ye, 

= [0 PP. ath + f° — 2° 50-28% de 

{using integration by parts] 
Zi= I, (50) (101) (1 — 2°)! (— 3°) dx 
=~ (60) (101) I. (1 — 29)! 
+ 60) (101) [> 2%)! dx = 50507, + 50501, 


Ty + 50501, =50501, 
(050)I, 


2 


=5051 


Let 
I=| *gleos x 2sin (3 cos. : 3 cos(3 cos] sin x dx 
0 2 2 


> T=f “el*!.sinx-2sin (5 c05] dx 


1 ; 
+ [ “el*!.3 cos (: cos.x}-sin.x di 
0 2 


> [=+], (i) 
[using | i f(x) dx ] 

0, f@a—x)=— f(x) 

“2° f@ dx, fQa-x)=+ f@) 

where, I, =0 [. f(t—x)=—-f(x)]_ ...Gi) 


ae 
and I,= 6f eS*. sin x- cos ( cos x] dx 


1 
I,=6 | e'-cos (5) dt 
[put cosx=t >-sin x dx= dt] 


=6)e cos (5) rife eat 
2) 2 2 "| 


Now, 


e’ sin 


=6 faeces 
2 2 


69. 


= A | ecos }+Ssin(Z) i .. (iii) 


}+ sin (2) i 


From Eq. (i), we get 


( 
-24/ (3 


i / 3 
let rel" se 
-n/3 -n/3 1 
Pele? 2-cos[Ixl+ =) 
a 0, fCa)=-f@) 
Using J 10) de= 9 (pe) ds, FCx)= fC) 
pai —— 2 = 
2 ~cos( x1 +] 
3 
r 
ode ig oad 
2-cos(Ix1+ =] 
3 
T= an [re 
2— cos (x+ 7/3) 
Put attest => dx=dt 
et 
a ie dt = f = sec 2 dt 
n/38 2—cost "143 tan? 
t ait 
Put aa => sec iS dt=2du 
=> T= nf eS 3 WS tan? VBul'? 
uN3 14 3u2 
™ (tan7! 3— tan? I= Eta = () 
=F 2 


f es m+ 4x3 du= s ore (5) 
: 2-cos| II+ =] 3 


Let 1=[*" f(cos2x) cos x dx ...(i) 
m/2 T T 
> I=, f (cose (4 -+}}-cos [4-2] dx 
eal Gaal 1 
pesing | ,f@ de=J f(a —2) dx) 
= =] 7" f(cos2x) sin xdx Gi) 


On adding Eas. (i) and (ii), we get 
aI = u/2 
= | ; 


=a [*” 


f (cos 2x) (sin x+ cos x) dx 
f (cos 2x) [cos (x-1/4)] dx 


—dx = dt 


1 
Put-x+—=t => 
4 
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-m/4 [ T ‘| 
-V2| feos ($24) cos t dt 

/ 

> ane es cos t dt 

I= v2 f*" * ¢(sin 21) cos t dt 
70. Let I= aaa dx seis (1!) 
eos (tx) 
=|° eos (a Ys —cos(m— x) dx 


[- i f(x) dx= J-f — x) dx] 


— cos Xx 


..(ii) 


— COS X cos Xx 


= I=[ 5; re 


On adding Eqs. . and (ii), we get 


eos cae — Cos Xx 


[.- eros * 


=> I=n/2 


ee 
71. J tan ; 


dL =f =1 
=| ,[tan (1 —x)-tan™ x] dx 


dx=[ "1 dx=[x]§ =T 


er x 


: dx =| eant| Laat | dx 
0 li — x(1 — x) 


—xt x7 
=(‘tan7p-@ d tan !x d 
=|, an [1-(1-x)] xt. an x dx 


=2f ° tans dx [fore dx=| “f(a-) de ses) 


[ i 
— ie ® | eot7 — dx 
0} 2 l-x+x 
_m ft =o 2 
= [, tan (1-—x+ x°)dx 


1 1 
‘, | tan t(1—«+ x") dx =" _/ tan7“+ ———__ x 
0 2 0 (l—x+ x*) 


TT 
="_oy 
9 1 


1 1xd 
where, I, = I tan” ‘x dx = [x tan” x]5 - | ; . = 
+x 


TT 1 271 +7 1 
=—-— [log(1+x =—-— log2 
ri Ba g( Yo ia 


1 =i 2 1 Tv 1 
. tan “(l-x+.2°)dx=—-2 — —log2 |= log2 
J, tan *( ) dx => (- ; e2] g 


72. Let r=["" 
tI 


I= {> * tog (1+ 222) dx 
1+ tanx 


log (1 + tan x) dx o's (!) 


log (1 + tan C — x)) dx 
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73. Let 


74, 


ml 14+ tanx+1-—-tanx 
=| log dx 
1+ tanx 


I pea an eee, prea GdeiT 
= Oo ———<—$<_<—$——$— Xe. => oO X= 
0 2 1+tanx 0 . 


= 21 =“ log2 = I= * (log2) 


I= {" 2x (1 + sin x) 5 
1+ cos? x 
Tt 2x m Qxsin x 
I= dx + dx 
eer | ae 
> l=L+1, 
Now, = li 28 dx 
"1+ cos?x 
2x 
Let x)= ——_— 
F(a) 1+ cos?x 
—2x —2x 
> fC-x= - =— f(x) 
1+cos*(-x) 1+ cos?x 


=  f (-x)=-f(*) which shows that f (x) is an odd 
function. 


I, =0 
Again, let g(x= — 
1+ cos*x 
2 (—x) sin (—x 2x sin x 
> g(-x)= su am ) 57 = (x) 
1+cos*(-x) 1+ cos*x 


= g(-x)=g (x) which shows that g(x) is an even 
function. 


I, =[* 2xsin x =9. af" xsin x 
aa rarer 
=4{" (m — x)sin (1 — D4 =4{" (nm — eon as 
014+ [cos (n-x)]” 0 14 cos *x 
=4{" T sin x x4" = tye 
i facts e 01+ cos “x 
> I,=4n | * ee x—-Ts 
14+ cos” a 
=> 21, =4n f* ame dx 
01+ cos x 


Put cosx=t > aki 


1 dt 1 dt 
I,=-20 = =40 
i 1+? a we lene 
=4n [tan ! i =4n [tan + 1-tan!0] 
=4n(n/4-0)= 
« T=i+1,=0+n=7? 

AES xt -1({ 2x é 
LetI=[ ig [| cos ; a | dx sao) 
Put x=-y => dx=-dy 

= -V//3 yt =i -2y 
iP ig is (-1) dy 


Now, cos 1(-x) = — cos! xfor-1<x<1. 


-[ 5 “Hs om (, ~» a 
=f a dy ee 2a cos" [29] ay 
an dx i cos 255] dx 
= [=f = dx-I [from Eq. ()] 
=> aan | dx= aoe ee sy dx 
=n vl dx + seat te 
=— [x] US ae ly, where J, =(" ie et 


al 1 2m 
> 2l=-u } +n, =- + 1 L, 
€: + ae ae 
wis dx ws dx 
} =2], 1—x' 


Now, [, = 


W351 — xt 
[since, the integral is an even function] 
W314+14+27-2 
i _ ay OX 
(-x")(1 + x°) 


7 w3 w3 d 
JO 1H? aN l+x° - 
wv3 1 vwv3 od 
=| xt | 2 
(1 —x)(1+x) 9 (1+x*) 


Lpuvs 1 1puv3s 1 uvv3s 1 
=e le toa =| dx + | 


- Salt 642 in ie el iene 
[2 2 ] 


at, jis 4 
2 | |1—a/| + [tan x] 


a1 jg ttl, at 1 
2 |1=1/43] 13 


V3 


aly n\ vet tT 5 in| SB" T 
~2 B41 ale | 6 
eae 


=¢ [x + 3In (2 + 8) a 


= [= [fm+3m@+ V3) —43] 


12 


Alternate Solution 


Since, 


= 2 Tt = 2 Tt = 
cos “)- sin! : =5 2tan! x 


ws | 7 4 | 
=| .— - 72tan™ x dx 
1-x | 


ie ; a rr 2tan! xis an odd | 
-x 


5 [x +3 log (2+ V3)—4v3] 


3 2x? + x4 29 420741 
dx 
(x? +1) (x* -1) 
fg ea + 2x" 
32 4-1) (0? — 1)? + 1) 
gj eee Ee PY 
2 (x7 +1)? (x? - 1) 
af 2x? (x" — 1) 
2 (x? + 1)7(x? - 1) 


75. Let [= I, 


3 (x7 +1) 
J 2 (x7 + 1)?(x? — 1) 


=[° ae oe e dx 
2(x° + 1)° 2(x" — 1) 
=> I=L+1, 
3 D8 
ne aaa dx 
Put x?+1=t = 2xdx=dt 
10 (t —1) 101 10 1 
I=], Z di = | dt J, ae 


= [log t] ap fz]. 7 


Now, 


1 1 
=log10-lo ar as 
8 g 10 5 


={- = dx=[* 2 dx 
2(x* -1) 2(*«-—1)(x+ 1) 


= [° : dx = E dx 
2° 2(x%-1) 2° 2(%4+1) 


76. 
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5 3 


aid | 
“19 log (x - 1) | 


; log (w+ » 


2 


11 
= log2 + — log2 lo 
g2- 75 t 5 8 g 
-1/2 
4 11 1 
= 2.204(4) == log6 
08 t 3) 17797 218% Zp 


Since, f(x) is a cubic polynomial. Therefore, f’(x) is a 
quadratic polynomial and f(x) has relative maximum 


and minimum at x=— and x=-1 respectively, 


therefore, —1 and 1/3 are the roots of f’ (x) =0. 
> ad 2 1 ;| 
x)=a(x+1)}x =a}\x -—=x+x 
Poe »( ;) ( 3 


3 
=a (¥ + Z x - *) 
8 3 
Now, integrating w.r. t. x, we get 
xe x x 
x)=a 
f(x) aE ee 


where, c is constant of integration. 
Again, f(-2) =0 


ee 
2) = +4 
fC?) a( 3.3 | 
(==) 
=> 0 =a}|——— ]+c 
3 
—2a 2a 
> 0=——_+¢ > c=—_ 
3 3 
x «x x) 2a a 
= p= — (P+? 14-2 
f(x) o( ie a ae ee 
Again, ie f(x) dx= : [given] 


=[' 2@ +2 goa 


13 3 
[: 2044204 ji” 
13 3 
[. y= and y=-wxare odd functions] 
2laf? x ? dc + Al | ‘tae ee 
3 
1 
al (2x? T 44 
=> —||— +4x]| =— 
3| 3 | 3 
0 
a (- 14 (=) 14 
= +4|= 
3\3 3 3\3 3 
> a=3 
Hence, f()=2 +27 -x +2 
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xsin @x)-sin{ * cos. 79. We know that, 
77, Let I=[- 7 dx ...(i) 2sin x [cosx+ cos3x+ cos5x+...+ cos (2k-1) x] 
Cem) =2sin xcosx+ 2sin xcos3x + 2sin xcos5x 
(m — x)-sin2 (@—2)-sin} © costa 2) +...4+2sin xcos (2k-1) x 
tT 
Then [= | : eas dx =sin 2x + (sin 4x — sin 2x) + (sin 6x — sin 4x) 
_x)— 
7 +... + {sin 2kx — sin 2k — 2) x} 
+) =sin 2kx 
mc — x)-sin 2x-sin ( cos 7] -. 2 [cosx+ cos3x+ cos5x+...+ cos 2k —-1) x] 
=> Is dx sin 2ke« 
0 ™ —2x = a sa (1) 
: _ (1% . 
(x — 7%) sin 2x-sin (= cos x] Now, sin2kx-cotx= sass cos x 
=> I=], 5 dx .. (ili) sin x 
Cee) =2cosx [cosx+ cos3x+ cos5x+...+ cos 2k —1) x] 
On adding Eas. (i) and (iii), we get [from Eq. (i)] 
= 2 
21 =| “sin 2x-sin ( cos | dx = [2 cos°x+2 cosxcos3x+2cos x cos5x+ 
..+2cosx cos (2k -1) x] 
=> 21 =2 “sin xcos x-sin ( cos. dx = (1 + cos 2x) + (cos 4x + cos 2x) 
0 2 + (cos6x + cos4x) + ...+ {cos 2kx + cos (2k — 2) x} 
u, _ (1 =1+2 [cos2x+ cos4x+ cos6x+ ...+ cos 2k — 2) x] 
> I=[ sin xcos x-sin| — cos x| dx 
0 ) + cos 2kx 
[ on a . 2 | . [7 (sin 2kx)- cot x dx 
[ee os > =e =>sin x dx=-— dt “Jo 
T 
12 n/2 
=n /2 = 1-dx+2 (cos2x + cos4x...cos 2k — 2) x) dx 
ra-2 [es at adi J, Ii 5 
Tv TT 
a ee #|. cos (2k) x dx 
= ae a tsint dt a 
7 A 3 Ti 9 | sin 2x _ sin 4x | _ sin (2k -2) x | 
=> T= teost + sin t]"y))=—gX2=—G 2 | 2 4 “ Q@k-2) |, 
nid. ; ; _ [sin (2k) el? Tn 
78. Let I= | » f(sin2x) sin x dx (i) oR | 7 
0 
Then, 1=[ 7" 4|sina(%—a)] sin( 3 - a] dx 80. Let I=], f(x): (x) dx 
ee ae ae 
/2 T=(“fa-x)-g(a—x dx =[ “f(x)-{2-— g(@} dx 
= [2 flsin 2a]: cos x dx wai) | fla-x-sla-x) dx =], f@)-2- g@)} 


[. f@—x)=f@)and g(x) + g(a—x)=2] 


On adding - (i) and (ii), we get é 4 
=2  f@) dx— | f@) g@) dx 


2T= fe eae 2x)(sin x + cos x) dx 
- = T=2] f@) dx-I 
=2 i f (sin 2x)(sin x + cos x) dx ‘ 
=> 21=2 f(x) dx 
= a2 [7 * f(sin 2x) sin (« + *) dx . : 

J ,f@) g@) dx= ff) dx 


=2/2 | = f [sing (< — s)| sin(* —x+ *) dx f(x) . 
- : —— abe 7). copeegee ee 
=2/2 J, f (cos 2x) cos x dx f (2a — x) 


aah fQa—x) + f(x) ae 


w/a 
T= 2 | f (cos 2x) cos x dx 
? On adding Eas. (i) and (ii), we get 


m/2 . . w/4 26 
Hence, | f(sin2x)-sin x dx= 2 | | f (cos 2x) cos x dx 2I = | ldx=2a > I=a 
0 
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82. Let I= ‘log (1+ 1+ x) dx I= E jtant (tense) 


sin 1 sina 5 
Put x = cos 20 


= dx =—2sin 20 de = [tan™' (0) — tan! (cot a)] 


sin a 
0 
“ T=-2/ log [,/1 — cos 20 + ,/1 + cos 26] (sin 26) de UK é ) 7 
w/4 = Qa = 
0 sna \2 \2 sin a 
=-2] log [V2 (sin @ + cos6)] sin 20 dé 122k 
5 i oe 
=-2 |, Mog V2) sin 20 oun 
1 7 7 
+ log (sin® + cos®)-sin20} d@ 84, Let 7=[*" 28 COS* gy, 
0 cos x+sin° x 
[—cos201° ol tae | TE ||, mM 
=~2log V2 . sin cos x 
Lee lg =1=[" z a 4 ay 
0 -_4{ 1 4{ 7 
0 . . sin x|+ cos x 
-2| ,, 108 (sin® + cos®)-sin 26 dé (5 (5 
Tv 
: Ht wale )-sin.xcos a 
[ ° = [=| —~ dx 
= log gi 8 i {toe (sin 8 + cos 0) 20520 Ji cos* x + sin’ x 
T/4 : : 
TM pu/2 sinxcosx n/2 xsSIn xX-COSX 
: I= 
p [segcsin? 5 e802) aa ~ ar reed iF Seer as 
m/4\ cos® + sin® 2 | fo. eens: 
a oF [pe SREB ded 
= log (2)-2)0+ 5] (cos® — sin 6)? d6 Pa ee 
20nd mM p2/2tan x-sec’x 
‘ 3 = 2I=—| dx 
== log2 | (1 — sin 20) do 200 tan’ x+1 
‘ - 0 = 27-5.5("” : d(tan” x) 
=| log2 ja+ 22/0 1+ (tan? x) 
we = 27= . {tan t]2 == (tan « — tan 0) 
ee Ce eee 4 4 
9 08 2 4 2 og 27 4 : [where, ¢ = tan” x] 
T 
. f= — 
83. Let I={" ¥ dy i) = 16 
91+ cosasinx A 
v2 xsin x on ‘ 
m (m — x) 85. Let T=| oe" dx Put sin} x=60 => x=sin@ 
=> I= dx 2 
Pregeerar ayer 0 J1-2 
- fs dx =cos0 
= r\ ; Ge gy (ii) = oa 2 
+ cosa sin x : = 4 = 1 
. ' i . I=], icant cosdd@=|— Osine de 
On adding Eas. (i) and (ii), we get sin 
16 
ee id - =[-@coso]s’* +f" cos@ dé 
01+ cosasin x 0 
x 
sec” — dx -(-Z cos £40} +(sin2 sin0 |= v3 m ‘ 
=> Q1=n = 6 6 6 122 
0 QXx x . 
1+ tan” —)+2cosa tan — 14 
( a 5 86. Let hi (sin x + cos x) 
P i 0 9416sin2x 
Put tan==t = sec?=dx=2 dt n/4 sin x+ cosx 
2 2 I=], . 5 dx 
aren |” 2 dt 25 — 16 (sin x — cos x) 
014 t7+2tcosa Put 4 (sinx-cosx)=t=>4 (cosx+ sin x) dx= dt 
0 
oo dt 0 [ | 
=> 21 =2n | 5 2 ae =f a! 1 log aa 
0 (£+ cosa)” + sin*a 4/-495-t° 4 26) [5-2 L 
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foe log 2 | log =4 | 
40| [5-0 | s+ || 
== [toe 1 log ao log 9 = — (log3) 
87. (i) Let I= i: f(sin x) dx (i) 
=> I=[* (x — x) f(sin x) dx ..(ii) 
On adding Eas. (i) and (ii), we get 
21={ "x f(sina) dx 
. [> x f(sinx) dx=7 [ "f(sin x) d 
ah. sin x r= J, sin x) dx 
7 32. 
(ii) Let T=| _ [xsin ax| dx 
xsinamx, -l<x<1 
Since, |xsin mx |= : 3 
—xsIn Tx, eas 
1 3/2 
I=], xsin tx dx+ | | —xsin 1x dx 
mie all 2). (- “se ) dx 
oe 312(—cos mx) _ | 
tl (Sa 
C=. a mn J 
(3 +2. jane] ( *) 1 [sinax]?? 
(J 0 nm) nhE au 
=A eA 0) na 3 G1 0) 
mn 1" qt 
3,1 -(= 3+) 
nm n° n 
1 1 
88. Let T=[ @xt+1-x)"dx=| {(t-l)x+1}" dx 
[@-axt yr) | 1 (ge ten 
- (n+ 1) (€-1) n+1 t-1 
= (l+¢+t?+...4#") 
n+1 
Again, I=(_ "de =[- 
gain, [,@xt1-%) x=], (1 —x)+ tx]" d 


- [, PC, d=)" + 0,0 =—2" x) 
"Cy (1 — x)” 2(tx)?+...+ "C,,(tx)"+] 
al . n, n-r r 
= | : bes C,(—x)"""(tx) i 
_ n [ 1 n-r F | r 
= x C.J ,a-% “x eet 


From Kgs. (i) and (ii), we get 


| gfe 


(i) 


On equating coefficient of ¢” on both sides, we get 


"C, Ik (1 — x)"-F a dx}=—_ 


> [a-oht! de= 
k 
89. Here, f(x) = ie ee 
=|" x f (x") 
oda 2+ f(x+1) 
=|” “f@) +f x f(x’) 
12+ f(«+1) 02+ f(«+1) 
V2 xf (x?) ayer) 
2 ewe ier) om fe 
xt f(x") 
‘leas fern” 
V2 x1 


= Odx+ f 0 dx xt] 5 
- 


--1<x%<050<x<1>[x"]= 
O0<x<1350<x<15 [x] 
<x 


1l<x’<2 
2<x+1<1+v2 


=0, 


V2 <x< V3 3 2<x7<3=> f(x’) =0, 
and V3 <x<233<x <4 f (x) =0 


3 2 
Odx+ | Odx 


=> [x7] =1 
= f(x+1)=0, 


V2 
ax, [el 1 1 
=> =|, 5ax=|| =Ge-D=z 
1 
47J=1 => 4I1-1=0 
7 2 
90. Here, = [- £*+8t"») ie dx 
0 1l+x 
Put 9x+3tan!bx=t 
Jara an 


> [o aie 
l+x 


Tt 
3m 
= log,ja+1|-—=9 
4 
91. PLAN Integration by parts 


.. (ii) 
Given, [= [, 4x" s (1 
dx 


J fle) g(x) de = fx) | g(x) ax 


9+37/4 
a=] e aisle = 9+3n/4 _ 4 


-f (tre Jate)ae Jae 


- x) dx 


ap | ik 12 eS a-2) dx 
x 


= ae S 


+t") 


Zrc,[fia-aer a dx] (+e4 


(1 | 
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1 11 1 1 
te C2n} We get | Sdrs{ fats] jit 
| is < i 
-12[ (1-22) 7 -[' 2x (1 — x”)? dx) => 5<J,f@ats1 (i) 
=0-0-120-0)+ 12]. 2x (1— 22° dx Aisi 0</Os5 for te [1,2] ii) 
26} 2 2 2 
ar eee eee Pee ee => [Odes f f@ats|, ae 
Pen] lore yous) 
=> 0<| f@dts> 
Topic 2 Periodicity of Integral Functions 
Pp = 9 From Eqs. (i) and (ii), we get 
1. Let I= Sanaa 1 ofl 2 3 
ly + [sin x] +4 55) f@de+] fOatss 
oo nite = -<7022 
= [sinx]+4 /-1 [x] + [sin x]+4 2 2 
> O<gQ@)<2 
pa EB dx g @) 
ts +[2 nmu+u. T . 2m r 
0[x]+[sinx]+4 /1 [x]+ [sin x]+4 4. I, |sinx|dx=| |sin x] dxc+ | |sin x|dx+... 
-2,  -§/2<x<-l me : MIE OT as 
ia] = i, =1<x<0 I, “pg lSinalde+ | |sin x| dx 
‘i Leven a 
; SxX<T7 rT , nh +u , 
=D] op, lsinelde f |sin x| dx 
Se ee r=1 
: -1, -l<x< r . 
and [sin x]=) G2pei Now to solve, | “| sinx |dx, we have 
0, 1l<x<n/2 (r-Dt 
[.: For x<0,-1<sin x <0 and for x > 0, 0<sinx< 1] Pst 
2 a gy o. i. ie => sin x=sin [(r —1)m + t]=(-1)""'sint 
ma a Ee ree ere engea and when x=(r-1)2,¢t=0and when 
1 ays X=ru,t=nu 
Ae of |sin x| dx = cr in t| dt 
114044 ce an sin x x= sin 
-1 dx 0 dx slidx 5 dx 
= (2 + : =| |sint|dt=]  sint dt 
fats [ts peeps =| sinalae= f° 
‘ i i = [-cost]} =—cosm + cos0 =2 
u u NV U 
-( i =) 9 +14 zu" 0)4 =(2 1} Again, | | sinx|dx, putting x=nn + t 
nt 
1 2 1 v1 T m&+u. 
=|-1 : ; | Then, sin x|dx = —1)" sin t| dt= sin t dt 
( stas}*(a ta) [,,  [sinzlde=[1C1)"sin dlde= {| 
20+10+5 4 5n+n = [- cost], =—cosu+ cos0 =1-cosu 
20 10 nt+u , Doprn F nmtt+v. 
Ge Ss el lsinxldx=)' J, |,sinaldx+ | |sin x| dx 
= t = (41 3) r=1 
20 5 20 n 
3437 1 = y24 [sin xl dx 
2. I, fx) dx Put2x=y => oie? = nn 
1, 64+6P 61 =2n+1-cosv 
she foddy=>=8r 


5. Let g@=|""' Fe) dx 


3. Given, g(x) = } of dt On differentiating w.r.t. a, we get 


= a@=[jfOae=f roars | Poa oo ter 
(a) is constant. 
Now, ; < f(t) $1 fort ¢ [0,1] > | ve f(x) dx is independent of a. 
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if [x] is odd. 
if [x] is even. 


x— [x], 


6. Given, f (x) = i ae 


f (x) and cos x x both are periodic with period 2 and both 


are even. 


[ f(x) cos mx dx=2 j f(x) cos mx dx 


-10 


2 
=10 f (x) cosax dx 
0 


1 
Now, | f (x) cosa x dx 
0 


1 1 
=[a-x cosmx dx=—| ucosnu du 
0 
2 2 
and [Fe cos nx dx= | (x—1) cosmx dx 
1 1 


=-| ucostu du 
0 
10 


[Fe cos Tx dis 200 farcaae du = 
1 
-10 0 
n 10 
=> ae er dx=4 


Topic3 Estimation, Gamma Function and 
Derivative of Definite Integration 


1. Given, ["(@ dt =.?+ i tf (t)dt 


On differentiating both sides, w.r.t. ‘x, we get 
ae =2x+0-x*f(x) 


gq [%@ | 
; az | rot fy@) > =v) f(O@)) ne 
(x) 
> (1+ x) f(x) =2« => fa) = 


On differentiating w.r.t. ‘” we get 
/@= (1 + x7)(2) — (2x) 0+ 2x) 
(1+2°)? 
242x740? 22x" 
(1+ x")? d+ x7)? 


2. 


£(5)= : 2(2) = 0 2-5 : 24 


£ x 
. Given J, 


2 


e 
Dene 
iw) 
a 
in 
Ble 
_———— 
bo 
a> 
| OU 
— 
to 
ey} 
| Or 
i) 
ol 


2 
1+ (5 
2 
PLAN Newton-Leibnitz’s formula 
d 


y (x) Te d 
oJ MO Ftv on 


y (=) - F {6 (x)} {= 0 (=| 


Given, F=f i f(t) dt 
os F’ (x) = 2x f(x) 
Also, F’ (x)= f (x) 
> 2x f (x) = f’ (x) 
f@)_ 

= fa) 

> [OO ae= J 2x dx => Inf(x)=x" +e 
= f@=se ** = f@®)=Ke [K=e] 
Now, fO)=1 

. 1=K 

Hence f(x) = e 


F() =|, edt =[e]’=et-1 


: Given, y=[" || de 


“ “ight p14) [by Leibnitz’s rule] 
x 


-- Tangent to the curve y= J, |t| dt, xe R are parallel 
to the line y=2x 
-. Slope of both are equal => x=+2 


. +2 
Points, y=, |t|dt=+2 


Equation of tangent is 
y—-2=2(x-2) and y+2=2 (x+ 2) 
For x intercept put y =0, we get 
0-2=2(x-2) and 04+2=2 (x+ 2) 


> eae | 


1-{f OV dt=[ Ff @dt,0<x<1 


Differentiating both sides w.r.t. x by using Leibnitz’s 


rule, we get 
ap ee 2=f@) => f’@=+1-{f@y 


f’ @) - ad 
> dx=+|dx => sin {f@}=+tx+Cc 
Ler J1-tfe@Pr J ; 
Put x=0 = sin {fO)}=c 
— c=sin !(0)=0 [- f@) =0] 


f(x) =+ sin x 
but f(x) 20, Vxe [0,1] 
f(x) =sin x 
As we know that, 
sinx<x, V x>0 


. (5) 1 . (5) 1 
sin | — | <—andsin } — | <— 
2) 2 3 3 
1 ils nl 1 
=> <—and < 
(5) 2 (5) 3 


. Since ¢? f(®) dt =1-sinzx, thus to find /(). 


On differentiating both sides using Newton Leibnitz 
formula 


F d 2 Ey ws 
1.e. Be lee t” f(t) dt = de (1 — sin x) 
= {1? f(1)}- O) — (sin? x): f(sin x)- cos x = — cos x 
> f (sin x) =— = 
sin” x 
For f (== is obtained when sin x = 1//3 
i. f (== = (V3) =3 


H aide # 
. Here, I, xf (x) am 


Using Newton Leibnitz's formula, differentiating both 
sides, we get 


2 ery | (42 : d _ 944 
ttf )} \4 (t Y 0 rors o} 2t 


=> ef(t?)2t=2t* => f(t?)=t 
4\_ 2 [ ‘ _ 2] 
f (=) are [euere t= 5 | 
4 2 
- dees 
x2 41 


. Given, f@)={ edt 


On differentiating both sides using Newton’s Leibnitz’s 
formula, we get 


ff @=ee* mfg (x? + | — ey? {2 ce} 
dx dx 
=e FD? oy @'Y on 
ate + 2x? +1) tf et +1) 
[where, erty 1, Vx and eh + eed) >0,V x] 


f’(~)>0 


which shows 2x<Oorx<0 => xe(-~,0) 
. Here, Im, n) =( 20 + t)” dtreduce into I(m + 1,n —1) 


[we apply integration by parts taking (1+ ft)” as first 
and t” as second function] 


9. 


10. 


11. 


12. 


13. 
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[ m+1 7 m+1 
+ Tn)=] + 9 [ina+o-?. S— at 
m+1|, 0 mt+1 
2” n 1 
= 14 pr7b. gmt dt 
m+1 aaalo ) 
I(n,n)=—2 TG ti 1) 
mt+1 m+4+1 
Given, fa)= [2-2 dt => f’'@= 2-2 


Also, x*— f’(x) =0 


=> xt4%7-2=0 > x=t1 
Given, F(x) =f 7 f(t) dt 


By Leibnitz’s rule, 


F’ (x) = f(x) evel) 
But F(x) =27 (1+ x H=2x74+ 0 [given] 
=> F(x)=x+2? = Fray=1+52” 
=> f(x) =F" (x) =14+ =x? [from Eq. (i)] 


=> fay=1+ 5a)!” => fay=1+5 


x2=4 


x 1 
Given, | wf@dt=x+ i tf@dt 


On differentiating both sides w.r.t. x, we get 
f@1l=1-xf(@~)-1 => d+xf@=l1 


al 1 1 

=> Xx, > 1 ——S SS 

i) l+x FQ) 1+1 2 

f(x) 
2t dt 

. x) : 
lim f a eet 
x1 x—l1 x1 x-1 


{using L’ Hospital’s rule] 


=8f’ (1) [- f) = 4] 


If f(x) is a continuous function defined on [a, b], then 
m (b-a)< |" f(a) dx< Mb -a) 

where, M and m are maximum and minimum values 

respectively of f(x) in [a, }]. 

Here, f(x) =1+ é* is continuous in (0,1). 

Now, 0<x<lox<x => & <e ser >e* 

Again,0<x<1 32250 >e’ >e& Se" <1 

er <e* < 1,V xe [0,1] 
> lte*<lt+e* <2,Vxe[0,1] 


> [oat e)de< fiat &)dx<[ 2 dx 


iL 1 we 
> 2-—<| (l+e* )dx<2 
e 0 
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14. 


15. 


16. 


17. 


g(a) =f" sin ar 
g (x) =2 cos 2xsin (sin 2x) — cos xsin™} (sin x) 

g (=) =—2sin (0) =0 

g (-2} =—2sin?(0) =0 
No option is matching. 
Here, f(x) + 2x = (1 — x)? sin? x + x7 + 2x ial) 
where, P: f(x) + 2x=2(1+ x)? (ii) 

2(1+ x") =(1—x)? sin? x4 x? + 2x 

=> (1 — x)? sin? x= x? -2x +2 
> (1 —x)*sin?x=(1-x)? +1 
> (1 - x)? cos?x=-1 
which is never possible. 
.. P is false. 
Again, let Q: h(x) =2 f(x) + 1-2x (1+ x) 
h(O)=2f0)+1-0=1 
hd) =2f01)+1-4=-3,as h@)h(1)<0 


= h(x) must have a solution. 


where, 


Q is true. 


Here, f(x) = (1 —x)?-sin?x+ x7 20, Vx 


and #@)= News ~log | f(t) dt 


> £0) [PED - tog + -f¢9 mG?) 
oe) ye 
For g’(x) to be increasing or decreasing, 


_ 2-1) 
let o(x)= een 


, 4 1 -(x-1) 
ee ae es 
(x) <0,forx>1 => o(~)<00) => o(%)<0 
From Eqs. (i) and (ii), we get 
g (x) <0 for x € (1, ») 
.. g(x) is decreasing for x € (1, ©). 


—log x 


.. (ii) 


2 
cosec x: cotx + sec’x 


secx  cosx 
Given, f(x) =|cos*x cos? x cosec7x 
1 cos? x cos” x 
Applying R; > Rs, 
cos x 
secx cosx cosecx-cotx+sec” x 
f (x) =cosx) cos?x cos? x cosec’ x 
secx  cosx cos x 


Applying Rk, > R,-R, > fe) 


0 0 cosec x: cot x + sec”x— cos x 
=cosx|cos?x cos?x cosec7x 
secx cosx cos x 


18. 


19. 


= (cosecx: cot x + sec” x — cos x): (cos® x — cos x): cos x 


7 9 : 
[ sin? x tr cos? x—- cos® x-sin” x | 2 


2 . 
“cos x-sin* x 
| sin” x- cos” x | 
=~-sgin?x— cos’ x (1 —sin? x) =—sin?x—- cos? x 
u/2 ria, 2 5 
*: [. f(x) dx=- J, (sin* x + cos” x) dx 
[ m+1 n+2 | 
12 
e [; sin” x-cos” x dx= 2 z 
0 2 mt+n+2 
2 
| ee 6 | 
m/2 2 2 2 \2 
x) dx= : 
|, f@ | oy 7 
2 tee 
2 
[ | 
12-1 2Vn nr 8 15m + 32 
‘Si. | 14 a5)” 
2 eee ae 4 15 60 
222 
x Int ; 
= —— dtforx>0 en 
f=]. 7 dtforx [given] 
vx Int 
Now, 1/x)= —d 
me Fela) fae 
Putt=1/u = dt=(-1/u”) du 
xIn(l/u) (-1) 
1/x) = : d 
ETS) ls iaae uw? “ 
={* Inu ={* Int 
lu(ut+1) 1t(1+ ft) 
1 x Int x Int 
Now, + — dt 4 
ee i(] Jigen” thea 
ij a= [7 dt=* (dnt) =* nx? 
1 ¢(1+t) 1 ¢ 2 2 
Put x=e, 
1) 1 gi 
f@+f =—(lne)"= Hence proved. 
e/ 2 2 
Let t=b-aanda+b=4 [given] 
> t=4-a-a 
=> t=4-2a 
> geo.5 
2 
and t=b-(4-b) 
=> t=2b-4 
ey tahoe 
2 
t 
> b=24+— 
2 
Again, a<2 [given] 
=> g-7 <2 
2 


20. 


21. 


a b 
Now, | 58) det | 58 @) dx 


a * Uy dns ( 
=lq ree 0 


F @=f” 


g(x) dx 


Let g (x) dx+ | - m2 (x) dx 


t 1 t 
} Q+ 
;] 5 &( 5) 


[using Leibnitz’s rule] 


al t 1 t 

=5e(2+5] 58 (2 5) 
ee >0,VxeR 
dx 
Now, 2-t/2 <2+t/2 «.t>0 
We get g(2+t/2)-g(2-t/2)>0,Vt>0 
So, F’ (t)>0, Vt>0 
Hence, F' (t) increases with t, therefore F(t) increases as 


(6 — a) increases. 


1 
Let I,= |, e* (x-1)" dx 


Fort >0, F’ (t)= 5 e(2 


Again, [given] 


Putx-l=t => dx=dt 
= 0 t+1 n = 0 not 
I,=]_e a. 


ne(ie nf Sea 
=e(o- ei etonfot t” lé&d at) 


— (_1)\rt1 _ n-1,t 
=(-1) ne[ "1 e dt 


> DTC yr ah ‘ . i) 
For n=1, al e& (x -1) dx = [e* (x- Dh -f; e& dx 
=e(1-1)-e°0-1)-[e] 
Therefore, from Eq. (i), we get 
I, = (-1)**1 -2h, =-1-2@ 
and 2, =(-1)°+!-31,=1-3@e 


Hence, n =3 is the answer. 


p=1-(-l=2-e 


e) =2e-5 
5) =16 -6e 


Since, fis continuous function and in f (t) dt > ~, 


as|x|— oo. To show that every line y = mxintersects the 
x 
curve y"+ | : f (t) dt =2 


At x=0, y=+v2 


Hence, (0, V2), (0,- V2) are the point of intersection of 
the curve with the Y-axis. 


22. 


1. 
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As x ©, | : f(t) dt > ~ for a particular x (say x,,), then 
ii f(t) dt =2 and for this value of x, y=0 


The curve is symmetrical about X-axis. 

Thus, we have that there must be some x, such that 
f (x,) =2. 

Thus, y = mxintersects this closed curve for all values of 
m. 


Given, f(x) = | “Re ~1) (¢-2)2 +3 (t-1)2(¢ —2)"] dt 
f’ (x) = [2 («-1) (x- 2)? + 3 (x-1)?(x -2)"]-1-0 


= (x—1) (x- 2)" [2 (x-2)+3 (x-D] 
= (x—1) (x2)? (6x— 7) 


T 
1 7/5 
-. f(x) attains maximum at x=1 and f(x) attains 


minimum at x= ry 


Topic 4 Limits as the Sum 


_ (+i? +28 | _ ny 
Let p= lim 7B qa a 


n- co n 


n " rs 


i 
EF 
M 

S 


n?2 


ll 
F 

i ae! 
5 


1 n ele 
lim — 1+— 
tim 2 y( “) 


real 
Now, as per integration as limit of sum. 


et Seo ae 
n n 


[." 2 > oo] 


Then, upper limit of integral is 1 and lower limit of 
integral is 0. 


So, p=fa+x dx ao 
0 


Enos 


1 
_[3 a+ | =3 Qs 1)=2 @8 3 
4 |, 4 4 
Clearly, 
lim ( n n g n ie oe 1) 
n—>ooln?41?° n?49?° n?432 °°" Sn 
— lm ( Ms og, eg no, n ) 
n>oln7412 12427 02437 7 n+ (2n)* 


lim 2 n 
Ly 


n> © r=l n?4r? 
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[ cee r Pp | 
.limy —fl|—|J= d 
| 7-900 L n (2) fe ‘4 


= [tan x]? =tan 12 


1 
3. Let [= lim (tee +2)... en) 


noo nr 


= Tin (* +1)-(n+2)...(n +2n)) 


nr 


1 
. (oles (222"))" 
= lim ee 
nao n n n 
Taking log on both sides, we get 


log l= tim 4g {(: + ) (a + =) ee (a 4 2a) 


=> logl= in 
noon 


fog (1+ +) +tog(14 2) +4105 (1+ 22) 
n n n } | 


2n 
=> logl= lim — ¥ bog (1 +“) 
n 


= 
none Te r=1 


n-> oo 


=> logl= [, log (1 +x) dx 
2 


=> ogi weds wae] a nds 
| l+x i. 
log [= [log (1 + x): x]? C= dx 


l 


Y 


2 1 
log 1=2-log 3 -[_ a-; Jas 
+X 


log 1=2- log 3 - [x- log | 1+x |] 
log 1=2- log 3 — [2 - log 3] 

log 1=3- log 3-2 

log /= log 27-2 


Vuud 


=2 — 
[= 827-2 297. Far 


4. PLAN Converting Infinite series into definite Integral 


i.e. lirm—=—* 


es ‘ 
where, — is replaced with x. 
n 


Lis replaced with integral. 


‘in 1°42%4...4 n° 1 
noe (n+ 1)°H(na +1) + (na+2)+...+(na+n)} 60 
a 
= lim = = 
ne (n+ yet na we n(n + 1) | 60 
2 
n r a 
El) 
| Xn ! 
=> lm = 7 
n> co 1 io 60 
1+— -Qna+n+1) 
n 


a-1 0 
a (1+) (2a+1+2) 
n n 

= 2 (x) dee = > 

0 1-@a+1) 60 
o.[e "| t _ 1 
Qa+1)-(a+1) 60 
2 1 


@a+l)@+l 60 > Qa+1)(a+1)=120 


=> 2a°+3a+1-120=0 = 2a7+8a-119=0 


+ @a41)@-)=0 = a=7,— 
s n 
. Cive: Cay 
ae 
| 1 2 1 
=-y) 5 |< lim p— 5 
r=0 pores n> k=O 1 *.(4) 
nh n n n 


-=..(2 =| - = fe Be 
43 \3 6) 3V3 °° ~"  3V3 


tT 
Similarly, T,>—= 
38 
5n 
lim 1 , 1 Le} : 1 
n>e\n+1 nt+2 6n}) “3nt+r 


=[° a = [log 1+ x)]%, =log6 — log1 = log6 
Ol+x 


Here, Download Chapter Test 
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Area 


Topic 1 Area Based on Geometrical Figures 


Without Using Integration 


Objective Questions I (Only one correct option) 


1. Ifthe area enclosed between the curves y = kx” and 


x= ky", (k >0), is 1 square unit. Then, k is 
(2019 Main, 10 Jan 1) 


3 


(a) V3 ) (@) 2 q@ x3 
Bt 2 


V3 B 


2. The area (in sq units) of the region {(x, y): y? >2x 


and x7 + y?<4x, x20, y>0} is (2016 Main) 
4 

(a)x-4 b)x-8 
3 3 

( x- 2 (a) 2 — 2 
3 2 3 


3. The common tangents to the circle x7+ y?=2 and 
the parabola y” =8x touch the circle at the points 
P,Q and the parabola at the points R, S. Then, the 


area (in sq units) of the quadrilateral PQRS is 
(2014 Adv.) 


(a) 3 (b) 6 (c) 9 (d)15 

4. The area of the equilateral triangle, in which three 
coins of radius 1 cm are placed, as shown in the 
figure, is 


(2005, 1M) 
(a) (6+ 4/3) sq em (b) (4V3 - 6) sq em 
(c) (7+ 4/3) sq em (d) 4/3 sq em 
5. The area of the quadrilateral formed by the 
tangents at the end points of latusrectum to the 
2 2 
ellipse ~ + 2 =1,is 
9 5 (2003, 1M) 
(a) 27/4 sq units (b) 9 sq units 
(c) 27/2 sq units (d) 27 sq units 
6. The area (in sq units) bounded by the curves 
y=|x|—land y=-|x|+1is (2002, 2M) 


(a) 1 (b) 2 (c) 2/2 (d) 4 


7. 


The triangle formed by the tangent to the curve 
f(x) =x" + bx — b at the point (1,1) and the coordinate axes, 
lies in the first quadrant. If its area is 2 sq units, then the 
value of 6 is (2001, 2M) 
(a)-1 (b) 3 


(c)-—3 (d) 1 


Objective Questions II 
(One or more than one correct option) 


8. 


Let P and Q be distinct points on the parabola y” = 2x such 
that a circle with PQ as diameter passes through the vertex 
O of the parabola. If P lies in the first quadrant and the 
area of AOPQ is 3V2, then which of the following is/are the 
coordinates of P ? (2015 Adv.) 


1 1 
(a) (4, 2/2) (&) 9, 3v2) (3-35 (a) (1, V2) 


Numerical Value 


9. 


A farmer F, has a land in the shape of a triangle with 
vertices at P(,0), Q(,1) and R@,0). From this land, a 
neighbouring farmer F, takes away the region which lies 
between the sides PQ and a curve of the form y= x" (n> 1). 
If the area of the region taken away by the farmer F, is 
exactly 30% of the area of APQR, then the value of n is 
(2018 Adv.) 


Fill in the Blanks 


10. 


11. 


12. 


The area of the triangle formed by the positive X-axis and 
the normal and the tangent to the circle x7 + y” =4at (1, 3 ) 


iS .... (1989, 2M) 
The area enclosed within the curve |x|+|y|=1is....... : 
(1981, 2M) 
Analytical & Descriptive Question 
Let O (0,0), A @,0) and Bd, 7 be the vertices of a 
triangle. Let R be the region consisting of all those points P 
inside AOAB’ which satisfy ad(P,OA)> min 
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{d (P, OB), d(P, AB)}, where d denotes the distance 
from the point to the corresponding line. Sketch the 
region R and find its area. (1997C, 5M) 


Passage Based Questions 


13. 


Consider the functions defined implicity by the 
equation y*> —3y+ x=0on various intervals in the real 
line. If xe (-o0,-2)U 2,0), the equation implicitly 
defines a unique real-valued differentiable function 
y=f (x). If x € (-2, 2), the equation implicitly defines a 
unique real-valued differentiable function y= g (jx), 
satisfying g () =0. (2008, M) 
If f(—10V2) =2 V2, then f” (— 10 V2) is equal to 

2 2 2 2 
(a) AW2 (b) 4/2 4/2 4/2 


ANA BME ‘d\n 
co co “ a id 73 


Topic 2 Area Using Integration 


Objective Questions I (Only one correct option) 


1. 


If the area (in sq units) bounded by the parabola 
y? = 4Axand the line y = Ax, >0,is ; then A is equal to 


(2019 Main, 12 April Il) 
(a) 2V6 (b) 48 (c) 24 (d) 4/3 


If the area (in sq _ units) of the region 
f(x,y): yy" <4x,x+ yS1, x>0,y20} is aV2 +b, then 
a — bis equal to (2019 Main, 12 April |) 


10 8 2 
(b) 6 (c) - (d) -= 
3 3 
The area (in sq units) of the region bounded by the 
curves y=2* and y=|x+ 1), in the first quadrant is 
(2019 Main, 10 April II) 
3 1 
(d) —- 
2 log,2 


@ (b) log.2+ = © 


The area (in sq units) of the region 
2 


A={o yy 2 <x vei 
- (2019 Main, 9 April II) 


(a) 30h) () 16 (a) 18 

The area (in sq units) of the region 

A={(x, y): x2 < ysut2his (2019 Main, 9 April 1) 
1 ol 1 

@ 2 ws (3 @ = 


Let S@) ={(x, y): y?<*%0 <x <a} and A()is area of the 
region S@). If for ’4,0<A <4, A(A): AG) =2:5, then A 
equals (2019 Main, 8 April II) 


nf al ak ok 
(a) (=) (b) (2) () (3) (a) (2) 
25 5 25 5 


The tangent to the parabola y” = 4xat the point where it 


intersects the circle x7+ y?=5 in the first quadrant, 
passes through the point 


o(8) O(a) eC) CH 


14. 


15. 


10. 


11. 


12. 


13. 


14. 


The area of the region bounded by the curve y= f (x), 
the X-axis and the lines x=a and x=6, where 
-wo<a<b<-2,is 


b x 
—___ Sed; bf (b) - 
© aaa x + bf(b) - af (a) 
b x 


LL SiF@z a 
dx — bf (b) + af (a) 


dx + bf(b) — af (a) 


b x 
© ageroa 


b x 
d d. 
@- Carer sa 


bf (b) + af(a) 


1 
li ‘ g’ (x) dxis equal to 


(a)2g(-1)_(b) 0 (c) - 2g) (d) 2g() 


The area (in sq units) of the region 
A={(x, ye RxR|O< x3, 
O<y<4,y<x" + 3x} is 


ay 22 () 8 
6 


(2019 Main, 8 April I) 

59 26 

(c) = (d) — 

6 3 
The area (in sq units) of the region bounded by the 
parabola, y= x” +2 and the lines, y=x+1,x=0 and 
x=3, 1s (2019 Main, 12 Jan 1) 


15 17 21 15 
a) — — ¢) a) 
(a) - (b) ji (c) 5 (d) a 
The area (in sq units) in the first quadrant bounded by 
the parabola, y= x’ +1, the tangent to it at the point 


(2, 5) and the coordinate axes is (2019 Main, 11 Jan II) 


14 187 8 37 
accel c) = d) — 
(b) oa (c) - (d) uA 
The area (in sq units) of the region bounded by the curve 
x”? =4y and the straight line x =4y —2 is 
(2019 Main, 11 Jan 1) 
7 9 5 3 
a) — a cc) = d) = 
(a) é (b) 7 (c) i (d) F 
The area of the region A = {(x, y);0< y<x|x|+1 and 


(2019 Main, 9 Jan Il) 
2 
(d) = 
3 


—1<x<1}in sq. units, is 


4 1 
a) 2 Ea Ce} = 
(a) (b) ; (c) : 
The area (in sq units) bounded by the parabola 
y=x"—1, the tangent at the point (2, 3) to it and the 
Y-axis is (2019 Main, 9 Jan 1) 
8 56 32 14 
a) — (b) — Cc). == d) — 
(a) - ) . (c) 5 (d) : 
Let g(x) = cos x’, f(x) = Vx anda, B @ <B) be the roots of 
the quadratic equation 18x”-9nx+2"=0. Then, the 
area (in sq units) bounded by the curve y = (gof)(x) and 
the lines x =a, x=B and y =0, is (2018 Main) 


(a) 53-9 0) 503+ 


() 5a =a} @ 502 “i 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


The area (in sq units) of the region 
{(x, y):x20,x+ yS3,x° <4yand y<1+ Vxtis 
(2017 Main) 


(a) °° ) 2 Om (@? 
12 2 3 2 
Area of the region {(x, y)}¢ R?: y> 
5y < («+ 9) < 15} is equal to (2016 Adv) 

1 4 3 5 
a) = b) — ce) = Cj 
(a) . (b) 3 (c) (d) 3 


The area (in sq units) of region described by (x, y) y? < 2x 


and y>4x-1is (2015 JEE Main) 


7 5 15 9 
(a) 0 (b) a (c) A (d) re 
The area (in sq units) of the region described by 
A={(x, y)ix7+ y?<1land y*<1-xhis (2014 Main) 
@ > @8== @2=2 gis 

2 38 2 3 2 3 2 38 


The area enclosed by the curves y=sinx+ cosx and 


y =| cos x—sin x| over the interval . 4 is (2014 Adv.) 


(a) 4/2 -1) (b) 2V2(V2 - 1) 

(c) 2(/2 + 1) (d) 2/2(/2 + 1) 

The area (in sq units) bounded by the curves 

y=<x, 2y—x+3=0, X-axis and lying in the first 
quadrant, is (2013 Main, 03) 


(a) 9 () 6 (c) 18 (a) = 


Letf : [-1, 2] 
f(x) = fd — x), Vx € [-1, 2]. If R, = [. xf (x) dxand R, are 


[0, 0°) be a continuous function such that 


the area of the region bounded by y= f(x), x=-1,x=2 


and the X-axis. Then, (2011) 
(a) R, = 2R, (b) R, =3R, 
(c) 2R, = R, (d) 3R, = R, 


If the straight line x= 6 divide the area enclosed by 
y=(1-.x)*, y=Oand x =0 into two parts R,O<x<b) 


and R,(b <x <1) such that R, —- R,= : Then, 6 equals 


3 1 1 1 
ie b) = ase d) = 
Ore ar ae oe (2011) 


The area of the region between the curves 


1+sinx 1-sin x 
= and y= 
cos x cos x 


lines x =0 


and bounded by the 


(2008, 3M) 
V2-1 V2-1 At 
(a) —________dt 
Jc (1+ t? amie t? Jo (1+ ¢?)/1-t? 
V2+1 V2+1 t 
(c) (a) —_________dt 
Jo aS t? Jo (1+ t?) /1-t? 


(x-1)*, y= («+ 1)” 
(2005, 1M) 


The area bounded by the curves y = 
and y= Z is 
4 


(a) - sq unit (b) 7 squnit (c) - squnit (d) : sq unit 


|x+ 3}, 


25. 


26. 


27. 
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2 


The area enclosed between the curves y=ax” and 
x = ay” (a >0)is 1 sq unit. Then, the value of a is 
(2004, 1M) 
1 1 1 
(a) — (b) = (c)1 (d) — 
V3 2 3 


The area bounded by the curves y = f (x),the X-axis and 
the ordinates x= 1and x= bis (b—1)sin 8b + 4). Then, 
f (x) is equal to (1982, 2M) 
(a) (x — 1) cos (8x + 4) 

(b) 8sin (8x + 4) 

(c) sin (8x + 4) + 3(x— 1) cos (8x + 4) 

(d) None of the above 


The slope of tanget to a curve y= f(x) at [x, f(x)] is 2x+ 1. 


If the curve passes through the point (1, 2), then the 
area bounded by the curve, the X-axis and the line x = 1 
is 


4 1 
(a)? (v) 4 ©? (a) + 
2 3 6 12 
Objective Questions II 
(One or more than one correct option) 

28. If the line x=q@ divides the area of region 
R={(x, ye R?:%°7 <y<x,0<x<1} into two equal 
parts, then (2017 Adv.) 
(a) 20* — 407 +1=0 (b) a + 40? -1=0 

1 1 
c)—<a<l d)0<a<— 
(c) : (d) . 


29. 


30. 


31. 


32. 


If Ss be the area of the region enclosed by 
y=e~ ,y=0,x=O0and x=1. Then, 


(2012) 
(a) s>+ (o) sz1-2 
e e 
1 1 1 1 1 
= — d <p S02 
© ssi(1+ 3) @ssz+—(t +5 


Area of the region bounded by the curve y = e” and lines 
x=Oand y=elis (2009) 


(a) e-1 (b) [ne+ 1- y)dy 


Ore [, e dx (a) [in yay 


For which of the following values of m, is the area of the 

region bounded by the curve y=x—.x” and the line 

y =mx equals — ? (1999, 3M) 
2 


(a) —4 (b) -2 (c) 2 (d) 4 


Analytical & Descriptive Questions 


[4a2 4a 1l[f CDI [3024 3a] 
If |4b? 4b 1]| fq) “|e + oT 
422 4c 1 f 2) 38c° + 3c 


f(x) is a quadratic function and its maximum value 
occurs at a point V. Aisa point of intersection of y = f (x) 
with X-axis and point Bis such that chord AB subtends 
a right angle at V. Find the area enclosed by f(x) and 
chord AB. (2005, 5M) 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Find the area bounded by the curves x” = y, x” =—- y 
and y? =4x—3. (2005, 4M) 
Acurve passes through (2,0) and the slope of tangent at 
(x+1)?+ y-3 

(+1) | 
Find the equation of the curve and area enclosed by the 
curve and the X-axis in the fourth quadrant. (2004, 5M) 


point P(x, y) equals 


Find the area of the region bounded by the curves 
y=x",y=|2-x"| and y=2, 

which lies to the right of the line x= 1. (2002, 5M) 

Let 6#0 and for j= 0,1,2..., n. If S; is the area of the 


region bounded by the Y-axis and the 
xe™ =sin by, iN ys G+ Un 
b (0) 


So,S1,S9,...,S, are in geometric progression. Also, 
find their sum fora =—land b=7. (2001, 5M) 


curve 


. Then, show that 


If f (x) is a continuous function given by 

_ J2x, Ix] <1 
t 9 =P, ax+b, |x|>1 
Then, find the area of the region in the third quadrant 
bounded by the curves x = —2y” and y = f (x) lying on the 
left on the line 8x + 1 =0. (1999, 5M) 


Let C, and C, be the graphs of functions y=." and 
y=2x,0<x<1, respectively. Let C; be the graph of a 
function y= f (x),0<x<1,f @)=0. Fora point Pon C,, 
let the lines through P, parallel to the axes, meet C, and 
C; at @ and R respectively (see figure). If for every 
position of P(on C,) the areas of the shaded regions OPQ 
and ORP are equal, then determine f (x). (1998, 8M) 
"4 
(0,1) (1/2,1) 


Co Cy 


SK 
Sul 
R\\ 
(0.0) 0 Jog 74.9 
Let f(x) = max { x, (1 — x)’, 2« (1 —)}, whereO0< «<1. 


Determine the area of the region bounded by the curves 
y=f (x), X-axis, x=0 and x=1. (1997, 5M) 


(1,1) 


Find all the possible values of b > 0, so that the area of 
the bounded region enclosed between the parabolas 


ee ; 
y=xu- bx” and y= .s is Maximum. (1997C, 5M) 


If A, is the area bounded by the curve y= (tan x)” and 
the lines x=0,y=0 and eat, 


1 


Then, prove that for n >2, A, + A, 9 =——— 
n+1 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


and deduce - (1996, 3M) 


wk : 
n+2 2n-2 
Consider a square with vertices at (1,1), (1, 1), (-1, -1) 
and (1, —1). If S is the region consisting of all points 
inside the square which are nearer to the origin than to 
any edge. Then, sketch the region S and find its area. 
(1995, 5M) 
In what ratio, does the X-axis divide the area of the 
region bounded by the parabolas y=4x—x” and 
y=x? x? (1994, 5M) 


Sketch the region bounded by the curves y=x” and 


y=2/(1+ x”). Find its area. (1992, 4m) 


Sketch the curves and identify the region bounded by 
x=1/2, x=2,y=logxand y=2". Find the area of this 
region. (1991, 4M) 
Compute the area of the region bounded by the curves 
log x 
ex 

Find all maxima and minima of the function 
y=x(x-1),0<x<2. 

Also, 
y=x(x—-1)*, the Y-axis and the line x=2. 


y=exlogxand y= , where loge=1. (1990, 4M) 


determine the area bounded by the curve 
(1989, 5M) 


Find the area of the region bounded by the curve 
C:y=tan x, tangent drawn to C at x=72/4 and the 
X-axis. (1988, 5M) 


Find the area bounded by the curves 

x + y =25,4y=|4- x"|and x=0 above the X-axis. 
(1987, 6M) 

Find the area bounded by the curves x?+ y*=4, 

x?=— 2 yandx=y. (1986, 5M) 

Sketch the region bounded by the curves y = 4/5 — x” and 

y=|x-—1|and find its area. (1985, 5M) 


Find the area of the region bounded by the X-axis 


. 1 1 
and the curves defined by y=tanx, <x< 5 and 
y=cotx, ~<x<% (1984, 4M) 
6 3 


Find the area bounded by the X-axis, part of the curve 
y=/1lt+ 5) and the ordinates at x=2 and x=4. If the 
xe 


ordinate at x =a divides the area into two equal parts, 
then find a. (1983, 3M) 


Find the area bounded by the curve x” =4y and the 

straight line x =4y-2. 

For any real t, x= ete v= ge 
2 2 

hyperbola x”— y?=1. Find the area bounded by this 

hrperbola and the lines joining its centre to the points 


corresponding to t, and—t,. (1982, 3M) 


is a point on the 
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Answers 


37. (5) squnits 38 f(x)=x°—x2,0<x<1 


17 [1 | 
39, — t 40. b=1 42. | — (16/2 — 20 t 
oF sq uni [3 ( )| sq units 


43, 121 :4 44, (x = :) sq units 
= 2 — 

45. [4 v2 5 log 2 + 3) sq units 46. : 5 sq units 
log 2 2 4e 


4 10 ; 
max = Ymin = 9 a sq units 


49, i +25 sin? (2) sq units 


oe r) sq units 51 (= - :) sq units 
3 = "la 2) 
1 . 9 : 
52. | — log.3) sq units 53, 2/2 54, ao units 
2t —2t 
eee! 1% —2t, 
55. el —e “! —4t 
i F ( 1) 


Hints & Solutions 


Topic 1 

1. (b) 2. (b) 3. (d) 4. (a) 

5. (d) 6. (b) 7. (c) 8. (a,d) 

9. (4) 10. 2/3 sq units 

11. 2squnits 12. (2 — V3) sq unit 13. (b) 

14, (a) 15. (d) 
Topic 2 

1. () 2. (b) 3. (d 4, (d) 

5. (b) 6. (c) 7. (b) 8. (c) 

9. (a) 10. (d) 11. (b) 12. (a) 

13. (a) 14, (a) 

15. (d) 16. (c) 17. (d) 18. (a) 

19. (b) 20. (a) 21. (c) 22. (b) 

23. (b) 24. (a) 25. (a) 26. (c) 

27. (c) 28. (a,c) 29. (b, d) 30. (b, c, d) 
31. (b, d) 32. sq units 33. =s unit 
34, y=x"-2x, 5 sq units 

35. (2 i se) sq units 36. Im os 8). ees )| 

3 (l1+m*) e-1 | 

Topic1 Area Based on Geometrical Figures 


Without Using Integration 
1. We know that, area of region bounded by the parabolas 
x” =4ay and y” =4bxis “ (ab) sq units. 


On comparing y = kx” and x = ky? with above equations, 
we get 4a =— and4b=— 
k k 


> pe nd ee 
4k 4k 


.. Area enclosed between y = kx” and x = ky” is 


~(4\(4)-2 
3 4k) \4k) 38k? 


=> ai =1__[given, area =1 sq.unit] 
1 1 
= cs = hat 
3 V3 
1 
=> k=— [. k >0] 
V3 


2. Given equations of curves are y? =2x 


which is a parabola with vertex (0, 0) and axis parallel 


to X-axis. : ..(i) 
And e+ yr =x 
which is a circle with centre (2, 0) andradius=2 _ ...(ii) 


On substituting y” =2xin Eq. (ii), we get 

x +Ox=4x = x7 =2x—>x=O00rx=2 
> y=Oory=+2 [using Eq. (i)] 
Now, the required area is the area of shaded region, i.e. 


xX’ 
wv y’ 
i 2 
Required area = ne os aes [, V2x dx 


5 2 
eH v2 °27de= n- 2 | 
0 


4 
=1 =e [2V2 o=(x = sq unit 


3. PLAN (i) y= mx + a/mis an equation of tangent to the parabola 
y? = 4ax. 
(ii) Aline is a tangent to circle, if distance of line from centre is 
equal to the radius of circle. 


(iii) Equation of chord drawn from exterior point (x,, y,) to a 
circle/parabola is given by T = 0. 


(iv) Area of trapezium = - (Sum of parallel sides) 
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: 2 
Let equation of tangent to parabola be y =mx + — 
m 


It also touches the circle x7 + y? =2. 


2 
ee ec) 
| mJ1+m? | 

=> m+m?=2 => m*+m?-2=0 


=> (m? — 1) (m? + 2) =0 
> m=+1,m?=-2 [rejected m? =—2] 


So, tangents are y= x+2,y=-x-2. 
They, intersect at (2, 0). 


>X 


Equation of chord PQ is -2x=2 => x=-1 
Equation of chord RS is O=4(x-2) > x=2 
.. Coordinates of P, Q, R, S are 

P(-1, 1), Q--1, -1), R@, 4), S (2, -4) 


2+8)x3 


-. Area of quadrilateral = =15sq units 


4, Since, tangents drawn from external points to the circle 
subtends equal angle at the centre. 


A 
Os 
0, 0 7 
icm\ 11cm 
Bé 30! 30° .C 
v¥3cm D 2cm —£ 38cm 
Z O,BD = 30° 
O,D 
In AO,BD, tan30°=—— => BD=J3cm 
BD 
Also, DE =0,0, =2cm and EC = ¥3 cm 
Now, BC = BD+ DE+ EC =2+2Vv3 
= Area of AABC = = (BC) = am (1+ 3)? 
=(6 +43) sqcem 


2 2 
5. Given, —+—=1 
9 5 
To find tangents at the end points of latusrectum, we 
find ae. 


1e. ae= a’—b? =,/4 =2 


By symmetry, the quadrilateral is a rhombus. 


Yr 
A 


L(ae, \b2(1-e)) 


X’< 


So, area is four times the area of the right angled triangle 
formed by the tangent and axes in the Ist quadrant. 


-. Equation of tangent at (2. 2) is 


Z x+ ae a ee! 
9 3.5 9/2 38 

.. Area of quadrilateral ABCD 
=4 [area of A AOB] 


-4(5-2. ) =27 sq units 


The region is clearly square with vertices at the points 
(1, 0), (0, 1), C 1, 0) and (0, _ 1). 
Y 


X’< 


.. Area of square = V2 x J2 =2 sq units 


. Let y=f =x" + bx—b 


The equation of the tangent at P (1, 1) 
to the curve 2 =2x" + 2bx —26 is 
yt+1=2x-1+ 6(«+1)-26 


> y=(2+ b)x-(1+ d) 
Its meet the coordinate axes at 
1+6 
x, =——— and =-(1+b 
aa JB ( ) 


:-Area of A OAB=— OA x OB 
2 
=_b ged) = 
2 (+5) 
=> (1+ 6)?+42+6)=0 = b7+6b+9=0 
> (b+3)?=0 > b=-3 


[given] 


8. Since, Z POQ =90° 


¥y 12 
1 
(3 ' 


X’< e »X 
(0, 0) 
B 
LY’ al$) 
ane goes 1 > tt,=-4 
“La § 220 
2 2 
ar (AOPQ) = 3V2 


0 O11 


(i) 


2. 2 
122 4 1)=+3/2 = 3 Hie 48) ap 


2\ 2 2 


#12: te 1 


> alae +4t,)=+ 3/2 => t, 4 - =32 [- t, > Ofor P| 
1 


=> #-3V2t,+4=0 > (, -2V2)(¢, -V2)=0 
=> t, = v2 or 2/2 
P(,V2) or P(4,2V2) 
9. We have, y=x",n>1 
* P(0, 0) OC, 1) and R(2, 0) are vertices of A POR. 


Area of shaded region = 30% of area of APOR 
30 1 


1 
=> | (x-x")dkx=—x-x2x1l 
ik ) 100 2 
1 
[x2 xPt1] 3 it. 4 3 
=>|—- oS — = 
| 2 n+1|, 10 2 n+l 
tof 82 
n+l 2 10 #10 


10 


== nti=5 => n=4 


10. Equation of tangent at the point (1, V3) to the curve 
ety =4 is xt+ vBy=4 
whose X-axis intercept (4, 0). 


Yu 
P (1.N3) 
- (00 Jaiaoy * 
y’ 
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Thus, area of A formed by (0, 0) (1, V3) and (4, 0) 


001 
=; 1 v3 1 = 510-448) |= 2V3 sq units 
4 0 1 


11. The area formed by| x|+ | y|=11is square shown as below 


: 


y! 
.. Area of square = (./2)? =2 sq units 


12. Let the coordinates of P be (x, y) . 


oN 


Equation of line OA be y=0. 

Equation of line OB be V3 y =x. 

Equation of line AB be V3 y =2 —x. 

d (P,OA)= Distance of P from line OA = y 


d (P, OB) = Distance of P from line OB = Wyo 
d (P, AB) = Distance of P from lineAB = piles) 


Given, d (P, OA) < min {d (P, OB), d (P, AB)} 


Per IW3y— sl [V3 y+ x2! 
2 2 
= ys 3r=2 Hae yx 89+ 8-2 
2 2 
Case I When ys 182 ad [since, /3y—x< 0] 
a => 2+3)y<x> y<xtan15° 
Case II When ys/¥89+ 8-21 
2y<2-x-3y — [since, /3y+x-2<0] 
> 24+ 3)y<2-x => y<tan15°: (2 - x) 
t B (1, 1A3) 
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From above discussion, P moves inside the triangle as Topic 2 Area Using Integration 
shown below : 


> Area of shaded region 1. Given, equation of curves are 


Dic Z 
= Area of AOQA y= dhe +f) 
1 2 and y=hx .. (ii) 
== = ee x (Height) a>0 
e (2) (tan 15°) = tan 15° = (2- 3) sq unit Area bounded by above two curve is, as per figure 
. 3 ¥ + 
18. Given, y —38y+x=0 y2=4)x 
ay ay? 2% 3 4120 (i) 
dx x 
xX 
dy ( a dy 2 > 
=>3y" +6 3 =0 (Al 
. (<3 : dx dx” ” 
At x=-10 V2, y=2y2 a 
On substituting in Eq. (i) we get 
d d the intersection point A we will get on the solving Kas. (i) 
g0No) 25. 4 1S and (ii), we get 
dx dx si 
x" = 4dx 
dy 1 ‘4 
= dx 21 > = 3180 = 4 
Again, substituting in Eq. (ii), we get 4 
a 9 Pr So, A (z. 4) 
a@v2)° 3 + 6 v2). (- x -3. 2-9 
21 dx Now, required area is 
2 Ih 
= a0. ee = [vax - 22) dx 
dx (21) 
2 Ah 
-12v2 -4V2 
=> oy. a #"] rar 
dx” (21) T 3 = 2/1 |~ yale 
b b = f 2 i, 
14. Required area =| y dx= I f (x) dx 2 Jo 


2 
= [fo)-a8 - [Px dx 50 Tt A 


, _ 82 8 32-24 
= bf (6) - af(a) =f’ f@x dx a 


Be le 1 
= bf(b It is given that area = — 
f(b) - af (a) 3 M3 Soca a 
[ 7 41 = a 
ee a ae al ee 
dx 3(y°-1) 3hf@}-1 => A= 24 
15. Let I=" g(a) dx = [g(x]! , =g(1I)-gCD 2. Given region is {(x, y): v7 < 4x, x+ y<1, x20, y>0} 
Since, y —-B8y+x=0 ...(i) B(0,1) 
and y= 8 (x) 
{g(x} —3g(x) + x=0 [from Eq. ()] 
Atx=1,  {g()} -3g0)+1=0 “sn(aay) 
At x=-1,{g(- 18 -3g(-1)-1=0 ...(iii) Ol Ato) 
On adding Eqs. (i) and (ai), we get Now, for point P, put value of y = 1 — xto y” = 4x, we get 
{gl} + {gC Dy -3{g )+ gC 1}=0 (1 — x)? =4e 074 1-2 =4x 
= [g(Ql)+ gC DIed@)}? + {gC DP g@)g- 1-3] =0 x tenia’ 
=> g(l)+ g-1)=0 
6+ /386-4 
> g(1) =- g(-1) = a 
T= g0)-sC)) 3499. 


= g(1) -{-g(1)} =28() 


Since, x-coordinate of P less than x-coordinate of point 
A(1, 0). 


. x=3-2J2 
Now, required area 


3-2/2 1 

=|, avxdx+ |, ,-2) dx 
pepo? ¢ at 

= + | Xx 
3/2 |, l 21 an 


=(3 2/2)2? 4 e ql (3 — 2V2) 4 Gay 


== [02 pps 3 +242 +50 + 8-123) 


=5 02 ye geo 6V2 


5 
2 
= e2 3(2) + 3(/2) —1)- 4/2 +6 


=5 62 - 7) - 4/2 +6="= - > 


=av2+b (given) 
: 8 10 
So, on comparing a = 2 and b=— = 
a-b= 2 + ue 6 
38.8 
3. Given, equations of curves 
xt+1 ,x2-1 


=2° and y=|x+1|= 
- y= | ne ,x<-1 


-: The figure of above given curves is 


YT y=xt+1 


x’ >X 


(-1,0) O 


Tn first quadrant, the above given curves intersect each 
other at (1, 2). 


1 
So, the required area = iF ((x + 1) —2*) dx 


[. 2 9x si : x 
le 2 fog,2 | I: | a*dx= ia + . 
_/1,,__2 t..] 
|2 * log, 2 * log, 2 | 
_3 uh 
“2 log, 2 


2 
4, Given region A= { y): 5 <x<y4 7 
x 


Ea 
2 
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ay y = Qn .-(1) 
and x=y+4>y=x-4 ..- (ii) 


Graphical representation of Ais 


y! 


On substituting y = x — 4from Eq. (ii) to Eq. (i), we get 
(x — 4)? = 2x 
x” — 8x + 16= 2x 


=> 
> x? -10x+ 16=0 
> (x — 2)(x - 8)=0 
=> x=2,8 
y=-2,4 [from Eq. (11)] 


So, the point of intersection of Eqs. (@) and 
(ii) are P(2, — 2) and Q(8, 4). 


Now, the area enclosed by the region A 
4 


-[Jor9 ep |S+ 0 an 
-($+16 = (5 8+ 2) 
32 


=8+16 5 2+ 8 
= 30-12=18sq unit. 
5. Given region is A ={(x, y):x° <$ y<x+2} 


Now, the region is shown in the following graph 


+2 


For intersecting points A and B 


Taking, x? =xt+ 2=>x7-x-2=0 
> x? — Qn + x-2=0 

> x(x — 2)+ 1(x- 2) =0 

=> x=-12 > y=14 


So, A(-1, 1) and B (2, 4). 
2 


Now, shaded area = [l@+ 2) — x7] dx 
“1 


| “| -(4e4 5) (2 oa 7 


38=5 De enunies 
2 2 
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6. Given, S@) ={(x, y): 27 <x,0<x«<atand 
A(@) is area of the region S@) 
Y. 


Ne 


y?=x 


> X 
[e274 
Clearly, A(A) = 2] vx dx=2|——| =— 23? 
5 [3 /2 | 3 
Since, ay = = O<A <4) 
A) 5 
ae’ ay 
=> sat = |=] =|2 
2, 5 (=) (5) 
U3 U3 
> A = (=) > A=4 (=) 
4 25 25 
7. Given equations of the parabola y” = 4« ..(i) 
and circle et y2=5 .-. (iI) 


So, for point of intersection of curves (i) and (ii), put 
y? =4x in Eq. (ii), we get 


x? +4x—5 =0 
=> x? +5x—-x-5=0 
> (x-1)(x+ 5) =0 
> x=1,=5 


For first quadrant x=1,s0 y=2. 

Now, equation of tangent of parabola (i) at point (1, 2) 
is T=0 

=> 2y=2(x4+1) 

=> x-y+1=0 


The point (3 ; ) satisfies, the equation of line 


x-y+1=0 
8. Given, y< x74 3x 
2 2 
3 9 3 9 
> < + =>|x+ 2 + 
: [: ] 4 [: 4) [» J 
Since, O<y<4and0<x<3 


..The diagram for the given inequalities is 


Y=x?+3x 


y=4 ? 


>X 


and points of intersection of curves y = x7 + 3xand y=4 
are (1, 4) and (4, 4) 
Now required area 


: : [ T 
=| (+ sania age = | + [Ax]? 
0 1 0 


= 2446 eal es ga! 
3 2 6 6 


9. Given equation of parabola is y =x”+2, and the line is 
y=xt1 


The required area = area of shaded region 
3 3 
=|, (@?+2)-(@+))de=[> @?-x+ Idx 


cami 

“15 : il -(2 +3] 0 
3 2 F 2 

=9 943-12 7 = sa anite 
2 2 2 


10. Given, equation of parabola is y = x” + 1, which can be 


written as x7=(y-1). Clearly, vertex of parabola is 
(0, 1) and it will open upward. 


yth 


Now, equation of tangent at (2, 5) is =2x+1 


[.. Equation of the tangent at (x,, y,) is given by 
T = 0. Here, Fi y,) = xx, + I 


y=4x-3 
y= 4x3 
Y 
(2, 8) 
(0, 1) 
R 
ol7a (2,0) - 
3 
ra) 


Required area = Area of shaded region 
= [, y(parabola) dx — (Area of APQR) 


= |, (2? + 1) dx (Area of APQR) 


-( +s) (2 2). 


[.: Area of a triangle = : x base x height] 


-(5+2)-0-2(7)s 
3 2\4 
44 95 419-75. 87 
3 8 24 24 


11. Given equation of curve is x”=4y, which represent a 


parabola with vertex (0, 0) and it open upward. 


esas 
Y Wea 
_x+2 
yA 
B 
x’ G Xx 
< = O T > 
Yy 


Now, let us find the points of intersection of x? = 4y and 
4y=x+2 

For this consider, x? =x + 2 

> x’ —x-2=0 

> (x — 2) (x+ 1I=0 

=Sx=-la=2 

When x =~ 1 then y= = 

and when x = 2, then y=1 


Thus, the points of intersection are aC 1, *] and B (2, 1). 
Now, required area = area of shaded region 


= [* ty (ine) - y (parabola)} dx 


_2(x+2 x7), if? oe 
F[ Je ra eas |, 


4 4 
a} 8 1 1)] 
“(2+ 4 3) G 2+) 
it. Jt «|. al. 21.3 F 
rig 5 | al 2 | ooo 
12. We have, 


A={(x, y):0< y<x|x|+ land-1l<x<} 
When x20, then 0< y< x?+1 
and when x< 0, then 0< y<—x7+1 
Now, the required region is the shaded region. 
yr 


[ey = 27 + 1x” =(y— 2), parabola with vertex (0, 1) and 
y=-2x° + 1>x7=-(y-D, 
parabola with vertex (0,1) but open downward] 


13. 
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We need to calculate the shaded area, which is equal to 
o 2 12 
es x? + Ddx + | + Idx 


0 


Given, equation of parabola is y =x” —1, which can be 
rewritten as x” = y+ lor x” =(y-(-1)). 
=> Vertex of parabola is (0, —1) and it is open upward. 
Equation of tangent at (2, 3) is given by T =0 

+ 
= 27m =xx, —1, where, x, =2 
and 
=> 


=> 


Now, required area = area of shaded region 


= i (y(parabola) — y(tangent)) dx 
= [, 1? -1) - @x-5)] dx 


7 [oe —4x+ 4) dx= [oe — 2)" dx 


@-27 | @-2% @-2% 8 
= = =— sq units. 
3 i 3 3 
14. We have, 
=> 18x? - 9nx + 27 =0 
=> 18x” — 6nx — 32x + 17 =0 
(6x — 1)(8x — 1) =0 
6° 3 

Now, a <B (o7 = 
6 
T 
Pos 
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Given, g(x) = cosx” and f(x) = Vx 


y = gof (x) 
y = 8(f(x)) = cos x 
Aveg of region bounded by x=a,x= 8, y=0 and curve 


y= g(f())is 
w/3 


A= | cosxdx 
t/6 
= [sin x]7/6 
Tt « t wB fo 
Az=sin sin — = 
3 6 2 2 


- V3 - _ 
2 
15. Required area 


=|) (1+ Vx)dx4 [e Dae [. é 


Yn — 
(0, 3K (4, a” Ne 


“3°28 2 
16. Here, {(x, y) € R?: y= [|x + 3],5y < («+ 9) $15} 
YS Jxt+3 
. ee ea 


=> 
J—-x-3,whenx<-38 
I x+3,when x2>-3 
or y2 
—3-x,whenx<-3 
Shown as 
Y 
y2=-x-3 A | | LL, y2=x+3 
x >X 
Sq 0 
Y’ 
Also, By < («+ 9)<15 


=> (x+ 9)>5yand x<6 


Shown as 
AY 


(0, 9/5) = 


—l ly >X 


(9, 0) 


x=6 


{(x, y) € R?: y>,/|x+ 3], 5y < (x + 9) $15} 
Y 


] (1,2) 


B en A) 


X’« 6 >X 


—9 (-4,0)4 E(3,0)|0D 


v 


y" 
.. Required area = Area of trapezium ABCD 
— Area of ABE under parabola 
— Area of CDE under parabola 


=50+2)6)-[ (J @+8) dx—[" J@+3) de 


i a 1 
15 le 3- a eva 5)82 
2 @ 
2 3 
_15 26. y 2 9) 15 _2_16_15_18_38 
2 3 3 2°32 8 2° 3 8 


17. Given region is{(x, y): y2<2x and y>4x-1} 


y” < 2x repressents a region inside the parabola 


y? =2x Gi) 
and y>4x-—1 represents a region to the left of the line 
y=4x-1 ... (1) 


The point of intersection of the curves (i) and (ii) is 
(4x-1)?=2x = 16x°+1-8x=2x 

=> 16x*-10x+11=0 = ee - 

2 8 


So, the points where these curves intersect are (; : 1} 


and (; : } 
8 2 


1 +1 y¥ 
*, Required area on 7 z| dy 
2 


(e+4)-(2- sata 
b*a}-elal 


15 3 9 : 
x — -—~=— sq units 
8 16 382 


18. Given, A={(x, y):27+ y?< land y?<1-x! 


(-1,0) (0,1) 


1 
Required area = ; ur + 2, (Ql - y)dy 


me! 2, ye 
a) ral | 


(= *) ? 
=|—+—]sq units 
2 3 


1 


0 


19. PLAN To find the bounded area between y = f(x) and y = g(x) 
between x = atox =D. 


rY 


O 


. Area bounded [lo f(x)Jdx 4 [ tre) g(x)]ox 


= [P| f(e) - a(x) late 


; 1 
Here, f(x) = y=sinx+ cosx, when0<x<— 


bo 


and g(x) = y=| cosx—sin x| 
: 1 
cosx—sinx, O<x<— 


| 
ae 


‘ Tt 
sin x — COs x, Ws 
4 2 


could be shown as 


rY 
ie) f(x) y =sinx + cosx 
= 2 sin [x+ | 
4 
1 
g(x) O(x) 
O 1/4 a2 oo 
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14 
.. Area bounded = [; {(sin x + cos x) — (cos x — sin x)} dx 


wi2 7 
+ I /hcsin x+ cos x) — (sin x — cos x)} dx 
Tw 


m/4 ; m/2 
=| 2sin xdx+ | 2 cos x dx 
0 m/l4 
=~2 [cos x]?/* + 2 [sin x-n]"? 
=4-2/2= 2J2(V2 — 1)sq units 
20. Given curves are y= Vx sei(1) 
and 2y-x+3=0 ... (11) 


On solving Eqs. (i) and (ii), we get 
2x — (Vx)? +3 =0 
=> (x)? — 2a/% -3 =0 
— (x -3)@W/x+1)=0 = Vx=3 
[since, Vx =—1is not possible] 
y=3 


Hence, required area 
3 3 
=|, G2-m) dy =|) {@y +8) - 9" dy 


af 
seas 5 | =9+9-9=9sq units 
3 0 


2 
21. R =| xf@ dx sti) 
b b 
J f@ dx=[ f(a + b-x) dx 
R,=[ 0-2) f-2) dx 


R, =i (1 — x) fie) dx ...(ii) 


[f(x) = f( — x), given] 
Given, R, is area bounded by f(x), x=-landx=2. 


Using 


2 eas 
R,= | f (x) dx ... (ili) 
-1 
On adding Eas. (i) and (ii), we get 
2 
2R, = | © f@) dx ...(iv) 
From Kgs. (iii) and (iv), we get 
2R, = R, 
22. Here, area between 0 to bis R, and b to 1 is Ry. 
b 5 1 | 
[, (1 — x)" dx- I, (1 — x) iar 
[a—xj | fa-x 1 1 
2 a2] anz) ot 
0 b 
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1 
as [a -)* -1] [o-(-b)'] 
1 
=> DG by = a — (1- by = 
3 38.4 12 8 
il 1 
> (1 - b)=— > b=— 
2 2 
14 j 1-si 
23. Required area = [; — | sn dx 
cos x cos x 
[..1+sinx , 1-sinx , 9] 
cos x cos x 
2tan~ 2tan~ 
14 2 1 - 
fa 14+ tan? — 1+ tan? 
=. 2 2 dx 
? 1-tan?~ 1—-tan?~ 
2 2 
1+tan?= 1+tan? 
1+tan~ 1-tan 
n/4 9 
=|, - dx 
2 tan 1+ tan 
2 
efi 1+tan~-1+tan~ nia 2 tan — 
P 2 2 dx= | 2 dy 
fi tan?~ fi-tan?= 
2 2 
tan At dt 


t 
Put tan *=¢—~sec** dx=dt=| 8 
2, 2 2 


(a At dt 
o 4+ t?)J1-¢t? 


24, The curves y= (x—-1)”, y=(x+ 1)?and y=1/4are 
shown as 


As 


y =(x-1)° 


Yy=(x+1)° 


xX 
1-1/2 |0 1/2 1 : 
where, points of intersection are 
(@-1P=- = fo tnd GA = Sees” 
2 4 2 
dk ok 11 
e =,- d R/-=,— 
eg)! FCS) 
v2 1] 
R d =2 -1)--id 
equired area I, c ) Z | x 
mt 
5 | @= i tl 
[ 34" 
-9! : : [ . 0) |= = sq unit 
[33 8 (3 J| 24 


25. 


26. 


27, 


As from the figure, area enclosed between the curves is 
OABCO. 
Thus, the point of intersection of 


y=ax" and x=ay" 


y=ax 


>< 


=> x= a (ax’y 


1 
=> x=0, => y=0, 
a 
: ; : 1 1 
So, the points of intersection are (0, 0) and} —,—|- 
a a 


. Required area OABCO = Area of curve OCBDO 


— Area of curve OABDO 
=> i. ie x” | dx =1 [given] 
0 a 
12 a 
= [4 # ax? | 24 
|e 3/2 3 |, 
2 1 
> —,-—75=1 
3a" 3a? 
2 1 1 
> a“=- => a=— a>0O 
3 V3 


Since, { : f(x) dx = (b -1)sin (8b +4) 


On differentiating both sides w.r.t. b, we get 
[(b) =3(b —- 1)-cos 8b + 4) + sin Bb + 4) 
f(x) =sin @x + 4) + 3(«- 1) cos Gx + 4) 

Given, ay =2x+1 

dx 
On integrating both sides 
| dy =| Qx+1) dx 


> y =x"+x+C which passes through (1,2) 
2 2=14+14+C 
> C=0 

y=x tx 


4 


Thus, the required area bounded by X-axis, the curve 
and x=1 


11.5 : 
=—+—=—sq unit 
3.2 6 


28. [@-# ax =2f"Ge- 2 dx 


4—,/16— 
=> 2 - : ¢. « € ©, 1) 
1 

2 
a? =1-— 
/2 


[? lejate =Sum of areas of rectangle shown in shaded part. 
a 
(ii) If f(x) Q(x) when defined in [a,b], then 
[P tlx)otee [? aa) 
a a 
Description of Situation As the given curve y=e* 


cannot be integrated, thus we have to bound this function by 
using above mentioned concept. 


Graph for y= et 


ay 
1 
ul 
ve 
O 1 1 >X 
V2 
Since, x” <x when xe [0, 1] 
2 
> ~x’>-x or &* >e* 
1.2 1 
| e* dx > | e* dx 
0 0 
— xv 1 ; 
> S2>-(e ae ...(0) 


1.2 
Also, I. e* dx < Area of two rectangles 


s(x 5) +(-a) 
<ipt+z(1-5] wii) 


30. 


31. 
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Pe <g+3(1-p) 2821-2 [from Es. G) and Gi)] 


Shaded area = e-([) e& dx) =1 
Also, [, In e+1-y) dy [putet+l-y=t=> -dy=dl| 
={' in ¢Cdt)=["ntdt=[°Inydy=1 
e 1 1 


CaseI When m=0 


In this case, 
and y=0 


y=x—-x" ..-(i) 
.. (ii) 


are two given curves, y > 0is total region above X-axis. 


Therefore, area between y=x-—x’ and y=0 
is area between y = x— x” and above the X-axis 
Y 


ie ot 
, A=[@-2)dx=)/* = es 
0 [2 


Hence, no solution exists. 
Case II Whenm<0O 
In this case, area between y = x— x” and y=mxis 
OABCO and points of intersection are (0,0) and 
{1 -—m,m(1 —m). 

Area of curve OABCO =| 


Y 


nxn 


1-m 2 
i [x — x° — mx] dx 


_1 3 1 3 _1 3 
a m) a m) = m) 


1 3 9 . 

Z (1 — m) =5 [given] 
=> (l-my =27 
> 1l-m=3 
=> m=-2 
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Case III Whenm>0 => t=4 
In this case, y=mxand y=x- x” intersect in (0,0) and * B (8, -15) 
{((1—m), m(1—m)} as shown in figure So, equation of chord ABis y= any) ) 
2 
Y 
an 8 = 2 
.. Required area = | oe + aes dx 
-2 4 2 


>X 


8 
x 3x" 
x—-—+——+4+8x 

12° 4 is 


y=x-x2 


125 : 
= 3) sq units 


‘ = 0 ee 
-, Area of shaded region = } 1-m a ee 33. The region bounded by the curves y=x", y=—2” and 


r 2 7 y? =4 x —3is symmetrical about X-axis, where y = 4x —3 
= i —m) Pua 3 | meets at (1, 1). 
i-m .. Area of curve (OABCO) 
- 5a m) (1 —m)"4 7 my? = [fi eax-[! ( ea hal 
i 0 an | 
=-=(1-m) 
6 
9 1 3 : 
an 5a (1 —m) [given] 
=> (1 -my? =-27 
> (l-m)=-3 
> m=3+1=4 
Therefore, (b) and (d) are the answers. 


[4a? 4a Ure cay (3a? 43a | 
32. Given, |4b2 46 1 BS peed 


Ae 4c 1|Lf@) | |8e?+ 3e 
=> 4a f(-1)+4a f (1) + f 2) =3a7 + 3a, .. i) 
Ab? f (-1) + 4b f (1) + f (2) =3b7 + 3b ...(ii) 
and Ac f (-1) + 4cf (1) + f(2) =3c? + 3¢ ... (iii) 


where, f(x) is quadratic expression given by, 
f(x) = ax? + bx + cand Eqs. (i), (ii) and (iii). 


= 4x2 f C1) + 4x f (1) + FQ) =3x2 + 3x 34. Here, slope ca er ae ‘i ; 
or {4 f (1) —3} x2 + {4f(1) — 3} x4 f (2) =0 ...(iv) Cy ca ia 
: dx (x +1) 
As above equation has 3 roots a, 6 and c. 
ae ie dy_., (y — 3) 
So, above equation is identity in x. > =(x+ 1) ; 
: - dx («+ 1) 
i.e. coefficients must be zero. 
= f (1) =3/4, (1) =3/4, f @)=0 ...(v) ee a 
f (x) = ax? + bx +e => Med 
; dx dX 
a=-1/4,b=0 and c=1,using Eq. (v) dY Y 
_ 4 OD Wee 
Thus, i Q=2— owas dX xX 
= ae 
Let A (-2,0),B=(t,-t?+1) = ax xX 
Since, AB subtends right angle at vertex V (0, 1). If = J -54 -logx _ 1 
1 -t? a ae 4 


.. Solution is, geo pa dX+c 
xX xX 


=X+e 


us 
x 


=> 


>< 


y—3=(x+ 1)" + c(x+ 1), which passes through (2, 0). 
> ~3= (8)? + 3c 
=> c=-4 
.. Required curve 
y=(x+1)?-4(«4+1)4+3 


=> yan —2Qx 
| ?| 
-|(-»] | 
| 0| 
=5-4=5sq units 


35. The points in the graph are 


A (@,1), B G2, 0), € @, 2), D G2, 2) 
Y 


oN 


272 
{, (x — 2x)dx 


«. Required area = 


y= |2-x?| 
y = x 


<< 


-. Required area 
=| Q-2°)}dx+ |” (2-(@?-2)) dx 
= 1 v t 2° 


_ V2 2 2 2 
=|, (2x -2)dx+ | @- x”) dx 


foe oP fT 


| ae 


2 2/2 2.2)48 : wa 
7 (2° = 12/2 
a ane Js units 


Area 327 


36. Given, x= (sin by) e®” 

Now, -1<sinby<1 
-e%< e® sinby<e® 
-e%<x<e* 


=> 
=> 


>X 


In this case, if we take a and b positive, the values -e ” 
and e become left bond and right bond of the curve 
and due to oscillating nature of sin by, it will oscillate 
between x=e ” andx=-e™ 


Ib 
Now, S;= i i sin by-e ™ dy 
jt 
[ since, I= sin by-e “dy | 
-e ' 
IT=—,—_, (asin by + bcos by) 
L a?4+b? J 
= [ -eGit)n 
iest| = eb 
: ja” + =| 
{asin(j + 1)n + bcos G+ 1) 7} 
-—ajn | 
—e % (asin jx + bcos jr) | 
~ 2541) : 
S;=-—y ale "f+ C1" 
= F!0+ b(-1)}] 
| <a | 
AW @ b as 
= a e bo” pie i | 
a+b 
| | 
E- Cay? =? Cl) = C1] 
be of 25 
= a’ +b? ° . 
fig ( =m 
be > eo +1 
Be. a® +b? _ ao" 


=e =constant 


=> So,S,,So,...,S; form a GP. 
For a=-landb=n2 
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ae nel 
S,= ele" +1)= g +e) 


(+7 


te+..+e") 


= oe mS ~2A+9 % 


fro (+)? jz fons” 


_ni+e) @’**-1) 
(l+m”)  e-1 


<1 

37. Given, f (x) = { +ax+ b, Hit 
vy 

1 

ea -2ye Fg 


(x? + axt b, ifx<-l 
> f (x) = 42x, if-l<x< 


x +axtb, ifx>1 


fis continuous on R, so f is continuous 


1 


at—l and 1. 


lim f(x)= lim, f(@)=fC1) 


x17 x—»-1* 
and lim f(x)= lim f (~)=/f() 
x>1- x 31t 
> l-a+b=-2and2=1+a+b 
> a-b=8and a+b=1 
. a=2, b=-1 
x?+2x-1, if x<-1 
Hence, f (x) =4 2x, if -l<x<l 
x? + 2x -1, if CS 1 


Next, we have to find the points x= —2 
The point of intersection is (—2, —1). 


yand y= f (x). 


Required area = [. Te f 9 Jas 


[3 a dx 


=/— Fa x es 24x —1dx 


7: 


a a 8/2) ae [ (28 x2 

ae oa ie | 
2 
32 


il is 
2 


-( 24442) E 


63, 509 _ 761 


38. Refer to the figure given in the question. Let the 
coordinates of P be (x, x”), where 0 <x<1. 
For the area (OPRO), 
Upper boundary: y= x” and 
lower boundary : y= f (x) 
Lower limit of «:0 
Upper limit of x: x 


-- Area OPRO) = I, t dt—-[- f (t) dt 


‘sl -{* fat 
=f" p@ae 


For the area (OPQO), 
The upper curve : x= Jy 
and the lower curve : x= y/2 
Lower limit of y:0 
and upper limit of y: x” 
x2 x? t 
. Area OPQO)=[ > Vt dt—|_ 5 


2 


1 
8 polayx? _ 42) 
ge lo =o ele 
ee ea 
3 4 


According to the given condition, 
eo ope 2 
awh f Qdt=— x) - = 
On differentiating both sides w.r.t. x, we get 
x = f (x) 1 = 2x? - 8 
> f(x) = -27,0<x<1 


39. We can draw the graph of y=x7, y=(1—x”) and 
y = 2x(1 — x) in following figure 


Now, to get the point of intersection of y=x” and 
y = 2x (1 — x), we get 


x” = 2x (1 — x) 
=> 3x7 = 2x 
> x (8x —2)=0 
=> x=0,2/3 


Similarly, we can find the coordinate of the points of 
intersection of 
y=(1-2")and y=2x (1—x)arex=1/3andx=1 


From the figure, it is clear that, 


(1 — x)”, if O<x<1/3 
f (x) =432x (1 — x), if1/3<«<2/3 
x, if2/3<x<1 
. The required area 
Ani, fe) dx 
=|. as xP dx+ fo 2x (1 - dx+f 2 dx 


ae le ee et al 
a She Ena 


-|-3 ee ia 


Le eel i it 


_19,18,19 17 
81 81 81 27 


sq unit 


2 
40. Eliminating y from y= . and y = x— bx”, we get 


Thus, the area enclosed between the parabolas 


bi(1 + b)2 2 
A={ ais x— bx? — dx 
0 b 


ie file b? 


2 8 6b |. "6 (+b 


On differentiating w.r.t. b, we get 
dA _1 (1+ ”)’.2b-2b?. (1+ b”)-2b 


db 6 (1+ b”)* 
1 6i=5% 
3 0455 
dA 


For maximum value of A, put ab =0 


> b=-1,0,1, since b>0 
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.. We consider only b =1. 


Sign scheme for o around 6 =1is as shown below : 


From sign scheme, it is clear that A is maximum at 
b=1. 


w/4 
. We have, A,, = I, (tan x)” dx 


Since, 0 < tan x <1, when 0 <x < 1/4 
We have, 0 < (tan x)""! < (tan x)” for each ne N 


m/4 nel w/a 4 
> [ (tan x) dx<| (tan x)" dx 


=> A, <A), 
Now, for n > 2 
T/A +2 
A,+ Anyo=], [(tan x)" + (tan x)”"* 7] dx 
ni n 2 
=|, (tan x)" (1 + tan” x) dx 
Y 
A 


y = (tanx)" 


w/4 hn 2 
=| (tan x)” sec” x dx 


r 1 mw/l4 
= (tan x)"*! 
l@+) fe 
ae ee 
(n + 1) n+1 
Since, Ans 2 < Any 1 < A,, 
then A, + Ansg<2A, 
=> : <2A, 
n+1 
1 ’ 
=? <A, 0) 
2n+2 
Also, forn >2.A,+ A, < A, + Any_2= “ 
n- 
=> 2A,, < a 
n- 
1 a 
> mae oe ... (il) 
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42. The equations of the sides of the square are as follow : _l (3 -2V2) 1 (3-2/2)? 
AB: y=1,BC:x=-1,CD: y=-1,DA:x=1 “2 3 
= 5 @-2y2) + = [2-9 
A(1,1 
oe =56- ne vy 
=56 V2) 4 = BB 1-32 (V2 -1)] 
: 1 
} > x =, 8 a. = 62 7 
=5 [9 - 62 + “e 14] = 5 2 5] sq units 
Similarly, area OEGO = — 1 aya —5) sq units 
pat 6 


Therefore, area of S lying in first quadrant 


a ; (4/2 —5) = : Jos) aq amity 


Let the region be S and (x, y) is any point inside it. 
Then, according to given conditions, 


yxrt y? <|1—x1,]14+ x1,11- 1,11 + yl 
2 


Hénca. = ; ae : (16/2 — 20) sq units 


aks 24 y<(1—x)2, (14+ x), (1—y)?, (1+ y)? 43. Given parabolas are y = 4x — x” 
> + yx? -Qet-1jx7 42x41, and y=—(x-2)? +4 
yr -2yt1, + 2y4+1 or (x2)? =-(y-4) 
=> y<1-2x,y?<1+4 2x, x? <1-2yand x? <2y+1 Therefore, it is a vertically downward parabola with 
Now, in y?=1-2x and y?=1+ 2x, the first equation vertex at (2,4) and its axis is x = 2 
represents a parabola with vertex at ( 1/2,0) and second 1 1 
equation represents a parabola with vertex (—1/2, 0) and Yau -x = y (« - 


and in x7=1-2y and x"=1+2y, the first equation 

represents a parabola with vertex at (0, 1/2) and second 

equation represents a parabola with vertex at (0,—-1/2). 

Therefore, the region S is lying inside the four parabolas 
y? =1-2n, y2=14 2x, x7 =142y, x7 =1-2y 


ry. 
0.) K A(1,1) 
X'« 
G 
| 
% ‘ 4 
oF oo rr Fk ( a 1 
> x rl es yt ri 
where, S is the shaded region. : g 
Now, S is symmetrical in all four quadrants, therefore This is a parabola having its vertex at (3 : -;] : 
S =4.x Area lying in the first quadrant. 1 
Now, y?=1-2x and x*=1-2y intersect on the line Its axis is at x= 3 and opening upwards. 
y =x. The point of intersection is E (V2 -1, V2 - ; 
Area of the region OEFO The points of intersection of given curves are 
= Area of AOEH + Area of HEFH x-axis! —x => Bx’ = = 
_l after = > x (2 —5x) =0 => x=0 
=5 02 1) oo 2x dx 5 
/2 Also, y = x” — x meets X-axis at (0,0) and (1, 0). 
1 2 ail J > > 
== (v2 -1)° C aay" 5 ( D| 
2 9-1 


5/2 2 2 
iat cs Area, A; = |, [(4x — x”) — (x” -— x)] dx 


2 


(2+1-2v2) 4 : la + 2 —2,/2)8!2 


44, 


5/2 2 
=|, (5x — 2x") dx 


5/2 2 3 

[5.5 2.51 -5(8) a) 
[2° 3° |, 2\2) “32 
_5 25 2 125 

24 3 8 

al 2) 125 , 
= 1 = sq units 

8 3) 24 


This area is considering above and below X-axis both. 

Now, for area below X-axis separately, we consider 

[2 2T 

Ay=-[-@?—x)de= woe) 11 
0 | 2. 3 | Rm 2 3 6 


sq units 


Therefore, net area above the X-axis is 
125-4 121 : 
= sq units 

24 24 


Hence, ratio of area above the X-axis and area below 
X-axis 


A, - A,= 


= aoe : z =121:4 
24 6 
The curve y=x" is a parabola. It is symmetric about 
Y-axis and has its vertex at (0,0) and the curve 


2 3 ia 
y= ea. is a bell shaped curve. X-axis is its asymptote 
+x 
and itis symmetric about Y-axis and its vertex is (0, 2). 
Y 


Xe 
Since, yar" ..(i) 
2 _ 
and = ex) 
1+ x 
S, _ 2 
2 l+y 
=> y+ y-2=0 
=> (y-1) (y+ 2)=0 => y=-2,1 
But y20,so y=1l > x=2t1 


Therefore, coordinates of C are (-1, 1) and coordinates 
of B are (1,1). 


-. Required area OBACO = 2 x Area of curve OBAO 


Area 331 


45. The required area is the shaded portion in following 
figure 


-. The required area 


2 
x 


2 2 
=| (2* — log x) dx= 
v2 log2 


4-J2 5 
a log 
log2 2 


— (x log x- ») 


V2 


3 : 
24 sq units 
s) 4 


46. Both the curves are defined for x >0. 
Both are positive when x > 1 and negative when0 <x <1. 
We know that, lim (log x)  —c0 


x0 


Hence, lim ET. —co, Thus, Y-axis is asymptote of 
x20* ex 
second curve. 
And lim exlogx [(0) x c form] 
x07 iss 
=li Blog ea! 
x30t 1/x L eo ] 
() 
e = 
= lim —*4 =0 [using L’Hospital’s rule] 


Thus, the first curve starts from (0, 0) but does not 
include (0, 0). 
Now, the given curves intersect, therefore 


ex log x= ates 
ex 
1.e. (ex —1) logx=0 
1 
> x=1,- [x > O] 
e 
y 
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The required area 


=[" (S82 - extogs} dx 
Ve\ ex 


27 2 2 
1 feast) E (2 log x »| -(: 5 sq units 
e 2 We 4 Nia 4 
47. Given, y=x(x—-1)? 
> eee ee ee 
dx 
‘ y = x(x—1)? 
A max 
ar 
es O43 11min * 
y’ 
=(x-1)-@x+ x-1) 
=(x-1) Gx-1) 
+e = et 
1/3 1 


Maximum at x=1/3 


-1(2) 4 
ae) i) ay, 


Minimum at x=1 
Ymin = 0 
Now, to find the area bounded by the curve y = x (x - 1)”, 
the Y-axis and line x=2. 


-. Required area = Area of square OABC -[- ydx 


=2x2—[ “x (x-1)? dx 


[ _43 7 | 
a x(x 1) | Le 1)? -1dx 
3 ‘i 3/0 
= ae ye (x-1) | 
i 12 b 
=4 ae he sq units 
ls 12 12] 3 
48. Given, y=tanx = —=sec’x 
3)" 
dx),._™ 
4 


Hence, equation of tangent at A (= ; 1} is 


y-1 
x—-1/4 


=2 => y-1l=2x 


1 
> Qx-y)=|—-1 
@x- y) ( : ) 
. Required area is OABO 
14 
= [.. (tan x) dx—area of A ALB 


= [log |sec x|]7/4 -5-BL- AL 


4 
= [108 v2) sq unit 


49. Given curves, x7+ y?=25,4y=|4-x"| 
sketched as below, whose points of intersection are 


v2 
ig e) =25 


16 
Y 
T. 4y=4-x2 
Ay = x2-4 4y =x2?-4 
: x 
vo ae 2. 4 ° 
x2 + y2 = 25 


=> (x? + 24) (x? — 16) =0 
=> xEtA 


[ _ 42 
-. Required area =2 J “2b - dx [; : , dx 


could be 
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=2[6+ 28 sin(4)] ifs. 8 ee x=2,-1 
lI 5 | 4| 3 | .. Required area 
2 1 2 
1/(64 16) (: 8)| =| v5 x? dx xt x+1)dx J,@ 1) dx 
a|\3 3. | eee 2 
[x 2 Ds ey ee T [ 4? [x2 
og ai2® 2 (4 4 4 4] sag ee om 5) lo **| E *| 
[ + —sin a) 383 : -1 _ h 
5 int = 5 in'(=] 
=|1+—sin 1+-—sin 
=|4+25 sin™(4) sa units ( 2 V5 l 2 V5 | 
1 1 1 
50. Given curves are x°+ y’=4,x"=—/2yand x=. [ 9° mee 1} (2 2 9 1} 
5f. 41 2 oie! 1 
y =—| sin + sin! 
2 _ at v5 V5) 2 
Bat @ 1 td 4) 1 
=—sin 1 + 1 
_ 2 (5 5 V5 5) 2 
xty*= 
, -S sina) -5 = (-3) sq units 
xX’< = 5 >X 2 2 4 2 
tan x. sega” 
52. Given, y= a = a 
cotx, —<x<— 
2 
y’ x? — By which could be plotted as Y-axis. 
Y 
Thus, the required area + | | 
_ |p v2 5) 0 V2 —x2 y=cotx< >y=tanex 
= Io 4—x° dx -|fo eae -f, a 
0 V2 
v2 x °° | , Wd 
=2 4 — x2 d X"< : : : >X 
ip x ax ae | 32 L -n/2 -n/4 
V2 
-2{2 4-x? era | 1 
2 2 239 3 
Se ¥ 
1 _R fay = m/4 a 1/3 F 
-(5-*] sq une -. Require area =| (tan x) xt+[_ (cota) x 
=[- log |cos x|]f* + [log sin x] a 
51. Given curves y=.5—-x7 and y=|x-1] could be ay 1 ely J3 ; 1 
sketched as shown, whose point of intersection are ~ °8 V2 P| Oe 8 V2 
5-x7=(x-1) = Jog 43 2 log 
2 2 
= log tog = =(3 log, 3] sq units 
a 8 4 8 
53. Here, I, [1+ 5) dx =| (1+ 5) dx 
= 8h ley 
| ieee | 
- 2 fod peane-a-(o-8 
5-x =x" -2x41 a a 


Uv 


2x7 —2x—-4 =0 
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Y 
=> G2 9929 G2 596 ID 35 + 
a a a 
> 2 (a?- 8)=0 
> a=+2V/2 [neglecting —ve sign] 
a=2 2 
y’ 
54. The point of intersection of the curves x7=4y and : =I 
x=4y-—-—2 could be sketched are x=-—1 and x=2. 
-, Required area 
5 2 
=| (2) c Jes { 
1 4 4 ¥ 
tle a P Required area 
“alg a L sae 
= = 2] area of APCN — f 2 a 
‘(2 ; 5) (3 2+1)| L 
= 2 7 2 ee elite” \fet—_e4 ig dy a 
1/10 (=) 19 9 2 2 2 1 ~ dt | 
=—-— = —sq units L 
413 \6J| 42 8 . 
on eh Al gt _ et | 
ty — by 4A =? t 
55. Le P-(£ = pS = ) 8 J 3 | 
2 Oty 
toh ty _ ot ae Te lya 2 4 ot _ ovat 
and Q-(£ _ - 5 “| 4 ali ) 
7 ett eh [ et gt 
We have to find the area of the region bounded by the 4 2 l 2 2 | 
curve x”— y’=1 and the lines joining the centre x =0, 
y=0 to the points (t,) and (-t,). ete 1g on 
(e e 4t,) 
4 4 
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Differential Equations 


Topic 1 Solution of Differential Equations by Variable 


Separation Method 


Objective Questions I (Only one correct option) 


1. 


Let f be a differentiable function such that f(1) =2 and 
f (x) = f(x) for all xe R. If h(x) = f(f()), then h’ (1) is 
equal to (2019 Main, 12 Jan Il) 
(a) 4e” (d) 2e? 


(b) 4e (c) 2e 


The solution of the differential equation, o =(x- y)*, 
a 


when y(1) =1, is (2019 Main, 11 Jan II) 


(a) log, | == |= 29-9 () ~ log] == 2 =e y-2 
(c) log, chan =x-y (d) -log, Los) 2(x — 1) 
2-y Lt 4= 


Let f: [0,1] R be such that f(xy) = f(x). f(y), for all 
x,ye[0,1] and f@)#0. 
differential equation, “ = f(x) with y@)=1, then 


i} 3 is equal to 
y A y 4 q 


(a) 5 (b) 3 


If y=y(x) satisfies the 


(2019 Main, 9 Jan II) 


() 2 (d) 4 


If (2+ sin x) o + (y+ 1) cos x=Oand y() =1, then (F} 
0 


is equal to (2017 Main) 
1 2 1 4 

a)= b) -= ce) -= d) = 

(a) 3 (b) 3 (c) 3 (d) 3 

If y=vy(x) satisfies the differential equation 


8vx (9+ vx) ay =(, 4+ 9+ Je) as x>0O and 


y(0) = V7, then y(256) = (2017 Adv.) 
(a) 16 (b) 3 
(c) 9 (a) 80 

= 1 
The value of py ( = on) ( fs) is equal 

k=l sin t sin t 

4 6 4 6 

to (2016 Adv.) 
(a)3-V3  (b) 23-V3) (238-1) (a) 2(2+ V3) 


10. 


dy_yvl-y 


The differential equation pe determines a 
x 


family of circles with (2007, 3M) 
(a) variable radii and a fixed centre at (0, 1) 

(b) variable radii and a fixed centre at (0, — 1) 

(c) fixed radius 1 and variable centres along the X-axis 


(d) fixed radius 1 and variable centres along the Y-axis 


Ify=y Gand 2*80* (2) - cos x, y (0) =1, then 

a y+1 \dx 

y (=) equals (2004, 1M) 

(a) 1/3 (b) 2/3 

(c)-1/8 (d) 1 

A solution of the differential equation 

(2) ag eg eis (1999, 2M) 
dx dx 

(a) y=2 (b) y = 2x 

(c)y = 2x — 4 (d) y= 2x7 -4 


The order of the differential equation whose general 
solution is given by y=(q + c) cos (x+ @)-cG &*%, 
where ¢,, Cy, G, Cy, G are arbitrary constants, is 

(a) 5 (b) 4 (1998, 2M) 


(c) 3 (d) 2 


Objective Questions II 
(One or more than one correct option) 
11. 


Let f:[0,0)— R be a continuous function such that 
f(x) = 1-24 | e 'f(t)dt for all xe[0,~). Then, 
which of the following statement(s) is (are) TR4OK8 Adv.) 
(a) The curve y = f(x) passes through the point (1, 2) 


(b) The curve y = f(x) passes through the point (2, — }) 
(c) The area of the region 


K(x, ye [0, x R:f(x)< ys J1-x*}is = 


(d) The area of the region 
{(x, y) €[0, x R: f(x) < y<.J1—-x7} is 


-2 


nm—-1 
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336 Differential Equations 


12. Let y(x) be a solution of the differential equation 


(+e )¥ + ye’ =1. If y@O)=2, then which of the 
following statement(s) is/are true? (2015 Adv.) 
(a) y (4) =0 
(b) y (-2)=0 


(c) »(x) has a critical point in the interval (-1, 0) 
(d) y(x) has no critical point in the interval (-1, 0) 
13. Consider the family of all circles whose centres lie on the 


straight line y = x. If this family of circles is represented by 
the differential equation Py ’+ Qy + 1=0, where P, Q are 


2 
the functions of x, y and y (here, y = ay y= Lay then 
dx dx 
which of the following statement(s) is/are true? (2015 Adv.) 
(a)P=y+x 
(b) P=y-x 


(c) P+Q=1-xt+ yt y+(y)P? 
(d) P-Q=x+ y-y-(y’)? 

14. The differential equation representing the family of 
curves y” =2c (x+ Jo), where c is a positive parameter, 
is of (1999, 3M) 
(a) order 1 
(c) degree 3 


(b) order 2 
(d) degree 4 


Numerical Value 


15. Let f:R—> Rbe a differentiable function with f (0) =0. 
If y= f(x) satisfies the differential equation 


OF 26-6 yiGy—o)thenthevahieot lim f@Vbace, 
dx x—>-0e (2018 Adv.) 


Assertion and Reason 


For the following question, choose the correct answer 

from the codes (a), (b), (c) and (d) defined as follows. 

(a) Statement I is true, Statement II is also true; 
Statement IJ is the correct explanation of Statement I. 

(b) Statement I is true, Statement II is also true; 
Statement II is not the correct explanation of 
Statement I. 

(c) Statement I is true; Statement II is false. 

(d) Statement I is false; Statement II is true. 


16. Let a solution y= y(x) of the differential equation 


|x? —-ldy- yy? —1 dx=0 satisfy y(2) = =" 


Statement I y(x) =sec [sec x- 4 and 


Statement II y(x) is given by ze 2V3 HM . 
y x x 


(2008, 3M) 


Analytical & Descriptive Questions 
dP(x) 


17. If P@)=0 and > P(x),Vx>1, then prove that 
P(x) >0,Vx>1. (2003, 4M) 
18. Let y= f(x) be a curve passing through (1, 1) such that 


the triangle formed by the coordinate axes and the 
tangent at any point of the curve lies in the first 
quadrant and has area 2 unit. Form the differential 
equation and determine all such possible curves. 


(1995, 5M) 
Integer Answer Type Question 
19. Let f : R-> R beacontinuous function, which satisfies 


f (x)= I, f @) dt. Then, the value of f(In5) is... . (2009) 


Passage Based Problems 


Passage 
Let f : [0,1] R (the set of all real numbers) be a function. 
Suppose the function f is twice differentiable, 
f(0) = f(1)= O and satisfies 
f’ (~) -2f (x) + f(x) =e , xe [0,1] (2013 Adv.) 


20. If the function e*f(x) assumes its minimum in the 
interval [0,1] at x=1/4, then which of the following is 
true? 

3 


, 1 7 1 
(a) f iO = Be (b) f(x) > f(x), O< saa 


(©) f’() < f(®), 0< x< 2 (a) £'@)< fl) =< eal 


21. Which of the following is true? 
1 1 
(a) 0< f(QX)< es 


(© -2<f@<1 (a) < f(x)<0 
22. Which of the following is true? 
(a) gis increasing on (1, ~) 
(b) gis decreasing on (1, ~) 
(c) gis increasing on (1, 2) and decreasing on (2, ©) 
(d) gis decreasing on (1, 2) and increasing on (2, °°) 
23. Consider the statements. 
I. There exists some x € R such that, f(x) + 2x =2(1 + x”) 
II. There exists some x € Rsuch that, 
2f(x)+1=2x (1+ x) 
(a) Both and II are true (b) I is true and II is false 
(c) Lis false and II is true (d) Both I and II are false 


Topic 2 Linear Differential Equation and 
Exact Differential Equation 


Objective Questions I (Only one correct option) 8. Ifacurve passes through the point (1, — 2) and has slope 


2 
1. The general solution of the differential equation x -2y 


(y” — x? )dx — xydy =0 (x #0)is (where, C is a constant of 
integration) (2019 Main, 12 April II) 
(a) y? — 2x7 + Cx? =0 (b) y? + 2x? + Cx? =0 


. Let y= y(x) be the solution of the differential equation, 
(x7 +1)? “ +2x(x?+1)y=1 such that y0)=0. If 
fe 


of the tangent at any point (x, y) on it as , then 


the curve also passes through the point 
(2019 Main, 12 Jan II) 


(c) y? + 2x7 + Cx? = 0 (d) y? — 2x + Cx” =0 (a) (V3, 0) (b) © 1,2) 
; i () © V2.0 (@) (3,0) 
Consider the differential equation, y"dx + [+ ~ 2) dy =0. 9. Let y= y(x) be the solution of the differential equation, 
d 
If value of yis 1 when x= 1, then the value of x for which x = + y=x log, x, («>1). If 22) =log, 4-1, then y(e) 
=2,1 2019 Main, 12 April! : 
f 5 . 1 3 41 lod EY ea is equal to (2019 Main, 12 Jan I) 
(a) 2+— (6) () =+ (a) =- ve e e e e 
2 Ve = 2 ve 2 ve 2 (a) - £ )- 5 @£ (a 
. Let y= y(x) be the solution of the differential equation, 
dy ae 10. If y(x) is the solution of the differential equation 
a ytan x =2x+ x" tan x, re(-£,2} such that By (RAR) om — 
y() =1. Then (2019 Main, 10 April II) - " 
(a) (2) y( *) x V3(b) where yQ)=se%, then (2019 Main, 11 Jan!) 
4 
(1 (1 (a) »(x) is decreasing in Zz 
Gas : 
4 4 r (b) y(x) is decreasing in (0, 1) 
(c) (4) + xf- =) =" 49 @ (=) = xf- *) _ 9 (c) y(log, 2) =log, 4 
4 4) 2 4 4 (@) y(log, 2) =!08e2 
. If y= y() is the solution of the differential equation 4 
11. Let b diffe tiable functi h that 
dy = (tan x— y)sec’ x, xe (- = : 5) such that y ©) =0, eb ad ; F(a) Ue ee gree ee I 
dx 22 f etc ae i)end f(_)#4.Then, lim «/(5} 
7 i. . . x x>0* x 
then y (- +) is equal to (2019 Main, 10 April 1) (2019 Main, 10 Jan II) 
: 5 4 
(a) 1 2 (b) oo F (c) 2 re (@) e-2 (a) does not exist (b) exists and equals e 
@ 2 e (c) exists and equals 0 (d) exists and equals 4 
dy ; x wT _ 
Lt Cn ene = Oe [o<x<?] and (7 |=0, then 12. r+ y-— ( TZ) and 9{7)~5, then 
(7 is equal to (2019 Main, 9 April II) x{- 4 equals 
5 - F 4 (2019 Main, 10 Jan!) 
1 T 1 T 1 4 1 1 
a) —— -—_ c) -—— d) -— 6 = 3 
55 (b) 2/3 (c) a5 (d) 3 re (b) . oe ae 
: ~ solution of the differential equation 13. If y= (x) is the solution of the differential equation, 
Jy #29 : _4;: F ‘ 
ares 2y=x7(x #0)with y(1)=1,is (2019 Main, 9 April 1) 2B (one wiles Wi 1-ahen (5 eodudles 
2 3 % 
(a) yo 4 8 (b) y= - — = ; 7 (2019 Main, 9 Jan) 
in a a= (b) + © = (a) 
(c) yarn + (d) yore + 16 4 16 64 
si 2 a 14. Let y= y(x) be the solution of the differential equation 


Sng + yeosx=4x, xe (0,7). 
dx 


t If (7) =0, then (2 is equal to 
Va y(1) = 30° then the value of ‘a’ is — (2019 Main, 8 April I) 2 6 (2018 Main) 
4 9 -8 9 82 49 
(a) —_1 (b) ——1 (c)-=1 (d) -=1% 
(a) ) 5 (©) 1 @ = 3 3 9 9 
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15. 


16. 


17. 


18. 


19. 


20. 


If a curve y= f(x) passes through the point (1, — 1) and 
satisfies the differential equation, y(1+ xy)dx =x dy, 


then i(- ;) is equal to 
2 (2016 Main) 


(a)-2 ()-4 (2 q@ 4 
5 5 Db 5 


Let y(x) be the solution of the differential equation 
(x log x) e + y=2x log x, (x21). Then, y(e) is equal to 
x 


(2015 Main) 
(a)e (b) 0 (c) 2 (d) 2e 
The function y= f(x) is the solution of the differential 
4 
equation con — it in (-1,1) satisfying 
dx x*-1 1 
V3/2 . 
f ©) =0.Then, | gf) dx is (2014 Adv.) 
“2 
@ 8 ZB |e @t_- 
3 2 3. O«4 6 4 2 


Let f:[1/2,1]— R (the set of all real numbers) be a 


positive, non-constant and differentiable function such 
that f (x) <2f(x) and f(1/2)=1. Then, the value of 


ier f (x) dx lies in the interval 


(a) (2e — 1, 2e) (b) (e- 1, 2e-1) 


(Ge) (0 


Let f (x) be differentiable on the interval (0, ~) such that 


(2013 Adv.) 


f(_)=1, and lim feof - 1 for each x >0. Then, 
t> x 
f (xis (2007, 3M) 
1 2x? 1 4x? 
eae enti -—+— 
@) 3x 3 ©) 3x 3 
(-2+2 (a+ 
x ox x 
Ifx dy= y (dx+ y dy), y (1) =1and y (x) > 0. Then, y (8) 
is equal to (2005, 1M) 
(a) 3 (b) 2 
(c) 1 (d) 0 


Objective Questions I (Only one correct option) 


1. 


Given that the er of the tangent to a curve y= y(x) at 
any point (x, y) 1 mae a y If the curve passes through the 
x 


centre of the circle x°+ y*-2x-2y=0, then its 
equation is (2019 Main, 8 April Il) 

=— 2x - 1) 
2(x — 1) 


(b) xlog,|yl=x-1 
(d) xlog,|y| = —2(«- 1) 


(a) x" log.|y| 
(c) xlog,|yl= 


21. 


If y (¢) is a solution of (1 + yo —ty=land y@)=- 


then y (1) is equal to (2003, 1M) 
(a) -1/2 (b) e+ 1/2 
(c)e-1/2 (d) 1/2 


Objective Questions II 
(One or more than one correct option) 


22. 


23. 


Let f: 0, ©) Rbe a differentiable function such that 
f'(~) =2- fe LO tor all x € (0, ©) and f(1) #1. Then 


(2016 Adv.) 
(a) lim f ( a1 
x O+ 
(b) lim xi(2) = 
x O+ x 
(c) lim xf’) = 0 
(d) If (x) |< 2for all xe (0, 2) 
If  y(x) satisfies the differential equation 
y —ytanx=2 xsecx and y(0), then (2012) 
@ »(4 aren (b) y(4)-% 
4) 82 4) 18 
nm) 1 nm) 4x 2x? 
— |=— d) y|—}|=—+ 
© »(3) 9 @ »(3) 3 BS 


Analytical & Descriptive Question 
24. 


Let u(x) and u(x) satisfy the differential equations 
4. p@u=f 
dx 

p(x), f(x) and g(x) are continuous functions. If 
u (x) > v (%,) for some x, and f (x) > g (x) for all x>x, 
prove that any point (x, y) where x > x, does not satisfy 
the equations y= u (x) and y= vu (x). (1997, 5M) 


and ay + p(x) v= g(x), where 
dx 


Integer Answer Type Question 


25. 


Let y (x) + (x) & (x) = g(x) & (x), yO) =0, xe R, where 


f’ (x) denotes a f @) and g(x) is a given non-constant 
x 


differentiable function on R with g() = g@) =0. Then, 
the value of y@) is ...... (2011) 


Topic3 Applications of Homogeneous Differential Equations 
2: 


The curve amongst the family of curves represented by 
the differential equation, (x” — y")dx + 2xydy =0, which 
passes through (1, 1), is (2019 Main, 10 Jan II) 
(a) a circle with centre on the Y-axis 

(b) a circle with centre on the X-axis 

(c) an ellipse with major axis along the Y-axis 

(d) a hyperbola with transverse axis along the X-axis. 


3. 


4. 


5. 


Let the population of rabbits surviving at atime 
be governed by the _ differential equation 


t 
ong) = 3 p(t) — 200. If p@) = 100, then p(t) is equal to 


dt 
(2014 Main) 


_t 
(a) 400 — 300¢2 (b) 300 - 200e 2 


t t 


(c) 600 — 500e2 (d) 400 - 300e 2 
A curve passes through the point (2 ) Let the slope of 


-. 


the curve at each point (x, y) be name sec (2), x>0. 
x x 


Then, the equation of the curve is (2013 Adv.) 
(a) sin (2) =logx+ A (b) cosec (2) =logx+ 2 

x 2 x 
1 


(d) cos (22) =logx+ — 
x 


(c) sec (=) =logx+ 2 
x 2 


At present, a firm is manufacturing 2000 items. It is 

estimated that the rate of change of production P with 

peeyer’ to additional number of workers x is given by 

= 100-12Vx. If the firm employees 25 more 
x 

workers, then the new level of production of items is 


(2013 Main) 
(a) 2500 (b) 3000 (c) 3500 (d) 4500 
Objective Questions II 
(One or more than one correct option) 

6. A solution curve - the differential equation 

(x? + xy + 4x+2y + 4) a y? =0, x>0, passes through 
x 

the point (1,3). Then, the solution curve (2016 Adv.) 

(a) intersects y = x+ 2exactly at one point 

(b) intersects y = x+ 2exactly at two points 

(c) intersects y = (x + 2)? 

(d) does not intersect y = (x + 3)” 

7. Tangent is drawn at any point P of a curve which passes 
through (1, 1) cutting X-axis and Y-axis at A and B, 
respectively. If BP: AP =3:1, then (2006, 3M) 
(a) differential equation of the curve is 3x a + y=0 

Oa 
(b) differential equation of the curve is 3x oe -y=0 
x 
(c) curve is passing through (5. 2] 
(d) normal at (1, 1) isx+ 3y=4 
Fill in the Blank 
8. Aspherical rain drop evaporates at a rate proportional 


to its surface area at any instant t. The differential 
equation giving the rate of change of the rains of the 
rain drop is.... . (1997C, 2M) 
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Analytical & Descriptive Questions 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


If length of tangent at any point on the curve y= f(x) 


intercepted between the point and the X-axis is of 
length 1. Find the equation of the curve. (2005, 4M) 


A right circular cone with radius R and height H 
contains a liquid which evaporates at a rate 
proportional to its surface area in contact with air 
(proportionality constant =k>0). Find the time after 
which the cone is empty. (2003, 4M) 


A hemispherical tank of radius 2 m is initially full of 
water and has an outlet of 12 cm” cross-sectional area at 
the bottom. The outlet is opened at some instant. The 
flow through the outlet is according to the law 
v (t) =06 ./2 gh (t), where vu (t) and h (ft) are respectively 
the velocity of the flow through the outlet and the 
height of water level above the outlet at time ¢ and g is 
the acceleration due to gravity. Find the time it takes to 
empty the tank. (2001, 10M) 


Hint Form a differential equation by relating the 
decreases of water level to the outflow. 


A country has food deficit of 10%. Its population grows 
continuously at a rate of 3% per year. Its annual food 
production every year is 4% more than that of the last 
year. Assuming that the average food requirement per 
person remains constant, prove that the country 
will become self- sufficient in food after n years, where n 
is the smallest integer bigger than or equal to 
In 10-1In 9 


In (1.04) - (0.03) ° (2000, 10M) 


A curve passing through the point (1, 1) has the property 
that the perpendicular distance of the origin from the 
normal at any point P of the curve is equal to the 
distance of P from the X-axis. Determine the equation of 
the curve. (1999, 10M) 


A and B are two separate reservoirs of water. Capacity 
of reservoir A is double the capacity of reservoir B. Both 
the reservoirs are filled completely with water, their 
inlets are closed and then the water is released 
simultaneously from both the reservoirs. The rate of 
flow of water out of each reservoir at any instant of time 
is proportional to the quantity of water in the reservoir 
at the time. 


One hour after the water is released, the quantity of 
. it, actor a F . 

water in reservoir Ais 1 - times the quantity of water in 

reservoir B. After how many hours do both the 


reservoirs have the same quantity of water ? 
(1997, 7M) 


Determine the equation of the curve passing through 
the origin in the form y=f (x), which satisfies the 


differential equation a =sin (10x + 6y) (1996, 5M) 
x 
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Match the Columns 
16. Match the conditions/expressions in Column I with statements in Column II. (2006, 6M) 
Column | Column Il 
A. [eins {cos xcot« — log (sinx)""* }dx p. 1 
B. Area bounded by - 4y? =x and x -1=- 5y? q. 0 
C. The angle of intersection of curves y = 3°" log x and y= «* — fis i 3ey!? 
D. ip ae passing through (1, 0), then(« + y + 2)is S. = 
dx xty 3 
Answers 
Topic 1 17. (b) 18. (d) 19. (a) 20. (a) 
1. (b) 2. (d) 3. (b) 4. (a) 21. (a) 22. (a) 23. (a, d) 25. (0) 
5. (b) 6. (c) 7. (c) 8. (a) Topic 3 
9. (c) 10. (c) 11. (b,c) 12. (a,c) © 2 (b) & (a) ie 
7 6) 5. (0) 6. (a, d) 7. (a,¢) 
14, (a,c) 15. (0.40) 16. (b) 
d’y dy @ (sea) ero Sipe | es 
18. Differential Equation: re, =0,x° a +1=0 lat y 8 = y? = 
Curves: x+y =2,xy =1 H 14m x10° 
19. (0) 20. (c) 21. (d) 22. (b) 10. ers 11 unit 
27/8 
23. (c) 
Topic 2 18, (x?+y? =2x) 14, ve.[3] 
1. (b) 2. (b) 3. (a) 4. (d) ‘ 
5. (b) 6. (a) 7. (a) 8. (a) 15. ftan"| 4 tan{ 4x + tnt 3) -3]-52 
9. (c) 10. (a) 11. (d) 12. (a) : 2 a Sh 2 
13. (c) 14. (c) 15. (d) 16. (c) 16. A—>p;B—>s;C3q;D >r 


Hints & Solutions 


Topic1 Solution of Differential Equations 
by Variable Separation Method 
1. Given that, f’ (x) = f(x) 


, iQ), 
f(x) 
f @) 
=> | 7) dx=|1 dx 
[by integrating both sides w.r.t. x] 
> Put f(~)=t=> f (x)dx= dt 
Bad — | 1 dx 
t 
=> In|t|=x+C [| E=mniatec] 
x 


=> In|[f@l=x+C .. (i) 


[. t= f@)] 


: f(Q)=2 
So, In 2)=1+C [using Eq. (i)] 
> C=In2-lIne [. ne=1] 
) 5) 
> C=ln|— [. In A-In B= In| — |] 
e B 


From Eq. (i), we get 
In| f(@)|=«+ In (?) 
e 
=> Inilf@rF in(?) =x 


> in 
2 


=x PAS Pela 
B 


> E ral-< [-Ina=bs>a=e,a>0 


xl e e 
=> | f(x) |=2e E gf) -£1 7091 | 
f(x) =2e7 or -2e° 
Now, h(x) = f (F(x) 
> Wh (x) = f (fF): f &) 
[on differentiating both sides w.r.t. ‘x] 
=> Wh’ ()=f (FQ): f @) 


=f 2): f @) [- f(1) =2 (given)] 

=2e t.987 Pf (x) = 28 or 22° 4] 

=4e 

. We have, “ = (x— y)* which is a differential equation of 
x 

the form 


aa eee by +c) 
dx 


Putx-y=t 
= dy_dt_jdy_, dt 
dx dx dx dx 
dt» dy 2 
=> 1-—=t wt = (x 
ie ae (x- yy] 
dt 5 dt 
=> =1-t'> =| dx 
dx Fer J 
[separating the variables] 
> soe {7*t]=24¢ 
2 1-¢ 
i ee ett ec| 
a“-x" 2a a-Xx 
> slog F2E=2) x40 [-t=x-y] 
2 l-x+y 
Since, y= 1 when x=1, therefore 
Slee: ut =1+C 
2 1+0 
> C=- [.- log 1 =0] 
1, {FE 4 1 
2 l-xt+y 
=> g(t 4s 1) 
1l+x- 
[- log— =logx t =—log x] 
. Given, f(xy) = f(x): £0), V x, y € [0,1] (1) 


Putting x = y=0 in Eq. (i), we get 
fO) = fO)-fO) 
> f) [f@) -1] =0 
=> f@Q)=1as f@) #0 
Now, put y=0in Eq. (i), we get 
fO) =f): fO) 
> f(x)=1 


ao {= - CoO sin (; =) 
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dy dy 
So, a (> Pe. 
> J ay=] dx 
=> y=xt+C 
y@)=1 
1=0+C 
> C=1 
y=x4+l1 


= (es) 


2 
4 4 
y 


. We have, @+siny 24 (y+ 1)cosx=0 


x 
dy cosx = —cosx 


=> 


dx 2+sinx 2+sinx 


which is a linear differential equation. 


cos Xx 


. x . 
_ IF=e 2+sinx = log (2+sinx) 94 gin x 


«Required solution is given by 


y@+sinx) =f —OF* 


——-.(2+ sin x)dx+C 
2+sinx 


=> y2@+sinx)=-sinx+C 
Also, yO) =1 

12+ sin0)=-sin0+C 
> C=2 


2 . 7 
2-sin x (=) ey it 
= —— => = 

2+sinx 


dy 1 


dx a JzJo+ Juja+ 9+ vx 
> y= 44+ V94vVx +0 


Now, y0)=J/7 +c 
> c=0 


y(256) =,/4 + 9416 =./4+5 =3 
13 


1 


6 4 6 
Converting into differences, by multiplying and dividing 


by sin (7 “| i. aM <n} | ie. sin{ =) 
a TT TT TT TT 
es sin (5 +45) . ne ott 
k=1 gin” {sin {* + (k =} sin | 
6 4 6 ae 


k=1 gin 


. Given, 
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+ foot (E+ 2) coe (+2) 
ova feot (E412) cot(¥+192)]} 


=2 1 cot (272) =2 1—cot(2n + $2] 
12 12 


=2 F — cot 4 E we™ =2- v3) 
12 12 
=2 (1-24 4/3) 
=2 (/3 - 1) 
2 
Gin = oe 
dx y 
RA 
> dy=)| dx 
[zeae] 


a —jl-y=x+ce = (x+07+y"=1 
Here, centre (— c, 0) and radius = 1 

dy _—cosx(y+1) 

dx 2+sin x 


dy _ —cosx 
y+1 2+sinx 


=> 


On integrating both sides 


dy _ cos x 
J yt1 l Fidna 


=> log (y+1)=- log @+sin x)+ loge 
When x=0, y=1>c=4 


= ln 2+sin x 

Tt 4 

: ) “3 

= oF} = 

2) 3 
Given differential equation is 

(2) -2®+y=0 ws) 
dx dx 


10. 


11. 


(a)y=2 > dy _9 
dx 


On putting in Eq. (i), 
0? -—x@)+ y=0 
= y=0 which is not satisfied. 
(b) y=2x > dy =2 
dx 


On putting in Eq. (i), 
@)?-x-2+ y=0 


= 4-2x+ y=0 
= y=2x which is not satisfied. 
(c) y=2x-4 > dy 2 
dx 
On putting in Eq. (i) 
(2)?-x-2+y 
4-2x+2x-4=0 [. y=2x—-4] 
y =2x—4is satisfied. 
(d) y=2x*-4 
a =4x 
On putting in Eq. (i), 
(4x)? —x-4x+ y=0 
= y=O0which is not satisfied. 
Given, y=(q +) cos(x+@)-GMe*® ..() 
> y=(q + Cy) cos (x + G)—cy e+e 
Now, let Go +@=A,G =B,cye*=c 
> y=Acos (x+ B) - ce* .. (11) 
On differentiating w.r.t. x, we get 
dy =— Asin (A+ B)-ce* .. (ili) 
dx 
Again, on differentiating w.r.t. x, we get 
Ley ee (x + B) — ce” ...(iv) 
dx 
2 
> ae =-—y-2ce (v) 
=> oe + y=-2 ce 
Again, on differentiating w.r.t. x, we get 
£9, Wo-s ce” ...(vi) 
3 2 
=> es + a = 3 +y [from Eq. (v)] 


which is a differential equation of order 3. 
We have, 
flz)=1- ax+ [e** f(t) de 
On multiplying e™* both sides, we get 
e* f(x)=e* - Qxe* + |e! fle) dt 


12. 


On differentiating both side w.r.t. x, we get 
ef’ (x)-e*f(x)=-e@* — 2e* + Qxe* +e f(x) 
= f(x) 2flx)= 22-3 
[dividing both sides by e*] 


Let f(x)=y 
= f(y= 2 
dx 


dy 
. “+ -2y=2x-3 
dx e 


which is linear differential equation of the form 
dy + Py=Q. Here, P =—-2 and Q = 2x-3. 


dx 

Now, =e? *%=d 7 = 6% 

.. Solution of the given differential equation is 
ye = J @x— 3) e* dx+C 


—2% —2x 
ye = ese) +2/° dx+C 
2 
[by using integration by parts] 
—2x. —2% 
oe (Qx-3)e™ _e 2G 
2 2 


=> y=(1—x)+Ce™ 
On putting x = Oand y=1, we get 
1=1+C => C=0 
oe ysl—x 
y =1-.x passes through (2, — 1) 
Now, area of region bounded by curve y=,/1—x”and 
y=1- 1s shows as 


ay 
B(0, 1) 
y= 1-x2 
xX’ a >x 
-1,0 O (1,0) 
y=1x 
y’ 


.. Area of shaded region 
= Area of 1st quadrant of a 
circle — Area of AOAB 


TT 2 1 
=—(1)°-—=x1xl 
40) 2 
__1_n-2 
he Oe 


Hence, options b and care correct. 


Here, (1+ e&)¥ + ye =1 


> dy @ Moyet 
dx dx 

= dyt+edy+ ye’ dx=dx 

> dy + d(e’y)=dx 


On integrating both sides, we get 
ytey=x+C 


13. 


14, 


343 


Differential Equations 


Given, y 0) =2 
= 2+e°-2=0+C 
> C=4 
ydt+e)=x+4 
x+4 
> y= 
l+e 
Now at x=-4, y aan 0 
l+e 
y(-4) =0 ..(i) 
For critical points, Gad =0 
dx 
ta ee eae ea =0 
dx (1+ e") 
=> e& (x+ 3)-1=0 
or e* =(x«+8) 


VY’ 


Clearly, the intersection point lies between (— 1,0). 
«. ¥(x) has a critical point in the interval (— 1, 0). 
Since, centre lies on y= x. 
Equation of circle is 
x+y" 
On differentiating, we get 
2x+ 2yy¥ -2a -2ay¥ =0 
> x+ y¥ -a-ay =0 
x+ 
al a 
Again differentiating, we get 
_ (+ y+ yf +O P1- + yy) 0) 
dey y 
= (1+ ¥) [+ O/)?+ 9’]-@+ v¥) 0") =0 
=> 1+ ¥ 1)? + ¥ +14 ¥-2)=0 
On comparing with Py’ + Qy + 1=0, we get 


2ax —-2ay+c=0 


=> 


0 


P=y-x 
Q=(Y+¥41 
y? =2¢ (x + Ve) (i) 


On differentiating w.r.t. x, we get 


and 


Given, 


dy dy 
7) =2¢ = °¢= 
a ae Ode 
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On putting this value of c in Eq. (i), we get 


dy may 
=> =2 x4 
eda ae 
dy | 
> 2 2 
sie dx w(2 
2 3 
- (em gf-o(@) 
dx dx 
Therefore, order of this differential equation is 1 and 
degree is 3. 
15. he ake 
oY = (2+ By) (By - 2) 
dx 
tl =dx > : dy = dx 
25y° - 4 25) ,2_ + 
25 
On integrating both sides, we get 
td a = | dx 
25 - 7 2 
5 
ibys og ‘5 gee |-aec 
25 2x yt2/5 
by - 
=> log = 20(x + C) 
byt 
=> 5y - 2 = Ae2™* [ e20e _ Al 
by +2 
when x= 05> y=0,then A=1 
. 5y —2 = 20x 
: by+2 
li 5f(x) —2 =~ lim e20x 
x>-0| 5f(x) +2] x >-© 
cy 5f(x) - 2] _ 
n—>-0| Bf(x)+ 2 


> lim 5f(x)-2=0 


na-o 
; 2 
> lim f(x) =—=0A4 
n>— 5 
: dy _ yal” a | 
16. Given, a 
dx xx” —1 
| dy =| dx 
yf 9 1 acy) iL. 
> sect y= sect xtc 


17. 


18. 


2 7 
Atx=2, — —=—+c¢ 
y= 3B 6 
1 
> c=-— 
6 
1 
Now, y=sec|sec | x«— 4 
= cos | co ge — co As 
i % 
1 (v3, 3 
= cos i} 
ox 4 
8, 1h 
2x 2 
Given, P(1) =Oand art -P(x)>0,V x21 
xt 
On multiplying Eq. (i) by e*, we get 
Ps eae: one e*~>0 
dx dx 
d mx 
> — (P(x): e“)>0 
dx 
> P(x). e~ is an increasing function. 
=> P(x). e€*>P()-el,Vx21 
=> P(x) >0,Vx>1 [= 


Equation of tangent to the curve y= f(x) at point 


A(x, y)is Y-y=— (X-x) 


y’ 
whose, x-intercept | x — yo , 0} 
dy 
y-intercept (0, yx 2) 
dx 
Given, AOPQ=2 
> El ye (» +@) =2 
2 dy dx 
> [+ y L\o- xp)=4, where p= 
Pp 
=> p’x’-Qpxy+4pt y7=0 
=> (y - px)’ + 4p =0 
y- px=2./—p 


=> y= pxt+2J-p 


P(1)=Oand e~* 


dy 


dx 


>0] 


(i) 


19. 


20. 


On differentiating w.r.t. x, we get 


d 1 - d 
p= p+ xt 2-[5\cn Py 
2 dx 


dx 
d _ 
-. 2 tx-(C py} =0 
dx 
=> G2 or x=(-p)?? 
dx 
dp 
If —=0 > p= 
dx amt 


On putting this value in Eq. (i), we get y= cx + 2V—c 


This curve passes through (1, 1). 


= 1=c+2-c 
> c=-1 

# y=-x+2 
> x+y=2 

Again, if x= (-p)yl? 


=>-p= 5 putting in Eq. (i) 


Tx 


yote2.4 =>- x= 1 
x x 


Thus, the two curves are xy=1 and x+ y=2. 


From given integral equation, f 0) =0. 


Also, differentiating the given integral equation w.r.t. x 


f’ (x) = f(@) 
If f(x) #0 
FO => log f(xw=x+ec 
> f (x) = ee 
f0)=0 => e&=0, acontradiction 
f(~=0, VxeR 
=> f(In5)=0 


Alternate Solution 


Given, f@)= [FO dt 
> fO0)=0 and f’(x)=f(@) 
If f(x) #0 
=> FO => Inf@=x+c 
=> f@m=e-e& 
f)=0 

=> e =0,a contradiction 

f(x) =0,VxeEeR 
= f(n 5) =0 


Let o(x) =e“ f(x) 
, 1 
0 (9) <0,x¢(0, 7] 


Here, 


and o’ @)>0,xe(1,1] 


21. 


22. 


23. 


Differential Equations 


>e*f’(x)-e*f(x)<0,xeE (0,7 
=> f (x) < Ff) O<x<- 
Here, f” (x) -2f' (x) + f(xwyz& 
=> f’(~e* -f We -f (We* + f(xje* =0 
= Sap me) -Ff@erj2t 
= “ir we*-f@e*}21 
dx 

ae 

aa f(x)} 21, Vx e [0,1] 


“. 0 (x) = e “f(x) is concave function. 


f)=f0)=0 

> $@)=0=f(@) 
> o (x) <0 
> e* f(x) <0 
f(x) <0 


Here, f(x) = (1 —x)?-sin?x + x720,V x 


and 26y'= f° Pe» 


— log j f(t)dt 


2(x — 1) 
(x + 1) 


= =| toes} fo9 


+ ve 


For g’ (x) to be increasing or decreasing. 
Let (x) = cae — log x 
x+1 


4 1 -(-1) 


o @)= 


(c+1)? x x(x+1) 
od (x) <0, Vx>1 
> o (x) <  ) 
> (x) <0 


From Kgs. (i) and (ii), g’ (x) <0, x € (1, ) 
~. g(x) is decreasing on x € (1, %). 
Here, f(x) + 2x =(1—x)?- sin? x+ x7 + 2x 
where, I: f(x) + 2x=2(1 + x)? 

2(1 + x”) =(1— x)? sin? x+ x” + 2x 
> (1 — x)? sin? x = x7 —2x+2 


=> (1-x)*sin?x=(1-x)?+1 

= (1-x)? cos? x=-1 

which is never possible. 

-. Lis false. 

Again, let h(x) =2f(«) + 1-—2x(1 + x) 
h(0)=2f0)+1-0=1 

hl) =201)+1-4=-3as [hO)hA(1) <0] 
= h(x) must have a solution. 


where, 


-. IL is true. 
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(i) 


.. (ii) 


(i) 
.. (ii) 
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Topic2 Linear Differential Equation and 


1. 


Lg 


Exact Differential Equation 


Given differential equation is 
(y? — x?) dx — xy dy = 0, (x # 0) 
dy_ 2 3 

> xy - yr =-x 

y ay » 

dy _ dt dy _1dt 
Now, put y?=t => 2 > 
ae ae dx ar 2 dx 

ae dt = Pe 

2 dx 
=> dt = 2, = Qn? 

dx «x 
which is the linear differential equation of the form 

Oe =@) 
dx 
Here, P=- 2 and Q = — 2x”. 
x 
2 
—[— dx 

Now, IF=e i 7 a 


‘s Solution of the linear differential equation is 


(IF) t = JQdFdx + a 


i st 
(5 )=-2](« x5 )aee xr 


as 


[where A is integrating constant] 


=> ya eth 
x 
y 
=> +2x=2 [t=y7] 
x 
=> y? + 2x? — Ax? = 0 
or y? + Qn? + Cx? =0 [let C = — AJ 


Given differential equation is 


y'dx + (+2) dy =0 
y 


> es + = x= = which is the linear differential 
dy y y 
: dx 
equation of the form — + Px=@Q. 
dy 
Here, P= and — 
y Bd 
J=dy i 
Now,IF=e” =e?” 


..The solution of linear differential equation is 
x: (IF) | Q(UF)dy + C 


1 
yp 


axe =| e Ydy+C 


xe =[(Ci)edt+C [-let-+ =15+4 +, dy= af 
Jy y 
=-— te + | edt+C [integration by parts] 


=-te+e+C 


=xe at gi Oe ee 6: .. G) 
Jv 
Now, at y=1, the value of x = 1, so 
L-etset+e1+C>aC= Z 
e 
On putting the value of C, in Eq. (i), we get 
1 ely 
a 
y e 
v2 
Sb.2ky ed Gevalia e244 oe? a 
2 e 2 ve 


. Given differential equation is 


+ ytanx=2x+ x’ tan x, which is linear differential 
m0 


equation in the form of o + Py=Q. 
x 


Here, P = tanxand Q =2x+ x" tanx 

-IF= gl tanx dx = loSe(secx) =secx 

Now, solution of linear differential equation is given as 
yx IF = | Q x IF)dx+C 


“. y(secx) = f Qx + x* tan x)secxdx+C 


=| (2x secx) dx + | x’secx tanxdx+C 
eu | x" secx tan x dx = x seca — | (2xsec x) dx 


Therefore, solution is 


ysecx = 2[ xsecx dx + x secx—2{ xsecx dx+C 


=> ysecx =x"secx+ C ...(i) 
 y0)=1510)=00)+C>C=1 
Now, y =x" + cosx 

and ¥y =2x-sinx 

According to options, 


»(2)-»(@)-CG)-4) 
{ ’ ! #” 2 


(tara) C3) 3) 
nae 


= 

4 

t|-2 Stat pal 
and 3(3) az a " if c Boo 


Given differential equation 


[from Eq. (i)] 


=(tanx— y)sec”x 


> dy + (sec’x)y = sec*xtan x, 
dx 
which is linear differential equation of the form 
dy 
+ Py=Q, 
dx 


where P = sec?x and Q = sec” xtan x 


Download More Books: www.crackjee.xyz 


2 
IF- alte xdx —etanx 


So, solution of given differential equation is 
yx IF = [@xIF)dx +C 
y(etan*) = fem -sec’x tanx dx+C 
Let tanx=t = sec’xdx =dt 
yelan* =[e -tdt+C= te’ — fe‘ae +C 
[using integration by parts method] 


=el(t-)+C 
=> y- eam — eX (tanx—1+C [. ¢ = tan x] 
; y(0) =0 
> 0=10-)+C> Ce=1 


y- et * —e™* (tan —1)+1 


Now, at x= an 
4 


ye +} =et(-1-l)+1 
> ye! =-2e!+1>y=e-2 


Key Idea (i) First convert the given differential equation into 


linear differential equation of the form & +Py=Q 


(ii) Find IF 
(ii) Apply formula, y(IF) = [ QUF)dx + C 
Given differential equation 


ee — (sin x)y = 6x 
dx 


> ay (tan x)y = , which is the linear 

dx cosx 
differential equation of the form 

dy + Px=Q, 
x 
where P = -tanx and Q = id 
cosx 

So, IF= VOR sp loakeensh < enay 


.. Required solution of oe equation is 


y(cosx) = | (6x) o8* de + C= 6 ave ees 
COSX 
Given, *) = 0 
(5 
Tt 7 
So; 0-95) vOeve 


2 
y(cosx) = 3x7 = * 


T 
Now, at x=— 


for) 


6. Given differential equation is 


xP + 2yaa%, (x #0) 
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which is a linear differential equation of the form 


Hers, P=" onde 
x 


Since, solution of the given differential equation is 


yxIF = | QxIF) dx+C 


4 
AGE) =| (xx x") dx+C = yx” =" + C 


1 3 
l)=1s0ol=-+C >C== 
y(1) so Pi => ii 


2 x" Bye 3 
4.4 4 Ax? 


7. Given differential equation is 


G+ yf 2 


mn dy i 2x i 1 
dx 1+ x? (1+ x”)? 


[dividing each term by (1+ x”)7]_ ...(@) 
This is a linear differential equation of the form 


+ Qx(x? + Ny =1 


dy 
“4+ P.y= 
en y=@ 
Here, P = = 7 i 
+ x7) (1+ x”) 


1+ x? 


.. Integrating Factor (IF) = e 
en +x 2) =(1 +x 2) 
and required solution of differential Eq. (i) is given by 


y- AB) = [ @UFdx+C 


= y(t x) = | ao (1+ x°)dx+C 


dx 


ard 


=> y(t x”) = | 


=> y(1+ x”) = tan l(x)+C 


y(0) = 0 
C=0 
y(l+ x*) = tan bx [. C = 0 
an _ tan lx 
1+ x? 
an Jay=Ja (ss #| 
1+ x 


[multiplying both sides by Va] 
Now, atx=1 


Jay (1)= Ja one 2 )=va 


™ (given) 


Jq 4 =NOR _ 
2 8 
Meet 
7a 496 
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8. 


se 


We know that, slope of the tangent at any point (x, y)on 
the curve is 
2 
-2 : 

a mt ed (given) 

dx x 
> dy + = y=x ses) 

dx x 


which is a linear differential equation of the form 
d 

“+ P(x) y= QO), 

dx 


where P(x) = a and Q(x) =x 
x 


Now, integrating factor 


2 
P(x)dx — dx 
al (x) Be 2B x 


(IF) 


[..m log a =loga”™] 
=x [- eB FO = FQ) 
and the solution of differential Eq. (i) is 
y(IF) = | Q(x) (IF)dx + C => y(x*) = | xx? dxt+C 


x! 


2 
> x =—+C 
- 4 


..(ii) 


-: The curve (i1) passes through the point (1, — 2), 
therefore 


be Ae 
4 


. Equation of required curve is 4 yx" = x* —9. 

Now, checking all the option, we get 

only (V3 , 0) satisfy the above equation. 

Given differential equation is 

dy 

dx 
dy 1 : 

=> oY 4 = y=log,x seul) 
dx x 


Which is a linear differential equation. 
1 


. dx 
So, if=e * 


x— + y=xlog, x (x>1) 


= el Be x 


=x 
Now, solution of differential Eq. (i), is 


yxx=| (log, x) xdx+C 


2 2 
x a Ald 
> x~=— log, x x= dx+C 
yx => log. x- | x= 
[using integration by parts] 
2 2 
x x a 
> x=—log,x-—+C soe 
SES (ai) 
Given that, 2y(2)=log,4-1 ... (iii) 
On substituting, x =2,in Eq. (ii), 
we get 
4 4 
2y(2) =—log,2-—+C, 
y@) 5g Ee 
[where, y(2) represents value of y at x = 2] 
> 2y¥@)=log,4-14+C ... (iv) 


[. m log a = log a” ] 


10. 


11 


From Eqs. (iii) and (iv), we get 


C=0 
So, required solution is 
2 
yx = . log, x — Ea 
2 4 


2 2 


Now, at x=e ey(e)= 7 log, e- 2 


{where, y(e) represents value of y at x = e] 


> y(e) = | [- log, e=1]. 
We have, dy + (7 *y =e* 
dx x 
pees dy 
which is of the form ag + Py=Q, where 
x 
po and @=e** 
1+ 2x 1 
dx —+2/dx 
Now, IF ages _Jl * ade ) 
= @nxt 2x = en ; eX =x e* 
and the solution of the given equation is 
y- (IF) = | (IF)Q dx+ C 
> yae*) = | (xe .€*) dx+C 
xe 
=[xdx+C=>+C .. (i) 


. iL; 
Since, y= ; e? when x=1 


sone as +C >C =0 (using Eq. (i) 
x x 
Qa — Doc 
xe = — = =—e 
y (xe™) : I=, 


No 


Ww, dy _1 : % gr ( a= — ax} <0, 
dx 2 2 2 


[by using product rule of derivative] 


Po eet 
2 


and y(log, 2) = a2 @ 2loge 2 ; log, 2 ele x? 


1 er eee 

=~—.log,2:2“=-—log,2 

5 108. 3 108. 
Gren P@eT— 7 @ eso) 


Lg 


On putting f(x) = yand f’ (x) = @ then we get 
x 


dy 439 
dx 4x 
dy 3 : 
> — + — =7 eee 
dx ed @) 


which is a linear differential equation of the form 
WY . Pya® ghee = and O= 7. 
dx Ax 
oe dx 
Now, integrating factor (IF) =e 4 


3 
—logx 
a gs 


4 
e los x 


el4 


12 


and solution of differential Eq. (i) is given by 
y(IF) = | @-(IF))dx+C 
yal* = [ Tf4dx+C 


> y=4x4+C x24 


lim x4(=} = lim (i+c | =n (44+ Cx"4)=4 


x07 x x20t \Xx x>0t 


Given, differential equation is 
dy | ( 3 
dx \cos*x 
: dy 3 
equation of the form — + Py=@, where P = —, 
dx cos” x 
1 
cos” x 
Now, Integrating factor 


il ogc & : F ; 
y= z~ which is a linear differential 
cos” x 


and 


3 
J dx 2 

2 83sec” x dx i 

= a é& ®"* and the solution of 


IF = e cos” x = 
differential equation is given by 


(IF) = [ @. (IF) dx 


=> @tane y=] 2 AMX c60? x dx . (i) 
Let I=[ &* sec? x dx 
Put 38tanx=t 
> 3sec’ x dx = dt 
t t 3 tanx 
I=[<dt=<+C=5 ve 
3 3 3 
From Eq. (i) 
ge tan 
gir yoo 40 
3 
It is given that when, 
x=— ie 
gers 
3 
= @2e* 26 
3.3 
> C=é 
é tanx 
Thus, & @*y +é 
3 
Tt e° 
Now, when x =-— 6° y= te 
4 3 
1 
=> y= +a ae tan(—)--1 
3 4 
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13. Given differential equation can be rewritten as 


7d -y =x, which isa linear differential equation of 
GN 


the form o + Py=Q, where poe and @=x. 
x x 


Now, integrating factor 
2 


— dx 
(IF) Fy x evlogx eloex” Pres 
[ costs) — f(x) ] 
and the solution is given by 
y(IF) = | Q x IF) dx+C 
> yx" = | x dx+C 
4 
= y= X+C ti) 


Since, it is given that y=1 when x=1 


.. From Eq. (i), we get 


3 


iS 6f30S" ti) 
4 4 


Ax*y = x1 +3 [using Eqs. (i) and (ii)] 


xt +3 
=> = 5 

Ax 

1 

—+3 
Now, (3) 16 I Bi 

2 rae 16 
. We have, 


oe! 
sin x + yeosx=4x => oY 5, ycotx=4xcosec x 
dx dx 


This is a linear differential equation of form 


dy 
—+Py= 
ar, Q 
where P = cot x, Q =4xcosec x 
Now, IF gre al cotxds: _ glogsin x _ sin x 


Solution of the differential equation is 
y-sin x= | 4x cosec xsin xdx+ C 


> ysinx = | 4xdx+C =2x"+C 


Put x=2,y=0, we get 


2 2 


Ga => ysin x= 2x? — = 
2 2 
Put ga 
6 
1 n n 
Fe\ecsig ier |) = ee 
(5) (=| 2 
=> get tT > y= 8x* 
9 9 


Alternate Method 


no ‘ ; 
We have, sin a + ycosx=4x, which can be written as 
x 


d : 
aay é =4 
(sin x- y) x 
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On integrating both sides, we get 
dad. 
— xy): dx =| 4x-dx 
| zine »)-de= | 


‘ Ax” 5 2 
> y-sinx=—+C => y-sinx=2x°+C 
2 
Now, as y=0when x= — 
2 
Ces". 
2 
2 
> yrsinx = 2x7 — 7 


Now, putting x= ; , we get 


(5]=2 aw) a i x” = 8x” 
2 36) 2 9 9 


15. Given differential equation is 


y(l + xy) dx = x dy 


=> ydx+ xy? dx =x dy 

ss BOAT ON aig 
Bf 

=> (ides #0) xdx => a(*)=sas 
a y 


On integrating both sides, we get 
2 


xx ; 
—-—=—+C wd 
oS (i 
- It passes through (1, — 1). 
2 
x x 1 
Now, from Eq. (i) -— =— + = 
y 2 2 
=> Peise= 
a 
2x 
= = 
xe 


16. Given differential equation is 


(toon + y=2xlogx 
dx 


> + 


This is a linear differential equation. 
1 


——-dx 
IF=e x log x = log(log x) = log x 


Now, the solution of given differential equation is given 
by 
y-logx= | log x-2dx 


=> y- log x=2[ log xdx 


> y-logx=2 [xlogx-—x]+c 


18. PLAN 


At x=1 > c=2 
=> y-logx=2 [xlogx-—x]+2 
At x=e, y=2(e-—e)+2 
=> y=2 
17. PLAN (i) Solution of the differential equation © + Py=Qis 
x 


y- (IF) = JQ-(F) dx +c 
where, IF sel ia 


(ii) ie f(x) dx =2 ih f(xc) dx, if f(—x) = F(x) 


Given differential equation 
_ xt + Ox 


dy x 9 
dx xr -1 j1-« 


This is a linear differential equation. 


x 
Fetal Lint? -1I 5) 
IF=e =e2 = /jl-x 


3 
= Solution is y,/1 x =| Wea. 1-27 dx 


yl—x? 
or yi P af el +a)den E+ ete 


3/2 3/2 x2 
Now, |’, f@dx=[" ae 
{using property] 
W320" 
= | dx 


0 2 


n/3 sin 
= | . 


os 8 dé [taking x =sin 6] 


0 cos 
13 /3, 
=2 sin26 de =[-a — cos 20) de 


-(0 ny 2 sin2n/3 nm 3 
2), 8 2 3 4 


Whenever we have linear differential equation containing 
inequality, we should always check for increasing or 
decreasing, 


i.e. for Y 4 Py<0 => Y Py>0O 
a: ax 


x 


Multiply by integrating factor, i.e. gira and convert into 
total differential equation. 
—| 2dx 


Here, f’ (x) < 2f(x), multiplying by e 
f’ (x)-e* -26 f(x) <0 3 “ (f(x)-e*) <0 


“ O(x) = fide is decreasing for x € E ; 1 
Thus, when x > F 


(0) <6 (5) => &*f@)cet. (5) 


19. 


20. 


21. 


= fe)<e*1.1, given iG =f 
= 0< fadx<[., &) dx 
= 0<[., fo av<( | 

2 
= 0<[) f@)dx<@—* 
Given, jim LOE FO Sl 
= xf” (6) 2x f(x) +1 =0 
, #f pelts | 1 24 
- | AS )-4 


On integrating both sides, we get 


f(x) = ot 


Also, f(1) =1, c=2 
2 1 
Hence, x) = = x? + — 
f(x) 3 a 
Given, x dy = y(dx + y dy), y>0 
> x dy — y dx= y"dy 
xdy-ydx x 
> 7 =dy> d =-—dy 
y y 
On integrating both sides, we get 
—=-yte sas) 
y 
Since, yQ)=1 3>x=1,y=1 
c=2 


Now, Eq. (i) becomes, ~ + y =2 
nd 


Again, for x=-3 


=> 3+ y=2y 
=> y? -2y-3=0 
=> (y + 1) (y—-3)=0 


As y>0, take y =3, neglecting y=- 1. 


dy t 1 
= dy(@)=-1 
dt (4) (1+ t) a 


Which represents linear differential equation of first 
order. 


Given, 


t 
i te 2 ei (l+t)_ ot 
IF =e =e e =e'-(1+ 2) 


Required solution is, 


ye’ (1+t)= [jee (+t) dt+c={ e'dtt+e 


> ye? (1+ t)=-e'’ +e 


22. 


23. 
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Since, y@0)=-1 
=> -1-e€ 1+0)=-e+¢ 
c=0 
1 1 
= > 1)j=-— 
oF ag OS 
Here, f’ (x) =2- 1@) 
x 
dy  Y_or: : ‘ ; pod 
or — 4+ =2 [i.e. linear differential equation in y| 
dx x 
: lie dx laee 
Integrating Factor, IF=e* =e%*=x 


.. Required solution is y- (IF) = | Q(IF)dx + C 


=> y(x) = | 2(x) dx+C 
> yx= x7 +C 
veue & [.C #0, as f(1) #1] 
x 


(a) lim f’ (=}- lim (1 — Cx’) =1 


x70 x x2 0* 


.. Option (a) is correct. 
(b) lim x (5) = lim (1+ Cx’)=1 
x23 0* x x3 0t 
«. Option (b) is incorrect. 
(c) lim xf’ (x)= lim (x?-C)=-C #0 
x3 07 x3 0t 
.. Option (c) is incorrect. 


(d) f@=x+ © c#0 
% 


For C >0, iim f(x) = 


x70 
. Function is not bounded in (0, 2). 
.. Option (d) is incorrect. 

PLAN Linear differential equation under one variable. 
dy ; [Pax 
—+Py=Q; IF=e 
ax 

. Solution is, y(IF) = [ Q- (IF)dx +C 

y’-ytanx=2x secx and y(@Q)=0 
dy 


> ytan x =2xsecx 
dx 


IF =| e tanx dx= elosl cos xl =cosx 


Solution is y-cos x= 2xsecx-cosxdx+C 


> y-cosx=x"+C 
As y@0)=0> C=0 
: y= x" secx 
2 
T T 
Now, —|=—— 
5) 82 
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24. Let 


25. 


Ww (x) = u (x) — v (x) scu(L) 
and h(x) =f &)-g @) 
On differentiating Eq. (i) w.r.t. x 
dw _du _dv 
dx dx dx 
={f (x)- p(x) u@}-{g@)-p(v@)} [given] 
={f (x) — g (@®)}— p@) [wu @) —v @)] 
> OY fGen ... (il) 
dx 
> ” + p (x) w(x) =h (x) which is linear differential 
be 
equation . 


The integrating factor is given by 
Teg) PO ee) [let] 
On multiplying both sides of Eq. (ii) of r(x), we get 
re) 22 + pa) (r (x)) w (x) =r (x): h (x) 


= 5 r@w@)=r@-he@) } Z=pe-rc| 


dx 
a P(x) dx 
Now, r (x)= >0,Vx 
and h (x) =f (x) - g (x) > 0, for x > 4% 
Thus, <. [r (x) wW(x)] >0, Vx>x, 
x 


r (x) w (x) increases on the interval [x, © [ 
Therefore, for all x > 4, 
r (x) w (x) >r () wy) >0 
[. r(x) >Oand u (4%) > uv ()] 
> w(x) >OVx>x% 
=> u (x) > u(x) Vx>%y [. r(x) >0] 
Hence, there cannot exist a point (x, y) such that x > x, 
and y=u (x) and y=v (x). 
dy 


a y: & (*) = g@) & (x) 
x 


IF= le de _ gatx) 
. Solution is y (e&”) = | g(x): g (x)-e& dxt+C 


Put g(x) =t, g (x) dx=dt 
y(&) =| t-e dt+C 


=t-e —[1-e dt+C =t-e-e&+C 


y & = (g(x) -1) & + (i) 
yO) =0, gO) = g@) =0 


Given, 
.. Eq. G) becomes, 
yO): e% = (g@) - 1): +C 

> 0=(1):1+C => C=l1 

yx): & = (g(x) - 1) & +1 

y(2)- e& = (g(2) - 1) &? +1, where g(2) =0 

y2)-1=(-1)-141 
y2) =0 


yo 


Topic3 Applications of Homogeneous 


Differential Equations 


1. Given, ) = a 
dx x 
dy 2 : : : 
=> | oF = | dx [integrating both sides] 
y x 
2 : 
> log,|yl=--—+C 20a.(1) 
x 


Since, curve (i) passes through centre (1, 1) of the circle 
+ y —2x-2y=0 
log, (1) =~" +C>C=2 
.. Equation required curve is 
log. yl=-= +2 [put C =2 in Eq. (i)] 


=> xlog,| y|=2(«—- 1) 


. Given differential equation is 


(x? — y*)dxt 2xy dy =0, which can be written as 


dy = y? = x 
dx 2xy 
Put y= vx [.: it is in homogeneous form] 
dy dv 
> — =v+x— 
dx dx 
Now, differential equation becomes 
dv ux? = dv (v?=1)x" 
UtXx = a Sa = 5 
dx  2x(vx) dx 2ux 
dv. v*-l v?-1-2v" 
> x— = v= 
dx 2v 2u 
dv l+v" 2u du dx 
—— ee pe 
dx 2u l+uv x 


=> In(i+v’)=-Inx-InC 


J a dx = In| f(x) ad 


[. In A+1n B= In AB] 
[log, x=0 > x=e9 =1] 


=> In|(1+v’*)Cy=0 
> (+v)Cr=1 


Now, putting v= = we get 
x 
yy? 
[14% ]oe= 1 SC’+y)=x 
ie 
+: The curve passes through (1, 1), so 
C+1)=150=5 


Thus, required curve is x7+ y”?—2x =0, which represent 
a circle having centre (1, 0) 


.. The solution of given differential equation represents 
a circle with centre on the X-axis. 


. Given, differential equation is ° - : p(t) =-200isa 


linear differential equation. 


Here, pit)= > , Q(t) = -200 


1 t 
ir=d {3} =e 2 
Hence, solution is 
p(t): IF= | Q(t) -IF dt 
t _t 
p(t)-e 2 = [ -200-e de 


t t 


p(t).e 2=400e 2+ K 


_ p(t) = 400+ ke Y? 
If p@)=100, then k =-300 F 
=> p(t) = 400 — 300 e2 
. PLAN To solve homogeneous differential equation, i.e. substitute 
Yay 
x 
dy av 
. y=vun > v+tx 
dx dx 


Here, slope of the curve at (x, y) is 
oY da see( 2} 
dx «x x 
BY 


Put “=v 
x 


dv dv 
vu+x—=v+sec(v) => x—=sec(v) 
dx dx 


> | du = de > | cos udv= as 

secu x x 

> sinv=logx+loge > sin (2} = log(cx) 
x 


As it passes through (1, 4 = sin (*) =loge 
> log c= 
sin (2} =logx+ Z 

x 2 


. Given, =(100-12Vx) =dP =(100-12Vx) dx 
x 


Nle 


On integrating both sides, we get 
| ¢P={ (00 -12Vx) dx 


P =100x - 8x7 + C 
When x =0, then P =2000 = C =2000 
Now, when x = 25, then is 
P =100 x 25 —8 x (25)*? + 2000 
= 2500 —8 x 125 + 2000 
= 4500 — 1000 = 3500 


. Given, (x? + xy + 4x + 2y + 4) 2 y?=0 
a0 


=> [(x? + 4x + 4)+ y(x + 2)] & _y?=0 
x 
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d 
_ [(x + 2)? + y(t 2)]  — y? =0 
dx 
Putx+2=X and y=Y, then 
(x24.xv) 2% _y2=0 
dX 


X°*dY + XYdY -Y7dX =0 


> 
=> X?dY + Y(XdY -YdX)=0 
dY XdY -YdX 
en _ 
Y xe 


> 4 (ogl¥ |) =4 [5] 


On integrating both sides, we get 
~log IYI==+C, where x+2=X and y=Y 


= — log |y|=—~+C i) 
x+2 
Since, it passes through the point (1, 3). 
. —log3=1+C 
> C =-1-log 3=- (log e+ log 8) 
=-—log 3e 


«. Eq. G) becomes 


log | yl + — log (8e) =0 
x+2 


=> log (+2 =0 ...(ii) 
ie 


Now, to check option (a), y= x + 2 intersects the curve. 


=> tog (227) 4 22-0 = Jog (#27) -—1 
2 3e 


8e x+ 
= |x+ 2] _ pal 
8e e 
> Jjxn+2/=3 or x+2=23 
“. x=1,-5 (rejected), as x>0 [given] 


“. x= 1 only one solution. 
Thus, (a) is the correct answer. 
To check option (c), we have 


y= (e+ 2)? and log (2) + y =0 


8e x+2 
2 2 2 
=> log ere , ere) =0=> log eri =— (x+ 2) 
8e x+2 8e 
2 
iy MOY or (x+ 2). 6+? =3e se? = ae = 
3e (x+ 2)” 
¥ 
eXt2 
e? 
Bee 3e/(x +2) 
0 >X 
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Clearly, they have no solution. as, X is required differential equation. 
To check option (a), y = (v+ 3)? dt 
; +3P +3) 
1.e. log ss | | a > =0 9. Since, the length of tangent =| y,/14 (3) =1 
To check the number of solutions. dx\" 
(c+ 3)° => y 1+ (2) =A 
Let g (x) =2 log («+ 3)+ — log Ge) y 
(x+ 2) 
2 e La es 
gas, ; [er zer doers 4 0 dx 1-y 
41-» 
_ 2, (+ 8)e4+1) = | dy=+ [ xdx 
x+3 (x + 2)? a 
| 2 
Clearly, when x >0, then, g’ (x) >0 = | eee dy=tx+C 
g(x) is increasing, when x > 0. 
Thus, when «>0, then g(x) > g(0) Put y=sin@ > dy=cos@ dé 


cos® 
0) > log (2) +2 >0 | a el 
e 
2 
Hence, there is no solution. Thus, option (d) is true. => | stud 8 -sin6 dd=+tx+C 
sin*6 


7. Since, BP: AP =3:1. Then, equation of tangent is 


i. Again put cos8@=t => -sin®@ dO =dt 
Y-y=f' @® (X-» one 


2 


The intercept on the coordinate axes are ss -| ; : 5dt=tx+C 
= E- 
A [: ae! | 
f’ @) = | [.- j]ai=s asc 
and Bly-xf’ @] r 
Since, P is internally intercepts a line AB, => t — log . z =tx+C 
y 
3 [»- +1x0 2 
1+,1- 
= f’ (@) = /1—y" -log : Y jatx4+C 
341 1-1l-y? 


10. Given, liquid evaporates at a rate proportional to its 


surface area. 


=> —«-S ..-(i) 


> dy __Y a5 =a 
dx —8x y 3x 


On integrating both sides, we get 
xy =¢ 
Since, curve passes through (1, 1), then c=1. 


xy =1 


1 
At x=—=> y=2 
8 J 


Hence, (a) and (c) are correct answers. 


eee, 
8. Since, rate of change of volume « surface area and surface area = ar 


= dV ga or V=5nrh and S=ar" iti) 
dt = 
Se dr =_4nr2 Where, tan@ = 7] and : =tan@ .-. (11) 


dt 


11. 


From Egs. (ii) and (iii), we get 


Vaan cot@ and S=nr" ..-(iv) 
On substituting Eq. (iv) in Eq. (i), we get 
[ aa =~— kar? 
3 dt 
0 T 
=> cot Of dr=—k]. dt 
> cot O0- R)=-—k (T -0) 
> Reot§#=kT => H=RkT [from Eq. (iii)] 
> i= bss 
k 


. Required time after which the cone is empty, T = a 


Let O be the centre of hemispherical tank. Let at any 
instant t, water level be BAB, and at t + dt, water level 
is B A’ B,. Let ZO,OB, =8. 


Oz 


= AB, =rcos@ and OA=rsin @ decrease in the water 

volume in time dt = x AB? d (OA) 
[nr” is surface area of water level and d (CA) is depth 
of water level] 


=mr*-cos7@-r cos d@ 

= mr’ - cos’ 6 dd 
Also, h (t)=O,A =r—rsin®@ =r (1 —sin 8) 
Now, outflow rateQ = A-v(t)=A-06 2gr (1—sin @) 
Where, A is the area of the outlet. 


Thus, volume flowing out in time dt. 


=> Q dt=A-(06)-J2gr-./1—sin®@ dt 
We have, mr° cos® 6 dd = A (06)-./2gr -,/1 —sin® dt 
3 3 
Tr cos’ 8 deat 


A (06) j2gr J —sin6) 


Let the time taken to empty the tank be T. 


n/2 nr cos? @ 
Then, T= . do 
I A(6)-/2gr j1-sin®@ 
— nr n/21 —gin? 6 (—cos 0) 
= | dé 
A (06) J2gr °° 1-—sin 0 
Let t, =/j1-—siné 
a ee, 
1—sin@ 
—2ar° 


[, u-a-1 at, 


"=A 06) Bar 


12. 
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-~2nr° 0 4 2 
=> T= 1 1+t 2t-)] dt 
Fone { —207)] dt, 
—~2nr° 0 4 2 
> T= 1-1 -t, + 2t,] dt 
aoe 1 i aie 
onr® 0 4 2 
= i t 2t;) dt 
A (06) /2gr iF rah) dh 
0 
= T= 2nr° Poe 
A(6)j2gr|5 3 |, 
5/2 
= T= ie : {0 : 0+2| 
a(S | ar . 2 
10 
5/2 2) 5/2 
= pak z (107) ? {| 
= EI 43/8] 
(2x3)/g L 15 
2nx10°x7 142x110. 
= = it 
3-3-J/¢°3 27 Ig 


Let Xo be initial population of the country and Y, be its 


initial food production. Let the average consumption be 
aunit. Therefore, food required initially aX. It is given 


90 : 
Y, =aX, | —|]=09 aX es 

Pp 0 (=) 0 (i) 
Let X be the population of the country in year t. 
Then, a = Rate of change of population 

3 
=—— X =003 X 
100 
= aX _o03dt = | o =f 0.03 dt 
x x 

> log X =0.038t+c¢ 
> X=A. 0°! where A=e 
At t=0,X =X, thus X) =A 
7 X= X 0-98 ¢ 


Let Y be the food production in year t. 


Then, Y=y, (1 + +) =09aX, (1.04)' 
100 
Y,) =09 aX, [from Eq. (i)] 
Food consumption in the year t is aX, e°°°*. 
Again, Y-X2=0 [given] 


=> 09x, a 104) sexe" 
(104)’ 1 _ 10 
20-03 a 09. 9° 
Taking log on both sides, we get 
t[log (1.04) — 0.03] = log 10 — log 9 
_ log 10 — log 9 
log (1.04) — 0.03 


=> 
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13. 


Thus, the least integral values of the year n, when the 
country becomes self-sufficient is the smallest integer 
log 10- log 9 


greater than or equal to —-~——_—_-__ 
log (1.04) — 0.03 


Equation of normal at point (x, y) is 


dx : 
Y -y=-— (X-x) sae) 
dy 
Distance of perpendicular from the origin to Eq. (i) 
dx 
+ —. Bt 
dy 


2 
Hf 
dy 


Also, distance between P and X-axis is |y|. 
dx 
Jr 


dy 
ae) a (x? — y”) + 2xy|=0 
dy |\ dy 
dx 0 dy y-x 
dy dx 2xy 
But a =0 
dy 


= x=c, where cis a constant. 


Since, curve passes through (1, 1), we get the equation 
of the curve as x=1. 


2.2 
The equation ay Sy aaa is a homogeneous equation. 
dx 2Qxy 
d 
Put y=ux > Ol tei 6 
Xx dx 
dv ux? -x 
v+ x — 
dx 2x"v 
dv v’-1 ve -1-2v" vt] 
4% = = — 
dx 2u 2u 2v 
-2 
> z 7 duv= bis 
vu +1 x 


> ¢, — log (v? + 1) = log |x| 

2 
=> logixl@’+1)=4q = 1si[+1}-4 

x 
=x? + y=te% vor x7+ y?=+ ex is passing through 
(1, 1). 
: 1l+1l=+eé-1 
> + & =2 


Hence, required curve is x7 + y? =2x. 
b J q 


14. 


15. 


& « V for each reservoir. 
dV dV. 
[ona V > a = K V 
dx : dt a 
[K, is the proportional constant] 
oe 
= [p* M4 -- Kf ae 
Vs Va 0 
VA : -Kyt . 
=> log = Kyt => Va=V4-e 7 sx (1) 
Va 
Similarly for B, Vp = Vz eo? (ii) 
On dividing Eq. (i) by Eq. (ii), we get 
Va Va. 6th ~Ko)t 
Va Vp 
It is given that at ¢=0,V, =2 Vp, and at 
t=-—,V,=—-— Vp 
eae ale 
Thus, 3 gg Ki -Ket gM -K) -* (iii) 


Now, let at ¢ = t, both the reservoirs have some quantity 
of water. Then, 
Va=Vp 


From Eq. (iii), 2e“ ~*2) =1 


to 
> 2-(2) = 1. 
4 


to = logs)4 (1/2) 


Given, dy =sin (10x + 6y) 
x 
Let 10x+6y=t sa (1) 
> 10+6 dy = (=) 
dx \dx 
dx 6\dx 


Now, the given differential equation becomes 
sin -3(-10) 
6 


dx 
d t 
> 6 sin t=— —10 
dx 
=> CL ee ee 
dx 
6sin t+ 10 


On integrating both sides, we get 


1 dt a6 
oleae ... (il) 
ise L =] a =| dt 
3sint+5 | 2 tan t/2 
1+ tan? t/2 


(1 + tan? ¢/2) dt 
(6 tan z +5+5tan? ;] 
2 2 
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/2 x . 
Put tan t/2=u 17, A. T= [ (sin x)°* {cos x- cot x — log (sin x)*"*} dx 
1 2 2 du 7 
= -sect/2dt=du => dt=—,; ni2qd.. 
2 sec’ t/2 =| — (sin x)°** dx=1 
2d 2d ae 
u u 
= dt = 3 =dt= 3 B. The point of intersection of — 4” = x and 
1+ tan“ t/2 1l+u 


x—-1=-5y"is (-4,-1) and (4,1). 
2(1+ u”)du 2 du y 
t=] er 
u 


oN 


2 2 
(1+ u*) 6u"+6u+5) 5 out! baa 
_ 2 J du 
5J > 6 9 9 
ue+ >ut+—— +1 , 
5 25 25 x"« (1,0) >X 
2; du 2 Oo 1fut3/5 
= J 2 Z=— 7 tan (- 4, -1) 
5 ( | (-) 5 4 4/5 
u+—| +]— 
5 5 
oe ae oe E os y’ 
4 .. Required area 
: se 5 i : 
On putting os in Eq. ah we get =9 {f, G-37g= i hey dy| 
1 5 tan 5 +3 37 
tan! =x+¢ 1 2 y 4 : 
=2) d-y)dy=2| y-—] ==sq units 
Fi 4 [,@- ay E al 384 
[ t 7 C. The point of intersection y=3*' log x and y=x* -1 
5 tan —+3 is (1,0). 
=> tan! =. =4x+ 4c , F get 
Hence, = =~— +31. log3-logx 
L J eG. 
a 1 Bb tan Gx+3y) +3] =tan Gx+ 40) n ( i 
4 dx) 9) 
> 5 tan (6x+ 3y)+ 3=4 tan (4x + 4c) For yor -1 
h = =0, t 
When x=0, y we ge = Lee eee 
5 tan0 + 3=4 tan (4c) 
d 
=> Oe tan 4c Be (=) =1 
4 dx) 4, 9) 
= 4c= tan! 3 If@ is angle between the curves, then tan = 0. 
5 > 6 =0° 
Then, 5 tan (6x+3y)+3=4 tan [ax tan? :) D. dy 2 = dx _x_y 
4 dx x+y dy 2 2 
=> tan 6x+ a= ian [ae tan 2)—2 => xe? ==. ye dy 
5 4 5 2 
1] yer? et? 
1/4 138 3 2 _ A | ,; 
=> 5x+8y=tan *|£ fran (404 tan lee = ne 5| 25 a/2y2 | k 
? ay 3 => x+ y+2=ke"” 
> 3y=tan! E {tan [4s tan! =| | 5x It passing through (1,0). 
> k=3 
‘ = 3/2 
> = tan : tan (4 tan! ;) 2 |.0% - eee 
3 5 4 5] 8 
Download Chapter Test Ohad) 


http://tinyurl.com/yym2wuku — or ia] 


15 


Straight Line and 
Pair of Straight Lines 


Topic 1 Various Forms of Straight Line 


Objective Questions I (Only one correct option) 


1. Astraight line L at a distance of 4 units from the origin 


makes positive intercepts on the coordinate axes and the 
perpendicular from the origin to this line makes an angle 
of 60° with the line x + y=0. Then, an equation of the line 
Lis (2019 Main, 12 April II) 
(a)x+/3y=8 

(b) (V3 + Dx + (V3 - Dy = 8V2 

(c) V8x+ y=8 

(d) (V3 — 1x + (/3 + Dy = 8V2 

. The equation y=sin xsin(x + 2) —sin?(x+ 1) represents a 
straight line lying in (2019 Main, 12 April 1) 
(a) second and third quadrants only 

(b) first, second and fourth quadrants 

(c) first, third and fourth quadrants 

(d) third and fourth quadrants only 


. Lines are drawn parallel to the line 4x-3y+2=0, ata 


distance : from the origin. Then which one of the 


following points lies on any of these lines? 
(2019 Main, 10 April 1) 


. The region represented by |x— y|<2 and |x+ y|<2 is 


bounded by a (2019 Main, 10 April 1) 
(a) rhombus of side length 2 units 

(b) rhombus of area 8V2 sq units 

(c) square of side length 2/2 units 


(d) square of area 16 sq units 


5. 


If the two lines x+ (a—-1)y=1land 

2x+a7y=1, (a e R—{0, 1})are perpendicular, then the 

distance of their point of intersection from the origin is 
(2019 Main, 9 April II) 


2 2 
2 2 
6 ” E 


Slope of a line passing through P (2, 3) and 
intersecting the line, x+ y= 7 at a distance of 4 units 


from P, is (2019 Main, 9 April 1) 
LB sil 
b 
@ 8 carr es! 
1-7 V5-1 
d 
©) 14+ V7 _ J5+1 


If a point RG, y, z) lies on the line segment joining the 
points P@, —3, 4) and Q(@8, 0, 10), then the distance of R 
from the origin is (2019 Main, 8 April 11) 


(a) 2/21 (b) V53 
(c) 2V14 (d) 6 


Suppose that the points (h, k), (1,2) and (—3, 4) lie on 

the line L,. Ifa line L, passing through the points (h, k) 

and (4, 3) is perpendicular to Z,, then k/h equals 
(2019 Main, 8 April II) 


(a) -+ (b) 2 
7 3 
(c) 38 (d) 0 
A point on the straight line, 3x+5y=15 which is 
equidistant from the coordinate axes will lie only in 
(2019 Main, 8 April |) 


(b) I quadrant 
(d) I, Il and IV quadrants 


(a) IV quadrant 
(c) I and IT quadrants 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


If a straight line passing through the point P(- 8, 4) is 
such that its intercepted portion between the 


coordinate axes is bisected at P, then its equation is 
(2019 Main, 12 Jan Il) 


(a) x- y+ 7=0 

(b) 4x - 3y + 24=0 

(c) 8x-4y+ 25=0 

(d) 4x + 3y=0 

If the straight line, 2x -3y + 17=0 is perpendicular to 
the line passing through the points (7, 17) and (15, §), 


then B equals (2019 Main, 12 Jan I) 
(a) 2 (b)- 5 == (d) 5 
3 3 


Ifin a parallelogram ABDC, the coordinates of A, Band 
C are respectively (1, 2), (8, 4) and (2,5), then the 
equation of the diagonal AD is (2019 Main, 11 Jan Il) 
(a) 8x+ 5y-13=0 

(b) 8x- 5y+ 7=0 

(c) 5x - 8y+1=0 

(d) 5v+ 38y-11=0 

The tangent to the curve, y= xe" passing through 
the point (1, e) also passes through the point 


(2019 Main, 10 Jan II) 
4 
(a) (=. 26) 
3 


(c) 2, 3e) 


(b) (3, 6e) 


(6) 


Two sides of a parallelogram are along the lines, 
x+ y=d3andx—- y+38=0. Ifits diagonals intersect at (2, 
4), then one of its vertex is (2019 Main, 10 Jan II) 


(a) (8, 6) (b) (2, 6) 
(c) 2, 1) (d) (8, 5) 


The shortest distance between the point (3 F 0| and the 


curve y= Vx, (x>0), is 
(a) 3 (v) > 
2 4 


(2019 Main, 10 Jan |) 


VB 


v3 q@ %° 
2 


@ 
2 


If the line 3x+ 4y—24 =0 intersects the X-axis at the 


point A and the Y-axis at the point B, then the incentre 
of the triangle OAB, where O is the origin, is 
(2019 Main, 10 Jan 1) 


(a) (4, 3) (b) (8, 4) 
(c) (4, 4) (d) (2, 2) 
A point P moves on the line 2x —-3y + 4=0. IfQ(, 4) and 
R@, —2) are fixed points, then the locus of the centroid of 
APQR is a line (2019 Main, 10 Jan 1) 


(a) with slope = (b) with slope = 


(c) parallel to Y-axis (d) parallel to X-axis 


A straight line through a fixed point (2, 3) intersects the 
coordinate axes at distinct points P and Q. If O is the 
origin and the rectangle OPR@ is completed, then the 
locus of Ris (2018 Main) 
(a) 8x+ 2y=6 
(c) 8x + 2y = xy 


(b) 2x + 38y = xy 
(d) 8x + 2y = 6xy 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


20. 


28. 


29. 


Let k be an integer such that the triangle with vertices 
(k, — 3k), (6, k) and ( k, 2) has area 

28 sq units. Then, the orthocentre of this triangle is at 
the point (2017 Main) 


oes) mes} 2) (es 


Let a,b,c and d be non-zero numbers. If the point of 
intersection of the lines 4ax+2ay+c=0 and 
5bx+2by+d=0 lies in the fourth quadrant and is 
equidistant from the two axes, then (2014 Main) 
(a) 2bc-3ad =0 (b) 2bc+ 3ad = 0 
(c) 2ad - 3bc=0 (d) 3bc+ 2ad =0 
If PS is the median of the triangle with vertices P(,2), 
Q@6,—1) and R(7,3), then equation of the line passing 
through (1,—1) and parallel to PS is (2014 Main, 2000) 
(a) 4x-7y-11=0 (b) 2xn+ 9y+ 7=0 
(c) 4x+ 7y+ 3=0 (d) 2x-9y-11=0 
The x-coordinate of the incentre of the triangle that has 
the coordinates of mid-points of its sides as (0, 1), (1, 1) 
and (1,0) is (2013 Main) 
(a) 2+V/2 (b) 2-V2 © 14+V2 (d) 1- /2 
A straight line Z through the point (8, —2) is inclined at 
an angle 60° to the line /3x+ y=1. If L also intersects 
the X-axis, then the equation of L is (2011) 
(a) y+ V8x+ 2-3/3=0 (b) y—V3x4+ 2+ 3V3=0 
(c) V8y-x+ 3+ 2V3=0 (ad) V38y+ x«- 34 2/3 =0 
The locus of the orthocentre of the triangle formed by 
the lines (1+ p)x- py+ p(1+ p)=0, 
(1+ @x-qy+q(1+ g)=0 and y= 0, where p¥#q,is (2009) 
(a) a hyperbola (b) a parabola 
(c) an ellipse (d) a straight line 
Let O(0, 0), P(3, 4) and Q(6, 0) be the vertices of a AOPQ. 
The point R inside the AOP@ is such that the triangles 
OPR, PQR and OQR are of equal area. The coordinates 
of Rare (2007, 3M) 

o(s4 

3 


a(t) (a3 off) 


Orthocentre of triangle with vertices (0, 0), (8, 4) and 
(4, 0) is (2003, 2M) 
() (35) 
4 


@(32) © @12 (A) (3, 9) 

The number of integer values of m, for which the 
x-coordinate of the point of intersection of the lines 
3x+4y=9 and y=mx+1is also an integer, is (2001, 1M) 
(a) 2 (b) 0 (c) 4 (d) 1 

A straight line through the origin O meets the parallel 
lines 4x+ 2y=9 and 2x+ y+6=0 at points P and Q 
respectively. Then, the point O divides the segment PQ 
in the ratio (2000, 1M) 
(a) 1:2 (b) 3:4 (c) 2:1 (d) 4:3 

The incentre of the triangle with vertices (1, Oy (0, 0) 
and (2, 0)is (2000, 2M) 


@ (13) (2,4) 029) @(1 +5) 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


If Aj, A,, Ag, A,,A,and A; be a regular hexagon 
inscribed in a circle of unit radius. Then, the product of 
the lengths of the line segments A)A,, Ap A, and AjA, is 


(a) 3/4 (b) 3/3 (1998, 2M) 
(3 (a) _ 


If the vertices P,Q, R of a APQR are rational points, 
which of the following points of the APQR is/are always 
rational point(s) (1998, 2M) 
(a) centroid 

(c) circumcentre 


(b) incentre 
(d) orthocentre 


(A rational point is a point both of whose coordinates are 
rational numbers) 


If P (1, 2), Q (4,6), R 6, 7) and S (a, b) are the vertices of 


a parallelogram PQRS, then (1998, 2M) 
(a)a=2,b=4 (b)a=3,b=4 
(c)a=2,b=3 (d)a=3,b=5 


The diagonals of a parallelogram PQRS are along the 

lines x+ 3y=4 and 6x-2y= 7. Then, PQRS must be a 

(a) rectangle (b) square (1998, 2M) 

(c) cyclic quadrilateral (d) rhombus 

The graph of the function cos x cos (x + 2) — cos” (x + 1) 

is (1997, 2M) 

(a) a straight line passing through (0, — sin” 1) with slope 2 

(b) a straight line passing through (0, 0) 

(c) a parabola with vertex (1, — sin” 1) 

(d) a straight line passing through the point (z. -sin? 1 
and parallel to the X-axis 

The orthocentre of the triangle formed by the lines 


xy=Oandx+ y=1,is (1995, 2M) 
(55) (53) 
(©) (0, 0) @(34) 


If the sum of the distance of a point from two 
perpendicular lines in a plane is 1, then its locus is 

(a) square (b) circle (1992, 2M) 
(c) straight line (d) two intersecting lines 

Line L has intercepts a and b on the coordinate axes. 


When, the axes are rotated through a given angle, 
keeping the origin fixed, the same line L has intercepts 


p and q, then (1990, 2M) 
1 121021 
(a)a7+ 0° = p?+¢@ 04's aa 
a Pq 
@a+p=h+e@ @Mit+tutyt 
p o& ¢ 


If P=(1,0),Q@=(-1,0) and R=(2,0) are three given 
points, then locus of the points satisfying the relation 
SQ? + SR? =2SP?, is (1988, 2M) 
(a) a straight line parallel to X-axis 

(b) a circle passing through the origin 

(c) a circle with the centre at the origin 

(d) a straight line parallel to Y-axis 


39. 


40. 


The point (4, 1) undergoes the following three 
transformations successively 


I. Reflection about the line y= x. 
II. Transformation through a distance 2 units along 
the positive direction of X-axis. 
III. Rotation through an angle 7 about the origin in the 


counter clockwise direction. 


Then, the final position of the point is given by the 
coordinates (1980, 1M) 


1 7 
(a) (=) (b) - ¥2, 7/2) 
1 7 
() (- +s =) (a) (2, 7 12) 


The points (-a,—b), (0,0), (a, b) and (a”,a®) are 
(a) collinear (1979, 2M) 
(b) vertices of a rectangle 

(c) vertices of a parallelogram 


(d) None of the above 


Objective Questions II 
(One or more than one correct option) 


41. 


Let a, A, up e R. Consider the system of linear equations 

ax+2y=A and 3x-2y=n. 

Which of the following statement(s) is/are correct? 

(2016 Adv.) 

(a) If a = — 3, then the system has infinitely many 
solutions for all values of A andu 

(b) If a # — 3, then the system has a unique solution for all 
values of A and 

(c) IfA + p = 0, then the system has infinitely many 
solutions for a = - 3 

(d) If’ + uw # 0, then the system has no solution for a = - 3 


42. For a>b>c>0, the distance between (1,1) and the 
point of intersection of the lines ax+ by+c=0 and 
bx+ ay+ c=0 is less than 2V2. Then, (2014 Adv.) 
(a) a+ b-c>0 (b) a—b+c<0 
(c) a~b+c>0 (d) a+ b-c<0 

43. All points lying inside the triangle formed by the points 
(1, 3), (5, 0) and (— 1, 2) satisfy (1986, 2M) 
(a) 8x+ 2y20 (b) 2+ y-1820 
(c) 2x - 8y -12<0 (d) -2x+ y>0 

Fill in the Blanks 

44. Let the algebraic sum of the perpendicular distance 
from the points (2, 0) , (0, 2) and (1, 1) to a variable 
straight line be zero, then the line passes through a 
fixed point whose coordinates are.... (1991, 2M) 

45. The orthocentre of the triangle formed by the lines 
x+ y=1,2x+3y=6 and 4x- y+ 4=0 lies in quadrant 
number... . (1985, 2M) 

46. If a, b and c are in AP, then the straight line 


ax+ by+c=0 will always pass through a fixed point 
whose coordinates are (...). (1984, 2M) 


47. y=10" is the reflection of y = log, x in the line whose 
equation is ..... (1984, 2M) 

True/False 

48. The lines 2x+ 3y+19=0 and 9x+ 6y-—17=0 cut the 
coordinate axes in concyclic points. (1988, 1M) 

49. No tangent can be drawn from the point (5/2, 1) to the 
circumcircle of the triangle with vertices (1, V3 ), 
(1,-V3) and (3, V3). (1985, 1M) 

50. The straight line 5x + 4y =0 passes through the point of 


intersection of the straight lines x+2y-—10=0 and 
2x+ y+5=0. (1983, 1M) 


Analytical & Descriptive Questions 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


A straight line L through the origin meets the line 
x+ y=landx+ y=38 at Pand Q respectively. Through 
Pand @ two straight lines L, and L, are drawn, parallel 
to2x— y=5and3x+ y=5, respectively. Lines LZ, and L, 
intersect at R, show that the locus of R as L varies, isa 
straight line. (2002, 5M) 


A straight line Z with negative slope passes through the 
point (8, 2) and cuts the positive coordinate axes at 
points P and Q. Find the absolute minimum value of 
OP + OQ, as L varies, where O is the origin. (2002, 5M) 
For points P = (x, y,) and Q = (x9, 2) of the coordinate 
plane, a new distance d(P,Q) is defined by 
d (P,Q) =|% —x,14+1- del. 
Let O = (0,0) and A = (8, 2). Prove that the set of points 
in the first quadrant which are equidistant (with 
respect to the new distance) from O and A consists of the 
union of a line segment of finite length and an infinite 
ray. Sketch this set in a labelled diagram. (2000, 10M) 
A rectangle PQRS has its side PQ parallel to the line 
y=mx and vertices PQ and S on the lines y=a,x=b 
and x =— b, respectively. Find the locus of the vertex R. 
(1996, 2M) 
A line through A (-5,—4) meets the line x +3y+ 2 =0, 
2x+ y+4=0 and x- y—5=0 at the points B,C and D 
respectively. If (15/AB)? + (10/AC)?=(6/ AD)", find 
the equation of the line. (1993, 5M) 


Determine all values of « for which the point (a, a”) lies 
inside the triangles formed by the lines 2x + 3y—1=0, 
x+2y-3=0, 5x-6y-1=0 (1992, 6M) 


Find the equations of the line passing through the point 
(2, 3) and making intercept of length 3 unit between the 
lines y+ 2x=2 and y+ 2x=5. (1991, 4M) 


Straight lines 3x+ 4y=5 and 4x-—3y=15 intersect at 
the point A. Points B and C are chosen on these two 
lines such that AB=AC. Determine the possible 
equations of the line BC passing through the point 
(1, 2). (1990, 4m) 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


A line cuts the X-axis at A(7,0) and the Y-axis at 
B (0, -5). A variable line PQ is drawn perpendicular to 
AB cutting the X-axis in P and the Y-axis in Q. If AQ 
and BP inters at R, find the locus of R. (1990, 4M) 


Let ABC be a triangle with AB = AC. If Dis mid point of 


BC, the foot of the perpendicular drawn from D to AC 
and F the mid-point of DE. Prove that AF is 
perpendicular to BE. (1989, 5M) 


The equations of the perpendicular bisectors of the 
sides AB and AC of a AABC are x—y+5=0 and 
x+2y=0, respectively. If the point A is (1, — 2), find the 
equation of the line BC. (1986, 5M) 


One of the diameters of the circle circumscribing the 
rectangle ABCD 4y=x+ 7. If A and B are the points 
(-3, 4) and (5,4) respectively, then find the area of 
rectangle. (1985, 3M) 


Two sides of a rhombus ABCD are parallel to the lines 
y=x+2and y= 7x + 3. If the diagonals of the rhombus 
intersect at the point (1, 2) and the vertex A is on the 
Y-axis, find possible coordinates of A. (1985, 5M) 


Two equal sides of an isosceles triangle are given by the 
equations 7x- y+ 3=0 and x+ y—38=0 and its third 
side passes through the point (1, -10). Determine the 
equation of the third side. 


(1984, 4M) 
The vertices of a triangle are 
[atyty, a (ty + ty)], [atg ts, a (tg + ts], 
[at,t,,a (t, + t,)]. 
Find the orthocentre of the triangle. (1983, 3M) 


The ends A, B of a straight line segment of constant 
length c slide upon the fixed rectangular axes OX,OY 
respectively. If the rectangle OAPB be completed, then 
show that the locus of the foot of the perpendicular 
drawn from P to AB is 


2/3 213 (1983, 2M) 


+ p23 =¢ 
The points (1, 3) and (5, 1) are two opposite vertices of a 
rectangle. The other two vertices lie on the line 
y=2x+c Find c and the remaining vertices. (1981, 4M) 


Two vertices of a triangle are (,—1) and (—2,8). If the 


orthocentre of the triangle is the origin, find the 
coordinates of the third vertex. (1978, 3M) 


One side of a rectangle lies along the line 
4x+ 7y+5 =0. Two of its vertices are (—3,1) and (1,1). 
Find the equations of the other three sides. (1978, 3M) 


Integer Answer Type Question 


70. 


For a point P in the plane, let d,(P) and d,(P) be the 


distances of the point P from the lines x— y=0 and 
x+y=0, respectively. The area of the region R 
consisting of all points P lying in the first quadrant of 
the plane and satisfying 2 < d, (P)+ d,(P) <4, is 

(2014 Adv.) 


Topic2 Angle between Straight Lines and Equation of 
Angle Bisector 


Objective Questions II 
(One or more than one correct option) 


1. A ray of light along x+J/3y=-3 gets reflected upon (c) Statement I is true; Statement II is false 
reaching X-axis, the equation of the reflected ray is (d) Statement I is false; Statement IT is true 
(2013 Main) 4. Lines L,:y-x=0 and Ly: 2x+ y=0 intersect the line 
a) y=n4 V8 (b) VBy = 2— V8 Bao) 0) eu Pane O-easneur valve hisacerateh 
= 7 (xiay = ot 3:y+2=OatPa , respectively. The bisector of the 
(©) y= 3x acute angle between L, and L, intersects L; at R. 
2. Consider three points Statement I The ratio PR: RQ equals 2/2: V5. 
P={-sin (B—«a)-— cos B}, @ = {cos(B — a), sin B} Because 
and R={cos (B—a +6) sin (B—8)}, Statement II In any triangle, bisector of an angle 
where 0 <a,B,0 <~. Then, divides the triangle into two similar triangles. (2007, 3M) 
4 (2008, 4M) 
(a) P lies on the line segment RQ Fill in the Blank 
(b) Q lies on the line segment PR 
(c) R lies on the line segment QP 5. The vertices of a triangle are A (—1,- 7), B6,1) and 
(d) P, Q, R are non-colinear C(1,4). The equation of the bisector of the angle ABC 
3. Let P=(-1, 0), and Q(@,0) and R=(8, 3V3) be three ae Geren) 
point. Then, the equation of the bisector of the angle . ee 7 
PQRis Gol AN) Analytical & Descriptive Questions 
V3 _ = 6. The area of the triangle formed by the intersection of 
(a) eal ase b) 2+ f8y= 0 line parallel to X-axis and passing through (A, k) with 
3 the lines y = xand x+ y =2is 4h”. Find the locus of point 
(c) V3x+ y=0 (@ x48 y=0 P. (2005) 
Assertion and Reason 7. Find the equation of the line which bisects the obtuse 
. . angle between the lines x-2y+4=0 and 4x-3y+2 =0. 
For the following questions choose the correct answer (1993, 2M) 


from the codes (a), (b), (c) and (d) defined as follows. 
(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation of Statement I 


8. Lines L, =ax+ by+c=0 and L,=lx+my+n=0 
intersect at the point Pand makes an angle 9 with each 


(b) Statement I is true, Statement II is also true; other. Find the equation of a line L different from Ly, 
Statement II is not the correct explanation of which passes through P and makes the same angle 8 
Statement I with L,.y (1988, 5M) 


Topic3 Area and Family of Concurrent Lines 


Objective Questions I (Only one correct option) 3. Two sides of a rhombus are along the lines, x -— y+ 1=0 
1. A triangle has a vertex at (1, 2) and the mid-points of and 7x— y—5=0. If its diagonals intersect at CL ~ 2), 
the two sides through it are (-1, 1) and @, 3). Then, the then which one of the following is a vertex of this 
centroid of this triangle is (2019 Main, 12 April II) rhombus? (2016 Main) 
7 1 1 1 a) (- 3,-9 =3,= 8 
@(s7) whe) ea) @(22) an tae ee 
3 3 3 3°3 ©) (3 -§) (a) (-= -2) 
2. Consider the set of all lines px+ qgy+r=0 such that s 3 aa, 
3p + 2q+4r=0. Which one of the following statements 4. Area of the parallelogram formed by the lines 
is true? (2019 Main, 9 Jan I) y=mx, y=mxt+1, y=nxand y=nx+ 1 equals 
(a) Each line passes through the origin. (@) ime nil 2 Conta 
Q) 
(b) The lines are concurrent at the point ( 5| (m- n)? [m+n] 
(c) The lines are all parallel (c) 1 (d) 1 


(d) The lines are not concurrent |m+n| |m—n| 


5. The points (0.5) (1,3) and (82, 30) are vertices of 
3 (1986, 2M) 


(a) an obtuse angled triangle 

(b) an acute angled triangle 

(c) aright angled triangle 

(d) None of the above 
6. The straight lines x+ y=0,3x+ y-4=0, x+ 3y—4=0 
(1983, 1M) 


form a triangle which is 

(a) isosceles 

(b) equilateral 

(c) right angled 

(d) None of the above 

7. Given the four lines with the equations 

x+2y-8=0,38x+4y-7=0, 
2x+ 38y-4=0,4x+5y-6=0, then 

(a) they are all concurrent 

(b) they are the sides of a quadrilateral 


(c) only three lines are concurrent 
(d) None of the above 


(1980, 1M) 


Objective Question II 
(One or more than one correct option) 
8. Three lines px+ qgyt+r=0, gx+ry+ p=Oand 
rx+ py + q=Oare concurrent, if (1985, 2M) 


(a)p+q+tr=0 (b) p? + @+r?=prt+rq 
(c) p> + @ + r? = 8pqr (d) None of these 


Match the Columns 


Match the conditions/expressions in Column I with 
statement in Column II. 


9. Consider the lines given by 


L,:x+8y-5=0, L,:3x-—ky-1=0, 
L, :5x+ 2y—-12=0 
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Column I Column II 
(A) Ly, Lo, Lg are concurrent, if (p) kK=-9 
(B) One of L,, Lo, Lg is parallel to ig. kee 6 
at least one of the other two, if 5 
(C) Ly, Ly, Lg form a triangle, if () k= 8 
6 
(D) Ly, Lp, Lg do not forma (s) k= 5 
triangle, if 
Fill in the Blank 
10. The set of lines ax+ by + c=0, where 38a + 2b+ 4c=Ois 
concurrent at the point... . (1982, 2M) 


True/False 
4 y 21 a, 6 1 
11. If} x yo 1l=| a, by 1 
X% dg 1 az ob; 1 


with vertices (%, 94), 2, V2), @%, 93) and (a,, b,), (a2, bg), 
(a3, bs) must be congruent. (1985, 1M) 


jthen the two triangles 


Analytical & Descriptive Questions 
12. Using coordinate geometry, prove that the three 
altitudes of any triangle are concurrent. (1998, 8M) 


13. The coordinates of A,B,C are 6,3), (-3,5), (4, —-2) 


respectively and P is any point (x, y). Show that the 
ratio of the areas of the triangles A PBC and A ABC is 


al aa (1983, 2M) 


14. A straight line LZ is perpendicular to the line in 
5x— y=1. The area of the triangle formed by the line Z 
and the coordinate axes is 5. Find the equation of the 
line L. (1980, 3M) 


Topic 4 Homogeneous Equation of Pair of Straight Lines 


Objective Questions I (Only one correct option) 


1. Let a and b be non-zero and real numbers. Then, the 
equation (ax? + by? + 0) (x* — 5xy + 6y”) =0 represents 
(2008, 3M) 
(a) four straight lines, when c=0 and a, 6 are of the 
same sign 
(b) two straight lines and a circle, when a = b and cis of 
sign opposite to that of a 
(c) two straight lines and a hyperbola, when a and b are 
of the same sign and cis of sign opposite to that of a 
(d) acircle and an ellipse, when a and 0 are of the same 
sign and cis of sign opposite to that of a 


2. Area of triangle formed by the lines x + y=8 and angle 
bisectors of the pair of straight lines x” — y? + 2y=1is 

(2004, 2M) 

(a) 2 sq units 

(c) 6 sq units 


(b) 4 sq units 
(d) 8 sq units 


Analytical & Descriptive Question 


3. Show that all chords of curve 3x?- y?-2x+4y=0, 
which subtend a right angle at the origin pass through 

a fixed point. Find the coordinates of the point. 
(1991, 4M) 
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Topic5 General Equation of Pair of Straight Lines 


Objective Question I (Only one correct option) 


1. Let PQR be a right angled isosceles triangle, right 
angled at P (2,1). If the equation of the line QR is 
2x+ y=8, then the equation representing the pair of 


(a) 3x? — 38y7 + 8xy + 20x + 10y + 25=0 
(b) 3x” — 3y2 + 8xy — 20x - 10y + 25=0 
(c) 3x? — By? + 8xy + 10x + 15y + 20=0 


lines PQ and PR is (1999, 2M) (d) 3x7 — 38y7 — 8xy - 10x - 15y -20=0 
Answers 

Topic 1 65. [(-a,a (i +t, +t,+ ttyts)] 67. c=—4,(4,4),(2,0) 

1. (d) 2. (d) 3. (b) 4. (c) 68. (— 4,—7) 

5. () 0) GAO) Bete) 69. 7x—4y +25 = 0,4x+7y =11 =0,7x—4y -3 =0 

9. (c) 10. (b) 11. (d) 12. (c) 

70. 6 sq units 

13. (a) 14, (a) 15. (d) 16. (d) 

17. (a) 18. (c) Topic 2 

19. (d) 20. (c) 21. (b) 22. (b) 1. (b) 2. (d) 3. (c) 4, (c) 
23. (b) 24. (d) 25. (c) 26. (c) 5. 7y=x+2 

27. (a) 28. (b) 29. (d) 30. (c) 6. 2x =+(y-1) 

31. (a) 32. (c) 33. (d) 34. (d) 7. (44+ V5) x—(2V5 +3)y +(4V5 +2) =0 

oe Ae) 36. (a) 37. (b) 38. (d) &, 2(al + bra)(ax + by + c) —(a? + Bb?) Ux + my + W)=0 
39. (c) 40. (a) 41. (b,c,d) 42. (a,c) 

43, (a,c) 44, (1, 1) 45. Ist 46. (1, —2) Topic 3 

47. (y =x) 48. True 49. True 50. True 1. (b) 2. (b) 3. (c) 4. (d) 

5. (d) 6. (a) 7. (c) 8. (a, c) 

5: (OPS OO ="8) 9. A>s;B>p,q;C>rD—->p,qs 

54, (m? —1)x—my + b(m? +1)+.am=0 3 1 

‘ i 10. (2. | 11. False 14, x+5y =+5V2 

55. 2x+3y+22=0 56. a5 SG S-1U<O<1 42 

57. x =2and3x+ 4y =18 Topic 4 

58. x-7y+13=0and7x+y—-9=0 1. (b) 2. (a) 

59. x? +y?-7x4+5y =0 61. 14x +23y — 40 =0 =e) 

62, 32sq units 63. (02) or (0,0) Topic 5 

2 1. (b) 


64. x—-3y -31=0o0r3xt+y+7=0 


Hints & Solutions 


Topic 1 Various Forms of Straight Line 


1. According to the question, we have the following figure. 


Let 6 be the inclination of the line x + y =0. Then, 


tan@ =-—1= tan (180° — 45°) 
tan@ = tan 135° 
6 =135° 
a + 60° =135° 
a = 75° 
Since, line Z having perpendicular distance OM = 4. 


Vuuey 


So, equation of the line ‘L’ is 
xcosa+ ysina =4 


=> xcos 75°+ ysin 75° =4 
=> xcos (45° + 30°) + ysin (45° + 30°) =4 


gh 1 ie gl 8 lg 
2/2 22” |2J2 aes 
=> (V3 -lx+ y (V3 + 1 = 8V2 


Key Idea Use formulae : 
2. 2sinAsinB = cos(A— B) — cos(A+ B) and cos20=1-—2sin76 


Given equation is y =sin xsin(x + 2) —sin?(x«+ 1) 


= 5 [cos 2 — cos(2x + 2)] — ; [1 — cos(2x + 2)] 


[..2sin Asin B= cos(A — B) - cos(A + B) and 
cos 20 =1-—2sin70 >2sin76 = 1 — cos 26] 


cos(2x + 2) 


sao 1 os(2x + 2) eee 
Zz 2 2 “C2 


1 ee 
. (cos(2) — 1) = | (2 sin*(1)) 


=-sin7(1) <0 >y<0 
and as we know that y<0, is in third and fourth 
quadrants only. 
3. Since, equation of a line parallel to line ax + by + c=Ois 
ax+ by+k=0 
.. Equation of line parallel to line 
4x — 38y + 2=O0is 4x- 38y+ R=0 ..-(1) 


Now, distance of line (i) from the origin is 
|k| 3 


(ese 5 
[as per question’s requirement] 
> |k|=3 
=> k=+3 
So, possible lines having equation, either 4x —- 3y + 3=0 
or 4x- 3y-3=0 
Now, from the given options the point (- *, =| lies on the 


line 4x - 38y + 38=0. 


> 


The given inequalities are 
jx-y|<2and|x+ y|<2. 
On drawing, the above inequalities, we get a square 
Y 


a 


(0, 2) 


SS6 


Now, the area of shaded region is equal to the area of a 


square having side length ,/(2 — 0)? + (0-2)? = 2/2 


units. 
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5. Key Idea 


(i) If lines are perpendicular to each other, then 
product of their slopes is —1, i.e. m,m, = —1 


(ii) Distance between two points (x,, y;) and (x , y>) 
VO, x)? + 2 - y)? 


Given, lines x + (a-1)y=1 
and 2x + a”y=1, where a « R-{0,1} 
are perpendicular to each other 


ai}*( a) : 


[. If lines are perpendicular, then product of their 
slopes is —1] 
=> a*(a -1)=-2>a° -a7+2=0 
=> (at+1)\(a*?-2a+2)=0>a=-1 
.. Equation of lines are 

x-2y=1 va (1) 
and 2x+ y=1 .-. (11) 
On solving Eq. (i) and Eq. (ii), we get 


1 
x=—and y=-— 
ad aaa 


-. Point of intersection of the lines (i) and (ii) is 
(55) 
P\—,-=|. 
D 6 
: , : 3. 1 
Now, required distance of the point 2 ,-¢| from 
a: AE i fe fe 
origin = - = 
25 25 25 5 


6. Let the slope of line is m, which is passing through 
P@, 8). 


TY 


>X 


xX’< ++ +++ eT 
12 3 4 5 6 7\8 9 


Y’ x+y=7 


Since, the distance of a point (x,, y,) from the line 
ax, + by, + ¢ 

Va? + 0? 
.. The distance of a point P(2, 3) from the line 
x+y-7=0,is 


ax+ by+c=O0isd= 


Now, in APRQ, 
QR = V16-d? = V16-2 = V14 
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7. 


d_ V2 1 


m+ ais —|M—™ 
tan®@ QR ia V7 ae [steno =| 
m+1_,1 
l-m — V7 
m+1_ 1 or +1 1 
l-m V7 1-m V7 
> SENT sippy! 
1+ V7 J7-1 


Given points are P22, —3, 4), Q(8,0, 10) and RG, y, z). 


Now, equation of line passing through points P and Q is 
x-8 y-0O_z-10 

6 3 6 
[Since equation of a line passing through two points 
A(x, ¥,,%) and B(x, yy, Z) 1s given by 


X-X%  V-MN _2-%& 


..(1) 


2 1 2 
z-10 
> -2=y= 
# 2 
> y=r- 
and z=6 


So, point R is (4, — 2, 6), therefore the distance of point R 


from origin is 
OR = /16+ 44 36 
= V56 =2V14 
Given, points (1, 2), (3, 4) and (A, k) are lies on line Ly, 
so slope of line L, is 


ee 
-3-1 h-1 
-1_ k-2 : 
=> == ...(i) 
m™ 2 h-l 
> 2k — 2)=-1h -1) 
> 2k-4=-h+1 
> h+ 2k=5 ... (ii) 
and slope of line L, joining points (A, k) and 
: 3-k ae 
4, 3),1s m, = sae 
(4, 8), ism, = = (ii 
Since, lines Z, and L, are perpendicular to each other. 
mm,=-1 
1\(3-k ; ie 
=-1[from Eas. (i) and (ii 
( ) [from Eqs. (i) and ii) 
=> 38-k=8- 2h 
> 2h-k=5 ...(iv) 
On solving Eqs. (ii) and (iv), we get 
(h, k) = (3, 2) 
So, Rk = 3 
hol 


10. 


11 


Given equation of line is3x«+ 5y=15 ..-(i) 


Clearly, a point on the line (i), which is equidistance 
from X and Y-axes will lie on the line either y=x or 
y=. 


af rn 
ON 3 5y=18 


In the above figure, points A and Bare 


on the line (i) and are equidistance from the coordinate 
axes. 


On solving line (i) and y=, we get a( ; al 
Similarly, on solving line (i) and y =—.4, we get 
a(-#8,8) 

2° 2 


So, the required points lie only in I and II quadrants. 


Let the equation of required line having intercepts a 
and b with the axes is 


MeO =F: ...(2) 


O a 
Now, according to given information, 
P is the mid-point of AB 


P=($,2)=(39 


> (a, b) = (-6, 8) 
On putting the value of a and bin Eq. (i), we get 


* 42 si SS Sy -6y S48 
-6 8 


=> 4a — 3y + 24=0 
Slope of the line 2x -3y+17=0Ois 


[given] 


= =m, (let) and the slope of line joining the points (7, 17) 
B-17 B-17_ 


and (15, B)1 = = let 

(15,B) is F = = =m, (let) 
According to the question, mm, =— 1 
=2xPu 1>B-17 12>B=5. 


12. 


13. 


14, 


According to given information, we have the following 


figure 
C(2, 5) D 


A(1, 2) B(3, 4) 


We know that, diagonals of a parallelogram intersect at 
mid-point. 


-. P = Mid-point of BC and so, P = (3. 3) 


Now, equation of AD is. 


2 29 
a ae ae 
2 
5 
> y-2=—(«-) 
3 
> 3y-6=5x-5 
> 5x —- 38y+ 1=0 
Given equation of curve is y = xe" ..-(i) 


Note that (1, e) lie on the curve, so the point of contact is 
(1, e). 
Now, slope of tangent, at point (1,e), to the curve (1) is 


dy = (x20 et + | 
dx (1, e) 


(1,e) 
= 2e+ e= 8e 
Now, equation of tangent is given by 
(y- y,) = m (x- 44) 
y-e= 3e(x-1) > y= 8ex-2e 


On checking all the options, the option (5.2) satisfy 


the equation of tangent. 


According to given information, we have the following 
figure 


gp Ee oe ee a C Xx Yo) 
MA | 
‘Se (2,4) 
“4B 
> 
xXt+y=3 


[Note that given lines are perpendicular to each other as 
m, XM, = —I] 
Clearly, point A is point of intersection of lines 


xt y=3 ..-(i) 
and x-y=-3 .. (ii) 
So, A = (0, 8) [solving Eqs. (i) and (i1)] 


Now, as point WM (2, 4) is mid-point of line joining the 
points A and C, so 

(2, 4) = (=. 2) 

2 2 


* mid-point = [4 : 4e 2) 
2 2 
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_ 0+ %.4_ 38t de 


> 2 

2 2 
=> % = 4 and y,=5 
.. Thus, C = (4, 5) 


Now, equation of line BC is given by 


(y- 91) = m (x-%) 


y-5= 1(x- 4) 
{line BC is parallel to x— y+ 3= Oand slope 
of x— y+ 3=0is eo =] 
(-)) 
> y=x+1 ..- (111) 


and equation of line DC is 
y-5=-1(«-4) 
{line DC is parallel to x+ y= 3and 
slope of x+ y = 3is — =-] 


=> xt+y=9 ... (iv) 
On solving Eqs. (i) and (iii), we get B(1,2) and on 
solving Eqs. (ii) and (iv), we get D ©, 6) 


15. Let P(x,, y,) be any point on the curve y= Vx . 


Clearly,y, =./x, >, = yf Ee Gq, 4) lies on y=V3] 
.. The point is P(e, ¥,) 


Now, let the given point be A (3. 0}, then 
2 
PA= |(s?- 3) +9? 
2 
9 ; 
= [ot - Sf ++ 
4 
4 2,9 
= /¥ — 2y ae 
1 Naa 
5 
= Of DP +7 


Clearly, PA will be least when 
5 =1=0 


= PA. = 194 82 
4 


16. Given equation of line is 


3x + 4y - 24=0 
For intersection with X-axis put y = 0 


=> 3x - 24=0 
> x=8 
For intersection with Y-axis, put x = 0 
> 4y-24=0>y=6 
A(8, 0) and B (0,6) 
\ 800.6) 
O A(8,0) 
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17. 


18. 


Let AB =c= 8" + 6° =10 
OB=a=6 

and OA = b=8 

Also, let incentre is (A k), then 


p= OH t Om + OH (here, x, = 8, x, = 0, x, = 0) 


at+b+c 
_ 6x 8+ 8x0+10x0 _48_»4 
6+ 8+ 10 24 
and p= Dt by + OB (here, yy = 0, Yo, = 6, Vs = 0) 
at+b+ce 
_6x04+ 8x 6+ 10x0_ 48_4 
6+ 8+ 10 24 


.. _Incentre is (2, 2). 


Let the coordinates of point P be (4, 4,) 
‘: P lies on the line 2x - 3y + 4=0 
. 2x, —3y, + 4=0 
2x, + 4 : 
=> y=out* (i) 
3 
Now, let the centroid of APQR be G(h, k), then 
han +143 
3 
> x, = 3h-4 ... (ii) 
and es We ac 
3 
2x, + 4 42 
=> k= a a [from Eq. ()] 
as dd 
3 
> 9k - 10 = 2x, ... (ili) 


Now, from Eqs. (ii) and (iii), we get 
2(3h — 4) = 9k - 10 
> 6h - 8= 9k - 10 
=> 6h-9k+2=0 
Now, replace h by xand k by y. 
=> 6x - 9y + 2= 0, which is the required locus and slope of 


this line is ; 5 slope of ax+ by + c=Ois-— bas 


b 


Q(0, B) R(o., B) 


(2, 3) 


P(a, 0) 


Equation of line PQ is Pe B = 
o 


Since this line is passes through fixed point (2, 3). 
2: 3 
poet 
a £f 

28 + 38a =a 

2y+ 3x=xy => 38x+ 2y=xy 


.. Locus of Ris 
1.e. 


19. 


20. 


Given, vertices of triangle are (k, — 3k), (5, k)and ( k, 2). 


k -8k 1 
lls & adletoa 
Ale 4 
k -38k 1 
=> 5 k 1\=+56 
-k 2 1 
=> k(k-2)+3k6+k)+100+4 k*)=+56 
=> k? -2h + 15k + 3k7+10+ kh? =+56 
=> 5k? +138k+10=+56 
=> 5k?+13k-66=0 
or 5k?+13k-46=0 
=> kR=2 [eke I] 


Thus, the coordinates of vertices of triangle are 
A, - 6), B(, 2) and C(-2, 2). 
Now, equation of altitude from vertex A is 


y-(C6)= 


(x-2) > x=2 vis (1) 


eS 


Equation of altitude from vertex C is 


-1 
2= 2 
y 2c” I] 
5-2 
=> 38x+ 8y-10=0 vav(1i) 


On solving Eqs. (i) and (ii), we get x=2 and y= > 
1 
.. Orthocentre = 2 ;) 


Let coordinate of the intersection point in fourth 
quadrant be (@, —q). 

Since, (,—«a) lies on both lines 4ax+ 2ay+c=0 and 
5bx+ 2by+ d=0. 


4au—-2aa+ce=0 > a=—— (i) 
2a 
and 5ba—-2ba+d=0 => =a. (ii) 
From Eggs. (i) and (ii), we get 
ce! = 3bc=2ad 
2a 36 
> 2ad —3bc=0 


2° 2 2 
[.. S is mid-point of line QR] 
P (2,2) 


21. Coordinate of S = (7 ae Re *| = (F F 1} 


Q 
@e-) °% (7s) 


Slope of the line PS is =. 
Required equation passes through (1 ,-1) and parallel 
to PS is 
-2 
+1=—(«-1 
y : (x-1) 


> 2x+9y+ 7=0 


22. Given mid-points of a triangle are (0, 1), (1, 1) and 
(1, 0). Plotting these points on a graph paper and 
make a triangle. 

So, the sides of a triangle will be 2, 2 and ./27 + 2” ice. 
2/2. 


>~< 


N »X 
B (1,0) A(2,0) 
(0, 0) kK — 2 

y 


2x04 2V2-04+2-2 


x-coordinate of incentre = 
242422 


— 2 (2-V2 © 
24/2 2-2 Bose 


23. A straight line passing through P and making an angle 
of « =60° , is given by 


See al 


=tan @+a) 


eas tyyseesesseas P (3, -2) 
=> tana =vV3 


V38x+y=1 


=> V3 xt y=1 
=> y=- 73 x+1, then tand =- 3 
=> 


y+2_ tan@+ tana 
x-3 17 tan@tana 
y+2_ -V8+ v8 
x-3 1-( y3)W3) 
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y+2 — 3-8 
and 7 
x-3 1 +(-J3)(V3) 
=> y+2=0 
and yt+2_-2v8 45 
x-3 1-8 
y+2= V3 x-343 
Neglecting, y + 2 =0, as it does not intersect Y-axis. 
24, Given, lines are (1+ p)x- py+ p(1+ p)=0 ... (i) 
and (1+ q)x-qy+q(+q)=0 .. (ii) 


On solving Eqs. (i) and (ii), we get 
Cipq, 1+ p) +a} 


.. Equation of altitude CM passing through C and 
perpendicular to AB is 


x= pq 
-» Slope of line (ii) is (=) 
q 


... (iii) 


.. Slope of altitude BN (as shown in figure) is = Z 
+q 


74 


Equation of BNis y-0= ; (x+ p) 


qd 
___@ 

(l+4q) 
Let orthocentre of triangle be H(h, k), which is the point 
of intersection of Eqs. (iii) and (iv). 
On solving Eqs. (iii) and (iv), we get 

x= pq and y=~— pq 

=> h=pq and k=-pq 
= h+k=0 
-. Locus of H(h, k) isx+ y=0. 


= » 


(x+ p) ... (iv) 


25. Since, triangle is isosceles, hence centroid is the desired 


point. 
y. 
P(3, 4) 
R 
X'« >X 
(0, 0) O Q (6, 0) 
¥ 


-. Coordinates of R (. +} 
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26. 


27, 


28, 


29. 


30. 


To find orthocentre of the triangle formed by (0, 0) (8, 4) 
and (4, 0). 


Yu 


Let H be the orthocentre of AOAB 
(slope of OPi.e. OH) (slope of BA) =-1 


= (=) (= = 
3-0) \38-4 
4 
> —~-y=-] 
3 ov 
3 
4 
Required orthocentre = (8, y) = [s ‘) 


On solving equations 3x+ 4y=9 and y=mx+ 1, we get 


Now, for x to be an integer, 
38+4m=+5o0r +1 
The integral values of m satisfying these conditions are 
—2 and -1. 
Now, distance of origin from 4x + 2y-9 =Ois 
|-9| 9 


42422 20 


and distance of origin from 2x + y+6=Ois 


6] 6 
(27 +1? v5 
9//20 3 


Hence, the required ratio = 


6/54 


Let the vertices of triangle be A(1, V3), B@,0) and 
C@,0). Here, AB= BC =CA=2. 

Therefore, it is an equilateral triangle. So, the incentre 
coincides with centroid. 


1-(24? peo) 


> 


3 3 
=> T= (1,1/V3) 


1 2 
Now, (4o4,)*=(1-5] (o 


31. 


32. 


33. 


34, 


35. 


36. 


37. 


2 2 
(ApAp)” = 143] (0-2) 
7 a. WB) 9.3 ae 
2 2 4 4 4 
=> Ap Az = V3 
2 2 
and (AjA,)?=/1+ 4 (0. 3) 
2 2 
-(°)4 ()-2 aoe 
2) \4) 4.4 4 
=> Aj A, =V3 
Thus, (Aj A;) (Ap Ag) (Ap Ay) =3 


Since, the coordinates of the centroid are 


+ Xo + + Yo + hive 
[ * > % ; zal 2) , then the centroid is always 


a rational point. 


PQRS is a parallelogram if and only if the mid point of 


the diagonals PR is same as that of the mid-point of QS. 
That is, if and only if 


14+5 4+a 2+7 6+5b 
a and = 
2 2 2 2 
=> a=2 and b=3. 


Slope of line x+ 3y=4is—1/3 
and slope of line 6x —- 2 = 7is 3. 
3x (=) =- 
3 
Therefore, these two lines are perpendicular which 


show that both diagonals are perpendicular. 
Hence, PQRS must be a rhombus. 


Here, 


Let y =cos x cos (x + 2) — cos” (x + 1) 

= cos (x+ 1-1) cos (v+1+41)-cos? (x +1) 

= cos” (x + 1)—-sin?1—cos? (x+ 1) > y=~—sin? 1 
This is a straight line which is parallel to X-axis. 
It passes through (x /2, — sin” 1). 


Orthocentre of right angled triangle is at the vertex of 
right angle. Therefore, orthocentre of the triangle is at 
(0, 0). 

By the given conditions, we can take two perpendicular 
lines as x and y axes. If (h,k) is any point on the locus, 
then |h|+|k|=1.Therefore, the locus is |4+|y|=1. 
This consist of a square of side 1. 


Hence, the required locus is a square. 
Since, the origin remains the same. So, length of the 
perpendicular from the origin on the line in its position 


i : _ land z } ve 1 are equal. Therefore, 
a b P q 


38. 


39. 


40. 


41, 


42. 


Let the coordinate of S be (x, y). 
SQ” + SR” =2SP” 


=> (x41)? 4+ y+ @—2)? + y?=2 [19 + 97] 
= x4 Ox41 4 y? 4 x? 40444 y=2(0?-2e4+14 9) 
> 2x+38=0 > x=-5 


Hence, it is a straight line parallel to Y-axis. 


Let B,C, D be the position of the point A(4, 1) after the 
three operations I, IT and III, respectively. Then, Bis 
(1, 4), CQ + 2,4) ie. (3, 4). The point D is obtained from 
C by rotating the coordinate axes through an angle 1/4 
in anti-clockwise direction. 

Therefore, the coordinates of D are given by 


X =3cos —4sin™ = e 
a 4 2 
and Y =3sin ~~ + 4cos~ = f 
4 4 J2 
-. Coordinates of D are (-+ + 


The point O@,0) is the mid-point of A(-a,—b) and 
Bia, b). Therefore, A,O,B are collinear and equation of 
line AOB is 

b 

ya—x 

a 
Since, the fourth point D(a’,ab) satisfies the above 
equation. 


Hence, the four points are collinear. 
Here, ax+ 2y=2X 
and 3x-2y=u 


For a=-3, above equations will be parallel or 
coincident,i.e. parallel for ’ + #Oand coincident, if 
X+u=Oandif a #-3,equationsare intersecting, i.e. 
unique solution. 


PLAN Application of inequality sum and differences, along with 
lengths of perpendicular. For this type of questions involving 
inequality we should always ckeck all options. 

Situation analysis Check all the inequalities 

according to options and use length of perpendicular 

from the point (x,, y,) to ax+ by+ c=0 


Ri lax, + by, + ¢| 
Va'+b? 
As a>b>c>0 
a-c>Oand b>0 
> a+b-c>0 sa¢(1) 


a-b>0O and c>0 ... (11) 
a+c-—b>0 
Option (c) are correct. 


Also, the point of intersection for ax+ by+c=0 and 
bx+ ay+c=0 


: =G =¢ 
1.63 ‘ 
(= at ;] 
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44, 


45. 


371 


The distance between (1, 1) and [ 


-¢ -¢ 
a+b’ a+b 
ie. less than 2V2. 


2 +t )+0+3) 22 


= Gerawig <2v2 


at 
> at+b+cK<2a+2b 
> a+b-c>0 


From Kgs. (i) and (ii), option (a) is correct. 
Since, 3x+ 220 sal) 
where (1, 3) (5, 0) and (1,2) satisfy Eq. (i). 
.. Option (a) is true. 
Again, 2x+ y-13820 
is not satisfied by (1, 3), 
.. Option (b) is false. 
2x-38y-12<0 
is satisfied for all points, 
.. Option (c) is true. 
and —-2x+ y20 
is not satisfied by (5, 0), 
.. Option (d) is false. 
Thus, (a) and (c) are correct answers. 
Let the variable straight line be ax + by + c=0 ..(i) 


where, algebraic sum of perpendiculars from (2, 0), (0, 2) 
and (1, 1) is zero. 


2a+0+c 04+2b+c at+bte 
+ =0 
(ars BF Jane b° vie a 
> 3a +3b+38c=0 
=> a+b+c=0 ... (i) 


From Eas. (i) and (ii) ax + by + c=0 always passes 
through a fixed point (1, 1). 


Let H(h,k) be orthocentre. 
> (slope of AH) -(slope of BC) =-1 
A (-3/7, 16/7) 


/ e \ 
. H(A) \So 


B xty=1 C 
(-3/5, 8/5) (-3, 4) 


=> es 
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46. 


47. 
48, 


49, 


50. 


> ey wee 
7 7 
> ee (i) 
= As 
Also, (slope of CH) (slope of AB) =-1 
k-4 
=> -(4)=-1 
hA+8 @ 
> 4k-16=-h-3 
> h+4k=138 .. (ii) 
‘ . 7 3 22 
On solving Eqs. (i) and (ii), we get h = a k= a 
Orthocentre (3.2) 
he tt 


Hence, this coordinate lies in the first quadrant. 
Since, a, b,c are in AP. 
2 2b=a+ec 
or a-—2b+c=Owhich satisfy ax+ by+c=0 
ax+ by+c=0 always pass through a fixed point 
(dl, = 2). 
y=10* is reflection of y = log,) x about y=~x. 


Since, ajx+ b)y+ Gq =0 and a, x+ boy + cy =0 cuts the 
coordinate axes at concyclic points. 

> QA = by by 

or ab + bya, =0 

Given lines are, 2x+ 8y+19=0 


and 9x+ 6y-17=0 

Here, a, =2, 6, =3,¢q =19 

and a, =9, by =6, c2 =-17 
a,a,=18 

and bb, =18 


=> a,d, = 6,b,. Thus, points are concyclic. 


Hence, given statement is true. 


Since, (1, V3), 1,-V3) and (, V3) form a right angled 
triangle at (1, V3) 

.. Equation of circumcircle taking (8, V3 )and (1,- V3 Jas 
end points of diameter. 


(x - 3) (@-1)+ (y—V8) (y + V8) =0 


=> x’ -4x+34 y?-3=0 
> x + y2-4x =0 
At point (5 11),8, -° +1-10<0 


.. Point (6/2,1) lies inside the circle. 
Hence, no tangent can be drawn. 
Hence, given statement is true. 


The point of intersection of x+ 2y=10and2x+ y+5=0 


is (- . | which clearly satisfy 5x + 4y =0. 


Hence, given statement is true. 


51. 


52. 


53. 


Let the equation of straight line L be 


y=mx 
P= 1 m 
m+1m41 
_{ 3 3m 
a= aS) 


>X 


xty=1 xX+y=3 


Now, equation of 


m-2 ’ 
L,:y-2x= vva(l 
1: | (i) 
and equation of 
bears mr 
mt+1 


By eliminating m from Eas. (i) and (ii), we get locus of R 
as x—3y+5=0, which represents a straight line. 


Let L :(y —2)=m(x-8), m <0 
The ponts P and Q are (s-2.0] and (0,2—8m), 
m 


respectively. 


Then,OP + og-(8-=)+ @-8m)=10+|- 4 (8m)| 
m m 


[using AM > GM] 
ay () + (—8m) = 2/16 [. Ea and —8m are positive] 
—m m 
> {2 +8 m) >8 
m 


> 10-(2+8m)210+8 
m 


= OP+0Q>18 


NOTE of :(P,Q)=|x,-x5|+| Yj — Yo. 


It is new method of representing distance between two 
points P and @ and in future very important in coordinate 
geometry. 
Now, let P (x, y) be any pont in the first quadrant. We 
have 

d (P,0)=|x-Ol+ly—-Ol=lxl+lyl=x+ y 


[x,y >0] 

d (P, A)=|X -3/+|Y -2| [given] 

d (P,0)=d (P, A) [given] 

> x+ y=|x-3|4+ly-2| ...(i) 


CaseI When 0<x<3,0<y<2 


54, 


In this case, Eq. (1) becomes 


x+y=3-x+2-y 
> 2x+2y=5 
or x+ y=5/2 


Case II When 0<x<38, y>2 
Now, Eq. (i) becomes 

xt y=38-x+y-2 
=> 2x%=1 
> ea 1/2 
Case III When x>3,0<y<2 


Yn Infinite segment 


ata 
1] 

>X 
O| 1/2 (6/2,0) 3 


Now, Eq. (i) becomes 
x+y=x-38+2-y 


=> 2@y=-1 or y=-1/2 
Hence, no solution. 
Case IV When x23, y2>2 


In this case, case I changes to 

x+y=x-38+y-2> 0=-5 
which is not possible. 
Hence, the solution set is 

{(x, y) |x=12, y22 FUL, Fl 

x+ y=5/2,0<x<3,0<y>2} 

The graph is given in adjoining figure. 
Let the coordinates of @ be (b, a) and that of S be (Bb, B). 


Suppose, PR and SQ meet in G. Since, G is mid point of 
SQ, its x-coordinate must be 0. Let the coordinates of R 
be (A, k). 

Since, G is mid point of PR, the x-coordinate of P must 
be —h and as Plies on the line y = a, the coordinates of P 
are (-h,a) . Since, PQ is parallel to y =mx, slope of 
PQ=m 


a-a 
> a. m sea(1) 
Again, RQ 1 PQ 

4 
P(-h,a) 
S(-b,B) 
xX’< O >X 
G 
Q (-b,a) 
Y’ 


Rik) 
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SlopasiROs-— a 2M ti 
m h—b m 
From Eq. (i), we get 
a-a=m(b+h) 
=> a=at+m(b+h) .. (iii) 
and from Eq. (ii), we get 
k-a=-+(h-d) 
m 
=> ee ee ee ...(iv) 
m 


From Kgs. (iii) and (iv), we get 
eee oe ee eee, ey 
m 


=> amt+m(b+h)=km+ (h—b) 
=> (m?-1)h—mk+b(m?+1)+ am=0 
Hence, the locus of vertex is 

(m2 —1) x—my + b (m7+1)+ am=0 


Let equation of line AC is 
yd oro _ 
sin@ cos@ 


Let line AE make angle 0 with X-axis and intersects 
x+3y+2=Oat Bata distance 7, and line 2x+ y+4=0 
at C at a distance r, and line x- y-5=0 at Data 
distance 73. 


AB=7, AC =m, AD=%. 
eS -5-3x44+2 sede V 
* 1-cos@+3-sin® |’ (a cos + bsin 6) 
15 
a WT ow ace renaten eee 
1 cos 0 + 3sin0 (@) 
Similarly, t= 2x (8) +14) +4 
2cos0+1-sin@ 
= Orne hain bf wee il 
2 Seon end (ii) 
and I —5 x1—4 Cb =5 
cos § — sin 8 
* 3 ° .. iii) 


cos 6 —sin 8 


But it is given that, 
Cucaieeol 
AB) \AC AD 
2 2 2 
Beeler 
> + = 
at Tp ie} 
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= (cos 0 + 3sin 6)? + (2 cos + sin 6)” = (cos 8 — sin 6)” 
[from Eas. (i), (ii) and (iii)] 
=> cos’0+9sin76 +6 cos @ sin 0 + 4 cos“6 
+ sin? @ + 4 cos @ sin 0 = cos” 6 + sin? 6 —2 cos @ sin 0 
4 cos76 + 9sin?@ + 12 sin 8 cos 0 =0 


=> 
=> (2 cos @ + 3sin 0)” =0 
> 2cos6+8sin 0 =0 
=> cos 8 = — (8/2) sin ® 
On substituting this in equation of AC, we get 
yt+4  x“x+5 
sin ® me sin 0 
2 
> —3 (y+ 4) =2 («+5) 
> 38y—-12=2x+ 10 


=> 2x4+38y+22=0 
which is the equation of required straight line. 


Given linesare 2x+3y-1=0 ..-(i) 
x+2y-3=0 .. (ii) 
5x-6y-1=0 ... (ili) 


B(1/3,1/9) 9X-8¥-1=9  C(5y4,7/8) 


On solving Eqs. (i), (ii) and (iii), we get the vertices of a 


triangle are A(-7, 5), B (3 ; ;) an 


Let P («, a”) be a point inside the AABC. Since, A and P 
are on the same side of 5x-—6y-1=0, both 
5 (-7)-6 (6) -1 and 5a —6a”-1 must have the same 
sign, therefore 


5a -6a7-1<0 


=> 6a? -5a+1>0 
=> (a —1) @a -1)>0 
1 1 ; 
=> a<—ora>— ...(iv) 
3 2 


Also, since P («, a”) and C (3 : ;| lie on the same side of 


2x+8y-1=0, therefore both 2 (7) +3 (7) -1 and 


20 + 307-1 must have the same sign. 


Therefore, 2a + 307-150 
> @+1)(a-4)>0 
> a<-lua>1/3 ...(V) 


and lastly (5 5 5 and P (a, a”) lie on the same side of the 


line therefore, ; +2 (5) —3 and o + 207-3 must have 


the same sign. 


57. 


58. 


Therefore, 207 +a—-3<0 
> 2a @-1)+8@-1)<0 


> 2Qa+3)@-1)<0 > 


er eer 
3 


On solving Eqs. (i), (ii) and (iii), we get the common 


a a ae 


Let / makes an angle a with the given parallel lines and 
intercept AB is of 3 units. 


Now, distance between parallel lines 


_ (5-21 3 

sin @ = ei 

V5 v5 
, and ee 
2 


= Equation of straight line passing through (2, 3) and 
making an angle a with y+ 2x=5is 
y-3 


=tan @+«a) 

x-2 

y-3  tan0@+ tana 
xy _ 

x-2 1-tan@tana 
sacl y-3_ tanO—tana 

x-2 1+ tané@tana 
> oS) 2 ange" at 

x-2 4 x-2 0 
=> 38x+4y=18 and x=2 


Let m, and my, be the slopes of the lines 3x + 4y =5 and 
4x —3y = 15, respectively. 
Then, m, =— 2 and m, = . 
4 3 
Clearly, mym.=-1. So, lines AB and AC are at right 


angle. Thus, the AABC is a right angled isosceles 
triangle. 


n 


C 
(oo) 
ll ° 
iar 
| 
S 
| 
Gd 
+ 
45° ? 
A|(@—1) 3x+4y-5=0B8 


Hence, the line BC through (1, 2) will make an angle of 
45° with the given lines. So, the possible equations of 
BC are 


59. 


60. 


(yds m+ tan 45° 
- 1m tan45° 


(x—1) 


where, m = slope of AB= -" 


_3 +] 
= (y-2)=—4~ («-1) 
17(-3 
4 
-3814 
=> (y -2) = 1 (x-1) 
1 
> Qe2=, 1) 
and (y -2) =- 7 (x-1) 
> x-7y+13=0 
and 7x+ y-9=0 
The equation of the line AB is 
xy : 
a + eo sae) 
> 5x- 7y=35 
Equation of line perpendicular to AB is 
Tx+5y=Xr ... (il) 
It meets X-axis at P(A/7, 0) and Y-axis at QQ, A/5). 


The equations of lines AQ and BP are oa “ =1 and 


7x y : 
—-+=1, respectively. 
a5 Pp y 


Let R(h,k) be their point of intersection of lines 
AQ and BP. 


Then, = 5k =1 
T 
Th k 
d —$ - — = 
an ae 
> : (1 = ae (1 + =) [on eliminating A] 
5k 7) Th 5 
> h(7T-h)=k6 +k) 


=> h?+k?—7h+5k=0 
Hence, the locus of a point is 
x + y?— Txt 5y=0. 


Let BC be taken as X-axis with origin at D, the 
mid-point of BC and DA will be Y-axis. 

Given, AB= AC 

Let BC = 2a, then the coordinates of B and C are (—a, 0) 
and (a,0) let A @, h). 


>X 


Straight Line and Pair of Straight Lines 375 


61. 


Then, equation of AC is 
ey 


—++=1 sxa(l 
AR (a) 
and equation of DE 1 AC and passing through origin is 
x sy 
cece 0) 
hoa 
> x= hy .. (ii) 
a 


On solving, Eqs. (i) and (ii), we get the coordinates of 
point FE as follows 


ah? a’h 
Cth een 
Since, Fis mid-point of DE. 


~. Coordinate of E = 


2 2 
.. Coordinate of F _ x? - : 2 
2(a“+h*) 2(at+h’*) 
. Sl f AF, 
ope 0 7 ah 
2° +h) aha? + hah 
m = 2 a 2 
ah —ah 
2 (a? +h’) 
— (a? + 2h”) bi 
=> m, =———— ... (11) 
ah 
2 
ah 
a +h? a*h 
and slope of BE, m, = = 
ina ° ah? ah? + a® + ah? 
wake +a 
zs gic (iv) 
a2 + 2h? ~ 


From Eggs. (iii) and (iv), mymy=-1 => AF LBE 


Let the coordinates of B and C be (%, y,) and (x9, yo) 


respectively. Let m, and mz be the slopes of AB and AC, 
respectively. Then, 


A(1,-2) 


x-y+5=0 


(Xo, Yo) 
yy +2 
m1 
yot2 


m, =slope of AB= 


and my = slope of AC = 


Xo — 
Let Fand EF be the mid point of AB and AC, respectively. 
Then, the coordinates of H and F are 


gp (tl 22 =?) anae an : 2 listed , respectively. 
2 2 2 2 
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Now, Flies on x- y+5=0. 


= mt+1 H-2_ 5 
2 2 
=> x, -—y¥, +13=0 woe(1) 


Since, AB is perpendicular to x— y+5=0. 
(slope of AB) - (slope of x- y+5=0)=-1. 
yy +2 


=> e=a -(Q)=-1 
> y+ 2=-%4+1 
=> m4 +y4,+1=0 se() 
On solving Eqs. (i) and (ii), we get 
% =-—T,y, =6. 


So, the coordinates of B are (-7, 6). 


Now, Elies onx+2y=0. 
X_g +1 2( 22-2) =o 
2 2 
=> X_ + 2yo-3=0. ... (11) 
Since, AC is perpendicular tox + 2y=0 
.. (slope of AC) - (slope of x+ 2y=0)=-1 
= att (-p]e-1 
X_—-1 2 
> 2X9 — Yo =4 ... (iv) 


On solving Eqs. (iii) and (iv), we get 


11 2 
Me and yas 


So, the coordinates of C are (= ?). 


Thus, the equation of BC is 


2/5-6 
—6 =———_ (x+ 7 
Pipe 
=> —23 (y —6) =14 (x+ 7) 


> 14x + 23y-40=0 
Let O be the centre of circle and M be mid-point of AB. 


Then, 


OM1LAB => M(,4) 
Since, slope of AB =0 


Equation of straight line MO is x=1 and equation of 
diameter is4y=x+ 7. 


= Centre is (1, 2). Also, O is mid-point of BD 


a+5 B+4 7 
=( — = (1,2) => a=-3,p=0 
AD = |(-3 + 3)? + 4-0)? =4 


AB=./64+0=8 
Thus, area of rectangle =8 x 4=32 sq units 


and 


68. Let the coordinates of A be (0,a). Since, the sides AB 


64, 


65. 


and AD are parallel to the lines y=x+2and y= 7x + 3, 
respectively. 


Yu 


.. The diagonal AC is parallel to the bisector of the angle 
between these two lines. The equation of the bisectors 
are given by 

Je ee Ix-y+3 


V2 ~  ¥50 
> 5 (x- y+ 2)=+ (7x- y+ 8) 


=> 2x+4y-7=0 and 12x-6y+138=0. 
Thus, the diagonals of the rhombus are parallel to the 
lines 2x + 4y- 7=O and 12x-6y+13=0. 


Slope of AE ae or = 
4 6 
2-a il 2-a 
=> = or =2 
1-0 2 1-0 
5 
=> a=— or a=0. 


2 
Hence, the coordinates are (0, 5/2) or (0,0). 
The equation of any line passing through (1,-10) is 
y+10=m (x-1). 


Since, it makes equal angles, say 0, with the given lines, 
therefore 


m-—7 m-—(-1) 1 

= => m=—or-3 
1+ 7m 1+m(-1) 3 
Hence, the equations of third side are 


yt 10 = @-1) or y+10=-3 (x-1) 


tan 8 = 


1.e. x-3y-381=0 or 
Let ABC be a6 triangle 


Alat,t,, a(t, + t.)], 
Clat ts, a (t, + ts)). 


Then, Slope of BC = 


38x+ y+ 7=0 
whose vertices are 


Blatats, a (t. + t3)] and 


a (tg+t;)-a(t, +t) 1 


ity = bt és 
ts) — +f 1 
Sippact age as 3) a (ty 2) _ 
at, tz — at;t, i, 


So, the equation of a line through A perpendicular to BC 
is y—a (t, +t.) =— ty (x at,t) wee (1) 
and the equation of a line through B perpendicular to 
AC is 


y-a (tg + t3) =— ty (x — Atots) .. (11) 
The point of intersection of Eqs. (i) and (ii), is the 
orthocentre. 


66. 


67. 


On subtracting Eq. (ii) from Eq. (i), we get x =— a. 
On putting x =— a in Eq. (i), we get 
y=a(t + tot ts + tytots) 
Hence, the coordinates of the orthocentre are 
[-a,a (4, + tg + ts + tytots)]. 
Let OA = a and OB = b. Then, the coordinates of A and B 


are (a, 0) and (0, b) respectively and also, coordinates of 
P are (a, 6). Let 0 be the foot of perpendicular from P on 
AB and let the coordinates of @(h, k). Here, a and b are 
the variable and we have to find locus of Q. 


Given, AB=c => AB'=¢ 
=> OA?+ OB? = = a®+b?=¢ . Gi) 
Since, PQ is perpendicular to AB. 

Y¥x 


! >X 
O 
ly A(a,0) 
= Slope of AB- Slope of PQ=-1 
0-b k-b 
> ‘ == 
a-0O h-a 

=> bk — 6? =ah-a? 
=> ah — bk =a7—b? (ii) 
Equation of line AB is ~ + : =4, 

a 
Since, Q lies on AB, therefore 

hk 

pk a | 

a 6b 
=> bh + ak=ab ... (ili) 
On solving Eqs. (ii) and (iii), we get 

h 7 k 1 
ab? +a(a7—b*) —-b(a?7-b*)+ ab a?+ 0b? 

> : = i 7 4 [from Eq. (i)] 
=> a=(he)? and b= (kc’)* 


On substituting the values of a and b in a?+ b=, 
we get h2/3 4. 42/3 = 2/3 


Hence, locus of a point is x7/3 + y2/3 = ¢?/3, 


Since, diagonals of rectangle bisect each other, so 
mid point of (1, 3) and (5, 1) must satisfy y=2x+ @ ie. 
(3, 2) lies on it. 


D ee ra C(6,1) 
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=> c=-4 

.. Other two vertices lies on y=2x-4 
Let the coordinate of B be (x, 2x — 4). 

.. Slope of AB: Slope of BC =-1 


2x-4-3 ; 2x-4—-1)_ 1 
x-1 x-5 7 


=> (x — 6x + 8) =0 
> x=4,2 
> y=4,0 


Hence, required points are (4, 4), (2, 0). 


Let the coordinates of third vertex be C(a, b). 
C (a,b) 
feo 
A (5,-1) B (-2,3) 
Since, CH is | AB, 
Bg) 
a/\-7 
=> 4b=7a 
Also, AH 1 BC 
Cg) 
5/\-2-a 
> 3-b=-10-5a 
On solving Eqs. (i) and (ii), we get 
a=-4,b=-7 
Since, the side AB is perpendicular to AD. 
D C (1,1) 
(=) 
I 
wo 
+ 
= 
+ 
3 
A (-3,1) B 


.. Its equation is of the form 7x-4y+A=0 
Since, it passes through (—3,1). 

7(-3)-4(1) + A =0. 
=> =25 


.. Equation of ABis 


7x—-4y+25 =0 
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(i) 


(ii) 


Now, BC is parallel to AD. Therefore, its equation is 


4x+ Ty+X=0 
Since, it passes through (1, 1). 
. 4(1)+ 701)+A=0 


= A=-11 
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-. Equationof BCis 4x+7y-11=0 
Now, equation of DC is 7x-4y+A=0 


> 7(01)-4(01)+A =0 
> A =-38 
: Tx-4y—-3 =0 


70. PLAN Distance of a point (x,, y,) from ax + by + c = Ois given by 
ax, + by, +C 


Ja? + b? 


22 


x<y 


V2 


V2 22 


Let P(x, y) is the point in first quadrant. 
x-y x+y 
V2 V2 

W2 <|x-—yl+lxat y| <4v2 
CaselI x>y 

22 <(x— y) + (xt y) S4V2 = xe [V2,2V2] 
Case II x<y 

2J2 <y—x+ (xt y) <4v2 

y € [V2, 22] 

= A= (22) - (V2)? =6 sq units 


Now, 2< <4 


Topic2 Angle between Straight Lines and 
Equation of Angle Bisector 
1. Take any point B (,1) on given line. 


B(01) /Vay=x-1 


(/AW3,0) 


/ 
/ 
/ 


8'(0,-1) 
Equation of AB’ is 
-1-0 
y-0 5 V3) 


0-43 
= -\By=-x+ v3 
> x—V3y=v3 
= vBy=x-3 
2. For collinear points 
—sin(B—-a) —cospB 1 
A=] cos(P-a@) sinB 1 


cos(B-—a +6) sin(B—-6) 1 
Clearly, A #0 for any value of w,f,6. 


Hence, points are non-collinear. 


3. The line segment QR makes an angle of 60° with the 
positive direction of X-axis. 
So, the bisector of the angle PQR will make an angle 
of 60° with the negative direction of X-axis it will 
therefore have angle of inclination of 120° and so, its 
equation is 

y —0= tan 120° (x -0) 

> y+ 8x =0 


4. It is not necessary that the bisector of an angle will 


divide the triangle into two similar triangles, therefore, 
statement II is false. 


Now, we verify Statement I. 
A OPQ, OR is the internal bisector of ZPOQ. 


PR _OP 
RQ OQ 
PR 2742" oe 

as = = 
RQ J1?+2? v5 

, ; ; 1-(C7) 
5. Equation of the line AB is y ee Cy (x — 5) 
8 4 

=> 1l=—(«-5) > 1l=—(«-5 

y ao ) y = ) 


> 38y—3=4x-20 
=> 38y—4x+17=0 
Equation of the line BC is 
_4-1 
1-5 
=> 4y-16=-38x+3 > 3x+4y-19=0 


4 


(x-1) => y-4 = (=I) 


Again, equation of the bisectors of the angles between 
two given lines AB and BC are 


38y—4x+ 17 _, 4y + 3x—-19 


jeer 47 + 3? 
> 38y—-4x4+17=+ (4¥4+ 8x-19) 
> 3y—-4x+17=4y4+ 3x-19 
and 38y—-4x+17=- (4y+ 8x-19) 
=> 386=y+7x and Ty-x=2 
Out of these two, equation of the bisector of angle ABC is 
Ty=x+2. 


6. Here, the triangle formed by a line parallel to X-axis 


passing through P(h,k) and the straight line y= x and 
y =2-xcould be as shown below: 


Sy 
‘ ay=x 
(1,1), 
kk) 
ue ‘ SC (2,-k Kh) 
“iF pte 5 = 
10 > 
y= ny y=2-x 


Since, area of AABC = 4h? 


5 AB: AC = 4h? 
where, AB = 2 |k—1| and AC = V2(|k-1l) 
=> 5 2k=1)? =4h® 
=> 4h? = (k-1)” 
=> 2h =+(k-1) 


The locus of a point is 2x =+(y-1). 
Given equations of lines are 

x-2y+4=0 and 4x-3y+2=0 
Here, a, d+ bby =1(4)+ -2)(-3) = 10 >0 
For obtuse angle bisector, we take negative sign. 


x-2yt+4 4x-3y+2 
V5 5 
> V5 (x-2y+ 4) =—-(4x-3y+ 2) 


=> (4+ V5)x— (2V5 +3)y+ (4V5 +2) =0 


. Since, the required line L passes through the 


intersection of LZ; =0 and L, =0. 
Lo 


>L 


So, the equation of the required line L is 
L, + AL, =0. 
le. (ax+ by+c) +A (Ix+ my+n)=0 axi(l) 
where, A is a parameter. 
Since, L, is the angle bisector of L =0 and L, =0. 
.. Any point A(x, ¥,) on L, is equidistant from L, =0 
and L, =0. 
| lx + my, + 7 | 
Je +m? 
_ | (ax, + by, +0) + A (ly, + my, + nr) | 
(a+? + (b+ Am)? 
But, A(x, 9,) lies on L,.So, it must satisfy the equation 
of L,, ie, ax, + by, + G =0. 


.. (ii) 


On substituting ax, + by, + c=0in Eq. (ii), we get 
|lx, +my,+n|_ |O+A (lx, + my, + n)| 
(P+m (a+ ad?+ +m? 
=> (E+ m”) = (a+ AD? + (b+ AM)? 
a (a? + 6”) 
2 (al+ bm) 
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On substituting the value of 4 in Eq. (i), we get 
(a? + b”) 
2 (al + bm) 
= 2 (al+ bm) (ax + by + 0 - (a? + b”) (ix+ my + n)=0 


(ax + by + c) (Ix + my + n)=0 


which is the required equation of line L. 


Topic3 Areaand Family of 
Concurrent Lines 
1. Let a AABC is such that vertices 
A(1, 2), By y,) and C(x, yo). 
A(1,2) 


B(x1,Y1) C(Ka,Yo) 


It is given that mid-point of side AB is (— 1, 1). 
H +1 _ 


So, -1 
2 
and nvnt2_, 
2 
=> x, =-8 and y, =0 


So, point Bis (38,0) 
Also, it is given that mid-point of side AC is 
(2, 3), so 

Bat =2and yet? =3 

2 

=> X_,=d8and yy =4 
So, point C is (8, 4). 
Now, centroid of AABC is 


a2 (- 3)+ 3 2+ O+ “\=6(Z.2) 
3 3 3 


2 Given, px+ gy + r=Ois the equation of line such that 
3p+2q+4r=0 


Consider, 3p + 2qg+ 4r=0 
> Sp, 24, r=0 
4 4 


; : (dividing the equation by 4) 
> pi—|+q 5) +r=0 
G4 
3.1 : 
> is satisfy px+ qy+r=0 
So, the lines always passes through the point (;. 5 


3. As the given lines x- y+ 1=Oand 7x-— y—5 =Oare not 
parallel, therefore they represent the adjacent sides of 
the rhombus. 

On solving x- y+ 1=0 and 7x- y—5=0, we get x=1 
and y=2. Thus, one of the vertex is A(1, 2). 
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D C (x, y) 


fo) 
I 
No) 
/ 
S 
/ 
aa 


Ax-y+1=0 B 


(1,2 
Let the coordinate of point C be (x, y). 
Then, feo" gad 2-2? 
=> x+1=-2and y=-4-2 
=> x=-3 
and y=-6 


Hence, coordinates of C = (3, -6) 

Note that, vertices Band D will satisfy x - y+ 1=Oand 
7x — y-5 =0, respectively. 

therefore 


Since, option (c) satisfies 7x- y—5=0, 


coordinate of vertex D is (3 : =) 


4, Let lines OB: y=mx 
CA: y=mx+1 
BA: y=nx+1 
and OC: y=nx 
The point of intersection B of OB and AB has x 


coordinate 


m—-n 


>< 


x’< 0 >X 


Y’ 
Now, area of a parallelogram OBAC 
=2xarea of AOBA 


=2x> OA x DB=2 x= x s 


m-n 


| 


|Im—n| 


m-n 
depending upon whether m > n orm <n. 


5. Since, vertices of a triangle are (0,8/3), (1, 3) and (82, 30) 


0 823 1 
Now, = 1 3 d 
82 30 1 

1 


a 8 4 
>| 3 (1-82) + 160 246)| 


=; [216 - 216] =0 


.. Points are collinear. 


10. 


The points of intersection of three lines are 
A(1, 1), B@, -2), C(-2, 2). 
Now, | AB|=./1+ 9 = 10, 
| BC| = ./16 + 16 =4 V2, 
and |CA|=./9+1=~10 


.. Triangle is an isosceles. 


Given lines, x+ 2y—3=0 and 3x+ 4y-— 7 =0 intersect 
at (1,1), which does not satisfy 2x+3y—-4=0 and 
4xn+ 5y-6=0. 

Also, 8x+4y—-7=0 and 2x+3y-—4=0 intersect at 
(5, —2) which does not satisfy x«+2y-38=0 and 
4xn+5y-6=0. 

Lastly, intersection point of x+2y-3=0 and 
2x+3y—-4=0 is (-1, 2) which satisfy 4x+ 5y-6=0. 
Hence, only three lines are concurrent. 


Given lines px+ qy+r=0, qxtry+ p=0 
and rx+ py + q=0 are concurrent. 
pPpqr 
q r p|=0 
ropq 


Applying R, > R, + R,+ R, and taking common from 
R, 


111 
(p+q+r)jq r p/=0 
repdq 
=> (p+qtr)(p'+q°+r°- pq-ar-pr)=0 
> p+q> +r -3pqr=0 


Therefore, (a) and (c) are the answers. 


(A) Solving equations L, and Ls, 
x _ y _ 1 
364+ 10 25412 2-15 
: g=2,y=1 


L,, L,, L, are concurrent, if point (2, 1) lies on L, 
fe 6-k-1=0 > k=5 
(B) Either L, is parallel to ZL, or Ls is parallel to L,, then 


S=@ 22° Specs 
3. -k 5 2 
or ena 
5 


(C) L,, Lo, L, form a triangle, if they are not concurrent, 
or not parallel. 


k+#5, —-9, zen a 
5 6 
(D) L,, Ly, L; do not form a triangle, if 
k=5, -9, ao 
5 
The set of lines ax+ by + c=0, where 8a + 2b + 4c=0or 
3 1 3 ava 
—a+—b6+c=0 are concurrent at [x=3.9=5] le. 
4 2 4 2 


comparing the coefficients of x and y. 


Thus, point of concurrency is (? : 5} 


11. 


12. 


13. 


Alternate Solution 


As, ax+by+c=0, satisfy 8a+2b+4c=0 which 
represents system of concurrent lines whose point of 
concurrency could be obtained by comparison as, 
3a 2 
ax+ by+ c= +—b+e 
4 4 
3 ila : 
=> x=-,y= 5 is point of concurrency. 


4 
3 1). : i 
% 5 is the required point. 


y YW 1 a & 1 
Since,} % Yo 1J=| a, by 1 

% dg 1 az bs; 1 
represents area of triangles are equal, which does not 
impies triangles are congrvent. Hence, given statement 
is false. 
Let the vertices of a triangle be, O (0, 0) A (a,0) and 
B (6, c) equation of altitude BD is x= b. 


Slope of OB is > 


Slope of AF is Ze , 
c 


Now, the equation of altitude AF is 
y-O=- 2 (x — a) 
c 
Suppose, BD and OE intersect at P. 


Coordinates of P are , b (‘<—) 


c 
a-—b 
Let m, be the slope of OP = 
c 
and my be the slope of AB= P c 
-a 


Now, many =(2—) (5 c - 1 
c -a 


We get, that the line through O and P is perpendicular 
to AB. 


il 
Area of PBC _5/*©+2)+ C8) C2-9)+4 (-5)| 
“] 
rea ERAGE 16 6+2)+ 3) 2-8) +4 B-5)| 
_|Tx+ Ty-14|_ 7I|x+y-2|_|x+y 2 
|42+15-8| 49 7 


14. A straight line perpendicular to5x—- y=lisx+5y=A. 


Since, area of triangle = 5 
Y 


Straight Line and Pair of Straight Lines 


381 


> Ae =5 

2! 5 
=> 7 =50 
=> |A|=5 v2 


. Equation of the line L is, x+ 5y=+5 V2 


Topic 4 Homogeneous Equation of 


1. 


Pair of Straight Lines 
Let a and b be non-zero real numbers. 
Therefore the given equation 


(ax? + by? + c) (x —5xy + 6y”) =0 implies either 


x” — Bay + 6y? =0 

=> (x-2y)(x-3y) =0 
=> x=2y 
and x=3y 
represent two straight lines passing through origin or 
ax” + by?+c=0 when c=0 and aand b are of same 
signs, then 
ax” + by? + c=0, 

x=0 

y=0. 
which is a point specified as the origin. 


and 


When, a=b and ¢c is of sign opposite to that of a, 
ax” + by” + c=0 represents a circle. 
Hence, the given equation, 
(ax? + by? + (x —5xy + By”) =0 
may represent two straight lines and a circle. 


Given, x- y?+2y=1 
> x? = (y- 1)? 
=> x=y-land x=-y+1 
Y 
(0,3). 
Se 
ey 
pts 
Sy € oe 
ae Sf----------s<------> Angle bisector 
Gis. ens, 
Ge ere & ewe clekee ee oS Se eee New Xx 
= ol i oy” 
y =x +1 tks a 
Nt 
Vv ny, 
y’ 


Angle bisector 


From the graph, it is clear that equation of angle 
bisectors are 
y=l 
and x=0 
.. Area of region bounded by x+ y=3,x=0 


and y=1is A=5x2x2=2 sq units 
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3. The given curve is 
3x7 — y? -Ix+ 4y=0 (i) 


Let y=mx-+cbe the chord of curve (i) which subtend 
right angle at origin. Then, the combined equation of 
lines joining points of intersection of curve (i) and chord 
y=mzx + cto the origin, can be obtained by the equation 
of the curve homogeneous, i.e. 


3x7 y? 2x(2=*) vy (22) <0 
c c 

> 3cx? — cy” —2Qxy+ 2Qmx" + Ay" —Amxy =0 
> (c+ 2m) x? -2 (1+ 2m) y+ (4-0 y?=0 
Since, the lines represented are perpendicular to each 
other. 
. Coefficient of x” + Coefficient of y? =0 
=> 3c+2m+4-—c=0 
=> c+m+2=0 
On comparing with y=mx+c 
=> y=mx-+c passes through (1, —2). 


Topic5 General Equation of Pair of 
Straight Lines 

1. Let S be the mid-point of QR and given APQR is an 
isosceles. 
Therefore, PS . QR and S is mid-point of hypotenuse, 
therefore S is equidistant from P,Q, R. 
2 PS =QS = RS 
Since, ZP=90°and Z2Q=ZR 
But 2P+2Q+ Z R=180° 
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90°+ ZQ+ Z R=180° 
= ZQ=ZR =45° 


Now, slope of QR is—2. 
But QR L PS. 

«. Slope of PS is 1/2. 

Let m be the slope of PQ. 


tan Fe, ee ee 
1—m (1/2) 
= $y a2mel 
2+m 
=> m=38,-1/3 
-. Equations of PQ and PR are 
y-1=3 («-2) 
and y-1=-= @-2) 
or 3 (y—-1)+ (~-2)=0 


Therefore, joint equation of PQ and PR is 
[3 («-2) — (y-1)] [@- 2) + 8 (y-1)] =0 


=> 3 (x—2)"-3 (y—-1)? +8 (x«-2) (y-1)=0 
=> 3x7 — 3y" + 8xy —20x-10y +25 =0 


or 
Pte: 


[given] 


16 


Circle 


Topic 1 Equation of Circle 


Objective Questions I (Only one correct option) 8. Let AB bea chord of the circle x” + y” =r? subtending a 


1. A circle touching the X-axis at (3, 0) and making a 


intercept of length 8 on the Y-axis passes through the 


right angle at the centre. Then, the locus of the centroid 
of the A PAB as P moves on the circle, is (2001, 1M) 


point (2019 Main, 12 April II) (a) a parabola (b) a circle 
(a) (3, 10) (b) (3, 5) (c) an ellipse (d) a pair of straight lines 
(c) (2, 3) (d) (1, 5) 9. The lines 2x-3y=5 and 3x—4y=7 are diameters of a 
. LetO(@,0) and A(, 1) be two fixed points, then the locus circle of area 154 sq units. Then, the equation of this 
of a point P such that the perimeter of AAOP is 4, is circle is (1989, 2M) 
(2019 Main, 8 April |) (a) x2 + y? + 2x-2y=62 (b) x24 y? + Q2x-2Qy=47 
(a) 8x?-9y?+9y=18 — (b) 9x? By? +8y=16 () x? + y?-2x+ 2y=47  (d)x? + y?— Ox + By = 62 
(c) 9x7+ 8y7 -8y =16 (d) 8x7+ 9y? -9y=18 10. AB is a diameter of a circle and C is any point on the 


If a circle of radius R passes through the origin O and 
intersects the coordinate axes at A and B, then the locus 
of the foot of perpendicular from O on AB is 

(2019 Main, 12 Jan Il) 
(a) (x? + y”)? = 4RPx*y* 
(b) (x? + y*)? = 4R*x*y® 
(©) (x? + y°)(x+ 9) = Rxy 
(d) (x? + 9°)” = 4Rx*y? 


11. 


circumference of the circle. Then, (1983, 1M) 

(a) the area of AABC is maximum when it is isosceles 

(b) the area of AABC is minimum when it is isosceles 

(c) the perimeter of AABC is minimum when it is 
isosceles 

(d) None of the above 


The centre of the circle passing through the point (0, 1) 


and touching the curve y =x" at (2,4) is (1983, 1M) 
. A square is inscribed in the circle 16 27 16 53 
x2 + y? 6x +8y —103 =0 with its sides parallel to the (a) (-=. =| (b) (-=. = 
coordinate axes. Then, the distance of the vertex of this 16 53 
square which is nearest to the origin is (c) ie : 5 (d) None of the above 


(2019 Main, 11 Jan II) 


(a) 6 (b) 18 (c) V41 (ad) ¥137 


. If the area of an equilateral triangle inscribed in the 


circle, x7 + y?+10x +12y+c=0 


Objective Questions II 
(One or more than one correct option) 


is 27V/3 sq units, then cis equal to —_ (2019 Main, 10 Jan II) 12. Circle(s) touching X-axis at a distance 3 from the origin 
(a) 20 (b) -25 (c) 13 (d) 25 and having an intercept of length 2V7 on Y-axis is/are 
. Let the orthocentre and centroid of a triangle be A(-3, 5) (a) x° + y?- 6x + 8y+ 9=0 (2013 Adv.) 
: : : : (b) x7 + y?- 6x+ Ty + 9=0 
and B@, 3), respectively. If C is the circumcentre of this 8 
triangle, then the radius of the circle having line (©) x ms vy 6x — 8y + 9=0 
segment AC as diameter, is (2018 Main) (d) x" + y"— 6x—Ty + 9=0 
(a) V10 (b) 2/10 (3 ie (@) 3V5 13. Let L, be a straight line passing through the origin and 
2 2 L, be the straight line x + y=1. If the intercepts made 


. The centre of circle inscribed in square formed by the 


lines x” —8x+ 12=Oand y”-14y+45=0, is (2003, 1M) 
(a) (4, 7) (b) (7, 4) 
(c) (9, 4) (d) (4, 9) 


by the circle x7 + y?-x+3y=0on L, and L, are equal, 
then which of the following equation can represent L,? 
(a)x+ y=0 (b) x- y=0 (1999, 1M) 
(c)x+ 7y=0 (d)x- 7y=0 
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Fill in the Blanks 


14. 


The lines 8x-—4y+4=0 and 6x-8y—- 7=0 tangents to 


the same circle. The radius of this circle is.... (1984, 2M) 


15. If A and B are points in the plane such that PA/PB=k 
(constant) for all P on a given circle, then the value of k 
cannot be equal to ......... : (1982, 2M) 

True/False 
16. The line x+3y=0 is a diameter of the circle 


x + y?-6x+4+2y=0. (1989, 1M) 


Analytical & Descriptive Questions 


17. 


18. 


19. 


20. 


21. 


Topic 2 Relation between Two Circles 
3. 


Let C be any circle with centre (, V2). Prove that 
at most two rational points can be there on C. 


(A rational point is a point both of whose coordinates are 
rational numbers.) (1997, 5M) 


Consider a curve ax? + 2hxy + by? =1 anda point P not 
on the curve. A line drawn from the point P intersect the 
curve at points @ and R. If the product PQ - QR is 
independent of the slope of the line, then show that the 
curve is a circle. (1997, 5M) 


A circle passes through three points A, B and C with the 
line segment AC as its diameter. A line passing through 
A intersects the chord BC at a point D inside the circle. If 
angles DAB and CAB are a and £ respectively and the 
distance between the point A and the mid-point of the 
line segment DC is d, prove that the area of the circle is 


md” cos” a 
cos” a + cos? B + 2cos@ cos B cos (8 — a) 


(1996, 5M) 


If (m;,1/m,),m,; >0,i=1,2,3,4 are four distinct points 


on a circle , then show that m, mymz m,=1. (1989, 2M) 


The abscissae of the two points A and B are the roots of 
the equation x” + 2ax— b” =O and their ordinates are the 
roots of the equation y”? + 2py — q? =0. Find the equation 
and the radius of the circle with AB as diameter. 

(1984, 4M) 


Objective Questions I (Only one correct option) 


1. 


If the circles «°+ y?+5Kx+2y+K=0 and 
2 (x" + y*)+ 2Kx+3y-1=0, (K€ R), intersect at the 
points P and Q, then the line 4x+5y—- K =0 passes 
through P and Q, for (2019 Main, 10 April I) 
(a) no values of K 

(b) exactly one value of K 

(c) exactly two values of K 

(d) infinitely many values of K 


If a tangent to the circle x7+ y?=1 intersects the 


coordinate axes at distinct points P and Q, then the locus 
of the mid-point of PQ is (2019 Main, 9 April 1) 


(b) x? + y?— 2xy =0 
(d) x7 + y? -16x?y? = 0 


(a) x? + y? — Qx*y? = 0 
(c) x7 + y? — 4x?y? = 0 


Integer Answer Type Questions 


22. 


23. 


For how many values of p, the circle 
x? + y + 2x+4y—- p=0and the coordinate axes have 
exactly three common points? (2017 Adv.) 


The straight line 2x —3y=1 divide the circular region 
+ y7 <6 into two parts. If 


s={(2.2)(2.2).(2. +} (-4)fthen the number of 
4 2 4 4.4 8 4 


point (s) in S lying inside the smaller part is ... . 


Paragraph Based Questions 
Let S be the circle in the XY-plane defined by the equation 


24. 


25. 


e+ Pad, (2018 Adv.) 


(There are two questions based on above Paragraph, the 
question given below is one of them) 


Let E,E, and FF, be the chords of S passing through 
the point P, (1, 1) and parallel to the X-axis and the 
Y-axis, respectively. Let G,G, be the chord of S passing 
through Py and having slope -1. Let the tangents toS at 
E, and E, meet at E3, then tangents to S at F, and F, 
meet at F;, and the tangents to S at G, and G, meet at 
G;. Then, the points E,, F, and Gs lie on the curve 
(a)xt+ y=4 

(b) (x - 4)? + (y - 4)? =16 

()@- 4 (y- 4 =4 

(d)xy=4 

Let P be a point on the circle S with both coordinates 
being positive. Let the tangent to S at P intersect the 
coordinate axes at the points M and N. Then, the 
mid-point of the line segment MN must lie on the 
curve 

(a) (w+ 9)” = Bxy 

(b) x23 + yr = 94/3 

(c) x? + y? = 2xy 

(d) x7 + y? = x7? 


If a variable line, 3x+4y-—2 =0 is such that the two 
circles x7 + y?-2x-2y+1=0 
and x°+ y?—-18x-2y+ 78=0 


are on its opposite sides, then the set of all values of 1 is 
the interval (2019 Main, 12 Jan |) 


(a) [18, 23] (b) 2, 17) 
(c) [12, 21] (d) (23, 31) 
Let C,; and C, be the centres of the circles 


x + y2-2Qx-2y-2=0 and x74+ y?-6x-6y+14=0 
respectively. If Pand Q are the points of intersection of 
these circles, then the area (in sq units) of the 
quadrilateral PC,QC, is (2019 Main, 12 Jan I) 
(a) 8 
(c) 6 


(b) 4 
(d) 9 


10. 


11. 


12. 


13. 


14. 


15. 


If the circles x" + y” -16x—20y + 164=r? and 
(x — 4)? + (y— 7)? =36 intersect at two distinct points, 


then (2019 Main, 9 Jan II) 
(a)O<r<1 (b) r>11 
(c) 1<r<1l (d)r=11 


If one of the diameters of the circle, given by the 
equation, x” + y”—4x«+6y-—12=0, is a chord of a circle 
S, whose centre is at (—8, 2), then the radius of S is 


(2016 Main) 
(a) 5V2 (b) 5V3 (c) 5 (d) 10 
If one of the diameters of the circle 


x + yx —2x-6y+6=0 is a chord to the circle with 
centre (2, 1), then the radius of the circle is (2004, 1M) 
(a) V3 (b) J2 (c) 3 (d) 2 

The number of common tangents to the circles 
x + y?-4x-6y—-12=0 and x? + y? + 6x+ 18y+26=0 
is (2015) 
(a) 1 (b) 2 (c) 3 (d) 4 

Let C be the circle with centre at (1, 1) and radius 1. IfT 
is the circle centred at (0, y) passing through origin and 
touching the circle C externally, then the radius of T is 


equal to (2014 Main) 
V3 J3 1 1 
(a) 3B (b) (c) : (d) 4 


If the circle x7 + y? + 2x+ 2ky+6=Oand 
x + y? + 2ky + k =0 intersect orthogonally, then k is 
(a) 2 or — 3/2 (b) -2 or — 3/2 (2000, 2M) 
(c) 2 or 3/2 (d) -2 or 3/2 
The A PQRis inscribed in the circle x7 + y? = 25. If Qand 
R have coordinates (8, 4) and (- 4, 3) respectively, then 
Z QPRis equal to (2000, 2M) 
(a) n/2 (b) 2/3 (c) w/4 (d) x/6 
The number of common tangents to the circles 
x+y? =4andx?+ y?-6x-8y =24is (1998, 2M) 
(a) 0 (b) 1 (c) 3 (d) 4 
The angle between a pair of tangents drawn from a 
point P to the circle 

+ y+ 4x-6y4 9sin2a +13 cos?a =0 
is 2a. The equation of the locus of the point P is 

(1996, 1M) 

(a) x7 + y?+4x-6y+4=0 (b) x74 y?+ 4x-6y-9=0 
(c) x7 + y?+ 4x-6y-4=0 (d)x7?+ y?+ 4x-6y+ 9=0 
If the (x—1)7+ (y-3)? =r? 
x7 + y? -8x+ 2+ 8 =0 intersect in two distinct points, 
then (1989, 2M) 
(a)2<r<8 (b)r<2 (c)r=2 (d)r>2 
If a circle passes through the point (a, 6) and cuts the 
circle x” + y” = k? orthogonally, then the equation of the 
locus of its centre is (1988, 2M) 
(a) 2ax + 2by - (a2 + 67 + k”)=0 
(b) 2ax + 2by - (a? - b? + k”) =0 
(c) x? + y? — 8ax — 4by + a? + 6? - hk? =0 
(d) x? + y? — 2ax - 3by + (a? — b? - k”) =0 


two _ circles and 
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Objective Question II 
(One or more than one correct option) 


16. 


17. 


Let T be the line passing through the points P(- 2,7) 
and @(2,—5). Let F, be the set of all pairs of circles 
(S,,S,) such that T is tangent to S, at P and tangent to 
S, at Q, and also such that S, and S, touch each other at 
a point, say M. Let E, be the set representing the locus 
of M as the pair (S,,S,) varies in F,. Let the set of all 
straight line segments joining a pair of distinct points of 
E, and passing through the point R(1,1)be Fy. Let Hy be 
the set of the mid-points of the line segments in the set 
F,. Then, which of the following statement(s) is (are) 
TRUE? (2018 Adv.) 


(a) The point (— 2, 7) lies in E, 


(b) The point ( ) does NOT lie in E, 


(c) The point (5 1] lies in Ey 


(a) The point (0. 5 does NOT lie in E, 


A circle S passes through the point (0,1) and is 
orthogonal to the circles (x—1)?+ y? =16 and x”+ y?=1. 
Then, (2014 Adv.) 
(a) radius of Sis 8 

(b) radius of Sis 7 

(c) centre of S is (7,1) 

(d) centre of Sis (8,1) 


Passage Based Problems 


18. 


19. 


20. 


Passage 


Let ABCD be a square of side length 2 unit. C, is the 
circle through vertices A,B,C,D and C, is the circle 
touching all the sides of square ABCD. L is the line 
through A. (2006, 5M) 
If P is a point of C, and @ is a point on C,, then 
PA® + PB’ + PC? + PD? . 

a 7 5 7 18 equal to 
QA*+ QB" + QC*+ QD 
(a) 0.75 (b) 1.25 
(c) 1 (d) 0.5 
A circle touches the line L and the circle C, externally 


such that both the circles are on the same side of the 
line, then the locus of centre of the circle is 

(a) ellipse (b) hyperbola 

(c) parabola (d) parts of straight line 


A line M through A is drawn parallel to BD. Point S 
moves such that its distances from the line BD and the 
vertex A are equal. If locus of S cuts M at T, and T; and 
AC at T,, then area of AT,T.T; is 


(a) - sq unit (b) 7 sq unit 


(c) 1sq unit (d) 2 sq units 
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Match the Columns 


21. 


Match the conditions/expressions in Column I with 
statement in Column II. 


Column I Column II 


Two intersecting circles have acommon tangent 


i 


WD \|> 


Two mutually external circles q. have acommon normal 


do not have a common 
tangent 


C. Two circles, one strictly insider. 
the other 


do not have a common 
normal 


D. Two branches of a hyperbola s. 


Analytical & Descriptive Questions 


22. 


23. 


Let C, and C, be two circles with C, lying inside C,. A 
circle C lying inside C, touches C; internally and C, 
externally. Identify the locus of the centre of C. 

(2001, 5M) 


Three circles touch one another externally. The 
tangents at their points of contact meet at a point whose 
distance from a point of contact is 4. Find the ratio of the 
product of the radii to the sum of the radii of the circles. 
(1992, 5M) 


Topic 3 Equation of Tangent, Normal and Length of Tangents 


Objective Questions I (Only one correct option) 


1. 


The common tangent to the circles «7+ y?=4 and 


x + y7+6x+8y—24 =0 also passes through the point 
(2019 Main, 9 April II) 


(a) (6, - 2) (b) (4, - 2) 

(c) 6, 4) (d) (-4, 6) 

A rectangle is inscribed in a circle with a diameter lying 
along the line 3y = x+ 7. If the two adjacent vertices of 
the rectangle are (8, 5) and (6, 5), then the area of the 
rectangle (in sq units) is (2019 Main, 9 April II) 
(a) 72 (b) 84 (c) 98 (d) 56 

The tangent and the normal lines at the point (V3 , 1) to 


the circle x” + y? =4 and the X-axis form a triangle. The 
area of this triangle (in square units) is 
(2019 Main, 8 April II) 
4 2 


1 
B B ar: 


The straight line x + 2 = 1 meets the coordinate axes at 


(a) (b) () 


Aand B. A circle is drawn through A, Band the origin. 
Then, the sum of perpendicular distances from A and B 
on the tangent to the circle at the origin is 

(2019 Main, 11 Jan!) 


(a) 2/5 (b) “ () 4/5 (d) 8 
If a circle C passing through the point 
(4, 0) touches the circle x? + y? + 4x -6y = 12 externally 
at the point (1, —1), then the radius of C is 

(2019 Main,10 Jan!) 
(a) 5 (b) 25 (c) 57 (d) 4 
If the tangent at (1, 7) to the curve x” = y — 6 touches the 
circle x7 + y? + 16x + 12y + c=0, then the value of cis 

(2018 Main) 

(a) 195 (b) 185 (c) 85 (d) 95 


Let ABCD be a quadrilateral with area 18, with side AB 
parallel to the side CD and AB=2CD. Let AD be 
perpendicular to AB and CD. If a circle is drawn inside 
the quadrilateral ABCD touching all the sides, then its 
radius is (2007, 3M) 


(a) 3 (b) 2 Or @1 


If the tangent at the point P on the circle 
+ y7+6x+6y=2 meets the straight line 
5x -2y+6=Oata point Q onthe Y-axis, then the length 
of PQ is (2002, 1M) 
(a) 4 (b) 25 () 5 (a) 3V5 

Let PQ and RS be tangents at the extremities of the 
diameter PR of a circle of radius r. If PS and RQ 
intersect at a point X on the circumference of the circle, 


then 2r equals (2001, 1M) 
(a) (PQ: RS @) 7 
; 2 2 
() 2P@: RS @ [PQ? + RS 
PQ+ RS 2 


Objective Questions II 
(One or more than one correct option) 


10. 


11. 


Let RS be the diameter of the circle x7 + y? =1, where S 
is the point (1,0). Let Pbe a variable point (other than R 
and S) on the circle and tangents to the circle at S and P 
meet at the point Q. The normal to the circle at P 
intersects a line drawn through Q parallel to RS at point 
E. Then, the locus of E passes through the point(s) 


i: 5 4:4 (2016 Adv.) 
(5-75) (75) 
(5-75) @(3-3) 


The circle C, : x” + y* =3 with centre at O intersects the 
parabola x” =2yat the point Pin the first quadrant. Let 
the tangent to the circle C, at Ptouches other two circles 
C,andC, at R, and R,, respectively. Suppose C, and C, 
have equal radii 2/3 and centres Q, and Qs, 
respectively. If @, and @, lie on the Y-axis, then 

(a) QoQ; = 12 (2016 Adv.) 
(b) RR, = W6 

(c) area of the AOR,R, is 6/2 

(d) area of the APQ.Q: is 4/2 


Assertion and Reason 


12. 


Tangents are drawn from the point (17, 7) to the circle 

x + y = 169. 

Statement I The tangents are mutually perpendicular. 

because 

Statement II The locus of the points from which a 

mutually perpendicular tangents can be drawn to the 

given circle is x7+ y” =338. (2007, 3M) 

(a) Statement I is true, Statement II is true; Statement IT 
is correct explanation of Statement I 

(b) Statement I is true, Statement II is true, Statement IT 
is not correct explanation of Statement I. 

(c) Statement I is true, Statement II is false. 

(d) Statement I is false, Statement II is true. 


Passage Based Problems 


13. 


14. 


15. 


Passage 1 


A tangent PT is drawn to the circle x7 + y?=4 at the 
point P (V3, 1). A straight line L, perpendicular to PT is 
a tangent to the circle (x —3)?+ y?=1. (2012) 


A possible equation of L is 


(a) x-V3y=1 (b) x+ V8y=1 
(c) x-V8y=-1 (d) x+ V38y=5 
A common tangent of the two circles is 

(a) x=4 (b) y=2 

(c) x+ V8y=4 (d) x+ 2/2 y=6 


Passage 2 
A circle C of radius 1 is inscribed in an equilateral 


APQR. The points of contact of C with the sides PQ, QR, 
RP are D, E, F respectively. The line PQ is given by the 
equation V3 «+ y—6=0 and the point D is = Al 
Further, it is given that the origin and the centre of C 
are on the same side of the line PQ. (2008, 12M) 
The equation of circle C is 


(a) (x — 2/3)? + (y- 1)? =1 
2 i a 
(b) (@ — 2V3) +(9+5] =1 


(c) (x - V3)? + (y+ I? =1 
(a) («e-V3)?+ (y-D’=1 


16. 


17. 
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Points EF and F are given by 
@(S. 3). (3,0) wf, 3) (3,0) 


Crates) (ev }lae3) 
2 2 2 2 2 2 2 2 


Equations of the sides QR, RP are 
(a) y= x-1(b)y= 


xt1,y= x,y=0 


1 
V3 
V3x, y= 0 


| SS} 
wl sig] 


(ce) y=—x+1, y= x-1(d) y= 


Fill in the Blanks 


18. 


19. 


A circle is inscribed in an equilateral triangle of side a. 
The area of any square inscribed in this circle is... . 
(1994, 2M) 


If a circle passes through the points of intersection of 
the coordinate axes with the lines Ax- y+1=0 and 
x—-2y+38=0, then the value of A is... . (1991,2M) 


Analytical & Descriptive Questions 


20. 


21. 


22. 


Find the equation of circle touching the line 
2x+3y+1=0 at the point (1, —1) and is orthogonal to 
the circle which has the line segment having end points 
(0, —1) and (2, 3) as the diameter. (2004, 4M) 


Find the coordinates of the point at which the circles 
x7 — y?-4e -2y+4=Oand x7 4+ y?-12x-8y+36=0 
touch each other. Also, find equations of common 


tangents touching the circles the distinct points. 
(1993, 5M) 


Two circles, each of radius 5 units, touch each other at 
(1, 2). If the equation of their common tangent is 
4x + 3y=10, find the equations of the circles. (1991, 4M) 


Integer Answer Type Question 


23. 


The centres of two circles C,; and C, each of unit radius 


are at a distance of 6 units from each other. Let P be the 
mid-point of the line segment joining the centres of C, 
and C, and C be a circle touching circles C, and C, 
externally. If a common tangents to C, and C passing 
through Pis also a common tangent toC, and C, then the 
radius of the circle Cis ... (2009) 


Topic 4 Radical Axis and Family of Circle 


Objective Questions I (Only one correct option) 


fl 


The locus of the centres of the circles, which touch the 
circle, x" + y? =1 externally, also touch the Y-axis and 
lie in the first quadrant, is (2019 Main, 10 April II) 


(a) y=.J/1+ 2x, x20 (b) y=./1+ 4x, x>0 
(c) x=,/1+ 2y, y>0 (d) x=./1+ 4y, y20 


2. 


The line x= y touches a circle at the point (1, 1). If the 
circle also passes through the point (1, —3), then its 
radius is (2019 Main, 10 April I) 
(a) 3V2 

(b) 2/2 

(c) 2 

(d) 3 
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10. 


11. 


12. 


Two circles with equal radii are intersecting at the 
points (0, 1) and (0, —-1). The tangent at the point (0,1) to 
one of the circles passes through the centre of the other 
circle. Then, the distance between the centres of these 
circles is (2019 Main, 11 Jan |) 
(a) V2 (b) 2/2 (c) 1 (d) 2 

Three circles of radii a, b,c(a < b <c) touch each other 
externally. If they have X-axis as a common tangent, 


then (2019 Main, 9 Jan I) 
‘ 1 1 if 
a) a, b, care in AP — = + 
(a) 1 (b) Je We 
; fl 1 1 
(c) Va,Vb,Jearein AP) = (d) —~ =~ + = 
Jb va Ve 


The circle passing through (1, — 2) and touching the axis 


of x at (8, 0) also passes through the point (2013 Main) 
(a) (- 5, 2) (b) (2, = 5) 
(c) (5, - 2) (d) ( 2,5) 


The circle passing through the point (—1,0) and 
touching the Y-axis at (0, 2) also passes through the 
point (2011) 
3 5 3.5 

a) |--,0 ——,2 ce) |--,- d) - 4,0 
oC S0) ($2) (39 wer 
The locus of the centre of circle which touches 
(y — 1)? + x7 =1 externally and also touches X-axis, is 


(a) {x” = 4y, y> 0} UL, y), ¥< 0} (2005, 2M) 
(b) x7 = y 
(©) y = 4x” 


(d) y* = 4x U(,y),yeR 
If two distinct chords, drawn from the point (p, g) on the 
circle x” + y” = px + qy (where, pq # 0) are bisected by 


the X-axis, then (1999, 2M) 
(a) pp=q" (b) p” = 8q” 
() p< 8q° (d) p” > 8q” 


The locus of the centre of a circle, which touches 
externally the circle x7 + y”-6x-—6y+14=0 and also 
touches the Y-axis, is given by the equation (1993, 1M) 
(a) x*-6x-10y+14=0 (b)x*-10x-6y+14=0 

(c) y?-6x-10y+14=0 (d) y?-10x-6y+14=0 

The centre of a circle passing through the points (0, 0), 
(1, 0) and touching the circle x + y? =9is (1992, 2M) 
(a) (3/2, 1/2) (b) (1/2, 3/2) 

(c) (1/2, 1/2) (d) (1/2, — 2") 

The equation of the circle passing through (1, 1) and 
the points of intersection of x?+ y?+13x—3y=0 and 
2x7 + 2y" + 4x-—7y-25 =Ois (1983, 1M) 
(a) 4x7 + 4y? — 30x - 10y = 25 

(b) 4x7 + 4y? + 30x -13y — 25=0 

(c) 4x7 + 4y2 —17x-10y + 25=0 

(d) None of the above 

Two circles x? + y? =6 and x7 + y?—6x +8 =Oare given. 
Then the equation of the circle through their points of 
intersection and the point (1, 1) is (1980, 1M) 
(a) x7 + y?-6x+ 4=0 (b) x7 + y? - 3x+1=0 

(c) x7 + y?-4y4+ 2=0 (d) None of these 


Fill in the Blanks 


13. 


14. 


15. 


16. 


For each natural number k. Let C;, denotes the circle 


with radius k centimetres and centre at origin. On the 
circle C, a particle moves k centimetres in the 
counter-clockwise direction. After completing its 
motion on C;, the particle moves to C;,,, in the radial 
direction. The motion of the particle continue in this 
manner. The particle starts at (1, 0). If the particle 
crosses the positive direction of the X-axis for the first 
time on the circle C,,, then n=... (1997, 2M) 


The intercept on the line y = xby the circle x7 + y? -2x=0 
is AB. Equation of the circle with AB as a diameter is... . 
(1996, 1M) 
If the circle C, :x° + y* =16 intersects another circle C, 
of radius 5 in such a manner that the common chord is 
of maximum length and has a slope equal to 3/4, then 
the coordinates of the centre of Cy are... . (1988, 2M) 
The points of intersection of the line 4x — 3y —-10 =Oand 


the circle x? + y* -2x+4y—20=Oare...and... . 
(1983, 2M) 


Analytical & Descriptive Questions 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


Consider the family of circles x7 + y? =r? ,2<r<5.Ifin 


the first quadrant, the common tangent to a circle of 
this family and the ellipse 4x” + 25y?=100 meets the 
coordinate axes at A and B, then find the equation of the 
locus of the mid-points of AB. (1999, 5M) 


Consider a family of circles passing through two fixed 
points A (8, 7) and B (6, 5). Show that the chords in 
which the circle x?+ y*-4x-6y-3=0 cuts the 
members of the family are concurrent at a point. Find 
the coordinates of this point. (1993, 5M) 
A circle touches the line y= x at a point P such that 
OP =4 J2. , where O is the origin. The circle contains the 
point (— 10, 2) in its interior and the length of its chord 
on the line x+ y=0 is 6 V2. Determine the equation of 
the circle. (1990, 5M) 


Let S =x" + y?+2gx+ 2fy+ c=0be a given circle. Find 
the locus of the foot of the perpendicular drawn from the 
origin upon any chord of S which subtends a right angle 
at the origin. (1988, 5M) 
Let a given line L, intersect the X and Y-axes at Pand Q 
respectively. Let another line L., perpendicular to L,, 
cut the X and Y-axes at Rand S, respectively. Show that 
the locus of the point of intersection of the line PS and 
QR is a circle passing through the origin. (1987, 3M) 


Find the equations of the circles passing through (—4, 3) 
and touching the lines x+ y=2 and x— y=2. (1982, 3M) 
Find the equation of the circle which passes through the 
point (2,0) and whose centre is the limit of the point of 


intersection of the lines 3x+5y=1, 2+ 0x+5c’y=lasc 
tends to 1. (1979, 3M) 
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Topic 5 Equation of Chord Bisected at a Point, Product of Pair of 
Tangents, Chord of Contact of Tangents, Pole and 


Equation of Polar 


Objective Questions I (Only one correct option) 


1. 


If the angle of intersection at a point where the two 
circles with radii 5 cm and 12 cm intersect is 90°, then 
the length (in cm) of their common chord is 

(2019 Main, 12 April I) 


120 13 
d) — 
oS 


13 60 
(a) 7 (b) is (c) ri 
The sum of the squares of the lengths of the chords 
intercepted on the circle, x? + y? =16, by the lines, 
x+y=n, néN, where N is the set of all natural 
numbers, is (2019, Main, 8 April 1) 
(a) 320 (b) 105 
(c) 160 (d) 210 


The centres of those circles which touch the circle, 
x + y —8x-8y-4=0, externally and also touch the 
X-axis, lie on (2016 Main) 
(a) a circle 

(b) an ellipse which is not a circle 

(c) a hyperbola 

(d) a parabola 


The locus of the mid-point of the chord of contact of 
tangents drawn from points lying on the straight line 
4x —5y =20 to the circle x”+ y* =9 is (2012) 


(a) 20 (x? + y”) — 36x + 45y =0 
(b) 20 (x? + y”) + 36x - 45y =0 
(c) 86 (x7 + y”) — 20y + 45y =0 
(d) 36 (x? + y”) + 20x - 45y = 0 
Tangents drawn from the point P (1, 8) to the circle 
x + yr —6x-—4y—11=0 touch the circle at the points A 


and B. The equation of the circumcircle of the APAB is 
(2009) 

(a) x7+ y?+ 4x-6y+19=0 

(b) x7+ y?-4x-10y+19=0 

(c) «7+ y?—2x+ 6y-29=0 

(d) x7+ y?-6x-4y+19=0 

The locus of the mid-point of a chord of the circle 

x + y?=4which subtends a right angle at the origin, is 

(a)x+ y=2 (1984, 2M) 

(b) x7 + y? =1 

(c) x7 4+ y?=2 

(d)x+ y=1 


Objective Question II 
(One or more than one correct option) 


7. 


The equations of the tangents drawn from the origin to 
the circle x” 4 y + 2rx+ 2hy 4 h? =0, are (1988, 2M) 
(a)x=0 

(b) y=0 

(c) (h? - r”)x-2rhy=0 

(d) (h? - r?) x + 2rhy =0 


Assertion and Reason 


For the following questions, choose the correct answer 

from the codes (a), (b), (c) and (d) defined as follows. 

(a) Statement I is true, Statement II is also true; 
Statement IT is the correct explanation of Statement I. 

(b) Statement I is true, Statement II is also true; 
Statement IT is not the correct explanation of 
Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


[,:2x+ 389+ p-38=0 
L,:2x+ 38y+ p+3=0 


Consider 


where, pis a real number and 

C:x7+ y?-6x+ 10y+30=0 
Statement I Ifline L, isa chord of circle C, then line L, 
is not always a diameter of circle C. 


Statement II If line L, is a diameter of circle C, then 
line LZ, is not a chord of circle C. (2008, 3M) 


Fill in the Blanks 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


The chords of contact of the pair of tangents drawn from 
each point on the line 2x+ y=4 to the circle x7 + y*=1 
pass through the point... . (1997, 2M) 


The equation of the locus of the mid-points of the chords 
of the circle 4x” + 4y” —12x+ 4y+1=0 that subtend an 
angle of 22/3 at its centre is... . (1993, 2M) 


The area of the triangle formed by the tangents from 
the point (4, 3) to the circle x7+ y?=9 and the line 
joining their points of contact is... . (1987, 2M) 


From the point A (0, 3)on the circle x + Act (y- 3)” =0, 
a chord AB is drawn and extended to a point M such 
that AM =2AB. The equation of the locus of Mis... . 
(1986, 2M) 
The equation of the line passing through the points of 


intersection of the circles 3x7+3y?—2x+12y-9=0 
and x’ + y?+6x+2y-15=Ois.... (1986, 2M) 


Let «°+ y?-4x-2y-11=0 be a circle. A pair of 
tangents from the point (4, 5) with a pair of radii form a 
quadrilateral of area... . (1985, 2M) 


From the origin chords are drawn to the circle 
(x—1)?+ y7=1. The equation of the locus of the mid 
points of these chords is... . (1985, 2M) 


Analytical & Descriptive Questions 


16. 


Let 2x°+ y?-3xy =0 be the equation of a pair of 
tangents drawn from the origin O to a circle of radius 3 
with centre in the first quadrant. If A is one of the points 
of contact, find the length of OA. (2001, 5M) 
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17. 


18. 


19. 


2x7 + 2y* - (1+ V2a) x- (1- 2a) y =0. (1996, 6M) 
; : 24. Two parallel chords of a circle of radius 2 are at a 
20. Let a circle be given by distance V3 + 1 apart. If the chords subtend at the centre, 
2x (x—-a)+ y Qy— 6) =0, (a #0, b#0) angles of a /k and a where k >0, then the value of [k] 
Find the condition on a and 6 if two chords, each bisected ; k 
by the X-axis can be drawn to the circle from (a, 6/2). 1S-. 0000 (2010) 
(1992, 6M) NOTE [k]denotes the largest integer less than or equal tok] 
Answers 
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17. | x4 ry = syst x4 
20. 2x? +2y* -10x —5y +1=0 21. y =Oand 7y —24x + 16 =0 2 s W395 
2 2 
22, (x —5)? + (y —5)* =5? and(x +3)? + (y +1)? =5? ee ee Ae) 20,.a > 2b 
23. 8 21. (x —5)? + (y -2)? =3° 22, x°+y> =hx+ky 
23. 75 sq units 24, 3 


Let T,, T, and be two tangents drawn from (—2,0) onto 
the circle C : x? + y? =1. Determine the circles touching 
C and having T,, T, as their pair of tangents. Further, 
find the equations of all possible common tangents to 
these circles when taken two at a time. (1999, 10M) 


C, and C, are two concentric circles, the radius of Cy 
being twice that of C,. From a point Pon C,, tangents PA 
and PB are drawn to C,. Prove that the centroid of the 
APAB lies on Cj. (1998, 8M) 


Find the intervals of values of a for which the line 
y+x=0 bisects two chords drawn from a_ point 


[ +a ; E Ps) to the circle 


21. 


22. 


23. 


Lines 5x+12y-10=0 and 5x-12y-—40=0 touch a 
circle C, of diameter 6. If the centre of C, lies in the first 
quadrant, find the equation of the circle C, which is 
concentric with C, and cuts intercepts of length 8 on 
these lines. (1986, 5M) 
Through a fixed point (h,k) secants are drawn to the 
circle x7 + y? =r?. Show that the locus of the mid-points 
of the secants intercepted by the circle is 
x + y= hx t ky. (1983, 5M) 
Let A be the centre of the circle x? + y? —2x-—4y —20 =0. 


Suppose that, the tangents at the points B (1, 7) and D 
(4, -2 ) on the circle meet at the point C. Find the area of 
the quadrilateral ABCD. (1981, 4M) 
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Hints & Solutions 


Topic 1 Equation of Circle 3. Let the foot of perpendicular be P(h, k). Then, the slope 
1. Itis given that the circle touches the X-axis at (3, 0) and 


making an intercept of 8 on the Y-axis. 
Y 


nxn 


B 


k— o —I 


o|> 


8.0) n 


Let the radius of the circle is ‘7’, then the coordinates of 
centre of circle are (8, r). 
From the figure, we have 


CM =3, 

CA = radius =r 
and AM = BM =" =4 
Then, r? =CM? + AM? =9+ 16 =25 
> r=+t5 


Now, the equation of circle having centre (8,+ 5) and 
radius = 5is 

(x — 3)? + (y £5)? =25 
Now, from the options (8, 10) satisfy the equation of 
circle 


(x -8)" + (y—5)? = 25 

. Given vertices of AAOP are O(0, 0) and A(@, 1) 
Let the coordinates of point P are (x, y). 
Clearly, perimeter = OA + AP + OP =4 (given) 


= | 0-0)? + 0-1)? + J0-»? + 1-9)? + x? + 9 =4 
142 + (y—1)? {x y=ad 
a yr+y 2y+1 {x2 y? =3 


=jx74 y? 2y =3-/x74+ y? 


> e+ y? 2Qy+1=94+xe74+y 


1-2y=9-6,/x? + y? 
6x7 + y? =2y4+8 
Bx + yr =yt4 
9(x" + y*) = (y+ 4)” 
Ox? + 9y" = y +8y7+16 
9x? + 8y" -8y=16 
Thus, the locus of point P(x, y) is 
9x" + 8y’ -8y=16 


ne 


6,/x7 + 9? 


[squaring both sides] 


[squaring both sides] 


UuUUvU Uv 


of line OP = Ls 
h 


>X 


‘: Line AB is perpendicular to line OP, so slope of line 


AB=- Z [. product of slopes of two 
perpendicular lines is (—1)] 


Now, the equation of line ABis 
y-k=-2-h) = hit ky =h? + k? 


or z + ad = 


h? +k? h? +k? 
h k 


nh? +k? 


So, point Al 


2 2 
| and Ao nek 


.: AAOB is a right angled triangle, so AB is one of the 
diameter of the circle having radius R (given). 


= AB=2R 


2, 42)? 2, 42)? 
- h°+k _{2+k -9oR 
h k 


2, ,22(1 ,1)_,p2 
> hak) (7 +s] AR 
=> (h2+ kh? =4R7h7k? 


On replacing h by x and kby y, we get 
(x7 + yy =4Rx? es 
which is the required locus. 


. Given equation of circle is x7+ y?—6x+ 8y—103 =0, 


which can be written as (x— 3)? + (y + 4)” =128 = (8V2)" 
. Centre = (8, — 4) and radius = 8/2 


Now, according to given information, we have the 
following figure. 
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For the coordinates of A and C. 


Consider, = = yes =+ 8/2 
ue, 
[using distance (parametric) form of line, 
x7 % _ ITN _ 


cos@ sin 0 


rl 


>x=3+8 y=-4148 
-. A(-—5,-12) and C(11,4) 
Similarly, for the coordinates of B and D, consider 


UO S72 eee | Pathe, OS08R4 


1 1 
2 (2 

> x=3F8, y=-4248 

s B(11,-12) and D(-5, 4) 

Now, OA = 25 +144 = /169 = 13; 


OB = .J121 + 144 = J265 


OC =./121 + 16 = V137 
and OD =./25+ 16 =V/41 


5. Clearly, centre of the circumscribed circle is the 
centroid (G) of the equilateral triangle ABC. 


[.' in an equilateral triangle circumcentre and centroid 
coincide] 


Also, we know that 
AAGB = ABGC = ACGA [by SAS congruence rule] 
ar(AABC) = 3 ar(AAGB) 


=3 (F r?sin 120°) 
2 


[.. area of triangle = . ab sin (ZC)| 


- ar(AABC) =27V3 [given] 
Be 43 =27)3 
7 9 a 


[sin 120° =sin (180° - 60°) = sin 60°= “J 


=> r2=4x9 
> r=6 
Now, radius of circle, 


r=g?+ f?-e¢ 
> 6=./254+ 36-—c¢ 


[.: in the given equation of circle 2g = 10 
and2f=12=> g=5 and f =6] 


> 36 =25 + 36-—c 
=> c=25 
6. Key idea Orthocentre, centroid and circumcentre are 


collinear and centroid divide orthocentre and 
circumcentre in 2:1 ratio. 


We have orthocentre and centroid of a triangle be 
A(-3, 5) and B@, 3) respectively and C circumcentre. 


A(-3, 5) B(3,3) C 


Clearly, AB =,/(3 + 3)? + @—5)? =,/36 + 4 =2V10 
We know that, AB: BC =2:1 

=> BC= 10 

Now, AC = AB+ BC =2V10 + ¥10 =3V10 

Since, AC is a diameter of circle. 


AC 
2 r=— 
2 
3/10 iE 
=> r=——_=3 aa 
2 2 


7. Given, circle is inscribed in square formed by the lines 
x? —8x+12=Oand y?-14y+45=0 
> x=6 and x=2, y=5and y=9 
which could be plotted as 


Yt p\(29)  cl(6,9) 


»y=9 
>y=5 
A| (2,5) B (6,5) 
xX< >X 
Oyy 


where, ABCD clearly forms a square. 


-. Centre of inscribed circle 
= Point of intersection of diagonals 
= Mid-point of AC or BD 


-(75") AE)-@ 
2 2 
= Centre of inscribed circle is (4, 7). 


8. Choosing OA as X-axis, A=(r,0),B=(©,r) and any 
point P on the circle is (r cos 6, sin 8). If (x, y) is the 
centroid of A PAB, then 


YTB (0,r) 


: \ 


VY 


38x=rcos8+r+0 
and 38y=rsin0+0+4+r 
Gx-r)?+ By—r) =r? 
Hence, locus of P is a circle. 


9. 


10. 


11. 


12. 


Since, 2x-3y=5 and 3x—4y=7 are diameters of a 
circle. 
Their point of intersection is centre (1,-1). 


Also given, ur? =154 


=> r=7 


> r2=154x i 
22 


.. Required equation of circle is 
(x-1)? + (y+ 1P=7 
> x + y?-Qx4Qy=47 
Clearly, ZC =90° as angle in semi-circle is right angled. 
Now, area of triangle is maximum when AC = BC. 
i.e. Triangle is right angled isosceles. 
C 


Let centre of circle be (h, k). 


so that OA? = OB? 
B (0,1) 
y=x 
i al le 
=> h? + (k-1)" = (h-2)* + (k-4)” 
> 4h+6k-19=0 ...(i) 
Also, slope of OA = - = and slope of tangent at (2, 4) to 
y=x is 4, 
and (slope of OA) - (slope of tangent at A) =-1 
k-4 
DOSS ee 
h-2 
=> 4k-16=-h+2 
h+4k=18 .. (ii) 
On solving Eqs. (i) and (ii), we get 
k= 5 and h= sae 
10 5 


.. Centre coordinates are (- » ; =| ; 


PLAN 


13. 


14, 
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Here, the length of intercept on Y-axis is = 2,/f?-c¢ 


and if circle touches X-axis 
2 


> g=c 
for x + y7 + 2ex+2fy+c=0 
Here, x + y? + 2ex+ 2fyt+c=0 

A 

B 

Nn 

RB’ 


passes through (3, 0). 


= 9+6g+c=0 ..-(i) 
g’=c .. ii) 

and 2) f-e=asT 
fi-c=7 ... ii) 


From Kgs. (i) and (ii), we get 
g’+6g+9=0 = (g+3)?=0 
=> g=-3 andc=9 
f?=16 = f=+4 
x? + y*?-6x+ 8y+9=0 
Let equation of line L, be y= mx. Intercepts made by L, 


and L, on the circle will be equali.e. L, and Ly are at the 
same distance from the centre of the circle; 


Centre of the given circle is (1/2, — 3/2). Therefore, 


m 3 
ty2—3/2-1| | 975 


2 |m+3| 
v1+1 Vm?—1| V2 am? 41 
=> 8m? +8=m"+6m+9 
=> Tm? —6m—1=0 => (7m+1)\(m-—1)=0 
uf 
> m=-—,m=1 
7 
Thus, two chords are x+ 7y =0 
and x-—y=0. 


Therefore, (b) and (c) are correct answers. 

: 7 
Since, 3x-4y+ 4=Oand3x-4y- = 0 are two parallel 
tangents. Thus, distance between them is diameter of 
circle 


ee 
2|_ 15 3 


| 7 
jeeea? 2.5 2 


> Diameter = 


and radius = ° 
4 
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15. 


16. 


17. 


18. 


Since, P lies on circle and A and B are points in plane 
such that, a =k, then the locus of P is perpendiular 
bisector of AB. Thus, the value of k#1. 
Since, centre of circle is (8, — 1) which lies on x + 3y=0 
> x+3y=0 is diameter of x7 + y?-6x+2y=0 
Hence, given statement is true. 
Equations of any circle C with centre at (0, V2) is given 
by 

(~-0)" + (y- V2)? = r* 
or x + y?-22 y42=r" eax (1) 
where, r > 0. 


Let (%, 31), 2, Yo), (4%, 33) be three distinct rational 
points on circle. Since, a straight line parallel to X-axis 


meets a circle in at most two points, either 
NY» Yo Ol YH, ¥3- 
On putting these in Eq. (i), we get 
x + yi -2/2 y, =r? -2 axa) 
xe + ye -2V2 yy, =r? -2 (iii) 
xo + y2 -2J/2 y, =r? -2 (iv) 
On subtracting Eq. (ii) from Eq. (iii), we get 
Py — 2 q =9 
a a ar 
where, Py =%)+ ¥go-% - 4; 
1 =J2-N 
On subtracting Eq. (i) from Eq. (iv), we get 
Po V2q. =0 
oe ee 
where P2=% + 93-4 -— Ms Ga= 3 — Ni 


Now, Pp, , Po, »Q2 are rational numbers. Also, either 
gq, #0 or gy #0. If g, #0, then V2 = p,/q, and if qo¥0, 
then /2 = Po! Qo. In any case V2 is a rational number. 
This is a contradiction. 


The given circle is ax” + 2hxy + by? =1 weal) 


Let the point P not lying on Eq. (i) be (4, 3,), let 6 be 
the inclination of line through P which intersects the 
given curve at Q and R. 
Then, equation of line through P is 
X7~%H _ YT N 
cos@8_sin® 


=r 


=> x=x, +r cos®,y=y, + rsin® 
For points @ and R, above point must lie on Eq. (i). 
=> a(x,+rcos@)” + 2h (x, + rcos®) (y, + rsin®) 
+ b(y, + rsin@)? = 
= (a cos“ + 2h sin@ cos@ + bsin?6)r7 
+2 (ax, cos®@ + hx, sin@+ hy, cosO + by, sin ®)r 
+ (ax + 2hx,y,+ by? —1)=0 
It is quadratic in r, giving two values of ras PQ and PR. 


ax + 2hx,y, + byZ-1 
acos”6 + 2hsin@ cos + bsin70 


-. PQ-PR= 


19. 


Here, ax; + 2hxy, + by? —1#0,as (x, y,) does not lie on 
Ea. (i), : 
Also, a cos”6 + 2hsin®@ cos@ + bsin?@ 


=a+2hsin0 cos@ + (b- a)sin”6 

=a+sin0@ {2h cos@ + (b-a)sin9} 

=a+sin0-/4h? + (b—a)?- (cos@sin + sin cos 6) 

b-a 
2h 
=a+. 4h? + (b-a)* sin Osin @ + 6) 
which will be independent of 6, if 
4h? + (b- a)? =0 

=> h=0 and b=a 


where, tan@ = 


. Eq. (i) reduces to x7 + y? = if 
a 


which is a equation of circle. 


Let the radius of the circle be r. Take X-axis along AC 
and the O (0, 0) as centre of the circle. Therefore, 
coordinate of A and C are (— r, 0) and (r, 0), respectively. 
Now, Z BAC =8, Z BOC =28 

Therefore, coordinates of B are (r cos 2B, r sin 28). 

And slope of AD is tan (8 — @). 

Let (x, y) be the coordinates of the point D. Equation of 
ADis 


y=tan @-a) (+7) ...(i) 
[. slope = tan (8 — a) and point is (— r, 0)] 

Now, equation of BC is 
_rsin2p-0 


ry 
_r-2sinB cosB 
= r (-2sin” B) an 
” 7 -2 sin 7B ee 
=> y=—cotB (x—-r) - (ii) 


To obtain the coordinate of D, solve Eqs. (i) and (ii) 
simultaneously 


> tan @ —a) («+ r)=— cot B (xr) 

=> xtan ®-a)+rtan @-a)=-xcotB+rcotB 

> x [tan @ —a) + cot B] =r [cot B - tan @ -a)] 
[eGo cos 4 =r] 8 at 


cos®-a)  sinB sinB cos ®-a) 


|= (8 —a) sin B + cos @ — a) cos | 


cos (8 —a@) sin B 


a cos B cos ( —a) -sin f sin 6 -@) 
sin B cos ( —a@) 
=> x [cos 6 —a —§)] =r [cos 6 —a + B)] 
xa 7 £08 (2B -—a) 
7 cos & 


=> 


On putting this value in Eq. (ii), we get 
ye cotB| cos 28 —a) | 


cos O 


. ye cos B-r| cos 2B —a)— cosa 
sin B COs O 
2ain(7P=E* A) sin S—2P*) 
rcosB 2 2 
a OS : 
sin B cos O 


apes rcosB|2sinB-sin @ —f) 
sin B cos O 
=-2rcosBsin @ —B)/cosa 
Therefore, coordinates of D are 
(7 cos2B-a) 2rcosBsin @ =P) 


cos & COs O 


Thus, coordinates of EF are 


[Feb o serene ; coBein =P) 


2cos a cos & 
eae Baas) ae Ba 88) 
2 2 
=> Yr: 


? 


2 cos 
‘ cos B sin (6 - a) 
cos a 


, CoS B: cos Ba) , cos Bsin (6 - a) 
cos O cos a 


=> 


Since, AE =d, we get 
dis r#|sosBece (-a) | 


cos 0 cos 


i} |= Bsin @ 9] 


_ r 


2 
=—5 [cos? B cos” (B — a) + cos” a 
cos” o 


+2cosB cos ®-a@) cos a + cos*B sin? & —a@)] 


r 
=—,— [cos” {cos” ® — a) + sin? ® - a) } + cos? 
cos” o 


+ 2cos B cosa cos(B —a)] 
2 
es! [cos?B + cos? a + 2cos a cos B cos @ - a)] 


cos” o 


2 d” cos” o 
cos” B + cos” a + 2.cos & cos B cos (B — &) 


> Pr 


Therefore, area of the circle 


P md” cos” a 
tr? = 


cos” B+ cos” a + 2cos a cos B cos (@ — a) 


20. 


21. 


22. 


23. 
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Let the points fm, | ;1=1,2,3,4 
i 
lie on a circle x7 + y? + 2gx+2fy+c=0. 
Then, m7 + = + 29m; 4 4 
m; m; 


L L 


Since, m; + 2gm3 + cm? + 2fm; + 1=0;1=1,2,3,4 


>mM,,M,,msz and m, are the roots of the equation 
m'‘ + 2gm®> + cm? +2fm+1=0 


=> las 
Let (x, y,) and (x5, yo) be the coordinates of points A and 


B, respectively. 
It is given that x,, x) are the roots of x” + 2ax— 6” =0 


> X, + X_=—2a and x,x, =— b? se (1) 
Also, y, and yo are the roots of y? + 2py- gq? =0 
> y+ Yo=-2p and We=- 7" sas(2) 


.. The equation of circle with AB as diameter is, 
(x— x) (— X) + (V- 4) (Y — Yq) =0 
=> x + y= (mq + Xp) - (H+ 0) V+ (MQ + 42) =0 
=> x74 y? + 2ax+ 2py— (b+ gq’) =0 
and radius =Ja2+ p?+b2 +9? 


The circle and coordinate axes can have 3 common 
points, if it passes through origin. [p =0] 


If circle is cutting one axis and touching other axis. 
Only possibility is of touching X-axis and cutting 
Y-axis. [p=-1] 


x + y? <6 and 2x—3y=1is shown as 


For the point to lie in the shade part, origin and the 
point lie on opposite side of straight line L. 


For any point in shaded part Z >0 and for any point 
inside the circle S <0. 


Now, for (2,2) L:2x-38y-1 


tus" 2" 56 
4 
and S:x°+ y?-6,S:44 ne 6<0 


> (2.7) lies in shaded part. 
5 3 
For eon ,L:5-9-1<0 [neglect] 


For Pee 28 ase 
4.34 2 4 
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& 2 a lies in the shaded part. 


[neglect] 


= Only 2 points lie in the shaded part. 


24, 
aY 
4 E2(0.4) 
/il0.2) 
\ Fo(1, V3) 
Equation of tangent at E,(- V3,1)is 
—/3x+ y=4 and at E,(V3, 1)is 
3x + y=4 
Intersection point of tangent at H, and E, is (0, 4). 
Coordinates of FE, is (, 4) 
Similarly, equation of tangent at F,(1,- J3) and 
F,(, V3) are x-J3y=4 and x+V3y=4, respectively 
and intersection point is (4, 0), 1.e., F, (4, 0) and equation 
of tangent at G, (0,2) and G,@,0) are2y=4 and 2x=4, 
respectively and intersection point is (2, 2)i.e., Gs (2, 2). 
Point E, (0,4), F;(4,0) and G3; (2,2) satisfies the line 
x+y=4, 
25. We have, 


e+ y2=4 
Let P@ cos0,2sin8@) be a point on a circle. 
-. Tangent at Pis 
2cos0x+2sin0 y=4 
=> xcos0+ ysind =2 
AY 


P(2 cos 8, 2 sin 6) 


The coordinates at of 2 0) and n(o, a 
cos0 sin@ 


Let (h, k) is mid-point of MN 


and k=— 
cos0 sin@ 


h= 


= eugee and na ee 
h k 


' 1 4 h? + k? 
=> cos’@ + sin*@ =—5 + ry > 1 rae 


=> hs k?=h? Rk? 
Mid-point of MN lie on the curve x7 + y? =x" y” 


Topic2 Relation between Two Circles 


1. Equation of given circles 


x + y7+5Kx+2y+K =0 . i) 
and 2(x? + y*)+2Kx+ 3y-1=0 
a P+ y+ Ket Sy-==0 ...(ii) 
On subtracting Eq. (ii) from Eq. (i), we get 
4kx+ty+K++=0 
2 2 
=> 8Kx+ y+ @K +1)=0 .. (iii) 


[. if S; =0 and S, =0 be two circles, then their common 
chord is given by S,; — S, =0.] 


Eq. (iii) represents equation of common chord as it is 

given that circles (i) and (ii) intersects each other at 

points P and Q. 

Since, line 4x + 5y — K =O passes through point Pand Q. 
8K 1 2K+1 


4 6 -K 

=> K= “5 [equating first and second terms] 
and -K =10K +5 

[equating second and third terms] 
> ik sss0S KS. 

11 
1 5 ; eh 

a a x- a so there is no such value of K, for which line 


4x +5y—-K =0 passes through points P and Q. 


2. Equation of given circle is x7+ y” =1, then equation of 


tangent at the point (cos@,sin 8) on the given circle is 
xcos@+ ysind =1 sve(2) 
[.: Equation of tangent at the point P(cos8, sin @) to 
the circle x°+ y?=r” is xcos0+ ysin@ = 7] 
Now, the point of intersection with coordinate axes are 
P(sec8,0) and Q(Q, cos ec 8). 
‘: Mid-point of line joining points P and Q is 


sec@ cos ecO 
aan =(h,k) (let 
(* : (h, k) (let) 


So, cos 0 = = and sin 0 = es 
2h 


sin? + cos?6 =1 


1 1 1 1 
1 =1> t =4 
4h? 4k? h? k? 


Now, locus of mid-point M is 


1 
sat = =4 
xy 
> + y?—Ax7y? =0 
3. The given circles, 
x? + y?-2x-2y+1=0 ves) 


and xe + y? —18x-2y+ 78 =0, ... (11) 

are on the opposite sides of the variable line 

3x+4y—A =0. So, their centres also lie on the opposite 

sides of the variable line. 

> [80_)+4(1)—-A] [8@)+4(0)-A] <0 

[. The points Pq, y,) and Q(x, 2) lie on the opposite 

sides of the line ax+ by+ c=0, 

if (ax, + by, + c)(ax,+ byz+ 0) <0] 

> (A-—7)(A-31) <0 

> Xr € (7,31) 

a0): a Als eal 


... (ii) 


Also, we have 


*: Distance of centre from the given line is 


greater than the radius,i.e. cara >r 
f 2, 22 
a+b 
> |IT-A|>5 >A €(— , 2] U [12, ~) ... (iv) 
and | om \) > 8141-78 
> |A-81 | =10 
> XX €( , 21] U [41, -) .. (v) 
From Eas. (iii), (iv) and (v), we get 
A € [12,21] 
4, Given circles, 
x + y?-2Qx-2y-2=0 ve Q) 
and x + y?-6x-6y+14=0 ... Gi) 


are intersecting each other orthogonally, because 
2(1)(8) + 2(1)(8) =14 -2 
[.. two circles are intersected 
orthogonally if 2g,g,+ 2ff.=q + Gl 


P 


Q 


So, area of quadrilateral 
PC,QC, =2 x ar (APC,C)). 


=2x(5 x2 x2) =4 sq units 


5. Circlelis x7+ y?-16x-20y+164=r° 


> (x— 8)? + (y—10)? =r? 
=>C,(8, 10)is the centre of Istcircle and 7, = ris its radius 
Circle IL is (x— 4)? + (y— 7)? =36 
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= C,(4, 7) is the centre of 2nd circle and r, =6 is its 
radius. 

Two circles intersect if | 7, —7%)|<C,Cy<4 +1 

= |r-6|</@-4)?+ (10-7)? <r+6 

=> |r-6|<.16+9<r+6 

=>|r-6|<5<r+6 


Now as, 5 < r+ 6 always, we have to solve only 
|r-6|<5>-5<r-6<5 


=> 6-5<r<5+6 >l<r<ll 


Given equation of a circle is x7+ y?—4x+6y—12=0, 
whose centre is 2, —3) and radius 


= 27+ (-3)74+12=,/44+94+12 =5 


Now, according to given information, 
we have the following figure. 

x+ y?-4x+6y-12 =0 
Clearly, AO 1 BC, as O is mid-point 
of the chord. 


Now, in AAOB, we have 
OA = (-3-2)?+ @+3)? 
= 25 + 25 =/50 =5 v2 
and OB=5 
AB = \OA’ + OB? = [50 + 25 = V75 =5v3 
1°+3°-6 =2 
Clearly, from the figure the radius of bigger circle 
r? =27 4+ [2-1)?+ (1-3)? 
r=9 => r=3 


Here, radius of smaller circle, AC = 


PLAN Number of common tangents depend on the position of the 
circle with respect to each other. 
(i) If circles touch externally >C,Cy = 4 + %, 3 common 
tangents. 
(ii) If circles touch internally = C,C» = fp — 4,1 common tangent. 
(iii) If circles do not touch each other, 4 common tangents. 
Given equations of circles are 
x + y?-4x-6y—-12 =0 ...() 
x + y7 + 6x + 18y + 26=0 
Centre of circle (i) is C, (2,3) and radius 
=V4+94+12=5(%) 
Centre of circle (11) is C.(—3,—9) and radius 


= /9+81—26=8(r) 
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10. 


11. 


Now, C,C,= /@+3)?+ (+9)? 
> C,C, =V57 +12” 

=> C,C, = 425+ 144 =13 

: R+%=5+8=138 

Also, Ci\Cg=n+1%% 


Thus, both circles touch each other externally. Hence, 
there are three common tangents. 


PLAN Use the property, when two circles touch each other 
externally, then distance between the centre is equal to sum 
of their radii, to get required radius. 


Let the coordinate of the centre of T be (0, k). 
Distance between their centre 
k+1=,/14+ (k-1) 


[. C,C,=k+ 1] 


=> k+1=,1+k?+1-2k 


X’é 
y 
=> kt+1=,k?+2-2k 
=> h24142k =k? +2-2k 
1 
=> k= 


4 


So, the radius of circle T is k, i.e. : 


Since, the given circles intersect orthogonally. 
2 (1) 0) + 2 (k) (kL) =6+k 
[ 28, got 2f, fo=Gq +c] 


=> 2k? -k-6=0 = h=-2,2 


Let O is the point at centre and P is the point at 
circumference. Therefore, angle @OR is double the 
angle QPR. So, it is sufficient to find the angle QOR. 


X’« >X 


12. 


13. 


14. 


15. 


Now, slope of OQ,m, =4/3, 
slope of OR, m,=-3/4 

Here, m,M,=-1 

Therefore, ZQOR=n/2 


which implies that 7 @PR=1/4 

Given, x°+ y*=4 

Centre =C, = (0,0) and R, =2 

Again, x* + y?-6x-8y-24=0, then Cy, = 8,4) 

and R,=7 

Again, CC, =5=R,-R, 

Therefore, the given circles touch internally such that, 


they can have just one common tangent at the point of 
contact. 


Centre of the circle 

x? + y+ 4x-6y+ 9sin?a +13 cos?a =0 
is C (-2,3) and its radius is 

(2)? + (8)? -9 sin? & — 13 cos” a 


= 13 —~13 cos? a —9 sin? 


= /13 sin? a —9sin?a = 4 sin’?a =2sino 


A 
ie 


P (h, k) 


Let (h, k) be any point P and 
ZAPC=a, Z PAC = 1/2 
That is, triangle APC is a right angled triangle. 


: AC 2 sin o 
sin Oo = = 
PC J(h+2)?+ &-3) 
=> (h + 2) + (k-3)*=4 
=> h?4+44+4h+k?+9-6k=4 
= h? +k? +4h-6k+9=0 


Thus, required equation of the locus is 
x + y+ 4x-6y+9=0 
As, the two circles intersect in two distinct points. 


= Distance between centres lies between | 7, — 7| and 
7, + 7). 


ie |r=Bieya-17 444 


—3)? <|r+3| 
> |r-38|<5<|r+3| > r<8 or r>2 
2<r<8 
Let x7 + y?+2ex4+ 2fy+c=0,cuts «7+ y? =k? 
orthogonally. 
=> 22:80+ 2ff=q+a 
> -2¢-:0-2f-O0=c-k? 
=> c= hk? sea() 


16. 


17. 


Also, x” + y? + 2gx+2fy + k? =0 passes through (a, b). 
2fb +k? =0 (ii) 
= Required equation of locus of centre is 

Qax—2by + a? + 67 + k? =0 
or Qax + 2by - (a” + 67+ k2) =0 
It is given that Tis tangents toS, at PandS, atQandS, 
and S, touch externally at M. 


a’ +b" +2ga 


Ss} 7 Moe So 
! 
f 


>T 


P(-2,7) N Q(2-5) 


MN = NP=NQ 


Locus of M is a circle having PQ as its diameter of 
circle. 
Equation of circle 
(x — 2) (« + 2) + (y+ 5)(y- 7) = 0 
> x + y?-2y-39 =0 
Hence, E, :x°+ y?-2y-39=0, x#+2 
Locus of mid-point of chord (h, k) of the circle E, is 
xh + yk —(y + k)-39= h? + k? -2k-39 
=> xh+ yk-y—k=h?+k*-2k 
Since, chord is passing through (1, 1). 
Locus of mid-point of chord (h, k) is 
h+k-1-k=h?+k'-2k 
=> h? +k? -2k-h+1=0 
Locus is Ey: x + y?—-x-2y+1=0 
Now, after checking options, (a) and (d) are correct. 
PLAN 
(i) The general equation of a circle is 


x? + y? + 29x + 2fy+co=0 


where, centre and radius are given by (— g, — f) and 
Vg? + f* —c, respectively. 


(ii) If the two circles x? + y? + 2gyx + 2hy + cy 
x? + y? + 2gox + 2Qhy + Co 


29192 + 2hf = Cy + Co. 


Oand 
0 are orthogonal, then 


Let circle be x° + y? + 2gx+2fy+ c=0 
It passes through (0, 1). 


Be 1+2f+c=0 sas() 
Orthogonal with x?+ y?-2x-15=0 
2g (-1)=c-15 
=> c=15-2g waa(1) 
Orthogonal with + y?-1=0 
c=1 .. (ili) 
> g=7 and f=-1 


Centre is (- g,- f)=(7,1) 


Radius =, g? + f?-c 
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18. Let the, equation of circles are 
Cy :(@—1)*+ (y-)? = ©? 
and C,:(x—1)?+ (y-1)? = W2)” 


D0, 2) k= ce, 2) 


NY. ea 0 


A(0, 0) \_,, Be 0) 


Coordinates of P(1+cos@,1+sin8) 
Q(1 + V2 cos6,1+ V2 sin) 
PA? + PB’ + PC?+ PD? 
= {(1+ cos)” + (1+ sin 6)7} +{(cos® —1)"+ (1+ sin 6) 
+ {(cos0 —1)? + (sin @ —1)} 
+{(1+ cos6)” + (sin —1)7}=12 
Similarly, QA?+ QB?+QC?+ QD? =16 
=PA* 12 
ZQA” 16 


and 


=0.75 


19. Let C be the centre of the required circle. 


Now, draw a line parallel to L at a distance of 7 
(radius of C,) from it. 


Now, CC, = AC=> C lies on a parabola. 
20. Since, AG = 2 
1 
AT, =T,G =— 
a 1 J2 
As, Ais the focus, T, is the vertex and BDis the directrix 
of parabola. 


Ts 
Also, ToT; is latusrectum. 
1 
ToT, =4-— 
2°3 J2 


1 


1 4 
Area of AT,T.T, = =x —= x —==1 sq unit 
1?-2*3: 9 V2 J2 q 
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21, 


22. 


23. 


(A) When two circles are intersecting they have a 
common normal and common tangent. 


(B) Two mutually external circles have a common 
normal and common tangent. 


(C) When one circle lies inside of other, then they have a 
common normal but no common tangent. 


(D) Two branches of a hyperbola have a common normal 
but no common tangent. 

Let the given circles C, and C, have centres O, and O, 

and radii 7, and 7, respectively. 


Let the variable circle C touching C, internally, C, 
externally have a radius r and centre at O. 


Now, OO,=r+r7r, and OO,=7,-r 
> OO, + OO, = 7, + 75 
which is greater than O,O, as O,0, < 4 + 1 

[.. C, lies inside C, ] 
= Locus of O is an ellipse with foci O, and O,. 
Alternate Solution 
Let equations of C, be x’+ y*=7r,% and of Cy, be 
(xa) + (y- bP =H 


Let cetnre C be (h, k) and radius r, then by the given 
condition 


\(h-a)?+ (k-b =rt+ rand Jh?+ hk? =n -3 
= (hh —a)? + (k- by + fh? + Pantry 
Required locus is 

V@- a)’ + (y- b”) + {x + y? =nt+% 

which represents an ellipse whose foci are (a, b) 
and (0, 0). 

Suppose the circles have centres at C;, C, and C, with 


radius R,, R, and R;, respectively. Let the circles touch 
at A, Band C. Let the common tangents at A, B and C 
meet at O. We have, OA = OB = OC =4 [given]. Now, the 
circle with centre at O and passing through A, Band C 
is the incircle of the triangle C, C, C, (because 

OA LC, C,). 


Therefore, the inradius of AC, Cz C3 is 4. 


and r=— waa) 
s 


Now, perimeter of a triangle 
2s=R,+ Rho+ Rk, +h +h + Rh, 
=> 2s=2 (Rf, + Ry + R;) 
=> s=R,+ R,+ RB, 
and A =,/s (s— a) (s— 6) (5-0) 
= /(R, + R, + R;)(R;) (Ry) (i) 
_VR, R, R; (R, + BR, + B3) 


From Kq. (i), 4 


R,+ R,+ BR, 
a jg i a) 
(A, + R, + Ry) 
- igo 
R,+ R,+ R; 


Topic 3 Equation of Tangent, Normal 


and Length of Tangents 


1. Given circles are 


x? + y* =4, centre c, ©, 0) and radius 7, =2 
and «7+ y?+6x+8y-24=0, centre c)(-8, -4) and 
radius r, = 7 
; Qc, =/94+ 16 =5and|7, -n)=5 
Qc, =|, — ml =5 

..circle x7 + y? =4 touches the circle 
x + y? + 6x + 8y —24 =0 internally. 
So, equation of common tangent is 

S, —S,=0 
=> 6x+8y-20=0 
=> 38x+ 4y=10 we s(1) 
The common tangent passes through the point (6, —2), 
from the given options. 


. Given points are (—8, 5) and (6, 5) in which y-coordinate 


is same, 1.e. these points lie on horizontal line y = 5. 
AOY=X+7 


Let (-8,8) and (6,8) are the coordinates of the other 
vertices of rectangle as shown in the figure. 

Since, the mid-point of line joining points (—8,5) and 
(6, B) lies on the line 38y =x + 7. 


3(*SE)- ES a7 


v7, 2 
=> 154+3B=-2+14 
> 3B =-3>B=-1 
Now, area of rectangle =|-8 —6| x |B — 5] 
=14x6=84 


3. Let JT =0 and N =0 represents the tangent and normal 
lines at the point P(V3, 1) to the circle x7 + y?=4. 


‘ 


xe+y2=4 


So, equation of tangent (7 =0) is 


\Bx+ y=4 nat) 
For point A, put y =0, we get 
4 
WB 
-: Area of required AOPA = ; (OA)(PM) 
1 4 
=—x—=xl 
2° 4/8 
[.< PM = y-coordinate of P] 
2 : 
=— sq unit 
3 q 


4, According to given information, we have the following 
figure. 


AY 


(0,1/2) 


From figure, equation of circle (diameter form) is 


(x— 1) (@—0) + (y of 3)=9 
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= 4 y—x-5=0 


Equation of tangent at (0, 0) is x+ . =0 


[.. equation of tangent at (x,, y,) 1s given by T =0. 
Here, T =0 


1 1 
= XH + VY ae x) re %) =O) 


> 2x+ y=0 

Soe ee ae 
v5 v5 

[. distance of a point P(x,, y,) from a line 

lax, + by, +c | 


Ja? +b? 


Now, AM 


ax+ by+c=Ois 


2-0+1(5) 
_ 2); 1 


and BN 


V5 2/5 
2 1 441 V5 

. AM+ BN = ; = = 
V5 2V5 2V5 2 


Equation of tangent to the circle 

x + y7?+4x-6y-12=0 at (1,-1) is given by 
xx, + yy, +2 (K+ %)-3 (y+ ¥,)-12=0, where x =1 
and y, =—1 

>x-y+2(x+1)-3(y-1)-12=0 

=>3x-4y-7=0 

This will also a tangent to the required circle. 

Now, equation of family of circles touching the line 
3x -—4y-— 7=0 at point (1, —1)is given by 


(x—1)? + (y+ 1)? +4 @x-4y- 7) =0 

So, the equation of required circle will be 

(x- 1)? + (y+ 1)? +A(@x-4y—7)=0, for some AER 
...(i) 


‘: The required circle passes through (4, 0) 
2 (4-1)? +041)? +248x4-4x0-7)=0 
>=9+4+14+A6)=0 >A=-2 
Substituting A =—2in Eq. (i), we get 
(«—1)? + (y+ 1)? -2 @x-4y-7)=0 
=> x + y?-8x+10y+16=0 
On comparing it with 
x7 + y? + 2ex + 2fy+ c=0, we get 
g=-4,f=5,c=16 


Radius =, g?+ f?-c=./16 + 25-16 =5 


Key Idea Equation of tangent to the curve 


x? = Aay at (x,, v1) is xx, = 4o( 22%) 


Tangent to the curve x” = y—6 at (1, 7)is 
gor lg 


> 2x—-y+5=0 ..-() 
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Equation of circle is x7 + y?+ 16x+12y+c=0 9. From figure, it is clear that APRQ and A RSP are 


Centre (—8, —6) similar. 
r =/8? + 6?-—c=./100—e¢ 
Since, line 2x — y + 5 =0 also touches the circle. 
100 nc= 2(-8) — (-6) + 5 
(274+ 1? 
-16+6+5 
=> {100 — ¢ = |= 
ae 
= {100 — c =|-v5| 
> 100-c=5 
=> c=95 
7. 18= : (8a) (27) 
>ar=6 RS RP 
Line, y=- =e (x—2a) is tangent to circle > PR? = PQ: RS 
a 
(x—r)?+(y-r) =r? => PR=./PQ-RS 
20 =3r,0r=6 and r=2 = 2r=/PQ-RS 
Y 10. Given, RS is the diameter of x7 + y?=1. 


Here, equation of the tangent at P(cos®@,sin@) is 
xcos@+ ysin@=1. 


P (cos@, sin@) 


. ™ 
Alternate Solution xcos0+ysind=1 


5 ot 2x)x2r=18 


xr =6 .. 
In A AOB, tan = fe Intersecting with x=1, 
: _1-cos0 
and in ADOC, an sin 8 
tan 90°-6) = 1 1-cos@ 
x-r_ or * sin @ 
r 2x-r +, Equation of the line through Q parallel to RS is 
=>  x(2x-38r)=0 ees 
=> gor (ii) gpa eee 2 tan © ...(i) 
“9 ” sin @ 9 20° 


2sin — cos — 
From Kgs. (i) and (ii), we get 2 2 


r=2 Normsieepaje@ =? 
cos 8 
8. The line 5x-2y+6=0 meets the Y-axis at the point ie 
=> y=xtan0 vas) 
(0, 3) and therefore the tangent has to pass through the et thaie ponet of intersection ba (i, #): 
point (0, 3) and required length @ 
FI 5 Then, k=tan—andk=h tan0@ 
= |x yy, + 6x, +6y, -2 2 
0 
=/0? + 37+6 0) +6(3)-2 2 tan — 
x = 2 _ 2h-k 


= /25 =5 


2 
1=tan2” 1-k 
2 


=> k(l—k*)=2hk 
.. Locus for point E :2x= (1 — y’) ... (iil) 


When x= = then 


2 2 2 1 
1-y > Yal- 2 sy=t—— 
y 3 3 J B 
il 1 : 
v |—,+—=| satisfy 2x=1- y”. 
E 5) 
When x=, then 
2 1 1 
l-y=2 => yal1-= => + 
a ee eel eee 
 . i , 
a roa does not satisfy 1 — y~ = 2x. 


11. Given, C, :x7+ y? =3 intersects the parabola x” =2y. 
1 


On solving x7 + y? =3 and x” =2y, we get 
y+ 2y=8 
y? + 2y-3=0 
(y + 3)(y-1) =0 
y =1,-3 [neglecting y = — 3, as— V3 < y< V3] 
is y=l>x=t V2 
> P(V2,1) € I quadrant 
Equation of tangent at P(J2,1)to C,:x’+ y*=3is 
J2x+1-y=3 evs) 
Now, let the centres of C, and C; be Q, and @3, and 


tangent at P touches C, and C; at R. and R, shown as 
below 


=> 
> 


>X 


Vexty =3 


Let Q, be (0, k) and radius is 2V3. 


12. 


13. 
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D+k-3l_o 5 
J2+1 

> |k-3|=6 

=> k=9,-3 
Q.0, 9)and Q: 0, = 3) 

Hence, Q.Q; =12 


.. Option (a) is correct. 
Also, R,R; is common internal tangent to C, and Cy, 
and Tp = Ty = 28 
RR, = \d? = (7, + 7)? = 12? - v3)? 
= 144 - 48 = /96 =4V6 


.. Option (b) is correct. 
‘: Length of perpendicular from O(0, 0) to R,R, is equal 
to radius of C, = V3. 


.. Area of AOR,R, = 5 BR x 18 => x 4V6 x v8 =6y2 
.. Option (c) is correct. 
V2 


Also, area of APQ,Q, = 5 Oh xV2 === x12 =62 


.. Option (d) is incorrect. 
As locus of point of intersection for perpendicular 
tangents is directors circle. 

Le. x74 y?=2r? 
Here, (17, 7) lie on directors circle x7+ y” =338 

= Tangents are perpendicular. 
Here, tangent tox" + y” =4at (V3, 1)is V8x+ y=4 ...@) 
As, L is perpendicular to /3x+ y =4 
= x—J/3y =A) which is tangent to 

(x-3)? + y?=1 


= |3-O-Al_, 
J1+3 
> I8-A |=2 
> 3-X=2,-2 
X=1,5 


> L:x-V3y=1,x—-vBy=5 
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14, 


15. 


16. 


Here, equation of common tangent be 


y=mx+2,1+m? 


which is also the tangent to 
(x-3)7 + y?=1 


|3m-O+2J1+m?|_, 
fea 
=> 3m +241+m?=+ 1+ m? 
=> 3m =-3 1+ m2 
or 3m =— 1+ m? 


> m?=1+m" or 9m27=14+m? 
> me or ens 
+35 
il 1 
=+t+—_ xt 2 14+ — 
oe o2 V8 
* 6 
> =+ —— + ——_ 
Y* 22” 22 
= 2/2 =+ (x+ 6) 
x+2V2y=6 
Let centre of circle C be (h, k). 
Then, V8h + k-6|_ 
Jot1 
=> J3h+k-6=2,-2 
=> V3h+k=4 (i) 


[rejecting 2 because origin and centre of 
C are on the same side of PQ] 


The point (V3, 1) satisfies Eq. (i). 

-. Equation of circle C is (x— V3)" + (y-1)?=1. 
Clearly, points E and F satisfy the equations given in 
option (d). 


Slope of line joining centre of circle to point D is 


D4 7 

tan@ =—2 =— 
3V3_ jg V8 
2 


It makes an angle 30° with X-axis. 


-. Points E and F will make angle 150° and —90° with 
X-axis. 


17. 


18. 


19. 


20. 


E D 
30° 
(v3,1) 
F 
.. EK and F are given by 
x3 . yal _ 
cos150° sin 150° 
and x—V3 _ as _ 
cos (-90°) sin (90°) 
gu/22 (3) ond FeG3,0) 
2 2 
Equation of QR, RP are pee ean 
V3 V3 


In an equilateral triangle, the radius of incircle 


1 : : 
=— x median of the triangle 


3 

1 2 a” 1 [4a7-a? a 
= a = - 

3 4 3VY 4 23 


Therefore, area of the square inscribed in this circle 
2a" a? 
=2 (radius of circle)? = oe sq unit 
4-3 6 
Since, the point of intersection of the coordinate axes 
with the line Ax- y+1=0 and x—2y+3=0 forms the 
circle. 


(Ax -y+1)(x-2y4+8)=0 


represents a circle, if coefficient of x” = coefficient of y? 
and coefficient of xy =0 


=> A=2 or -2A-1=0 
- Lao or Rees 
2 
The equation of circle having tangent 2x+ 3y+1=0at 
(l,-1) 
=>  (x-1)7+ (y+ 1)? + AQx+ 3y4+1)=0 
x + y? + Qx(A —1)+ yBA+2)4 (A+2)=0 . i) 


which is orthogonal to the circle having end point of 
diameter (0, —1) and (—2, 8). 


> x(x + 2) + (y+ 1)(y-3) =0 
or x? + y+ 2x-2y-3=0 ..-(i1) 
22-2) | she) 1)=24+2-3 
2 2 
> 24 -2-81-2=2A-1 
> 2 =-3 
=> A =-3/2 
From Eq. (i) equation of circle, 
2x” + 2? -10x-5y+1=0 


21. Two circles touch each other externally, ifC, C. =n, + " 
and internally if C; Cg=7 ~ 1 
Given circles are x” + y” —4x-2y+4=0, 
whose centre C, 2,1) and _ radius7, =1 
and x + y?-12x-8y+36=0 
whose centre C, 6,4) and radius rm =4 
The distance between the centres is 


46-2)? + 4-1)? =./16+9 =5 
> C, Co=7 +1 


Therefore, the circles touch each other externally and at 
the point of touching the point divides the line joining 
the two centres internally in the ratio of their radii, 1: 4. 


Therefore, x= eas 
1+4 5 

_1x4+4x1_ 8 

- 1+4 5 


Again, to determine the equations of common tangents 
touching the circles in distinct points, we know that, the 
tangents pass through a point which divides the line 
joining the two centres externally in the ratio of their 
radii, i.e. 1: 4. 


Therefore, a2. es 


t=4 ~=8 3 
1x4-4x1 
and = ——_——_ =90 
2 ia 


Now, let m be the slope of the tangent and this line 
passing through (2/3, 0) is 
y-O=m (x- 2/8) 
2 
> y-mx+—m=0 
3 
This is tangent to the Ist circle, if perpendicular 


distance from centre = radius. 
1-2m+ 2/3)m _ 


1+m? 


=> 1—2m + (2/3)m=.1+m? 


1 [. C, =(@,1) and x, =1] 


=> pe 1+m? 
3 
> 14 28 Sain 
9 3 
> Doo? ety 
3 
> m({m-5)=0 
9 3 
> nets 
7 


Hence, the equations of the two tangents are 


24 2 
=0 and y=—| x«-— 
J ELS A A(« 4] 


> y=0 and 7y—-24x+16=0 
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22. We have, 
Slope of the common tangent = — ; 


sigue etOCo< : 


If C,C, makes an angle @ with X-axis, then cos0 = : and 


ese 
5 


~< 


X’« 8 > X 


4x + 38y = 10 


So, the equation of C; C, in parametric form is 
x-1 -2 : 
a= ..-(i) 
4/5 3/5 
Since, C, and C, are points on Eq. (i) at a distance of 
5 units from P. 


So, the coordinates of C, and C, are given by 


Wel 8 66 = etd 

4/5 3/5 
and y=24+3. 
Thus, the coordinates of C, and C, are (5, 5) and (3, —- 1), 
respectively. 


Hence, the equations of the two circles are 
(x-5)? + (y-5)? =5" 
and (c+ 3)? + (y+ 1)? =5? 


23. (r+ 1)? =a74+9 


r?+8=a" 
=> r242r¢1=r74+84+9 
=> 2r=16 > r=8 


Topic4 Radical Axis and Family of Circle 
1. Let (A, k) be the centre of the circle and radius r = h, as 


circle touch the Y-axis and other circle x” + y? = 1 whose 
centre (0, 0) and radius is 1. 
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rY 


r=h>O 
k>O 
for first 
quadrant 


O i 
xe+y2=4 


. OC=r+1 
[.; if circles touch each other externally, 
then CC, =7, + 79] 


=> Jh’+k? =h+1h>0 

and k > 0, for first quadrant. 

=> A?+k?=h?4+2h41 

=> k* =2h+1 

> k=.J/1+2h,ask>0 

Now, on taking locus of centre (h, k), we get 


y=1+2x, x20 


2. Since, the equation of a family of circles touching line 


L=0 at their point of  contact(x,y7,) 1s 

(x—2,)°+ (y—9,)? + AL =0, where A € R. 

.. Equation of circle, touches the x = y at point (1, 1) is 
(x-1)? + (y-1)? + A(@- ») =0 

=> x74 y? + (A-2)x+ (A —2)y+2=0 ...(i) 

‘: Circle (i) passes through point (1, —3). 

Be 149+ (A-2)+38(4+2)+2=0 

> 4. +16=0 

> A=-4 

So, equation of circle (i) at A =—4, is 
+ y’ —6x+2y+2=0 


Now, radius of the circle = ,/9+1-2= 2/2. 


3. Clearly, circles are orthogonal because tangent at one 


point of intersection is passing through centre of the 
other. 


>X 


Let C, @, 0) and C.(- a, 0) are the centres. 
Then, S, =(x-a)?+ y?=a0741 
=> S, =x? + y?-2ax-1=0 


[- radius, r=./@—0)? + 0-1) 


and S,=(x+a)*+ y*=a741 
> S,=2x°+ y+ 20x-1=0 


Now, 2) —a@)+2-0-0=(-1)+ Cl) Sa=+1 
[.. condition of orthogonality is 2g, g,+ 2f,f,=«q + cl 
*, C,(1,0) and C,(- 1,0) >C,C, =2 


. According to given information, we have the following 


figure. 


where A, B,C are the centres of the circles 
Clearly, AB=a+ b (sum of radii) and BD=b-a 


AD = (a + 6)? -(b-a)? 
(using Pythagoras theorem in AABD) 


=2Jab 


Similarly, AC =a+candCE=c-a 


«In AACE, AE =,|(a + 0? - (c- a)? =2Vac 


Similarly, BC = 6+ cand CF =c-b 


..In ABCF, BF =,/(b + 0)? - (c— 6)? =2Vbe 


AD+ AE = BF 
2Jab + 2Vac =2Vbe 

an 1,221 
Je Jb a. 


5. Let the equation of circle be 


(x — 3)? + (y-0)? + Ay =0 
Y 

A(3, 0) r 

Pp 
y (1,-2) 
As it passes through (1, — 2) 
: (1 —3)7+ (2)? + A(-2) =0 
> 4+4-21=0 => r=4 
.. Equation of circle is 
(x—3)? + y? + 4y=0 


By hit and trial method, we see that point (5, -2) 
satisfies equation of circle. 


. Equation of circle passing through a point (4, y,) and 


touching the straight line Z, is given by 

(x a) + (y yn)” +A L=0 
.. Equation of circle passing through (0, 2) and touching 
x=0 
> (x —0)* + (y-2)? + A x=0 oe) 
Also, it passes through (1,0) >1+4-A=0 
aw et) 


8. NOTE 


Eq. (i) becomes, 
x + y? -4y+44+5x=0 


9 


> e+ y+ 5x-4y4+4=0, 


For x-intercept put y=0 = x°+5x+4=0, 
(x+ 1) («+ 4)=0 

Pes x==1,-4 

Hence, (d) option (—4, 0). 


7. Let the locus of centre of circle be (h,k) touching 


(y — 1) + x7 =1 and X-axis shown as 
x 


Clearly, from figure, 
Distance between C and A is always1+|k|, 


ie. |(h-0)7 + (R-1)7 =1+I Rl, 


=> h? +k? -2kh+1=14+ k?+2/k| 
= h? =2|k|4+2k = x =2| yl+2y 
, y20 
where iyi={? ” 
-y ,y¥<0 
x =2y+2y, y20 
and x =-2y+2y, ¥<0 
=> x" =4y, when y>0 
and x” =0, when y <0 


{(x, y) ix? =4y, when y >0} U{(, y): y<0} 


In solving a line and a circle there oftengenerate a 
quadratic equation and further we have to apply 
condition of Discriminant so question convert from 
coordinate to quadratic equation. 


From equation of circle it is clear that circle passes 
through origin. Let AB is chord of the circle. 


. 


A (p.q) 


>X 


Az=(p, q)-C is mid-point and coordinate of C is (h, 0) 


10. 


11. 
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Then, coordinates of B are (— p+ 2h, — q) and B lies on 
the circle x* + y? = px+ qy, we have 


(- p+2h)’+ (-q)*=p(Cp+2h)+q-q) 


> p+ 4h? —4ph + q? =- p? + 2ph—q? 
=> 2p? + 2q°-6ph + 4h? =0 
=> 2h? —3ph + p?+q°=0 . i) 


There are given two distinct chords which are bisected 
at X-axis then, there will be two distinct values of h 
satisfying Eq. (i). 


So, discriminant of this quadratic equation must be > 0. 


=> D>0 
=> (8p)?-4-2(p?+q%)>0 
> 9p"? -8p" -8q7>0 
> p’-8q">0 > p’>8¢" 


Let (h, k) be the centre of the circle which touches the 
circle x7 + y?—6x-6y+14=Oand Y-axis. 

The centre of given circle is (8, 3) and radius is 
(3° + 37-14 =,/9+9-14 =2 

Since, the circle touches Y-axis, the distance from its 
centre to Y-axis must be equal to its radius, therefore its 
radius is h. Again, the circles meet externally, therefore 
the distance between two centres = sum of the radii of 
the two circles. 


Hence, 


(h -3)? + (kR-3)? =(2+ hy 
h?+9-6h+kh?4+9-6k=44+h?4+4h 
Le. k? -10h -6k + 14=0 
Thus, the locus of (h, k) is 
y?-10x-6y+14=0 
Let C, (A, k) be the centre of the required circle. Then, 
y(h -0)? + (k-0)? = /(h - 1)? + (k-0) 
=> hn? +k? =h?-2h4+1+ k? 
> 2h+1=0 => h=1/2 
Since, (0, 0) and (1, 0) lie inside the circle x”+ y” =9. 


Therefore, the required circle can touch the given circle 
internally. 


i.e. C,-Cy=1~I% 


> yn?+ kh? =3- sh? + k? 
=> 2/h?+kh=3 > 2 pth =3 
=> ee Sap 

4 2 4 4 
=> h?=2 = k=t+ 2 
The required equation of circle is 
(P+ 1dr 39) +A (Utes 94> =0 ..-(i) 
Its passing through (1, 1), 
> 12+A @4)=0 

1 


=> N=--— 
2 
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12. 


13. 


14, 


15. 


On putting in Eq. (i), we get 


oe ll o1.2 25 
x4 + 138x-3 x =0 

y aac aa 
=> Ax? +4y?4+52x-12y—22x- y—-25=0 
=> Ax” + 457 + 30x-13y—-25=0 


The required equation of circle is, S; + A (S_—S,) =0. 


ES (<7 + y?-6) +A (-6x+14)=0 
Also, passing through (1, 1). 

> —4+A (8)=0 

=> N= Z 


2 
.. Required equation of circle is 
x + y?-6-3x+7=0 
or x + y?-3x+1=0 
It is given that, C,has centre (0, 0) and radius 1. 
Similarly, Cy has centre (0, 0) and radius 2 and C;, has 
centre (0, 0) and radius k. 
Now, particle starts it motion from (1, 0) and moves 1 
radian on first circle then particle shifts from C, to C4. 


After that, particle moves 1 radian on C, and then 
particle shifts from C, to C;. Similarly, particle move on 
n circles. 


Now, n > 2n because particle crosses the X-axis for the 
first time on C,,, then n is least positive integer. 
Therefore, n = 7. 
Equation of any circle passing through the point of 
intersection of x7+ y”-2x=Oand y=<xis 

(x? + y? 2x) + A(y— x) =0 
> x7 + y?- 24+ AJxt Ay=0 


Its centre is (? 5 ‘ ; >} 


2 


= For AB to be the diameter of the required circle the 
centre must be on AB, i.e. 


2+2rH=-A 

> N=-1 [- y= x] 
Therefore, equation of the required circle is 

x’ + y?—(2-1)x-1-y=0 
=> e+ y2-x-y=0 
Given, C,:x7 + y? =16 
and let Cy: (x—h)?+ (y—k)? =25 
.. Equation of common chords is S; — S, =0 

Qhx + 2ky = (h? + k? -9) 
-. Its slope =— ; = : [given] 
If p be the length of perpendicular on it from the centre 


h?+k?-9 
4h? + 4k? 
Also, the length of the chord is 


2. fr? - p® =2 4? - p? 


(0, 0) of C, of radius 4, then p = 


16. 


17. 


The chord will be of maximum length, if  =0 or 
16 


h?+k?-9=0 Sh? 4 = h?=9 
=> je? 
5 
es 
5 


Hence, centres are (5 : a and ( 


For point of intersection, we put 


ge ee ty" 


2x+4y—-20=0 


3 (suey ? (22429) + 49 oe 
4 4 

=> 25y" + 100y — 300 =0 

=> y? + 4y-12=0 

> (y—2) (y+ 6) =0 

> y=-6,2 

When y=-6 > x=- 

When y=2 

=> x=4 


-, Point of intersection are (—2,—6) and (4,2). 
Equation of any tangent to circle x7 + y* =r” is 
xcos@ + ysinO=r x0) 
Suppose Eq. (i) is tangent to 4x” + 25y” = 100 
ey 


or —+>=lat(%, 
OB A (%, 4) 


Then, Eq. (i) and ae ée -_ =1 are identical 


un 
x,/25 4 ed 
cos@ sin® r 
25 cos 8 4sin 0 
> x= HF 
r r 


The line (i) meet the coordinates axes in A (rsec®, 0) 
and B (, r cosec 8). Let (h, k) be mid-point of AB. 


Then bak sec® ad bok cosec® 
7 ~ o 
Therefore, 2h= and 2k=— 
cos 8 sin 
w= zp and = i 
1 oh Nn oh 
e ¥ 
As (x, , 9) lies on the ellipse 35 + Z = 1, we get 
1 (625) 1/4 
+ =1 
25\ 4h?) 4\R? 
= i ee 
4h? ke? 
or 25k? + 4h? =4h? k? 


Therefore, required locus is 4”? + 25y? = 4x? 


18. The equation of the circle on the line joining the points 


19. 


A(8, 7) and B (6, 5) as diameter is 
(x — 8) («x -6) + (y— 7) (yv—5) =0 eax(1) 
and the equation of the line joining the points A (8, 7) 


and B (6, 5)is y-7= sa (x — 3) 
3-6 
=> 2x+ 38y-27=0 swa(1d) 


Now, the equation of family of circles passing through 
the point of intersection of Eqs. (i) and (ii) is 


S+iAP=0 
=> (x-38)(x- 6) + (y— 7)(y —5) + Ax + 8y—-27) =0 
=> x°-6x-38x+18+ y?-5y— Ty + 35 
+ 20x + 3Ay- 270 =0 
=> S, =x°+ y?+x% QA -9)+ y BA -12) 


+ (53-272) = 0 ...(iii) 


Again, the circle,which cuts the members of family of 
circles, is 


S,=x' + y?-4x-6y-3=0 ...(iv) 
and the equation of common chord to circles S, and S,is 


S, -S,=0 
>x (2A -9+4)+ y BA -124+6)+ 63-270 + 3) =0 
> 2hx — 5x + BAy -6y +56 -27A =0 
> (—5x-6y + 56) + A 2x+ 3y—-27)=0 


which represents equations of two straight lines 
passing through the fixed point whose coordinates are 
obtained by solving the two equations 


5x+6y-56=0 and 2x+3y-27=0, 
we getx=2 and y=23/3 


The parametric form of OP is 20. 
x-0 y-0O 
cos45° sin 45° 
Since, OP =4 V2 
So, the coordinates of P are given by 
x0. _ y -O _ 4/2 
cos45° sin 45° 
So, P(-4, —4) 


Let C(h, k) be the centre of circle and r be its radius. 
Now, CP | OP 
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= h+a4 ee 
=> k+4=-h-4 
— h+k=-8 (i) 
Also, CP? = (h + 4)? + (k+ 4)” 
=> (h+4)74+ (k+ 4) =r? (ii) 
In AACM, we have 
6 9 (h+kyY 
AC? = (3 V2) +( 7 
=> r?=18+ 32 
=> r=5 V2 (iii) 
Also, CP=r 
is Pe |-- 
V2 
=> h-k=+10 ...(iv) 
From Kgs. (i) and (iv), we get 
(h=-9,k=1) 
or (h=1,k=-9) 


Thus, the equation of the circles are 
(x +9)" + (y- 1)? = 6 V2)” 


or (x-1)? + (y+ 9)’ = 6 V2)? 
=> x? + y+ 18x-2y+32=0 
or x7 + y? -2e + 18y+ 32 =0 


Clearly, (—10, 2) lies interior of 
x+y? 4+ 18x-2y+32=0 

Hence, the required equation of circle, is 
x+y? 4+ 18x-2y+32=0 


Let P(h,k) be the foot of perpendicular drawn from 


origin O(@,0) on the chord AB of the given circle such 
that the chord AB subtends a right angle at the origin. 


x? +y2 + 29 x + 2fy+c=0 


The equation of chord AB is 
y-k= = (e h) => hx+ky=h? + k? 


The combined equation of OA and OB is homogeneous 
equation of second degree obtained by the help of the 
given circle and the chord AB and is given by, 


+ ky ie hx + ky -_ 
+h) (A+R? 


Since, the lines OA and OB are at right angle. 


hx 
x + y+ Qgx4 26/5 


410 Circle 


21, 


22. 


Coefficient of x? + Coefficient of y? =0 


> i + 2gh 


; ch? 
he+k? (hn? 4 R22 
2 
talt auLee _ D2l— 
h2+k? (nh? +k?) 
=> 2(h? +k) 4+2(ght+ fk)+c=0 
Cc 


=> he+ kh’ + gh+ fh+>=0 


.. Required equation of locus is 


e+ y+ ox fy+ 5=0 


Let the equation of L, be xcosa + ysina = py. 


Then, any line perpendicular to L, is 


rY 
Lo 
Q 
S 
X’< >X 
R Ps 
Vv Ly 
y’ 


xsinQ — y COS = Do 
where, Py is a variable. 
Then, LZ, meets X-axis at P (p,seca,0) and Y-axis at 
Q ©, p,cosec a). 
Similarly, L, meets X-axis at R(p.coseca,0) and 
Y-axis at S 0,—- poseca). 
Now, equation of PS is, 

x y x Yy 


=1> = seco (a) 
Pp, seca —pysec oO Pi Po 
Similarly, equation of QR is 
. + y at ae =coseca  ...(ii) 
Pocosec & ——_p,cosec a Po Py 


Locus of point of intersection of PS and QR can be 
obtained by eliminating the variable p, from Eqs. (i) 
and (ii). 


seca = coseca 
Py Y Py 


> (x — p, sec) x+ y? = Pp, y coseca 


=> 4 y — P\xseca — p;,y coseca =0 
which is a circle through origin. 
Let the equation of the required circle be 
x7 + y+ 2ext 2fy+ c=0 ...(0) 
It passes through (—4, 3). 


25-8¢+6f+c=0 vaa() 
Since, circle touches the line x+ y—2=0 and 
x-y-2=0. 
pope gt+f | 2 2 - 
‘ = = +f°-c¢ .. (ill 
| 2 | | 2 aed ~ 


23. 


pape gt+f-2 
ea | 2 | 2 | 
=> g-f-2=+(C gt f-2) 
> g-f-2=-g+f-2 
or g-f-2=g-f+2 
> f=0 or g=-2 
Case I When f =0 
From Kq. (iii), we get 

“£2 7 me, 

= (g + 2)? =2 (g”-0) 
=> g*-dg-4-2c=0 ...(iv) 
On putting f =0 in Eq. (ii). we get 

25-8g+c=0 atv) 


Eliminating c between Eas. (iv) and (v), we get 
g’ -20g + 46=0 
> g=10+3V6 and c=55+24V6 
On substituting the values of g, fandcin Eq. (i), we get 
x+y? +2 (10+ 3V6) x+ (65+ 24/6) =0 
Case II When g=-2 
From Eq. (iii), we get 


= fr=24+ f?-o 
=> f?-2c+8=0 . (vi) 
On putting g =— 2 in Eq. (ii), we get 
c=-6f -41 
On substituting cin Eq. (vi), we get 
f?+12f+90=0 
This equation gives imaginary values of f. 
Thus, there is no circle in this case. 
Hence, the required equations of the circles are 
x’ + y? +2 (10 + 3V6) x+ 65 + 246) =0 
Given lines are 
3x+5y-1=0 ...(i) 
and (2+ ox+5ey-1=0 ii) 
x _ y - il 
5+5¢ 2+0+3 15c?-5ce-10 
2 
= fix 
oe a 1) igs : c 
5(@c —c—-2) 15c° —5c-10 
= lim x=lim—2° 
cl c1 6c-1 
and lim y= lim => limx= . 
col cl 80c-—5 cel 5 
and lim y=- = 
ol 25 


Centre = [tim x, lim ») = (; = vs) 
cl col 5 25 


2 2 
. Radius = ,|(2—7) +{04 =] - |. 1 _ 1601 
5 25 25 625 25 


2 2 
.. Equation of the circle is (= ;) [» : soe 


xy wee ae, 29, 4 1 1601 _ 
"y 5 "95" 25 625 625 


=> 25(x? + y”")-20x+ 2y—60 =0 


Topic5 Equation of Chord Bisected ata 
Point, Product of Pair of Tangents, 
Chord of Contact of Tangent, Pole 
and Equations of Polar 


1. Let the length of common chord = AB=2AM =2x 


a 


Now, C,C,= AC? + AC? eld) 


[.: circles intersect each other at 90°] 
and C,C,=C,M + MC, 
= C,C,=,/12?- AM? + ./5?- AM? ... Gi) 


From Kgs. (i) and (ii), we get 
AC? + AC? = [144 - AM? + 25 - AM? 


=> 144425 = 144-27 + 25-22 


= 13 = 144-2? + 25-2? 


On squaring both sides, we get 


169 =144—47 + 25-2? +2,/144 — x? ./25 — x? 
= v= /144-x2 25-2 


Again, on squaring both sides, we get 
x! = (144 — x”) 25 — x”) = (144 x 25) — 25 + 144)x? + x? 
2 144x25 12x5 60 
x= > x= =—cm 
169 13 13 


Now, length of common chord 2x = te cm 


Alternate Solution 
Given, AC, =12cm and AC, =5 cm 
In AC, AC, 


C,C, =)(C, A)? + (AC,)? [ ZC, AC, = 90°, 


because circles intersects each other at 90°] 


= 4/(12)? + 6)? =./144 + 25 
= 7169 =18 cm 


Now, area of AC, AC, = ; AC, x AC, 


= 5 «125 =30 em 
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Also, area of AC, AC, = 5 CiC2 x AM 


=) yiax? |. am =) 
2 2 2 
7% 13x AM =80 em 
AM= ble cm 
13 
. Given equation of lineisx+ y=n,neN ...(i) 
and equation of circle is x" + y” =16 ... (11) 


Now, for intercept, made by circle (ii) with line (i) 


[.. d =perpendicular distance from (0, 0) to the line 


x+ y=nand it dqnalty 
V124+12 V2 
=> n<4/2 (iii) 


~ nEN,son=il, 2, 3, 4,5 
Clearly, length of chord AB =2./4? — d? 


=2/16- d= 


..Sum of square of all possible lengths of chords (for 
n=1, 2, 8, 4, 5) 
eA [a6x5)- 50? 4284384 42454) 


5(6)(11) 


= 320-2 =320-110=210 


. Given equation of circle is 


x’ + y*-8x-8y-4=0, whose centre is C(4,4) and 
radius =4°+47+4=36 =6 


Let the centre of required circle be C, (x, y). Now, as it 
touch the X-axis, therefore its radius =| y|. Also, it 
touch the circle 


x’ + y*-8x-8y-4=0 therefore CC, =6+| | 


V(x 4)? + (y—4)? =6 +| y| 
x” +16-8x+ y+ 16-8y=36 + y+ 12| | 
x” —8x-8y + 32 =36+ 12| y| 
x” -8x-8y-4=12| y| 
Case I If y>0, then we have 
x? —8x—-8y-4=12y 
x” — 8x -20y-4=0 
x” —8x—-4=20y 


=> 
> 
> 
> 


=> 
=> 
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A 
and O(3,2) will be the end —_. 
point of its diameter. (1, 8)P << (fod 
“. (@—-1) (x—3)+ (y—8) (y—2) ae: 


=> («— 4)? — 20 =20y 
=  (x—4)7=20 (y+ 1)which is a parabola. 
Case II If y<0, then we have 

x” —8x-8y-4=-12y 
x" —8x—-8y-4+12y=0 

x’ —8x+4y-4=0 

x” —8x-4=-4y 

(x—4)? =20-4y 
= (x—4)? =—4(y—5), which is again a parabola. 


=> 
=> 
=> 
=> 


PLAN IfS:ax°+2haxy+ by?+2gx+2fv+C 
then equation of chord bisected at P(x,,y,)is T=S, 
Or axx,+h(xy,+ yx;)+b yy, + g(x+x,)+Flyt yjJ+C 
ax,” + 2Nx+Y; + by," +29x,+2fy,+C 


Description of Situation As equation of chord of 
contact is T=0 


Equation of polar 


Equation of chord of contact 
Here, equation of chord of contact w.r.t. P is 
4d -20 
x+y. (A) =9 


5Ax+ (4A -20)y =45 aaa) 


and equation of chord bisected at the point Q (h, k) is 
xh+yk-9=h?+k?-9 
=> xh + ky =h? +k? ...(ii) 
From Kgs. (i) and (ii), we get 
5A 404-20 38945 


h k h? +k? 
_ 20h a= 9h 
4h—-5k h? +k? 
20h 9h 
=>. = 
4h-Bk h?+k? 
or 20 (h? + k”) =9 (4h — 5k) 
or 20 (x7 + y*) =36x—45y 


For required circle, P (1,8) 


=0 
=> x7 + y?-d4x-10y+19=0 


6. We have to find locus of mid-point of chord and we know 


perpendicular from centre bisects the chord. 
ZOAC = 45° 


OC = sin 45° 
OA 


2 
OC =—= =v2 
=> B V2 


Also, yh? +k? =OC? 
Hence, x?+ y?=2 is required equation of locus of 
mid-point of chord subtending right angle at the centre. 


Since, tangents are drawn from origin. So, the equation 
of tangent be y =mx. 


= Length of perpendicular from origin = radius 


|mr+h| 
—— = 7 


=> 
jm +1 
> mr? + h? + 2Qmrh = r? (m? + 1) 
r?—h? 
=> = . m=co 
2rh 
r?—h? 
. Equation of tangents are y= Soi x, x=0 
r 


Therefore (a) and (c) are the correct answers. 
Equation of given circle C is 
(x -— 3)? + (y +5)” =9 + 25 -30 
ie. (x— 8)? + (y+ 5)? =2? 
Centre = (8, —5) 
If L, is diameter, then 2(3) + 83-5) + p-3=0 => p=12 
[, is 2x+ 3y+9=0 
[gis 2x+ 38y+15=0 
Distance of centre of circle from L, equals 
2(8) + 8(-5) + 15 6 
< 
(ee V13 
L,is a chord of circle C. 
Statement IT is false. 


2 [radius of circle] 


9. 


10. 


11. 


12. 


A point on the line 2x + y=4 is of the form (h, 4 — 2h). 
Equation of the chord of contact is T =0 i.e. 

hx+ (4-2h)y=1 => 4y-1)+ h(x-2y)=0 
This line passes through the point of intersection of 


4y—-1=0and x-2y=O0 te. through the point (5 : a} 


Given, 4x7 + 4y?-12x+ 4y+1=0 A 
=> x + y?-8x+ y+1/4=0 
whose centre is (5--$] andradius S Q 
_ 13y", iy 1 = fe.t1 B 
Py ae 4°94 4 
=f 
2 


Again, let S be a circle with centre at C and AB is given 
chord and AD subtend angle 2 /3 at the centre and Dbe 
the mid point of AB and let its coordinates are (h, k). 


Now, ocd=" aya 2" =" 
2 23 8 
Using sine rule in AADC, 
DA _ CA 
sinat/3 sinnt/2 
= DA=CAsinz/3 _3 8 
a4 
Now, in AACD 
Grete apie =? 
16 16 
But CD? =(h-3/2)? + (k+1/2)" 


=> (h-3/2)?+ (b+ 112) = 


Hence, locus of a point is 


a 1y . 9 
x tl yt = 
2 2) 16 


=> 16x°+16y?-48x+ 16y+31=0 


Area of triangle formed by the tangents from the point 
(h,k)to the circle x” + y” = a7 and their chord of contact 


(h2+ kh? — a3? 
h? + k? 


Thus, area of triangle formed by tangents from (4, 3) to 
the circle x” + y” =9 and their chord of contact 
_3(47+37-9)7? 3(76+9-9)%? 
47 + 3? 25 
_ 364) 192 


— sq units 
a5. 25 


Given, (x + 2)? + (y-3)? =4 


Let the coordinate be M (h,k), where Bis mid-point of A 
and M. 


a a(5 S| 
2 2 


feaed 
Sg 


14, 


15. 


16. 


Circle 413 


But AB is the chord of circle 
x + 4x + (y —3)7 =0 
Thus, B must satisfy above equation. 


2 2 
p Faas) 3| =0 
4 2 2 


=> h? +k? +8h-6k+9=0 
. Locus of M is the circle 


x + y+ 8x-6y+9=0 


Equation of straight line passing through intersection 
of two circles C, and C, is (S, —S,)=0. 


Sat dy 3- (x7 + y7+6x+2y—15) =0 


> re 2y-12=0 => 10x-3y7-18=0 


Here, length of tangent AB 
= 42 452-4(4)-2(5)-11 =2 


.. Area of quadrilateral ABOC =2 area of AABO 
=2 5 (AB) (OB) 


=2-4=8sq units 


For the equation of circle x?+ y?—2x=0. Let the 
mid-point of chords be (A, k). 

-, Equation of chord bisected at the point is S, =T. 
oA? +k? -2h=xh+ yk—(x+ h)which passes through 
(0, 0). 

=> h?+k®-2h=-h 


Sar 


-. The required locus of a chord is x7 + y?-x=0 


2x7 + y* —3xy =0 [given] 
> 2x7 —Qxy — xy + y2=0 
> 2x (x- y)— y &- y) =0 
= 2x —- y) @— y)=0 
=> y=2x,y=x 


are the equations of straight lines passing through 
origin. 

Now, let the angle between the lines be 20 and the line 
y =x makes angle of 45° with X-axis. 


414 circle 


17. 


Therefore, tan (45° + 2 6) = 2 (slope of the line y = 2x) 
Y y=x 


aN 


tan45°+tan20 _ 1+ tan20_, 
1 —tan 45° x tan 20 1-tan20 
(1+ tan20)-(1—tan20) 2-1 1 


(1+ tan260)+(1—tan20) (+1) 3 
2tan20_1 => andes" 
2 3 3 
2 tan 0 _l 
1-tan?6 3 


=> (2tan8)-3=1-tan70 
=> tan’60+6tan@-1=0 


—-6+/36+4x1x1 -6+-/40 
=> tan @= = 
2 2 

> tan@=-3+ 10 
=> tand=—3+ 10 jvo<o<7| 
Again, in AOCA 

ey oe 

OA 
3 3 3 (8+ 10) 


A= tend (34 Vi0) (3+ V10) @+ V10) 


_3@+-10) _ 
Tes =3 (3+ V10) 


18. 


From figure it is clear that, AOLS is a right triangle 
with right angle at L. 
Also, OL =1 andOS =2 


+ 1sin (2 LSO)= - = Z LSO =30° 
Since, SA, = SA,, A SA, A, is an equilateral triangle. 


The circle with centre at C, is a circle inscribed in the 
A SA, Ay. Therefore, centre C, is centroid of A SA, Ao. 
This, C, divides SM in the ratio 2: 1. Therefore, 


coordinates of C, are (—4/3,0) and its radius 
=C,M =1/3 
.. Its equation is (x + 4/3)” + y* = (1/3)? i) 


The other circle touches the equilateral triangle SB, B, 


: oy, A A 
externally. Its radius r is given by r= . 
s-a 


where B, B, =a. But A=> (a) (SN) =5 a 


3 a 
and S-a@=—a-a=— 

2 2 
Thus, r=3 


= Coordinates of C, are (4, 0). 
.. Equation of circle with centre at C, is 
(x—4)? + y? =3? (ii) 


Equations of common tangents to circle (i) and circle C 


are 
1 
x=-1 and =+——~(x+2 T, and T. 
Equation of common tangents to circle (ii) and circle C 
are 
1 
x=1 and =+—— (+2 T, and T. 


Two tangents common to (i) and (i) are T, and T, at O. 
To find the remaining two transverse tangents to (i) and 
(ii), we find a point I which divides the joint of C, C, in 
the ratio 4 !%=1/3:3=1:9 

Therefore, coordinates of I are (-4/5, 0) 

Equation of any line through I is y=m («+ 4/5). It will 
touch (i) if 


-4 4 
m(+5)-o| 1 8m|_ 1 
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=> 64m? = 25 (1+ m?”) 
5 
=> 39m?=25 => m=t 
39 
Therefore, these tangents are y=+ ~R [« + 5) 


Let the coordinate of point P be @r cos 9, 2r sin @) 
We have, OA =r, OP =2r 
Since, A OAP is a right angled triangle. 


19. 


>X 


cosg@ =1/2 => o=1/3 
.. Coordinates of A are {r cos @— 1/3), rsin @ — 1 /3)} 


and that of B are [rcos @ + 1/8), rsin 0 + 71/8)] 
If p,q is the centroid of A PAB, then 


p= [" cos @— 1/3) + r-cos @ + /3) + 2r cos] 


=; [r {cos © — 1/3) + cos @ + 1/3)} + 2r cos B] 


T T 
3 3 


+ 2r cos 8 


=; [r {2 cos 8 cos 7/3} + 2r cos 0] 

=| [r-c0s 6 + 2r cos 8] = r cos 8 

and q=5[rsin(@-2)+rsin(o+)+2rsing) 
3 3 3 


= (rfsinfe —™)+sin 0+ F)}+2rsin6) 
3 3 3 


e404") 6- 


3 - COS 


wila 


=; r|2sin +2rsin0 


=; [r 2 sin 8 cos 1/3) + 27 sin 8] 
=; [r (in) + 2rsin 6) =rsin@ 


Now, (p, g)= (r cos 8, rsin®) lies on x? + y? =r? which is 
called C;. 
Given, 2x7 + 2y?- (1+ V2a) x- (1- ¥2a) y=0 
2 2 1+ 2a 1- J2a 
=> x+y 5 x 5 y=0 


Since, y+ x=0 bisects two chords of this circle, mid 
points of the chords must be of the form (@, —@). 


>X 


20. 


Circle 415 


Equation of the chord having (@, — a) as mid points is 


T=S, 
=> xa+ y (a) |e a) (+22) (y-@) 


=a7+ (a)? ea [ =e a) 


=> Axo, — 4 ya - (1+ V2a) x- (1+ V2a) 0 
~(1- 2a) y+ (1-v2a)a 
= 4a? + 40? — (1 + V2a)-20 + (1 — V2a)- 20 
(1 + V2a) x- (1 - V2a) y 
=8a7-(1+ V2a)a+ (1 -V2a)0 
But this chord will pass through the point 


[** 2a Pe) 


=> 4ax —4ay 


? 


2 2 


hey (+ es sa" 2) (1 + V2a) (1 + V2a) 
2 2 2 

(1 — V2a) ( - V2a) 
2 


=8 a? -2V2 aa 
=> 20 [11+ V2a-1+V2a)] =807?-2 2 ao 


=> 4% aa ~> +2 (/2a)"]=8 a” —2 V2aa 
[ (a + b)2 + (a — b)? =2a? + 207] 
>8 07-6 V2 aa+1+2a7=0 


But this quadratic equation will have two distinct 
roots, if 


6 V2a)? —4 (8) (1 + 2a”) > 0 = 72a” - 32 (1+ 2a”) >0 
= 8a" -32>0 =>a"-4>0 
=>a<-2Ua>2 

Therefore, a € (— », —2)U @, 0). 

The given circle can be rewritten as 


<0 (i) 


Let one of the chord through (a, 6/2) be bisected at (h, 0). 


Then, the equation of the chord having (h,0) as 
mid-point is 


2, 2 
x+y" -ax- 


T=S, 
a b 2 
>h-x+0-y ae. ZT ee + 0-ah-O 
= [* a) « LS ...(ii) 
2 4 2 
It passes through (a, b/2), then 
[* =) a ae ey ae, 
2 42 2 
2 2 
=> a ce a | .. (iii) 
2 2° 8 


416 Circle 


According to the given condition, Eq. (iii) must have two + YP =hxt ky 
distinct real roots. This is possible, if the discriminant of Alternate Solution 
Bee oF Let M be the mid-point of chord AB. 
Le. Bed eg OG => CM 1 MP 
4 2, 8 4 2 
: é > (slope of CM) - (slope of MP) =-1 
—s a> >2b y, kR-y 
21. Since, 5x+12y-—10=0 and 5x-12y-—40=0 are both a ee 
perpendicular tangents to the circle C). aS ky, - ye =—hx, + Ped 
.. OABC forms a square. Hence, required locus is x7 + y?=hx+ ky 


Let the centre coordinates be (h, k), where, 
OC =OA=3 and OB=6 V2 
|5h+12k-10| [5h +12k—40| _ 


23. Equation of tangents at (1, 7) and (4, -2) are 
B (1,7) Cc 


=3 and 3 
D (4-2) 
x+ Ty-(x+1)-2 (y+ 7)-20=0 
=> 5y=35 => yH=T 
and 4x-2y-(x+4)-2 (y-2)-20=0 
> 3x—-4y =20 
=> 5h4+12k-10=+39 and 5h-12kR-40=439 .. Point C is (16, 7). 


on solving above equations. The coordinates which lie in :. Vertices of a quadrilateral are 


Teen) e) AG, 2), BQ, 7), C6, 7), D@, — 2) 
.. Area of quadrilateral ABCD 


=Areaof A ABC + Area ofA ACD 


= 5x15 x54 5X15%5 = 75 sq units 


24. Let fs cos@ =~ 
2k 2 
Sx — 12y = 10 => cos29 = 1341 = 


.. Centre for C, 6, 2) 3 | ay 


2 = 
To obtain equation of circle concentric with C, and making ee 


2 
an intercept of length 8 on5x + 12y=10and5x -12y=40 2 V34+1-x 
.. Required equation of circle C, has centre (6,2) and 2 1= 2 
radius 5 is (x— 5)" + (y-2) =5? 
. => x°+x-3-3 =0 


22. Given,circle is x°+ y?=r 


' ae a eee =14,/14 1244/8 
Equation of chord whose mid point is given, is => x= 
T=S, > xy + 9% reaxe 4 ye r? 2 
It also passes through (h, k) hx, + ky, = x7 + ye ls 413+ 43 7 ~14+2V341 - 3 
.. Locus of (x, y,) is 2 2 
cos§ = v3 >0= a 
2 6 
P (h,k) -. Required angle = Bs 20= kas 
B k 3 
Ey = k=3 
Download Chapter Test Aen 
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Parabola 


Topic 1 Equation of Parabola and Focal Chord 


Objective Questions I (Only one correct option) 


1. 


If the area of the triangle whose one vertex is at the vertex 
of the parabola, y? + 4(x—a”)=0 and the other two 


vertices are the points of intersection of the parabola and 
Y -axis, is 250 sq units, then a value of ‘a’ is 
(2019 Main, 11 Jan, II) 

(a) 5V5 (b) 5 
(c) 5(2"") (d) (10)"" 
Acircle cuts a chord of length 4a on the X-axis and passes 
through a point on the Y-axis, distant 26 from the origin. 
Then, the locus of the centre of this circle, is 

(2019 Main, 11 Jan, II) 
(b) an ellipse 
(d) a hyperbola 
Axis of a parabola lies along X-axis. Ifits vertex and focus 
are at distances 2 and 4 respectively from the origin, on 
the positive X-axis, then which of the following points 
does not lie on it? (2019 Main, 9 Jan, 1) 
(a) (4,-4) (b) (6, 4V2) 
(c) (8, 6) (d) (5, 2V/6) 
Let P be the point on the parabola, y? = 8x, which is ata 


(a) a parabola 
(c) a straight line 


minimum distance from the centre C of the circle, 
x? + (y + 6)? = 1. Then, the equation of the circle, passing 
through C and having its centre at Pis (2016 Main) 
(a) x? + y?- 4x + 8y+12=0 

(b) x7 + y?-x+ 4y-12=0 


(c) x? + ee 2y—- 24=0 
(d) x7 + y? — 4x + 9y + 18=0 


Let O be the vertex and @ be any point on the parabola 
x? = 8y. If the point P divides the line segment OQ 


internally in the ratio 1:3,thenthelocusofPis (2015) 
(a) x” = y () y? =x 
() y? = 2x (d) x” = 2y 


6. 


10. 


11. 


Let (x, y)be any point on the parabola y” = 4x. Let 
P be the point that divides the line segment from 
(0, 0) to(x, y)in the ratio 1: 3. Then, the locus of P 


is (2011) 
(a) x =y (b) y? = 2x 
(ce) yr =x (d) a = ay 


Axis of a parabola is y= x and vertex and focus 


are at a distance V2 and 2V2 respectively 
from the origin. Then, equation of the parabola 
is (2006, 3M) 
(a) («- y)?=8(«+ y- 2) 
(b) (+ y)?= 2+ y- 2) 
(©) &- y=4@+ y-2) 
(d) («+ 9)? =2(@- y+ 2) 
The locus of the mid-point of the line segment 
joining the focus to a moving point on the 
parabola y”=4ax is another parabola with 


(2002, 1M) 
(d)x=% 
2 


directrix 


(a)x=-a b)x=- 5 (c)x=0 
The equation of the directrix of the parabola 
y+ dy + 4x+2=0is (2001, 1M) 
(a)x=-1 (b) x=1 

(c)x=- 3/2 (d) x= 3/2 

If the line x — 1= Ois the directrix of the parabola 
y — kx + 8=0, then one of the values of kis 


(2000, 2M) 
1 1 
= 8 4 d) = 
(a) - (b) (c) (d) - 
The curve described parametrically by 


x= v +¢t+ ly = e —t+ lrepresents (1999, 2M) 


(a) a pair of straight lines 
(c) a parabola 


(b) an ellipse 
(d) a hyperbola 


Download More Books: www.crackjee.xyz 
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Assertion and Reason 


12. 


2 
Statement I The curve y=- - +x+1is symmetric 


with respect to the line x = 1. because (2007, 3M) 


StatementII Aparabolaissymmetric about its axis. 

(a) Statement I is correct, Statement II is correct, Statement 
II is a correct explanation for Statement I 

(b) Statement lis correct, Statement IT is correct, Statement IT 
is not a correct explanation for Statement I 

(c) Statement I is correct, Statement II is incorrect 

(d) Statement I is incorrect, Statement II is correct 


Integer Answer Type Questions 


13. 


14. 


Let the curve C be the mirror image of the 
parabola y”=4x with respect to the line 
x+y+4=0. If A and B are the points of 
intersection of C with the line y=- 5, then the 
distance between A and Bis (2015 Adv.) 
Let S be the focus of the parabola y” = 8x and PQ 
be the common chord of the _ circle 
x” + y? — 2x -— 4y = Oand the given parabola. The 
area of APQS is (2012) 


Topic 2 Equation of Tangents and Properties 


Objective Questions I (Only one correct option) 


1. 


If the line ax + y = c, touches both the curves x7 + y? =1 
and y = Al 2x, then| c|is equal to 
(2019 Main, 10 April, II) 


(a) (b) 2 (©) v2 (a) 5 


a 


. The tangents to the curve y = (x — 2)? — Lat its points of 


intersection with the linex — y = 3, intersect at the point 
(2019 Main, 12 April II) 


(a) (3. 1 On R 1 (©) (3. 1 (@) (-. 7 
2 2 2 2 

The area (in sq units) of the smaller of the two circles 
that touch the parabola, y” = 4x at the point (1, 2) and 
the X-axis is (2019 Main, 9 April, II) 
(a) 8n(3- 2V2) (b) 4n(3+ V2) 

(c) 8n(2- V2) (d) 4n(2- V2) 

The equation of a tangent to the parabola, x” = 8y, 


which makes an angle 0 with the positive direction of 
X-axis, is 

(2019 Main, 12 Jan, II) 
(b) x= ycot6+ 2tand 
(d) x= ycot® — 2tan®@ 
Equation of a common tangent to the circle, 
x” + y® — 6x =Oand the parabola, y” = 4x, is 

(2019 Main, 9 Jan, 1) 

(a) V8y = 3x+1 (b) 2/3y = 12" +1 
() VBy=x48 (d) 2/38y=-x-12 
Tangent and normal are drawn at P(16,16) on the 
parabola y”=16x, which intersect the axis of the 
parabola at Aand B, respectively. If Cis the centre of the 
circle through the points P, Aand Band 7CPB= 6, then 
a value of tan@is (2018 Main) 


if 
= b 
oie (b) 2 


(a) y=x tan — 2cot® 
(c) y=xtan@+ 2cot® 


4 
(c) 3 (d) : 


G 


10. 


11. 


12. 


13. 


The radius of a circle having minimum area, 
which touches the curve y = 4— x” and the lines 


y=|x|, is 

(2017 Main) 
(a) 2 (/2 + 1) (b) 2 (/2 — 1) 
(c) 4(V2 - 1) (d) 4(/2 + 0) 


The slope of the line touching both the parabolas 
y” = 4x and x” = - 32yis (2014 Main) 


1 3 1 2 
(a) ; (b) ss (©) : (d) Fi 


The tangent at (1, 7) to the curves x” = y- 6x 

touches the circle x” + y” + 16x + 12y + c= Oat 
(2005 2M) 

(a) (6, 7) (b) (6, 7) 

(c) 6, —7) (d) (6, —7) 

The angle between the tangents drawn from the 

point (1,4) to the parabola y? = 4x is (2004, 1M) 


T T T T 
(a) 6 (b) 7 (c) 3 (d) ry 


The focal chord to y?=16x is tangent to 
(x — 6)? + y” = 2, then the possible values of the 
slope of this chord are (2003, 1M) 
(a) {-1, 1} (b) {-2, 2} 

(c) {-2, 1/2} (d) {2, — 1/2} 

The equation of the common tangent to the curves 
y = 8x and xy=- lis (2002, 1M) 
(a) By = 9x + 2 
(c) 24y=x+ 8 


(b) y= 2x41 
(d) y=x+ 2 


The equation of the common tangent touching the 

circle (x — 3)?+ y7=9 and the parabola y” = 4x 
(2001, 1M) 

(b) V3y = - (x + 3) 

(d) V3 y=- (8x+1) 


above the X-axis is 
(a) J3 y= 8x41 
(c) V3y =x+3 


Assertion and Reason 


14. Given A circle, 2x7 + Qy? = 5 and a parabola, 


y? = AV5x. 


StatementI An equation of acommon tangent to 
these curves is y= x + V5. 


Statement II Ifthe line, y= mx + v5 (m # 0)is the 
m 


common tangent, then msatisfies m* — 3m? + 2= 0. 


(2013 Main) 
(a) Statement I is correct, Statement II is correct, 
Statement II is a correct explanation for Statement I 
(b) Statement I is correct, Statement IT is correct, 
Statement IT is not a correct explanation for Statement I 
(c) Statement I is correct, Statement II is incorrect 
(d) Statement I is incorrect, Statement II is correct 


Objective Questions II 
(One or more than correct option) 


15. Equation of common tangent of 


y=x",y=-x? + 4x 4is 
(a) y=4(e-]) 

(b) y=0 

()y=-4@-) 

(d) y =—- 30x - 50 


(2006, 5M) 


Passage Based Problems 


Passage 
Let a, r, s, t be non-zero real numbers. Let 
P (at’, 2at),Q, R(ar”, 2ar)andS (as”, 2as)be distinct 
point on the parabola y” = 4ax. Suppose that PQ is 
the focal chord and lines QR and PK are parallel, 
where K is point (2a, 0). (2014, Adv.) 


Parabola 419 


16. The value of ris 
2 2 - 
@-+ @mt*t © @.— 
t ig t 
17. Ifst=1,then the tangent at P and the normal at S to 
the parabola meet at a point whose ordinate is 
2 2 2 2 
(a) (t us (b) a(t ze 
2t 2t 
2 2 2 2 
© a(t = (a) a(t < 2) 
t i 
Fill in the Blank 
18. The point of intersection of the tangents at the ends of 


the latusrectum of the parabola y” = 4x is... 
(1994, 2M) 


Analytical & Descriptive Questions 


19. 


20. 


At any point P on the parabola y” —- 2y- 4x+5=0a 
tangent is drawn which meets the directrix at Q. Find 
the locus of point R, which divides QP externally in the 


ratio a) (2004, 4M) 


Find the shortest distance of the point (0, c) from the 
parabola y = x”, where 0< c< 5. (1982, 2M) 


Integer Answer Type Question 


21. 


Consider the parabola y” = 8x.Let A, be the area of the 
triangle formed by the end points of its latusrectum 


and the point P(s ‘ 2) on the parabola and A, be the 


area of the triangle formed by drawing tangents at P 


and at the end points of the latusrectum. Then, Pi is 


2 
(2011) 


Topic 3 Equation of Normal and Properties 
Match the Columns 


Objective Questions I (Only one correct option) 


1. 


If the parabolas y” = 4b(x — c) and y? = 8ax have a 
common normal, then which one of the following isa 


valid choice for the ordered triad (a, b, c)? 


(2019 Main, 10 Jan, 1) 
(a) (5.2 0| (b) (1, 1,0) 
(©) (1,1,3) 


@ (3.2.3) 
2 
Ifx+ y=k isnormal to y 7” = 12x, then kis 
(a) 3 (2000, 2M) 
(b) 9 
(c) -9 
(d) -3 


3. 


Match the conditions/expressions in Column I with 
statement in Column II. Normals at P,Q, Rare drawn 
to y? = 4x which intersect at (3,0). Then, 


Column | Column II 
A. Area of APQR p: 2 
B. Radius of circumcircle of APQR Q. 5 
2 
C. Centroid of APQR i (? 0) 
oe 


D. Circumcentre of APQR ( 


420 Parabola 


Objective Questions II 
(One or more than one correct option) 


4. Let Pbe the point on the parabola y” = 4x, which is at 


the shortest distance from the centre S of the circle 
x? + y* — 4x-16y + 64= 0. Let Q be the point on the 
circle dividing the line segment SP internally. Then, 
(a) SP = 2/5 (2016 Adv.) 
(b) SQ: QP = (V5+1):2 

(c) the x-intercept of the normal to the parabola at P is 6 

(d) the slope of the tangent to the circle at Q is 5 


A solution curve of the differential equation 


(x? + xy + 4x + 2y + yD y=0, x>0, passes 
x 


through the point (1, 3). Then, the solution curve 

(a) intersects y = x+ 2exactly at one point (2016 Adv.) 
(b) intersects y = x+ 2exactly at two points 

(c) intersects y = (x + 2)? 

(d) does not intersect y = (x + 3)” 


Let L be a normal to the parabola y” = 4x. If L passes 


through the point (9, 6), then Lis given by (2011) 
(a) y-x+ 38=0 (b) y+ 38x- 88=0 
(ce) y+ x-15=0 (d) y- 2x+12=0 


The tangent PT and the normal PN to the parabola 
y” = 4ax at a point P on it meet its axis at points T and 
N, respectively. The locus of the centroid of the triangle 
PTN isa parabola, whose (2009) 


(a) vertex is (=, 0] (b) directrix is x = 0 


(c) latusrectum is = (d) focus is (a, 0) 


Integer Answer Type Question 


8. Ifthe normals of the parabola y” = 4x drawn at the 


end points of its latusrectum are tangents to the 
circle (x — 3)? + (y + 2)? =r”, then the value of r” is 
(2015 Adv.) 
Analytical & Descriptive Questions 
9. Normals are drawn from the point P with slopes 
m,, My, mz to the parabola y” = 4x. If locus of P with 


mM, = ais apart of the parabola itself, then finda. 
(2003, 4M) 


10. Three normals are drawn from the point (c, 0) to the 
curve y” = x. Show that c must be greater than 
One normal is always the X-axis. Find c for which 


the other two normals are perpendicular to each 
other. (1991, 4M) 


11. Find the equation of the normal to the curve x” = 4y 
which passes through the point (1, 2). (1984, 4M) 


12. Suppose that the normals drawn at three different 
points on the parabola y? = 4x pass through the 


point (h,0).Show that h> 2. (1981, 4M) 


Topic4 Diameter, Chord of Contact, Chord Bisected and 


Product of Pair of Tangents 


Objective Questions II 
(One or more than one correct option) 


1. 


If one end of a focal chord of the parabola, y” = 16xis at 


(1, 4), then the length of this focal chord is 
(2019 Main, 9 April, 1) 


(a) 22 (b) 25 (c) 24 (d) 20 
The length of the chord of the parabola x” = 4y having 
equation x — V2y + 4V2 = Ois (2019 Main, 10 Jan 11) 
(a) 8V2 (b) 2/11 (c) 3V2 (d) 6V3 


If a chord, which is not a tangent, of the parabola 
y* =16x has the equation 2x+ y= p, and mid-point 
(h,k), then which of the following is(are) possible 
value(s) of p, h and k? (2017 Adv.) 


(a)p=-Lh=1lk=-3 (b)p=2,h=3,k=-4 
(c) p=-2,h=2,k=-4 (d) p=5,h=4,k=-8 
Let A and B be two distinct points on the parabola 
y” = 4x. If the axis of the parabola touches a circle of 


radiusr having AB as its diameter, then the slope of 
the line joining Aand Bcan be (2010) 


o= (b) + (@ 2 Ge 
Fr 1g Tr: ie 


Passage Based Problems 


Passage 
Let PQ be a focal chord of the parabola y” = 4ax. The 
tangents to the parabola at Pand @ meet at a point 


lying on the line y = 2x + a,a>0. (2013 Adv.) 
5. Length of chord PQ is 

(a) Ta (b) 5a 

(c) 2a (d) 38a 


6. If chord PQ subtends an angle 6 at the vertex of 
y” = 4ax, then tan0 is equal to 


(a) 27 o) 27 
3 3 
2 -2 
(c) Fal (@) a 


Analytical & Descriptive Questions 


7. The angle between a pair of tangents drawn from a 


point P to the parabola y” = 4axis 45°. Show that the 


locus of the point P is a hyperbola. (1998, 8M) 


10. 
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intersect at points P,@ and R. Determine the ratio of 
the areas of the triangles ABC and PQR. (1996, 3M) 


Show that the locus of a point that divides a chord of 
slope 2 of the parabola y? = 4ax internally in the 


ratio 1:2 is a parabola. Find the vertex of this 


8. From a point A canon tangents are drawn to the parabola. (1995, 5M) 
circle x” + y? = = and parabola y” = 4ax. Find the 11. Through the vertex O of parabola y” = 4x, chords OP 
area of the quadrilateral formed by the common ane OW nee dara hat Dieht Bielce te One oe 

; Show that for all positions of P, PQ cuts the axis of the 

tangents, the chord of contact of the circle and the ; : : 
nartofconkackol tl bal i956: BM parabola at a fixed point. Also, find the locus of the 
Seu OE Enaee Ce ae alee G8 20) middle point of PQ. (1994, 4m) 

9. Points A,B and C lie on the parabola y” = 4ax. The 
tangents to the parabola at A, Band C, taken in pairs, 

Answers 
Topic 1 Topic 3 

1. (b) 2. (a) 3. (c) 4. (a) L. (c) 2. (b) 3. A> p; B93 q;C>s;D>r 

5. (d) 6. (c) a) 8. (c) 4, (a,c, d) 5. (a, d) 6. (a, b, d) 7. (a, d) 

9. (d) 10. (c) 11. (c) 12. (a) 3 

13. (4) 14. (4) 8. (2) 9. (2) 10. (2) 11. x+y=3 
Topic 2 12. (1) 

1. (c) 2. (c) 3. (a) 4. (b) Topic 4 

5. (c) 6. (b) 7. (c) 8. (a) 1. (b) 2. (d) 3. (b) 4. (c, d) 

9. (d) 10. (c) 11. (a) 12. (d) 15a2 

13. (c) 14. (a) 15. (a, b) 16. (d) 5. (b) 6. (d) 8. i 9. (2) 
17. (b) 18. (-1,0) 19. (x +1) (y -1)? + 4=0 ve 
10. (2.2) 11. y? =2(x-4) 
1 1 
20. JJo-2, 5 Ses 21, (2) 9°9 


Topic 1 Equation of Parabola and Focal Chord 


1. 


Hints & Solutions 


Vertex of parabola y* =—4(x— a”) is (a”, 0). 


For point of intersection with Y-axis, put x=0 in the 
given equation of parabola. 


This gives, y? =4a7 => y=t2a 


Thus, the point of intersection are (0, 2a) and (0, —2a). 


— 8 (0, 2a) 


2. 


From the given condition, we have 
Area of AABC = 250 


3 (BC)OA) = 250 [.; Area = ; x base x height] 


> 5 (ta)a® =250 => a? =125=5° 
. a=5 


According to given information, we have the following 
figure. 
(0, 2b) 
P 


4a ———_> 
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Let the equation of circle be 
x + y+ 2Qext 2fy+c=0 ..-(i) 
According the problem, 
da =2,/ g*-¢ ...(ii) 
[. The length of intercepts made by the 
circle x7 + y? + 2gx+2fy+c=0 
with X-axis is 24] g? — c] 
Also, as the circle is passing through P(0, 2b) 
0+ 467+ 0+ 4bf + c=0 [using Eq. ()] 
=> 4b? + 4bf + c=0 ... (iii) 
Eliminating ‘¢ from Eas. (ii) and (iii), we get 
4b? + 4bf + g?-4a?=0 
[4a =2,/ 97 -c>c= g* -4a? 


So, locus of (—g, — f) is 
4b” — 4by + x* — 4a? =0 
=> x” =4by + 4a? — 4b? 
which is a parabola. 
According to given information, we have the following 
figure. 


Now, if the origin is shifted to (2, 0) and (X,Y) are the 
coordinates with respect to new origin, then equation of 
parabola is Y? = 4aX, 


where, X =x-2andY =yanda=4-2=2 
y” =8(x— 2) 
Note that (8, 6) is the only point which does not satisfy 
the equation. 
Centre of circle x” + (y+ 6)? =1is C@, -6). 
Let the coordinates of point P be (2t”, 42). 


Now, let D=CP 

=,/(2t”)? + (4¢+ 6)? 
= D=4t* +160? + 36+ 48¢ 
Squaring on both sides 
=> D*(t) =4t* + 16t7 + 48t + 36 
Let F(t)=4t' +16¢7+ 484+ 36 
For minimum, FF” (t)=0 


=> 16¢° + 32t +48 =0 
=> 4+2t+3=0 
=> (¢+1)(@¢?-t+3)=0 > t=-1 


Thus, coordinate of point P are (2, — 4). 


Now , CP =,/27 + (-44+ 6)? =,/44+ 4 =2V2 
Hence, the required equation of circle is 
(x— 2) + (y + 4)” = @v2)? 
=> «74+4-4x+ y?4+164+8y=8 
> x + y?—-4x + 8y+12=0 


. PLAN Any point on the parabola x = 8y is (4t,2t). Point P divides 


the line segment joining of O(0,0) and Q(4t,2t*) in the ratio 
1 : 3. Apply the section formula for internal division. 


Equation of parabolais x? =8y ..() 
Let any point Q on the parabola (i) is (4t, 2”). 

Let P(h, k) be the point which divides the line segment 
joining (0, 0) and (4t, 2¢”) in the ratio 1:3. 


¥ 
a 
oe 
x27 Q(At, 2?) 
X’< 0.0 Oo >X 
y 
par X4tt+3x0 head 
4 
2 2 
aud pa lX2t+3x0 s elk 
4 2 
= h= = hi 2h= bh? [- t= hl 
> 2y =x", which is required locus. 


6. By section formula, 


Substituting in y? =4 x, 
(4k) =4 (4h) 

=> Rah 

or y”=xis required locus. 


7. Since, distance of vertex from origin is V2 and focus is 


22. 
-. V (1,1) and F @, 2) (.e. lying on y = x) 
where, length of latusrectum 


=4a =4V2 [asa] 


10. 


.. By definition of parabola 


y 

PM? = (4a) (PN) 
where, PN is length of perpendicular upon 
x+ y-2=0,1.e. tangent at vertex 


(x — y)? x+y-2 
= 2 43 ( 2 ) 
=> (x — y)? =8 («+ y—2) 


Let P(h, k) be the mid-point of the line segment joining 
the focus (a,0) and a general point Q(x, y) on the 
parabola. Then, 
ako 
2 
Put these values of x and yin y? = 4ax, we get 
Ak? = 4a(2h — a) 
=> Ak? =8ah —4a” => k? =2ah-a’? 
So, locus of P(h, k) is y? =2ax— a? 


kas => x=2h-a, y=2k. 


2 a 
> =2a|x-— 
. ( ) 
Its directrix isx-[=-2 => x=0. 
2 2 
Given, yr +4y+4x4+2=0 
> (y + 2)? + 4x-2=0 
=> (+2'=-4(x-3} 
ui 
Replace eg 
We have, y*=-4X 
This is a parabola with directrix at X =1 
=> foe 
2 
3 
> x= 
2 
Given, y? =kx-8 
reife 
k 
Shifting the origin Y= kX, where Y = y,X =x-8/k. 


Directrix of standard parabola is X = — ‘ 


11. 


12. 


13. 
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Directrix of original parabola is x = -" 


Now, x=1 also coincides with x = - . 


On solving, we get k=4 


Given curves are x=i°+t+1 ..-(i) 
and y=t?-t4+1 ... (di) 
On subtracting Eq. (ii) from Eq. (i), 

x-y=2t 
Thus, xa=t?tttl 

2 
= r-(4) +(% 2) 41 
2 2 

= Ax = (x — y)? + 2x-2y4+4 
= (— y)? =2 et y-2) 


> x + y? —Qxy -Qx-2y+4=0 
Now, A=1-1-4+2-(€1)-1)C-1) 
1x (-1)” 
=4-2-1-1-4=-4 
A #0 
ab —h? =1-1-(-1)?=1-1=0 
Hence, it represents a equation of parabola. 


x2 


= txt+1 > 
y 2 y 


1x (-1)? -4 (-1)? 


and 


1 2 
x-1 

; (x-1) 

= Itis symmetric about x=1. 

Hence, option (a) is correct. 


Let P(t? ,2t) be a point on the curve y?=4x, whose 
image is Q(x, y)onx+ y+4=0, then 


xt? y-2t Q(t? + 2t + 4) 
1 1 17417 
> x=-2t-4 
and y=-t?-4 
nY 
y? = 4x 
xX’< >X 


(0, — 4) 


x+y+4=0 


ve 
Mirror image 


Now, the straight line y = — 5 meets the mirror image. 


. = -4=-5 
2 

> t= 1 

> be* 1 


Thus, points of intersection of A and B are (- 6, —5) and 
(-2 x 5). 
-. Distance, AB = /(-2 + 6)? + (-5 +5)? =4 
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14, PLAN Parametric coordinates for y?= 4 ax are (at®,2at). 


P 


Q 


Description of Situation As the circle intersects the 
parabola at Pand Q. Thus, points Pand Q should satisfy 
circle. 
P(2t”,4t) should lie on x7+ y?-2x-4y=0 
4t*+162t?-4t?-16t=0 
4t*+12t?-16t=0 
4t(t?+3t-4) =0 
At (t—1) (¢?+ t+4)=0 
= t=0,1 
= P(2,4) and PQ is the diameter of circle. 


Thus, area of APQS == 08x PQ=>- (2): (4)=4 


Topic 2 Equation of Tangents and 


Properties 


Key Idea Use the equation of tangent of slope 


‘m' to the parabola y* = 4ax is y = mx + 7 andailine 


m 
ax + by + c = Otouches the circle 
Kal 


a+b? 


x4 y=?’ if 


=! 


Since, equation of given parabola is y?=4 2x and 
equation of tangent line is ax+ y=cor y=—ax+©, 

2 2 
then c= v2 = 42 
m -a 


[.: m = slope of line =—- a] 


[.- line y= mx + ctouches the parabola 
y” =4axiffc=a /m|. 
Then, equation of tangent line becomes 


ya-ax-2 ses) 


-: Line (i) is also tangent to the circle x7+ y?=1. 


_ 42 
a 
«. Radius =1 =+—— = jisa2a|-%2 
1+? a 
2 2 


[squaring both sides] 


Ss 
2 
ie 45 
a | 
2. Given equation of parabola is 
y= (x-2)?-1 
> y=x?—Ax +3 .-(1) 


Now, let (x,, y,) be the point of intersection of tangents 
of parabola (i) and line x — y =8, then 
Equation of chord of contact of point (%,, ¥,) w.r.t. 
parabola (i) is 

T=0 
=> 50+ yy) = xx, —2Z(K+ 4)4+3 
=> yt y, =2x ( 2) -4y, + 6 
=> 2x(m, -2)- y=4x, + y, —6, this equation represent 
the line x — y=8 only, so on comparing, we get 

2(4, -2) -1_4%4+%4,-6 

1 =4 3 


=> m = Zand y, =-1 


So, the required point is (3 ,- 1 ; 


Given parabola y” = 4x ..-(i) 


So, equation of tangent to parabola (i) at point (1,2) is 
2y =2(x+4+ 1) 
[: equation of the tangent to the parabolay” = 4axat 
a point (x, y,) is given by yy, =2a(x+ x) 
> y=xtl1 ... (1) 
Now, equation of circle, touch the parabola at point (1, 2) 
is 


(«- 1)? + (y—2)? + A(x- y+ 1) =0 
=> x4 y+ (A -2)x+ (-4-A)y+ +A) =0 
Also, Circle (iii) touches the x-axis, so g? =c 


.. (iii) 


2 
> AS =5+% 
2 
=> 7-4. 4+4=42 +20 
=> 7-82 -16=0 
8+ ,/644+ 64 
=> N=4+4 32 =44 4/2 
Now, radius of circle is r=./g7+ f?—-c 
= r=lfl "=a 
_|A+4|_8+4v2  8-4v2 
[2 | -@ 2 
For least area r= 8" 4 4 9 units 


So, area = mr? = 2(16 + 8-16V2) =8n(3 —2V2) sq unit 
Given parabola is x” = 8y ..-(i) 


Now, slope of tangent at any point (x, y) on the parabola 


(i) is 


[.; tangent is making an angle 0 with the positive 
direction of X-axis] 
So,x=4tan@ 
> 8y=(4tane)” 
[on putting x = 4 tan@ in Eq. (i)] 
> y=2tan76 
Now, equation of required tangent is 
y—2tan76 = tan (x—4 tan6) 
=> y=xtan@—-2tan760 => x= ycot0+2 tan@ 


5. We know that, equation of tangent to parabola y” = 4ax 


is 


a 
y=mx+ — 
m 
.. Equation of tangent to the parabola y” = 4xis 

1 

y=mx+ — (o@=1) 
m 

> mx —my+1=0 veal) 


Now, let line (i) is also a tangent to the circle. 
Equation of circle x7 + y? —6x=0 
Clearly, centre of given circle is (3, 0) and radius = 3 
[: for the circle x°+ y* + 2gx+2fy+ c=0, centre = 
(-g,—f) and radius =,/g?+ f?-¢] 
.. The perpendicular distance of (3, 0) from the line (i) 
is 3. 
[.: Radius is perpendicular to the 
tangent of circle] 
|m?-3 —m-0+1] _ 
ym)” + (=m)? 


The length of perpendicular from a point (x, y,) to the 


=> 3 


ax, + by, + ¢ 


Jar + b? 


line ax+ by+ c=Ois 


3m? +1 
im! + m? 


= 9m* + 6m? + 1=9(m* + m?) 


=3 


71 
H 
—f§ 


.. Equation of common tangents are x =0, 


x x 1 
=—_+J3andy=—~- V3 [asin =ms+ >) 
y 3B y 3 gy mi 


ie. x=0,V3 y=x+3andV3y=-x-3 

Equation of tangent and normal to the curve y" = 16x 
at (16, 16) is x-2y+16=0 and 2x+ y-48=0, 
respectively. 
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A=(-16,0); B= (24,0) 
+: Cis the centre of circle passing through PAB 


i.e. C = (4,0) 
Slope of PC aa 1 
16-4 12 3 
Slope of PB = eV 220 2=m, 
16-24 -8 
ie! 1=m| 
1+mmz| 
| 4,4 | 
=> tan@ =|_3 => tan@=2 


Op 


. Let the radius of circle with least area be r. 


Then, then coordinates of centre = (0,4 — r). 


y=|x| 


D >X 
Vv y=4-x? 
yr 


Since, circle touches the line y = xin first quadrant 


pens > r—-4=+rV2 


V2 
=> r= : or : 
AE Les 
4 [4 i 
But a) B ia 
4 
r= a4 2-1) 


. Let the tangent to parabola be y=mx+a/m, if it 


touches the other curve, then D = 0, to get the value of m. 


For parabola, y” = 4x 
1 : j 

Let y=mx+— be tangent line and it touches the 
m 


parabola x” =-32y 


=> Ps Sinn 20 
m 


D=0 
(82m)" «(=)=0 => m =1/8 
m 


m=1/2 


. The tangent at (1, 7) to the parabola x” = y—6xis 


x@)=5 04 1)-6 


[replacing x73 xx, and2y—> y+ 4] 
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> 2x= y+ 7-12 
=> y=2xt+5 .. (i) 
which is also tangent to the circle 

x7+ y?+16x4+12y+c=0 
ie. x7 + (2x+5)"+ 16x+12(2x+5)+C =0 must have 
equal rools i.e., a =B 


=> 5x" + 60x+ 85+ c=0 
—60 
=> a+b =—— 
5 
> a=-6 


x=-6 and y=2x+5=-7 
Point of contact is (-6, —7). 


10. We know, tangent to y” =4axis y=mx+ a 
m 


: 1 
-. Tangent to y? =4xis y =mx+— 
m 


Since, tangent passes through (1, 4). 


4=m+ = 
m 
=> m?—4m+1=0 (whose roots are m, and m,) 


m,+m,=4 and mm,=1 


and |m, —mg| = im +my)*—4mymy 
= 4/12 =2./3 
Thus, angle between tangents 
tang = ”2—™|_[2V8|_ ge _, g.™ 
l+mm,| |1+1 3 


11. Here, the focal chord of y7=16xis tangent to circle 
(x-6)? + y?=2. 
= Focus of parabola as (a, 0) i.e. (4, 0) 


Now, tangents are drawn from (4, 0) to («— 6)? + y? =2. 
Since, PA is tangent to circle. 
AC 2 _ BC 


1, or ==] 
AP 2 BP 


. tan@ = slope of tangent = 


Yy y°=16x 


Tangent 
as focal chord 


>X 


.. Slope of focal chord as tangent to circle =+1 


12. Tangent to the curve y?=8xis y=mx+—. So, it must 


m 
satisfy xy =-1 


13. 


14. 


2 
m 


2 56120 
m 


=> x {me )- 1 => mx’ 


Since, it has equal roots. 


D=0 
=> = Jaina 
m 
> m =1 
=> m=1 


Hence, equation of common tangent is y= x + 2. 


: 1 
Any tangent to y?=4x is of the form y=mx+—, 


m 
(. @=1)and this touches the circle (x — 3)? + y? =9. 
m (8)+ Ze 0 
If Mm _—*ij=3 
m?+1 


[.. centre of the circle is (8,0) and radius is 3]. 


2 
=> a eee 

m 
=> 3m? 4+1=+3mm?4+1 
=> 9m* + 1+ 6m? =9m? (m? + 1) 
=> 9m* +1+ 6m? =9m* + 9m? 
> 3m? =1 
> ae: 

of 


If the tangent touches the parabola and circle above 
the X-axis, then slope m should be positive. 


. m= a and the equation is y= oe V3 


V3 V3 
or V3y =x 38. 


Equation of circle can be rewritten as x°+ y= 


bo | ot 


Centre > (0, 0) and radius > fe 


Let common tangent be 


BD, my +5 =0 
m 


y=mx4 


The perpendicular from centre to the tangent is equal 
to radius of the circle. 


V5 /m z 5 
diem? V2 
mV1+m? =J2 
m7(1+m?) =2 
m‘+m?—2=0 
(m? +2)(m?—1) =0 
m=tl 


Yuu J 


[- m?+2+40,asme R] 


o yst(xt v5), both statements are correct asm+1 
satisfies the given equation of Statement II. 


15. 


2 


The equation of tangent to y=x", be ym ~~. 


Putting in y =— x” + 4x —4, we should only get one value 
of x i.e. Discriminant must be zero. 


=> xt+xu(m-4)+4 =o 


D=0 
(m-4)?-(16—m?) =0 
=> 2m (m-4)=0> m=0,4 


Now, 


. y=Oand y=4 (x-1) are the required tangents. 
Hence, (a) and (b) are correct answers. 


16. PLAN (i) If P(at?, 2at) is one end point of focal chord of parabola 


17. 


18. 


y” = 4ax, then other end point is (4 ; 
t 


(ii) Slope of line joining two points (x4, y,) and (x5, Yo) is given by 
yoT Nn 
Xo — x4 


If PQ is focal chord, then coordinates of Q will be 
(9) 
aa 2 


Now, slope of QR = slope of PK 


2 4ve 
ae rt+lit t 
2 2 2 2 
ar2-&. at - 2a ralie pa? 
t? 
1 t 1 47-9 2 
= ar —) r t 
1 ¢?-2 t t 
poe 
t 
i 1 
=> r=t--—= 
t t 


PLAN Equation of tangent and normal at (at’, 2at) are given by 
ty=x + at? andy + tx =2at + at°, respectively. 


Tangent at P:ty= 2+ at” or y=" +at 
x 2a a 
Normal at S: y+ —=—- + 
t t ¢ 
; 2 t7 41) 
Solving, Qy=at+ A _ i a ) 
t t 


The coordinates of extremities of the latusrectum of 
y” =4x are (1, 2) and (1, - 2). 
Equations of tangents at these points are 


y2= 58 DY 5 Oy 294 1) ...(i) 
and y (2-220 
> —2y=2(x+ 1) ... (11) 


The point of intersection of these tangents can be 
obtained by solving Eqs. (i) and (ii) simultaneously. 


19. 


20. 
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7 — 2(x+1)= 2(x +1) 

> 0=4(x+4+1) 

=> -l=x > y=0 

Therefore, the required point is (— 1,0). 

Given equation can be rewritten as 

(y — 1)” =4 (x—1), whose parametric coordinates are 

x-1l=t? and y-1=2t 

i.e. P(i+ t?,1+4 2t) 

.. Equation of tangent at P is, 

t (y—1)=x-1+ t’, which meets the directrix x =0 at Q. 


> yal4t-= or a(o1+ 0-4} 


Let R (h, k) which divides QP externally in the ratio 
; : lor Qis mid-point of RP. 


2 
= gate 2 =-(h+1) Ai) 
a ee ge pe ii) 
t 2 1-k 
From Eas. (i) and (ii), +(h+1)=0 
as. @ and Gi), TS +h D) 
or (k-1)? (h+1)+4=0 


Locus of a point is (x+ 1) (y—1)?+ 4=0 
Let the point Q (x, x”) on x” = y whose distance from 
(0, c)is minimum. 
Now, PQ? = x? + (x? - c)? 
Let f(x)=x? +(x? - 0)? iG) 
f’ (x) = 2a + 2(x? — ce): 2x 


= 2x (1+ 2x ~ 20) =4x( 2 —¢e+ *) 


Y 
x2=y 
(0,c)P + 
Q(x, x2) 
Xe 5 >X 
Y 


For maxima, put f’ (x) =0 


tx(2 ct 5-0 x=0; x= e- 
2 2 
Now, pr @aal tet tle ae [2x] 
L 2 | 
At x=t Fas 
2 


f’’ (x) 20. 
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-. f(x) is minimum. 
Hence, minimum value of f(x) =| PQ| 


le} 
bl-bp} pees 


21. As, we know area of A formed by three points on 
parabola is twice the area of A formed by 
corresponding tangents i.e. area of A PQR = 2area of 
A T,T.Ts. 


A 
A, =2A, or rea 


Y 


T; 
I, 


Topic 3 Equation of Normal and Properties 
1. Normal to parabola y” = 4ax is given by 
y=mx-2am— am? 
.. Normal to parabola 
y? =4b(x- c)is 
y=m(x—c) —2bm — bm? 
[replacing a by band x by x-d 
=mx— (2b + dm-— bm w (i) 
and normal to parabola y” =8 axis 
y=mx —4am —2am? .-- (iI) 
[replacing a by 2a] 
For common normal, we should have 
mx — 4am — 2am? =mx—- (2b + cm — bm? 
[using Eqs. (i) and (ii)] 
dam + 2am? = (2b + m+ bm 
=> (Qa-—b)m® + (4a-2b-cm=0 
=> m/((2a—b)m7+ (4a -2b-0) =0 


=> m=0 

ee 9 2b+c-4a_ 2 
2a-b 2a-—b 

As, m” >0, therefore F335 
2a-—b 


Note that if m =0, then all options satisfy 
(.. y=0 is a common normal) and if common normal is 
other than the axis, then only option (c) satisfies 


[. for option (c), 2a—b = a =3>2] 


2. If y=mx+c is normal to the parabola y? =4ax, then 
c=—2am — am’. 
From given condition, y” = 12x 


=> yr =4-3-x 
> a=3 

And xt+y=k 

> y=Cl)x+k 
> m=-1 

and c=k 


c=k=-2 (8) (-1)-3 (1)? =9 
3. Since, equation of normal to the parabola y? =4ax is 
y+xt =2at+ at? passes through (3,0). 
=> 3t=2t+e8 
> t=0,1,-1 
-. Coordinates of the normals areP(1,2),Q(@,0), R(1,—2). 
Thus, 


Av Been of APQR => x1x4=2 


[ea =1] 


C. Centroid of APQR = (7 0) 


Equation of circle passing through P,Q, Ris 
(x—1)(x—-1)+ (y—2)(y+ 2) + A (x-1) =0 
1-4-A =0 
A=-3 
-. Required equation of circle is 
x7 + yx —5x=0 


+. Centre (? 0) and radius > 


=> 
> 


4, Tangent to y = 4x at (t7, 22) is 


Y 
S(2, 8) 


yQ t) =2(x + t?) 
=> yt=xt+ 0? ..-() 
Equation of normal at P(¢?, 22) is 

ytix=2te?? 

Since, normal at P passes through centre of circle SQ, 8). 

84+2¢=2t+8 
> t =2, i.e. P(4, 4) 
[since, shortest distance between two curves lie along 
their common normal and the common normal will pass 

through the centre of circle] 


SP =./(4—2)? + (4-8)? =2V5 


.. Option (a) is correct. 


Also, SQ =2 

PQ =SP - SQ =2v5 -2 
SQ_ 1 _V5+1 
QP 5-1 4 


“Option (b) is wrong. 
Now, x-intercept of normal is x =2 + 27=6 


Thus, 


.. Option (c) is correct. 
1-2 

Slope of tangent =— =— 
t 2 

.. Option (d) is correct. 


. Given, (x? + xy + 4x + ay +X y= 0 
ba 


= [0x2 + 4x + 4) + y(x + 2)]  -y?=0 
x 


d 
=> [(x +2)? + (xt 2)]  — y? =0 
dx 
Putx+2=Xand y=Y, then 
(x24xyv) 2% _y2=9 
ae 


=> X?°dY + XYdY -Y7dX =0 
=> X*dY + Y(XdY -YdX)=0 
dY XdY -YdxX 
= = 
Y x 
Y 
=> —d (log |Y|)=d|— 
(log |Y |) [=] 


On integrating both sides, we get 
~log IYI==+C, where x+ 2=X 


and y=Y 
= -log|y}=—-+C ti 
x+2 
Since, it passes through the point (1, 3). 
—log3=1+C 
> C =-1-log3=- (loge+ log 3) =— log 8e 


.. Eq. (i) becomes 
log | yl + ~ - log @e) =0 
x+2 


2) y . 
=> 1 — |}+——_ =0 oats 
og (2 x+2 Se 


Now, to check option (a), y= «+ 2 intersects the curve. 


=> tog (#27) 4 242 <0 


3e x+2 
> 1 (RA )--1 
3e 
an jx+2| eotul 
8e e 
=> |lxn+2|/=380rx+2=1+3 
“. x=1,-5 (rejected), as x >0 [given] 


“. x= 1 only one solution. 
Thus, (a) is the correct answer. 
To check option (c), we have 
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y = (x+ 2)" and log (2) ee =0 
e 


[x+2?] @+2)?_ 


=> lo 0 
ai 3e x+2 
[e+ 2P 
=> log] 5, Re) 
2 
ee e**9 or (x+ 2)? e%*? = Be 
8e 
=> +2 3e 
(a+ 2)? 
Y 
ext2 
e? 
vein 3e/(x+ 2) 
0 >X 


Clearly, they have no solution. 
To check option (d), y = (x+ 3)” 
[x43] (+3) iG 


1.e. lo : 
; el ge | w+3) 
To check the number of solutions. 
2 
Lee = diosa aya ee a) 
(x+ 2) 
2 x + 2)-2 (x + 8)— (x4 3)?-1 
d(a)= 24 { @4 2-24 B= (e+ 3)"1) _ 
x+3 (x + 2) 


2 | w+ 3)(x+ 1) 
x+8 («+ 2)? 
Clearly, when x >0, then, g’ (x) >0 


g(x) is increasing, when x >0. 
Thus, when x >0, then g(x) > g() 


g(x) > log (2}+2>0 
e 4 


Hence, there is no solution. 
Thus, option (d) is true. 


. Normal to y” = 4x, is 


y =mx —2m —m? which passes through (9, 6). 
3 


=> 6=9m —-2m -—m 
=> m> —7m+6=0 
=> m=1,2,-38 


+. Equation of normals are, 
y—-x+3=0, y+ 8x-83=0 and y—-2x+12=0 


. Equation of tangent and normal at point P(at”, 2at)is 


ty=x=at? and y=-—tx+2at+ at” 
Let centroid of APTN is R(h, k). 
= at? + (-at”)+2a+ at? 
3 


h 
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2 
N (2a + at ,0) xX 


i y =-tx + 2at + af 
ty=x-t+at 


and eee 
3 
2 
> 3h -2a+a-(2) 
2a 
2 
> dpetage 
4a 
=> 9k? = 4a(8h—2a) 


.. Locus of centroid is 


2a a 


a 
> x= 
3 


and latusrectum = = 


-. Focus (2+, 0}, le. (a, 0). 
3.8 


End points of latusrectum are (a, + 2a) i.e. (1, + 2). 


Equation of normal at (%, 9,) is 


YON Nn 
x- X 2a 

oe y-2 2 yt2 2 
x=] 2 6-1 

=> xt y=3 

and x-y=3 


which is tangent to (x— 3)? + (y+2)?=r? 


rY 


VY’ 


Length of perpendicular from centre= Radius 


8-2-3 
=> ———_ =r 


J124+1? 


r2=2 


9. We know equation of normal to y” =4ax is 


10. 


11. 


y=mx—-2am— am? 


Thus, equation of normal to yx =4x is, 


y=mx—2m —m? , let it passes through (h, k). 


38 


> k=mh-2m-m 
or m? +m(2-h)+k=0 
Here, m, +m,+ mz =0, 
MMz+ MoM, +M3gm, =2-h, 
mmM,M3 =—-kwhere mm,=a 
> M3 =— _ it must satisfy Eq. (i) 
3 
=> ie 2-h)+k=0 
a” oO 
> k? =07h -2074+ 0° 
=> y? = 02x — 207 + 03 
On comparing with y? = 4« 
> a2=4 
and —20°+a° =0 
> a=2 


(i) 


We know that, normal for y?=4ax is given by, 


y=mx-2am—am’, 


. Equation of normal for y” = xis 


jay 
2 A 


Since, normal passes through (c, 0). 
3 
me— —™ =0 


=> mz=0O,the equation of normal is y=0 


Also, m?>0 
> c-1/22=0 > c21/2 
At c=1/2 > m=0 


Now, for other normals to be perpendicular to each 


other, we must have m,-m,=-1 


or ™4(5- ) =0.has m, my ==1 


> c=— 


Equation of normal to x” = 4y is x=my-2m-—m 


and passing through (1, 2). 
: 1=2m-2m-m 


=> m> =-1 or m=-1 


3 


Thus, the required equation of normal is , 


x=-y+2+4+1lorx+ y=38is required equation. 


3 


12. If three different normals are drawn from (h,0) to 


y? = 4x, 
Then, equation of normals are y=mx—2m-—m° 
which passes through (h, 0). 
=> mh -2m-m®? =0=> h=2+m? 
where, 24+m7>2 
-- h>2 [neglect equality as if2 +m? =2—=>m =0] 
Therefore, three normals are coincident. 

h>2 


Topic 4 Diameter, Chord of Contact, Chord 


Bisected and Product of Pair of 
Tangents 


Key Idea (i) First find the focus of the given parabola 


(ii) Then, find the slope of the focal chord by using m = Pearl 
Xy-Xy 


(iii) Now, find the length of the focal chord by using the 
formula 4a cosec7c. 


Equation of given parabola is y” = 16x, its focus is (4, 0). 


Since, slope of line passing through (x, y,) and (x9, Ys) 
y27 NU 
x2 — % 


is given by m = tan0 = 
.. Slope of focal chord having one end point is (1, 4) is 


4-0 4 
1-4 3 
[where, ‘’ is the inclination of focal chord with X-axis.] 
Since, the length of focal chord = 4a cos ec’ 
.. The required length of the focal chord 
=16 [1+cot?a] [. a =4and cosec’a =1+ cot?a] 


m=tang = 


aqelass 2.) os ite e cota = . 228 
[ 16 | [ tana 4| 
2. Given, equation of parabola is x” = 4y ... (i) 
and the chord is x— 2 + 4/2 =0 (ii) 
From Eas. (i) and (ii), we have 
[V2(y—4)}? =4y 
> 2(y— 4)? =4y 
= (y- 4)? =2y 
> y? -8y+ 16 =2y 
=> y? —10y +16 =0 ... (ili) 
rY 
x-V2y+4V2 =0 
(X, ¥;) 
B (Xp, Yo) 
>X 
Let the roots of Eq. (iii) be y, and yo 
Then, M+ 32=10 and y,y.=16 ... (iv) 


. Here, coordinate M = 
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Again from Eqs. (i) and (ii), we have 


2 ee ] 
x=4 2 +4 | 
=> x-2/2x-16=0 . (v) 
Let the roots of Eq. (v) be x, and x, 
Then, X + X= 2V2 
and XX» =-16 ... (vi) 


Clearly, length of the chord AB 
= Vm = wy + (9 - Yo)” 


=~ a) Ax, Xo + (Y, 4 sr AY Ye 


[- (a — b)? = (a + b)? —4ab] 
=,/8+ 64+ 100 -64 


= /108 =6V3 [from Eqs. (iv) and (vi)] 
3. Equation of chord with mid-point (A, k). 
T=S, 
yk — 8x -8h = k* -16h 
2x - wu =2h—- ke 
4 4 
2x+ y=p 
Be k=-4 and p=2h-4 
where h=3 
p=2x3-4=2 


e+e 
12 ht | i.e. mid-point of 
chord AB. 2 


. (i) 

Also, [when AB is chord] 

=> [from Eq. (i)] 

Also, my p =- 2 [when A’ B’is chord] 
a 


Hence, (c, d) are the correct options. 


5. Since, R| - a,a(¢ - ;) lies on y= 2x +a. 


| P (at2, 2at) 


Ss 2) y? = dax 
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> a(t “= 2at+a> t -= 1 


Thus, length of focal chord 
2 f 2 ] 
=a [13 "| -a4{¢-2) +4+=5a 
é [Ist J 


= _ 2at-O0_ 2 
OP at?-0 
Vx 
P (al?, 2at) 
q Xx 
O 
Q = ~2a 
tL t2 t 
—2alt 
= -2t 
ae alt? 
D) 1 
ad 2)t+— 
abe ( "| 2/5 
tan8 = 5 = 
1-27.21 1-4 3 
al 
where be eels 


Let P @,B) be any point on the locus. Equation of pair of 
tangents from P (@,) to the parabola y” = 4axis 
[By — 2a (x + 0)]? = 8” - 4aa) (y? - 4x) 
[- T?=S8-S,] 


=> By? + 4a? (x? + 0? + 2x-0) 4a By (x + a) 
=" — 4B’ax — daay” + 16a*0x 
=> By? + 4a? + 4a? 074 8x0 a” 


=B"y" — 48’ax — 4am y? + 16a°0x-4aBxy — 4a Bay...(i) 
Now, coefficient of x” = 4a” 
coefficient of xy =— 4aB 
coefficient of y? = 4a0 
Again, angle between the two of Kq. (i) is given as 45° 


a+b 
2./h? —ab 

=> = 

a+b 
=> at+b=2h*-ab 
=> (a + b)? =4 (h? - ab) 
=> (4a7+ 4a0)? =4 [4a7B? - 4a”) (4ac)] 
=> 16a? (a + a)? =4-4a? [B” — 4aa] 
=> o7+6aa+a?-B?=0 
> (@ + 3a)? —B? =8a? 


Thus, the required equation of the locus is 
(x + 3a)? — y” = 8a? which is a hyperbola. 


Equation of any tangent to the parabola, y?=4ax is 


a 
y=mxt+ —. 
m 
a? 
This line will touch the circle x” + y? = os 


2 2 
If (=) =" (m? +1) 
m 2 
= = =; (m? +1) 
> 2=m*+m? 
> m* +m? -2=0 
=> (m? — 1) (m? +2) =0 
> m?-1=0,m?=-2 
> m=+tl1 [m? = —-2 is not possible] 
Therefore, two common tangents are 
y=xta and y=-x-a 


These two intersect at A (—a, 0). 

The chord of contact of A (—a, 0) for the circle 
+ y2=a7/2is -a)x+0-y=a7/2 

=> x=-a/2 

and chord of contact of A (-a,0) for the parabola 
y? =4axis 0-y=2a(x-a) => x=a 

Again, length of BC =2 BK 


=2 JOB? —OK? 


2 2 2: 
=2/2-" =9 |" =a 
2 4 4 


and we know that, DE is the latusrectum of the 
parabola, so its length is 4a. 


Thus, area of the quadrilateral BCDE 
= F (BC + DE) (KL) 


2 
1 peer, (4)-=2 


2 4 


Let the three points on the parabola be 

A (at?, 2at,), B(at?, 2at,) and C(at?, 2ats). 

Equation of the tangent to the parabola at (at”, 2at) is 
ty=x+ at” 


Therefore, equations of tangents at A and B are 
ty=x+ at? .. (i) 
and toy=x+ at? yx() 
From Kgs. (i) and (ii) 
ty = toy - ats + at? 


= ty — toy = at? — at? 

> y=a (t, + ty) [. t, #t,] 
and t,a(t, + t,)=x+ at? [from Eq. (i)] 
=> x= atyty 


Therefore, coordinates of P are (at,ty a (t, + ty)). 

Similarly, the coordinates of Q and R are respectively, 
lat, tz, a (t, + tz)] and [at,t,, a (t, + ty)]. 

Let A, = Area of the AABC 

at” 2at, 1 

; 2aty 1 

ais 2at; 1 


s 


=-|l/a 


Applying R, > R, -R, and R,-> R,-R,, we get 


‘i at; 2at, 1 
A= ot. =t)- Se, =4h) 0 
el =f) 2¢%.=t) 0 
_1}|a(@j-#) 20 @,- 4) 
2||a (i -t3) 2a (t - te) 
4 (tg-t) (2+) (tg-t) 
=—.a.2a 
2 (t3 — tz) (ts + ty) (ty — te) 
toe ty 1 
2 2 1 
=a? (ty —t,) (tg -t 
(2 ~ 4) Us ~ t9) ity 1 


=a" | ty - t)) (fg — ty) (4 - tg) | 
Again, let A, = area of the APQR 
att, a(t, +t,) 1 
=—||atot, a(tg+ts) 1 
atst, a(tz+t,) 1 
tt, (+t) 1 
=-a-a||tots (te+%) 1 
t3t, (t3 +t) 1 
Applying R, > R, — R,, R, > Ry - R,, we get 
2 a ii 1 
= 3 ty (ts ty) ts — ty 0 
tz (t; — ty) t,-tg 0 


ae 
mg ae ty) ty 1 0 
t 1 0 

a2 
Spee ee ee 
5 Ma 1) (& - ta) 


ty 
i 4 


=F ltt Gt a) 


A, __ a? | (tg- 4) (ty - te) (4 - ty) | = 
Ay pal ith 8) - 6) 


Therefore, 
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10. Let A, 2t,) and B(ts, 2t,) be coordinates of the end 
points of a chord of the parabola y” = 4xhaving slope 2. 
Now, slope of ABis 

2ty — 2t, 2(ty — t) 2 
a RP Tilo = 
ty-ty (tg- tg tt) t+ t 


Yu 
at 2h) 
1 
P (h, k) 
X’« >X 
2 2 
od 
(Ze 
ey 
YyV 
But m=2 [given] 
2 
= = 
to + t, 
=> 4, +%,=1 ... (0) 


Let P(h, k) be a point on AB such that, it divides AB 
internally in the ratio 1: 2. 


2 2 
Then, 2h +h and k _2Q2t) + 2ty 
24+1 
> 3h =2t? + 3 ... (ii) 
and 3k =4t, + Qt, ..- (iti) 


On substituting value of ¢, from Eq. (i) in Eq. (iii) 
3k =4 (1 — ty) + 2ty 


> 8k =4-2ty 
> ty =2 -2 ...(iv) 


On substituting t, =1-t, in Eq. (ii), we get 
3h =2 (1—t,)? + #8 
=2 (1—2t,+ #2) 4 #3 


4 2 
=81} -41, 42-32-21) + 2) 
[ 2 1 2 
=3 (: 3) ‘2 S -3(1,-2] 
3 3.9 3 3 
2 
> sh 2 =3(t-2] 
3 3 
2 
> a(n =) =a[2 “ =] [from Eq. (iv)] 
2 
4 (a2) =3(2- 
9 3.2 
2 
=> (n-2)=8(4-3) 
9) 4 9 
2 
as [«-3) -2(n-z 
9 9 9 
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On generalising, we get the required locus 


Pat) 


: : 2 
This represents a parabola with vertex at (- ; =| 


11. Let the equation of chord OP be y=mx. 


Then, equation of chord will be y =— Es xand 
m 


P is point of intersection of y=mx and y” =4xis 


4 4 ; ee ; 1 
(4 : *) and Q is point intersection of y=—— x and 
mm m 


y” =4x is (4m”, — 4m). 
Now, equation of PQ is 


—+4m 
y+4m= i (x—4m?) 
— —4m? 
m 
y 
Pp 
Xx’ a i >X 
Q 
y?= 4x 
‘a 
Download Chapter Test 


http://tinyurl.com/y2us2kda 


> yt4m= me 4m”) 
l-m 

> (L—m”)y+ 4m —4m? =mx-4m? 

=> mx — (1 —m?)y—-4m =0 


This line meets X-axis, where y =0 


i.e. x= 4 = OL =4 which is constant as independent of 
m. 


Again, let (h, k) be the mid-point of PQ. Then, 


am? + 
h= m 
2 
© de 
and k= 
2 
> h=2(m? +) 
m 
1 
and k=2(2—m) 
m 
[ 1 | 
=> h=a|(m——) +?) 
m 
and k=2(2—m) 
m 


Eliminating m, we get 
2h=k' +8 
or y’ =2 (x—4)is required equation of locus. 


1 
or 
Ey 


18 
Ellipse 


Topic 1 Equation of Ellipse and Focal Chord 


Objective Questions I (Only one correct option) 


1. 


An ellipse, with foci at (0, 2) and (0, - 2) and minor axis 
of length 4, passes through which of the following 


points? (2019 Main, 12 April II) 
(a) (V2, 2) (b) (2,V2) 
(c) (2,2V2) (d) (1, 2V2) 


In an ellipse, with centre at the origin, if the difference 
of the lengths of major axis and minor axis is 10 and one 
of the foci is at (, 53), then the length of its latus 
rectum is (2019 Main, 8 April |) 
(a) 5 (b) 10 (c) 8 (d) 6 


Let S and S’ be the foci of an ellipse and Bbe any one of 
the extremities of its minor axis. If AS’ BS is a right 
angled triangle with right angle at B and area 
(AS’ BS) =8 sq units, then the length of a latus rectum 
of the ellipse is (2019 Main, 12 Jan II) 
(a) 2/2 (b) 4/2 

(c) 2 (d) 4 


Let the length of the latus rectum of an ellipse with its 
major axis along X-axis and centre at the origin, be 8. If 
the distance between the foci of this ellipse is equal to 
the length of its minor axis, then which one of the 
following points lies on it? (2019 Main, 11 Jan Il) 
(a) (4V2, 23) (b) (48, 2V2) 

(©) (4V2, 22) (d) (4V3, 2V3) 

The equation of the circle passing through the foci of 
the ellipse *_ 42 stand having centre at (0, 3) is 

a 9 (2013 Main) 
(b) x? + y?-6y+ 7=0 

(d) x? + y?-6y+ 5=0 


(a) x7+ y?-6y-7=0 
(c) x7 + y?-6y—5=0 


2 
The ellipse EF, + a = 1is inscribed in a rectangle R 


whose sides are parallel to the coordinate axes. 
Another ellipse HE, passing through the point (0, 4) 
circumscribes the rectangle R. The eccentricity of the 


ellipse E, is (2012) 
V2 V3 1 3 
aides b) = d) = 

(a) 5 (b) ; (c) ; (d) Fi 


re 


If P=(,y¥),F, = (3,0), F, = 3,0) 


and 16x” + 25y"=400, then PF, + PF, equals (1998, 2M) 
(a) 8 (b) 6 (c) 10 (d) 12 


Objective Questions IT (Only one or More than one) 


8. 


Consider two straight lines, each of which is tangent to 
both the circle x*+ y?= (1/2) and the parabola y”=4«. 
Let these lines intersect at the point Q. Consider the 
ellipse whose centre is at the origin O@,0) and whose 
semi-major axis is OQ. If the length of the minor axis of 
this ellipse is 2, then which of the following 
statement(s) is (are) TRUE? (2018 Adv.) 
(a) For the ellipse, the eccentricity is 1//2 and the length 
of the latus rectum is 1 
(b) For the ellipse, the eccentricity is 1/2 and the length of 
the latus rectum is 1/2 
(c) The area of the region bounded by the ellipse between 


1 é 1 
and x=1is T— 2 
V2 4/2 ee) 


(d) The area of the region bounded by the ellipse between 


the lines x= 


the lines x= 


‘l ee. db 
and x=1lis —(m — 2) 
V2 16 


Fill in the Blanks 


9. 


10. 


11. 


An ellipse has OB as a semi-minor axis. Ff and F’ are its 


foci and the angle FBF’ is a right angle. Then, the 
eccentricity of the ellipse is ...... ‘ (1997, 2M) 


: ree | . 
An ellipse has eccentricity a and one focus at the point 


1 : eee 
P(=.1} Its one directrix is the common tangent, 


nearer to the point P, to the circle + y? =1 and the 

hyperbola x” — y? =1. The equation of the ellipse, in the 

standard form is...... : (1996, 2M) 
2 2 


Let P be a variable point on the ellipse ll raed 
a 


foci F, and F,. If A is the area of the A PF, F,, then the 
maximum value of A is... . (1994, 2M) 
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Analytical & Descriptive Question 


12. 


2 2 


Let P be a point on the ellipse 3 + ie ,0<b<a. Let 
a 

the line parallel to Y-axis passing through P meet the 

circle x7 + y” =a? at the point Q such that P and Q are on 

the same side of X-axis. For two positive real numbers r 

and s, find the locus of the point R on PQ such that 


PR: RQ=r:sas P varies over the ellipse. (2001, 4M) 
Passage Type Questions 
Passage 
Let F, (x,,0)and F, (x, 0), for x, <Oand x, > 0, be the foci of 
re: 


the ellipse 7 + _ = 1. Suppose a parabola having vertex 


13. 


14. 


at the origin and focus at F, intersects the ellipse at 
point M in the first quadrant and at point N in the 
fourth quadrant. 

(2016 Adv.) 


The orthocentre of AF, MN is 


@(- 5.0) (4.0 
10 3 
(2.0 @ (2.6) 
10 3 
If the tangents to the ellipse at Mand N meet at Rand 
the normal to the parabola at M meets the X-axis at Q, 


then the ratio of area of AMQR to area of the 
quadrilateral MF, NF, is 


Topic 2 Equation of Tangent and Normal 


Objective Questions I (Only one correct option) 


1. 


If the normal to the ellipse 3x” + 4y” = 12 at a point P on it 


is parallel to the line, 2x+ y=4 and the tangent to the 
ellipse at P passes through Q(4, 4) then PQ is equal to 


(2019 Main, 12 April I) 


. The tangent and normal to the ellipse 3x” + 5y” = 32 at the 


point P@,2) meets the X-axis at Q and R, respectively. 
Then, the area (in sq units) of the APQR is 

(2019 Main, 10 April II) 

@ 2 os 

3 3 

2 2 


If the line x -2y =12 is tangent to the ellipse a +2 
a 


eo 


at the point (3, = then the length of the latusrectum of 


the ellipse is (2019 Main, 10 April I) 
(a) 8/3 (b) 9 (c) 5 (a) 12/2 

If the tangent to the parabola y” = xat a point (@, 8), (@ > 0) 
is also a tangent to the ellipse, x + 2," = 1, then a is equal 
to (2019 Main, 9 April II) 
(a) V2+1 (b) V2-1 = 2V24+1 =9=(d@) 2V2-1 


If the tangents on the ellipse 4x” + y” =8 at the points 


(1, 2) and (a, b) are perpendicular to each other, then a’ is 


equal to (2019 Main, 8 April 1) 
128 64 4 2 

a) — (b) — (c) = d) 2 

@) 17 17 17 @ 17 


If tangents are drawn to the ellipse x7+2y7=2 at all 
points on the ellipse other than its four vertices, then the 
mid-points of the tangents intercepted between the 
coordinate axes lie on the curve (2019 Main, 11 Jan |) 


10. 


11. 


(a) 3:4 (b) 4:5 

(c)5:8 (d) 2:3 
2 2 

(a) ~ 4% =1 1 | 
4 2 4x? Dy? 
2 2 

(:) ~ 42-1 @ t+t-1 

4 Qn? Ay? 


Equation of a common tangent to the parabola y? = 4x 
and the hyperbola xy =2 is (2019 Main, 11 Jan!) 
(a) x+2y+ 4=0 (b) x-2y+ 4=0 

(c) 4xn+2y+1=0 (dq) x+ y+1=0 


The eccentricity of an ellipse whose centre is at the 
origin is 1/2. If one of its directrices is x = — 4, then the 


equation of the normal to it at | 1, a is 
2 (2017 Main) 

(a) 2y-x=2 (b) 4x — 2y =1 

(c) 4x + 2y=7 (d)x+ 2y=4 


The area (in sq units) of the quadrilateral formed by 

the tangents at the end points of the latusrectum to 
2 

the ellipse A aig 

9 5 (2015 Main) 


@) 27 @) 18 @ 2 (a) 27 
4 2 

The locus of the foot of perpendicular drawn from the 

centre of the ellipse x” + 3y” = 6on any tangent to it is 
(2014 Main) 

(a) (x? — y?)? = 6x" + 2y” 

(b) (x - y?)? = 6x? - dy? 

(c) (x7 + y?)? = 6x? + Qy? 

(d) (x? + y”)? = 6x” — 2y? 

The normal at a point P on the ellipse x7+4y" =16 

meets the X-axis at Q. If Wis the mid-point of the line 

segment PQ, then the locus of M intersects the 

latusrectum of the given ellipse at the points (2009) 

(a) (+82, 22) (b) Goa 

2 7 2 4 


() (: 28, + 2) (@ [+ 28, x 8) 


12. 


13. 


14. 


15. 


16. 


The line passing through the extremity A of the major 
axis and extremity B of the minor axis of the ellipse 
x7+9y"=9 meets its auxiliary circle at the point M. 
Then, the area (insqunits) of the triangle with vertices 
at A, M and the origin O is (2009) 


31 29 21 


Tangents are drawn to the ellipse x? + 2y”=2, then the 
locus of the mid-point of the intercept made by the 


tangents between the coordinate axes is (2004, 1M) 
(a) ee (b) a 
2x" Ay Ax" 2y 
2 2 2 2 
(i) S421 (2 42 = 
2 #4 4 2 


2 


Tangent is drawn to ellipse = +y=1at 


(3 V3 cos6,sin®) (where, 6 € (0, 2/2). 
Then, the value of 6 such that the sum of intercepts on 
axes made by this tangent is minimum, is (2003, 1M) 


(a) = () = () = (a) = 
3 6 8 4 


Ifa >2b >0, then positive value of m for which 
y =mx— b,/1 + m” is a common tangent to x” + y” = b" 


and (x— a)’ + y’= 07 is (2002, 1M) 
(a) 2b (b) ja? — 4b? 
a” — 4b? 2b 


2b b 
d 
aa 


The number of values of c such that the straight line 


2 
y=4x+4c touches the curve a + y=1lis 


(b) 2 
(d) c 


(1998, 2M) 
(a) 0 
(c) 1 


Objective Question II 
(One or more than one correct option) 


17. 


Let EH, and E, be two ellipses whose centres are at the 
origin. The major axes of E, and EF, lie along the X-axis 
and Y-axis, respectively. Let S be the circle 
x” + (y—1) =2. The straight line x+ y=3 touches the 
curves S, E, and E, at P, @ and R, respectively. 

2/2 


Suppose that hee, If e, and e, are the 


eccentricities of H, and E, respectively, then the correct 
expression(s) is/are (2015 Adv.) 
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jee = geal 
(a) & 279 (b) & & 2/10 
(let el=2 @ae=%8 


Analytical & Descriptive Questions 


18. 


19. 


20. 


21. 


22. 


Find the equation of the common tangent in 1st 

quadrant to the circle x°+ y*=16 and the ellipse 
2 2 

= + " = 1. Also, find the length of the intercept of the 


tangent between the coordinate axes. (2005, 4M) 


Prove that, in an ellipse, the perpendicular from a focus 
upon any tangent and the line joining the centre of the 
ellipse of the point of contact meet on the corresponding 
directrix. (2002, 5M) 


Let ABC be an equilateral triangle inscribed in the 
circle x” + y” = a”. Suppose perpendiculars from A, B, C 
2 2 


to the major axis of the ellipse a + a =1,(a> 6) meets 
a 


the ellipse respectively at P,Q,R so that P,Q, R lie on 
the same side of the major axis as A, B, C respectively. 
Prove that, the normals to the ellipse drawn at the 
points P, Q and R are concurrent. (2000, 7M) 


A tangent to the ellipse x7 + 4y?=4 meets the ellipse 


x" + 2y* =6at Pand@. Prove that the tangents at P and 
Q of the ellipse x” + 2y”=6 are at right angles. 
(1997, 5M) 


Let d be the perpendicular distance from the centre of 
the ellipse x7/a?+ y”/b7=1 to the tangent drawn at a 
point P on the ellipse. If F, and F, are the two foci of the 
ellipse, then show that 
2 
(PF, - PF,)’ =4a” fi -2,| 
d (1995, 5M) 


Integer Type Question 


23. 


2 2 


Suppose that the foci of the ellipse a" = =1 are(f,,0) 


and (f,,0), where f, >O and f, <0. Let P, and P, be two 
parabolas with a common vertex at (0,0) with foci at 
(f,,0) and (2f,, 0), respectively. Let T, be a tangent to P, 
which passes through (2f,,0) and T, be a tangent to P, 
which passes through (f,, 0). Ifm, is the slope of 7, and 
my is the slope of T,, then the value of = +m3|is 
m 
(2015 Adv.) 
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Topic 3 Equation of Chord of Contact, Chord Bisected 
at a Given Point and Diameter 


Passage Based Questions 


Passage 
Tangents are drawn from the point P(3, 4) to the ellipse 
2 2 
* 42% 1 touching the ellipse at points A and B. 
9 #4 (2010) 


1. The equation of the locus of the point whose distance 
from the point P and the line AB are equal, is 


(a) 9x? + y*-6 xy-54x—-62y +241 =0 


2. The orthocentre of the A PAB is 


(a) (54) (b) (2.2) 

7 5 8 

11 8 8 7 

an 2 ig (econ 

0 (5 | @ (5 4 

3. The coordinates of A and Bare 

(a) (3, 0) and (0, 2) (b) [-2. 22781 |ana(-2.8) 
B15 eo 


(b) x°+9y7+6xy—54x+62y—-241 =0 (c) [-2 ae and (0, 2) (d) (3, 0) and (-2. 2] 
(c) 9x2+ 92-6 xy—54x-62y—241 =0 a cee ao 
(d) x7+ y?-2xy+27x+31y-120 =0 
Answers 
Topic 1 Topic 2 
1. (a) 2. (a) 3. (d) 4, (b) 1. (a) 2. (d) 3. (b) 4, (a) 
5. (a) 6. (c) 7. (c) 8. (a, c) 5. (d) 6. (d) 7. (a) 8. (b) 
(: ‘y 9. (d) 10. (c) LL. (c) 12. (d) 
aor, _4)2 
0, e=1h8 10. 3), G-1)_, 1. bla? —b? 13. (a) 14. (b) 15. (a) 16. (b) 
1/9 1/12 2x 7 143 
a : 17. (a,b) 18. y=—— t 4 23. (4) 
12. cca aa 13. (a) 14. (c) ; 
a’ (ar+bs) Topic 3 
1. (a) 2. (c) 3. (d) 
es e 
Hints & Solutions 
. . ‘ 2 ; 
Topic 1 Equation of Ellipse and Now, from the option the ellipse re Aes | passes 
Focal Chord 4 8 
1. Let the equation of ellipse be through the point (V2, 2). : - 
2 2 
Me ge Dt ; 2. One of the focus of ellipse 7, +2, =1 is on Y-axis 
a’ bP ot) a’ bP 
Since, foci are at (0, 2) and (0,—2), major axis is along (0,5y3) . 
the Y-axis. 7 be=5y3 --(@) 
es [where eis eccentricity of ellipse] 
So, be=2 .+- (11) ‘Agena h : 
[where eis the eccentricity of ellipse] ccording to the question, 
and 2a =length of minor axis = 4 [given] 2b —2a=10 
> a=2 ... (iii) > b-a=5 .. (ii) 
ae a On squaring Eq. (i) both sides, we get 
. b°e? = 75 
2 4 [ 2] 2 j 2] 
—| =1-— e=— 2b 4 _ a = a oe. 
(=) b2 [ b | > aC a,)= 75 | e=1 5 | 
1 328 
= ooo => b?- a? =75 
2 2 _ 
Thus, equation of required ellipse is ae ea | == (Ger G)(0—a) = 76 
4 8 => b+a=15 [from Eq. (ii)] .. (ili) 


On solving Eas. (ii) and (iii), we get 
b=10 and a=5 


2 
So, length of latusrectum is = 2 = =5 units 
2 2 
. Let the ellipse be =; + a =1. 
a 2 


Then, according to given information, we have the 
following figure. 


Clearly, slope of line se. and slope of line 
—ae 
b 


S’B=— 
ae 


+: Lines SB and S’ Bare perpendicular, so 


aia 


[.: product of slopes of two 


perpendicular lines is (-1)] 
=> b= ae" . Gi) 
Also, it is given that area of AS’ BS =8 
- a*=8 
2 
[. S’ B=SB=a because SX’ B+ SB=2a and S’ B=SB| 
=> a7=16 => a=4 ..- (ii) 
2 
e=1- Z =1-2 [from Eq. (i)] 
a 
=> Qe =1 
= dat (ii) 
=a es 


From Eas. (i) and (iii), we get 


aaa 
2 2 
b? 


=8 


{using Eq. (i1)] 


=> 


2b” 2x8 : 
Now, length of latus rectum = —- = —— =4 units 
a 
eo 
4 Let the equation of ellipse be — + ~;=1 
a b 
Then, according the problem, we have 
2b" 
— =8 and 2ae=2b 
a 2 
[Length of latusrectum = —— and 
a 


length of minor axis = 20] 
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> b(*)=aand 2 =e 
a a 
> b(e) =4 
=> b= a 
e 
Also, we know that b? = a7(1 — e*) 
2 
=> ot eae=1-2 
a 
=> Qe =1 
= go 
al 
From Eqs. (i) and (ii), we get 
b=4/2 
2 
Now, a?= u ==" 2¢4 
l-e 1 
== 
2 
e ¥ 
.. Equation of ellipse be — + — =1 
64 32 


Now, check all the options. 


Only (4/3, 2V2), satisfy the above equation. 


2 y 


. Given equation of ellipse is 7 +—=1 


9 


y" 


Va 
4 


Here, a=4,b=3,e=,/1- 2 => 
16 


Foci = (+ we,0)=(24x-7, 0] 7,0) 


Radius of the circle, r =./(ae)? + b” 
=,/74+9=16 =4 
Now, equation of circle is 


(x -0)? + (y-3)? =16 
x + y?-6y—7=0 


: ee 8 
- PLAN Equation ofan ellipseis —_+ — = 1 
2 2 
a b 
2 pe 
Eccentricity, e°=1- 
2 
a 
Y 


x'< ac | NA >X 
CaN | 7 


a, 0) (a, 0) 


<< 


[a> b] 


[a> b] 
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Description Situation As ellipse circumscribes the 
rectangle, then it must pass through all four vertices. 


Let the equation of an ellipse EF, be 


Be ge 
“+= where a <b and b=4. 
b 


Yr 


(0, 4) 


x >X 
Also, it passes through (3, 2). 
9 4 
= Peer ie [fs b=4] 
=> Jee or a?=12 
aX 4 
2 
12 #1 
Eccentricity of FE, , e=1-2 =)].=— = ~ a<b 
eae b2 16 4 | 
1 
e=— 
2 
7. Given, 16 x” + 257 = 400 [given] 
2 2 
ae + we =1 
25 16 
Now, PF, + PF,= Major axis =2a [where, a =5] 
=2x5=10 
8. We have, 
: . Ht 
Equation of circle x” + y” = 5 
2 


and Equation of parabola y 
TY 


Let the equation of common tangent of parabola and 
circle is 


1 
y= mx +— 
m 


: : ; 1 
Since, radius of circle = —— 


V2 


1 
Ma ee 
NP} 1+m? 
4 2 _ 
=> m>+m°-2=0 > m=tl 


.. Equation of common tangents are 
y=x+landy=-x-1 


Intesection point of common tangent at Q (—1, 0) 


2 2 
.. Equation of ellipse — + = 
1 1/2 


where, a? =1,b?=1/ 2 


- b? 1 1 
Now, eccentricity (e) =,/1- p= yl-s=e 
a 2. 32 
1 


Area of shaded region 


oft 1 2 
= ite 1—x? dx 


= 3[3 sl=x +5 sina] 


1 


v2 


7 2(2-3)-52 
8 4) 4/2 


. Since, angle FBF’ is right angled. 


-. (Slope of FB) - (Slope of F’ B)=-1 


B\(0, b) 


yee 
0-b 0-b 
= . =-1 
ae-—0) \-ae-0 
2 
> De 1 => b=a7e 
-ae 
> a(l—e) =a? & 
=> e=1/2 = e=1/V2 


10. 


11. 
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There are two common tangents to the circle x7 + y”=1 So, A is maximum when x =0. 
and the hyperbola x” — y” = 1. These arex = landx=-1. 
But x= 11s nearer to the point P(1/2, 1). 


2 2. 72 
.. Maximum of A = abe= aby Z = ab =e 


a a 
Therefore, directrix of the required ellipse is x=1. apie aR 
Now, if Q (x, y) is any point on the ellipse, then its a 
distance from the focus is ’ PR r 
12. Given, —~ =— 
QP = (x-1/2)?+ (y-1? RQ s 
and its distance from the directrix is |x—1|. Y 


By definition of ellipse, 


1)? 1 ee sin) 
QP =elx u-(« *) + (y WP = SIs 1| ° (a cos @,q) 


(a cos8,b sin®) 


2 
1 2 1 2 X' ¢ aX 
=> x + 1)°=-(«-1 
( ;) @=) a («-1) 
=> x —x+ 4+ y?-2Qy 1=7@ 2x+ 1) 
=> 4x%-d4x41 Ay" 8y 4=x7-2x4+1 ° 
=> 3x7 -2x+ 4y?-8y+4=0 
oes 2 2 a -bsin@_r 
> ai(x | 9| + 4(y—1)°=0 anes 
1 > as—bsin0:s=rasin08-ar 
=> 3[ *| +4(y-1)?= => ast+ar=rasin0 + bsind-s 
2 > a (s+ r)=sin80 (ra + bs) 
(x ;) , - a sin 0 (ra + bs) 
=> BF i Y=) =1 r+s 
1/9 1/12 
Let the coordinates of R be (A, R). 
5 ey h 
Given, aoe RE h=acos® > aes ..-(i) 
Foci F, and F, are (— ae, 0) and (ae, 0), respectively. Let and bane (ar + bs) sin® 
P (x, y) be any variable point on the ellipse. r+s 
The area A of the triangle PF F, is given by = ei k(r+t+s) its 
Yn ar + bs 
P(X. Y) On squaring and adding Eas. (i) and (ii), we get 
’ 2 2 2 
a sin?0+ cos"@= 09+ 
“ + 
ie << (ae, 0) F as . “ ; 2 
(ae, 0) ae: => pel 4 aes 
a” (ar + bs)" 
2 2 2 
Hence, locus of R is os + pa = 
“y! a (ar + bs) 
x yl x . 
13. Here, —+—=1 hee 
A=t were ee ere ae 4) 
ae 0 1 has foci (+ ae, 0) 
Tl where, ae =a" b? 
=a y) (- aex1-aex1) i ae -9-8 


1 e) => ae=+1 
a 1--5 1.e. F,, F,= (41,0) 
a 


442 Ellipse 


14, 


Y 


<< 


Equation of parabola having vertex O(0, 0) and F,(1, 0) 
(as, x, >0) 


_ =4x ... (AI) 
Pe 
On solving ~ 5 + x. =land y” =4x, we get 


x=3/2and y=+ V6 
Equation of altitude through M on NF, is 


eat. D. 
x-3/2 ea 

=> (y—/6) =—"_ @—3/2) ... iii) 
wW6 

and equation of altitude through F, is y=0 ...(iv) 


On solving Eqs. (iii) and (iv), we get (-*..0) as 


orthocentre. 
2 2 
Equation of tangent at M(3/2, V6) to . + . =lis 
OF 5 geet ...(i) 
29 8 


which intersect X-axis at (6, 0). 
Also, equation of a a at N (3/2, — V6) is 


> 5 a v6 2 = 1 (ii) 
Kas. (1) and (ii) intersect on X-axis at RG, 0). ... (1) 
Also, normal at M(3/2, V6) is y — V6 = - 16 B(x 3) 
On solving with y =0, we get Q(7 /2, 0) ..-(iv) 
Y 
mu (3/2,V6) 


y 


Area of AMQR = ; (6 z) V6 = = sq units 


and area of quadrilateral MF, NF, =2 x - {1-(-1} V6 


= 2/6 sq units 
Area of AMQR _5 
" Area of quadrilateral MF,NF, 8 


Topic 2 Equation of Tangent and Normal 


Key Idea Equation of tangent and normal to the ellipse 
x? y? sa 4 


st +. = latpoint p(x,y)JisT=O5—1+ “= 
a’ 


b? b? 


2 
_ oy _ a’ — b* respectively. 


= 2a i) 


Now, let point P(2cos6, V3 sin6) , 
tangent to ellipse (i) at point P is 
xcos 0 re sin@ 


so equation of 


5 a =1 ... (il) 
Since, tangent (ii) passes through point Q(4, 4) 
1-2 ¢080 + —sin@ =1 mee oun) 
and equation of normal to ellipse (i) at point P is 
4 
i a = 
> 2xsin 6 — /3cos0y = sin 0 cos ... (iv) 


Since, normal (iv) is parallel to line, 2x+ y=4 


.. Slope of normal (iv) = slope of line, 2x+ y=4 


= 2 tone] Sien9=-48 50 = 120° 
V3 
= (sin 8, cos) = v3 1 
2° 9 


Hence, point {- qT. >) 


3 2 
Now, “ Lje¢ (4-3) 


[given cordinates of Q@ = (4, 4)] 
25 _ 55 
4 2 


25+ 


. Equation of given ellipse is 


3x7 + By” =32 Gi) 
Now, the slope of tangent and normal at point P(, 2) to 
the ellipse (i) are respectively 


On differentiating ellipse (i), w.r.t. x, we get 


ity ag ey Ma 
dx dx 5y 
So, ee oe aid tye = 
52, 2) 5 8Y\99 3 


Now, equation of tangent and normal to the given 
ellipse (i) at point PQ, 2) are 


3 
(y - 2) =-= («-2) 
5 
and (y-2)= : (x — 2) respectively. 


It is given that point of intersection of tangent and 
normal are Q and R at X-axis respectively. 


So, f=. 0| and Ae : 0| 
3 5 


.. Area of APQR = 2 5 @F) x height 
= 1, 68 x2= ay sq units 
2°15 15 


cine. '16 2) heey 68 Te 
[. QR ie ‘) (°°) Coe 


Key Idea Write equation of the tangent to the ellipse at any 
point and use formula for latusrectum of ellipse. 
Equation of given ellipse is 
—=1 vas) 
; : 9 
Now, equation of tangent at the point | 3, - e on the 
ellipse (i) is 
=> —=-—S=1 .-. (1) 
2 2 


J 


[.: the equation of the tangent to the ellipse ae + Pu =1 
a 2 


at the point (x,, y,) is * ila fa 1] 
a” 


-: Tangent (ii) represent the line x —2y =12, so 


see ee 
3° 3 1 
a’ 2b? 
> a” =36 and b? =27 
2 
Now, Length of latusrectum = ae = aaa) =9 units 
a 


Since the point (a, B) is on the parabola y” = x, so 
a =p" . (i) 


Now, equation of tangent at point (@, 8) to the parabola 
y? =x, is T =0 


=> »P=5 (e+ a) 


[.: equation of the tangent to the parabola y* =4axata 
point (x, ,),) 1s given by yy, =2a(x+ x) 
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=> 2yB =x + B? [from Eq. (i)] 
x 8B is 

=> =i 4h .-. (11) 
2B 2 


Since, line fo) is also a tangent of the ellipse 
+ 297 =1 


(6) =o, x) + i. 


[.; condition of tangency of line y=mx+c to ellipse 
2 2 


Boge! isc =a'm + 57, 
a 
here m=—,a=1,b= i ee 
2 2 | 
= ae ae 
4 ap? 2 
—%, B4 ae eo 2B" 
> B* -2B7-1=0 
2+ /J4+4 at 
= 2 - =2E NP 14 2 
> p?=14 2 B?>0 
a =B?=1+ V2 
Equation of given ellipse is 
4x7 + y? =8 ésis(1) 
2 9 2 2 
> ge pes xt y z= 
2 8 (V2)? @v2) 
Now, equation of tangent at point (1, 2) is 
2x+y=4 ...(i1) 
Pe 
[.: equation of tangent to the ellipse ~ —at i =1at(q,») 
a’ 
is “4 + ois a 
ab 
and equation of another tangent at point (a, b)is 
4ax+ by=8 ... (111) 
Since, lines (ii) and (iii) are perpendicular to each other. 
2 4a 
-—|x|-—]=-1 
1 b 
lif lines a,x+ by + G =Oand agx+ boy + c =0 
are perpendicular, then =) 1] 
by by 
> b=-8a ...(iv) 
Also, the point (a, 5) lies on the ellipse (i), so 
4a? + 6? =8 
=> da? + 64a? =8 [from Eq.(iv)] 
=> 68a7=8=> a7?= * 
68 
g2 22 
> a” =— 
17 


Given equation of ellipse is x” + 2y” =2 , which can be 
2 2 


written as — + ioe 1 
2 1 


Let P be a point on the ellipse, other than its four 
vertices. Then, the parametric coordinates of P be 
(V2 cos0, sin ®) 
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ay 8. We ey ee ae 
2 e 
B iH a=2 
Ve [ 1)?| 1 
po | P (V2 cos 8, sin 8) Now, b?=a2(1 - &)= et ling 1--|=3 
2 4 
x 
os > b= 3 
x 2 y 2 
Now, the equation of tangent at P is e-Edaenenat neces ey i (/3)? = 
x2 cos@ ysin@ 2 2 
" =1 => ae | 
2 1 4 3 
[.; equation of tangent at (x, y,)is given by T = 0 3 
xx, Vy 1 Now, the equation of normal at (2, >) is 
a b 2 2 
ax b yy _ 2 b2 
2 ae pee ee | oe ae 
J2sec@ cosec 0 1 
4x 3y 
= AW2 sec@, 0) and B(0, cosec @) > 7. GA) = 
Let mid-point of ABbe R(h, k), then 
= 4x-2y=1 
/2 sec cosec 8 . : . ; 
h= and k= 9 9. Given equation of ellipse is 
2 2 
x 
2h = 2 secO and 2k = cosecO 9 tool 
=> ie anaes” 4 a?=9,b7=5 = a=3,b=V5 
ee - oi, & 8 
We know that, cos?6 + sin?6=1 Now, e=,/1+— =,/l1--= 
a 9 8 
ee : 
2h Ak? Foci = (+ ae, 0) = (2,0) oS? 
1 1 a 38 


So, locus of (h, k) is —, + —5 =1 
2x Ay 


7. We know that, y=mx+ © is the equation of tangent to 
m 


the parabola y’ = 4ax. 
“. y= mx +—1is a tangent to the parabola 
m 


y = Ay. [= a= 1] 


Let, this tangent is also a tangent to the hyperbola 
xy =2 


ae 1s 
Now, on substituting y = mx + — in xy = 2, we get 
m 


y? 
x [ms + =) =2 
22 m .. Extremities of one of latusrectum are 
=> mx" +x-2m=0 
2 2 and | 2 = 
Note that tangent touch the curve exactly at one point, “8 > 3 
therefore both roots of above equations are equal. 5 
3 : : 
2 7 1 .. Equation of tangent at (2. 2} is 
=> D=0>51-4m’*)(-2m)>m° = 2 3 
1 #E) YO!) 81 on on43y=9 
.. Required equation of tangent is Since, Eq. (ii) intersects X and Y-axes at (2 P 0| 
yor +s and (0,3), respectively. 
2 


.. Area of quadrilateral = 4x Area of APOQ 


> 2y=-x-A4 19 
> x+2y+4=0 =4x(5 <8 x3] =27 sq units 


2 


10. Equation of ellipse is x” + 3y?=6 or a + > =1. 
Equation of the tangent is moose + one =1 
Let (A, k) be any point on the locus. 
cos@ 4 ‘ued ..(1) 
a b 


11. 


Slope of the tangent line is ay cot. 
a 


Slope of perpendicular drawn from centre (0,0) to (A, k) 


is k/h. 
Since, both the lines are perpendicular. 


i)-bat) 


cos®@_ sin® | 


> = 
ha kb [say] 
> cos8 =aha 
sin8 =akb 
« k 
From Eq. (i), 7 (aha) + b (akb) =1 
=> ha + ka =1 
> a= — 
h? + k? 
Also, sin76 + cos’0 =1 
=> (akb)? + @ha)? =1 
> 0t7h7b? + w7h7a7 =1 
k?b? h?a? 
(h? Ge Ry? (h? “4 Ry? 
2k? 6h? . . 
> =1 ‘a’ =6, b° =2 
(h? a Ry? (h? Ze Ry? [ ] 
> 6x7 + 2," = (x? + yy? 
. 5 [replacing k by yandh by x] 
Given, ae Jz 1 
16 4 
Here, a=4, b=2 


Equation of normal 


4x sec0—-2y cosec 8 =12 


uf? a , sin 0| =(h, k) [say] 
he 7cos® 
2 
> a2 seasd a2) 
7 
and k=sin@ «aa(d) 
On squaring and adding Eas. (i) and (ii), we get 

2 
ae pat [- cos? 6 + sin?6 =1] 

49 
: Ax? 2 oe 
Hence, locus is 16° yi =l ... (il) 
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4Y 


(0,2) 
yt aN cos6,2 sin@) 
(— 4,0) (4,0) x 


Q(3co0s6,0) 


x=t4x 22 =+2V3 fe x=+t ae] ...(iv) 


On solving Eqs. (iii) and (iv), we get 


48 1 


x12+y7=1 > y 


-. Required points f 2/3, + a 


= 
49 49 
al 
— a 
* 7 
a 


1 


12. Equation of auxiliary circle is 


Equation of AM is 


On solving Eqs. (i) and (ii), we get m(-2 . > 


+ yr =9 ... (i) 


x y : 
y= ae 
ao 4 (ai) 


aY 


B(0,1) 


LY 


5 


Now, area of AAOM = - -OAx MN = 2 sq units 


2 
13. Let the point P (V2 cos®, sin @) on = + = =) 


2 


Y 


an 


(mid-point of AB) 
B(8, cosecé) tT 


M 
P(V2 cos@, sin@) 


>X 


(\\ 


A 
(V2 sec, 0) 
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14, 


15. 


16. 


Equation of tangent is, = cos8+ ysin0=1 


whose intercept on coordinate axes are 
A(J/2 sec6,0) and B (0, cosec 0) 


.. Mid-point of its intercept between axes 


(2 sec, = cose] =(h,k) 


=> et ae oe ee 
V2h 2k 
Thus, focus of mid-point Mis 
2, - 2 1 i. 
cos’ + sin” 6) = —~ + —; 
) 2h? 4k 
1 1 
> —,; +—;=1, is required locus. 
2x7 4 yy? 
Given, tangent is drawn at (3 /3cos6,sin0) to 
eg 
—+—e=1. 
27 1 


ind 
xcos8 . ysin 


33 1 
3V3 | 1 


cos®@ sin@ 


-. Equation of tangent is =, 


Thus, sum of intercepts = ) =f@) [say] 


3/3 sin? 6 — cos? 6 


=> f’ ®@= , put f’ @)=0 
sin? cos70 
=> sin * 9 = sg 008" 6 
1 T T 
=> tanO=—~, ie.€=— andat @=—,f’’(@)>0 
as F 6 f°’) 


: _ T 
Hence, tangent is minimum at 0 = 6? 


Given, y=mx-— b1+ m? touches both the circles, so 
distance from centre = radius of both the circles. 


=, 2 a ae 2 
Ima—-O0-bJjl+m ly saat | by/1 m’| _» 
ym? +1 m?+1 


=>  |ma-b1+m?|=+b J1+m?| 
=> ma” -2abm1+ m? + b? (1+ m?) = b? (1 +m?) 
=> ma —2b./1+m?=0 


> ma? = 4b? (1 +m”) 
2b 


a2 —4b? 


For ellipse, condition of tangency is c’ = a*m” + b” 
x2 
Given line is y=4x+ cand curve a +y=1 


=> C=4x474+1=65 
> c=+ V65 


So, there are two different values of C. 


17. Here, E;: a + 


2 2 
a= hb (a>b) 
x 
Re (e<d) and S: x°+(y-1)?=2 
C e da” ‘ 


as tangent to HF, , E,and Sisx+ y=3. 


VY’ 

Let the point of contact of tangent be (x, y,) to S. 
; xx + Vy, — (yt yy) +1 =2 

or x4 +7y,-y=(1+ 4), Same as x+ y=3. 

x  y-1_1+y 


=> 
1 1 3 
i.e. x, =land y, =2 
: P=(1,2) 
ae 
Since, PR = PQ=-—. Thus, by parametric form, 


x-1 ce _ 4 2v2 
-1/J2 1/V2 3 


Now, equation of tangent at @ on ellipse E, is 
x5 y-4 
Ze phage 
a3 bY -8 


On comparing with x+ y =38, we get 


a’ =5and b?=4 
b° 4 1 
e =1-—,=1- += 1 
‘eared a 5 5 (i) 
Also, equation of tangent at R on ellipse EF, is 
x1 y-8 
+ =1 
a®.3 b?-3 
On comparing with x+ y=3, we get 
a?=1, b?=8 
2 
2 ae 1 7 ss 
@& =1- =1-== aos 
2, b2 8 8 ( ) 
Now, dee > @&= vt 
40 2/10 
and geeesel 
5 8 40 
Also, le - e5| = F - 4 oot 


2 


18. Let the common tangent to x7+ y?=16 and 5 | 
be 

y=mx+4.J1+m? sas) 

and y=mx+ 25m" +4 .-- (11) 


19. 


Since, Eqs. (i) and (ii) are same tangent. 
41+ m? = 25m? +4 


=> 16 (1 +m”) =25 m74+4 
=> 9m? =12 
=> m=+ 23 
Since, tangent is in Ist quadrant. 
ae m<0O 
=> m= — 21/3 
So, the equation of the common tangent is 
2x 7 
=—- —4+4 4. J-— 
ee 3 
which meets coordinate axes at A(2V7,0) and 
oa.) 
3 
7 2 
AB= fev =py4 [0 42) 
log, 11_ [196 _14_ V3 _ 143 
= ,/28 4 = = x = 
3 3 v3 V2 3 
Any point on the ellipse 
¢ 
+t Be =1 be P (acos8, bsin®) 
The equation of tangent at point P is given by 
xcos® 2 ysin@ ii 
a b 
The equation of line perpendicular to tangent is 
xsin®  ycos@ =h 
b a 
Since, it passes through the focus (ae, 0), then 
aesin8@ _O=k 
2 he aesin@ 
b 
aiationd xsin®@ ycos0 _ ae sin8 ae) 
b a b 


Equation of line joining centre and point of contact 
P (acos8, bsin8) is 


gee (tan 0) x ... (11) 
a 


20. 
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Point of intersection @ of Eqs. (i) and (ii) has x 


a 


coordinate, —. Hence, @ lies on the corresponding 


e 
‘ ‘ a 
directrix x =—. 
e 


Let the coordinates of A=(a cos, bsin®6), so that the 
coordinates of 

B={acos 0+ 22/3), asin © + 21 /3)} 
and C={acos @+42/3),asin 0 + 41 /3)} 
According to the given condition, coordinates of P are 
(a cos® bsin®) and that of @ are {acos @+ 27/3), 
bsin (0 + 27 /3)} and that of Rare 

acos 0+ 41/3), bsin @ + 4m /3) 

TY 
A (a cos8@,b sin®) 


>X 


[.: itis given that P, Q@, R are on the same side 
of X-axis as A, B and C] 


Equation of the normal to the ellipse at P is 


a re 
cos®@ sin®@ 


or axsin®@ — by cos => (a? b*) sin 20 ..-(i) 


Equation of normal to the ellipse at Q is 
ax sin [0 + = — by cos [0 + =) 


-$ (a? ~b')sin(20 + =) welll) 
Equation of normal to the ellipse at R is 
axsin 0+ 42 /3)- by cos @ + 4m /3) 
=; (a” — b”) sin 20+ 82/3) _ ...(iii) 
But sin @ + 47/3) =sin n + 6 — 27/3) 
=sin © - 27/3) 
and cos @+ 412 /3)=cos 22 + 6-2/3) 
=cos (@ — 27/3) 
and sin (20+ 87/3) =sin (4m + 20-47 /3) 
= sin (20 —47 /3) 
Now, Eq. (iii) can be written as 
ax sin (0 — 21/3) - by cos @ — 21/8) 
=5 (a? — b”) sin 20-42 /3) _ ...(iv) 
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21. 


For the lines (i), (11) and (iv) to be concurrent, we must 
have the determinant 


asin®@ — bcos 


A, = asin(9 =) bos (9 =) 
3 3 


asin [0 =) bcos (e 4 
3 3 
; (a? — b”) sin20 
: (a? — b”) sin (20 + 4m /3)|=0 
, (a? - B®) sin 20 - 4/3) 
Thus, lines (i), (ii) and (iv) are concurrent. 
Given, «7+ 4y"=4 or as : vat ...(i) 


Equation of any tangent to the ellipse on (i) can be 
written as 


5 0080 + ysin0=1 .». (il) 
Equation of second ellipse is 
Y 
A 
X% »X 
> ... (ili) 


Suppose the tangents at P and @ meets at A (h, k). 
Equation of the chord of contact of the tangents through 
A (h, k)is 
it BY 
6 3 


But Eqs. (iv) and (11) represent the same straight line, so 
comparing Kgs. (iv) and (ii), we get 


1 ...(iv) 


hAl6 _ kis _l 
cos@/2 sin@ 1 
> h=8cos®@ and k=38sin0 


Therefore, coordinates of A are (8 cos6,3 sin 8). 


Now, the joint equation of the tangents at A is given by 
T? = SS), 


22. 


2 2 2 2 2 
ie. (4s ky 1} at= : y 1 : : us 
6 3 6 3 6 3 


2 2 2 
In Eq. (v), coefficient of x” = et [2 A 7 


36 6\ 6 3 
oR #1 
36 36 18 6 6 18 
2 2 2 
and coefficient of y” = ui Le + ie 1 
9 3\6 3 
Reon kk 1 Pd 
= +i= + 
9 18 9 8 18 3 
Again, coefficient of x” + coefficient of y? 
2 @eryst a 
18 6 3 


meee Qcos?6 + 9sin?6) + - 
18 2 


9 1 
+ — 


"1g 2 


which shows that two lines represent by Eq. (v) are at 
right angles to each other. 


Let the coordinates of point P be (a cos®@, bsin 8). 


Then, equation of tangent at Pis 


* cos@ 4 sind =1 (i) 


a 


We have, d = length of perpendicular from O to the 
tangent at P 


P (acosé, b sin @) 


|0+0-1| 


ie sin70 
a’ b? 


1 lcos?@ sin70 
=> = t 
d a? b? 


1 _ cos”® ; sin”@ 
d” ce 8 


d= 


=> 


2 
We have to prove (PF, — Pry =4a? f - 5) 


Now, RHS = 4a? fi 
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= dq? = 4e°5? pad , ae Topic 3 Equation of Chord of Contact, 
a b Chord Bisected at a Given Point 
= 4a? — 4b? cos”6 — 4a”sin70 and Diameter 
= 4a"(1—sin”@) — 4b” cos”6 1. Equation of AB is y-0=- Z (x-38) 
= 4a’ cos”6 — 4b” cos? eG 3 
2 2 42 2 22 [.. 0 2 Xbay-a= 
=4cos"@ (a~ — 6°) =4cos*8-a“e [-e=y1- @/ay | 7 |e+8y—3[2=10 [(e—3)2+ (9 —4)} 
Again, PF, = e|acos8+ a/e|=a|ecos6+1| On solving, we are getting 
=a (ecos0 + 1) 9x" + y?-6xy -—54x-62y+241 =0 
[. -—1<cos@<land0<e<1] 2. Equation of ABis 
Similarly, PF,=a (1 -ecos8) P(3,4) 


Therefore, LHS = (PF, — PF,)” 
= [a (ecos0 + 1)—a (1 - ecos6)]” 
= (aecos® + a—a+ aecos6)” 
= 2ae cos0)" = 4a7e” cos 
Hence, LHS = RHS 


23. 
=> 
“< > x+3y=3 (i) 
Equation of the straight line perpendicular to AB 
through P is 
y? = -16x 38x-y=5 
Equation of PAis 2x-3=0 
Tangent to P, passes through (2 fy, 0) i.e. (-4, 0). The equation of straight line perpendicular to PA 
2 -9 8). 8 
Leys +— throu n a(S )is =_, 
1: Y=M4X my 6 5 5 = 5 
2 
=> 0 =—4m, + — Hence, the orthocentre is (= ; =), 
mm Di “D 
2 : 
= my, =1/2 +) 3. Figure is self-explanatory. 
Also, tangent to P, passes through (f,, 0) i.e. (2, 0). ’ 
= 3, 4 
> Toy = Moxt+ se D 
“ 9 8 
“=, 2) B 
= 0 =2m,-— 2 5) 
My 
‘ : F 
> ms =2 ...(il) A 
3, 0) 
he +m2=24+2=4 ~ 
my 
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Hyperbola 


Topic 1 Equation of Hyperbola and Focal Chord 


Objective Questions I (Only one correct option) 


1. 


Let P be the point of intersection of the common tangents 
to the parabola y? =12x and the hyperbola 8x” — y” =8. If 
S and S’ denotes the foci of the hyperbola where S lies on 
the positive X-axis then P divides SS’ in a ratio 

(2019 Main, 12 April 1) 
(a) 13:11 (b) 14:18 
(c) 5:4 (d) 2:1 


If 5x+9=0 is the directrix of the 


16x” —9y" = 144, then its corresponding focus is 
(2019 Main, 10 April II) 


(a) (-2.9) ) 5,0) © (2.0) (a) (6, 0) 


hyperbola 


If a directrix of a hyperbola centred at the origin and 
passing through the point (4,-2V3) is 5x =4V5 and its 
eccentricity is e, then (2019 Main, 10 April 1) 
(a) 4e* — 12e7- 27=0 (b) 4e* — 24e7+ 27=0 

(c) 4e* + 8e?- 35=0 (d) 4e* — 24e? + 35=0 

If the vertices of a hyperbola be at (—2,0) and (2,0) and 
one of its foci be at (—3,0), then which one of the 


following points does not lie on this hyperbola? 
(2019 Main, 12 Jan I) 


(a) (26, 5) (b) (6, 5V2) 
(c) (4, V15) (d) (— 6, 2V10) 


If a hyperbola has length of its conjugate axis equal to 5 
and the distance between its foci is 13, then the 
eccentricity of the hyperbola is (2019 Main, 11 Jan II) 


@ 2 (b) 2 
12 


2 2 
Let S=4(x, y)eR’: Sd =1:.-, 
Lape M7 


(2019 Main, 10 Jan II) 


2 
al-—r 


where r#+1. Then, S represents 


(a) a hyperbola whose eccentricity is , when 


O<r<1. 


(b) a hyperbola whose eccentricity is , when 


2 
Jr+i1 


O<7r <i, 


10. 


a when r > 1. 


(c) an ellipse whose eccentricity is [ 
r+ 


(d) an ellipse whose eccentricity is , when r>1. 


Pal 
A hyperbola has its centre at the origin, passes through 
the point (4, 2) and has transverse axis of length 4 along 
the X-axis. Then the eccentricity of the hyperbola is 
(2019 Main, 9 Jan II) 


2 
(a) 2 (b) — 
V3 
@2 (a) V3 
2 
Let 0<0<F. If the eccentricity of the hyperbola 
2 2 
x 


55 75> = Hs greater than 2, then the length ofits 
cos’@ sin”@ 


latus rectum lies in the interval (2019 Main, 9 Jan I) 


(a) (3) ) =) 
©) (2.2 (@) 2,3) 


The eccentricity of the hyperbola whose length of the 
latusrectum is equal to 8 and the length of its conjugate 
axis is equal to half of the distance between its foci, is 


(2017 Main) 
4 4 
ae 5 
2 
d 
(c) B (d) V3 


Consider a branch of the hyperbola 
x —2y? 22x AV2y 6=0 
with vertex at the point A. Let B be one of the end points 


of its latusrectum. If C is the focus of the hyperbola 
nearest to the point A, then the area of the AABC is 


(a) 1- /2/3 sq unit (2008, 3M) 
(b) V3/2 - 1sq unit 
(c) 1+ af ats sq unit 
(d) [3/2 + 1sq unit 
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11. A hyperbola, having the transverse axis of length 2sin@, 


is confocal with the ellipse 3x°+4)"=12. Then, its 
equation is (2007, 3M) 
(a) x"cosec”0 — y"sec”6 = 1 
(b) x” sec” — y’cosec”@ = 1 
(c) x? sin” y*cos® = 1 
(d) x*cos?0— y*sin70 = 1 

2 
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16. An ellipse intersects the hyperbola 2x*-2y?=1 


orthogonally. The eccentricity of the ellipse is reciprocal 
to that of the hyperbola. If the axes of the ellipse are 
along the coordinate axes, then (2009) 


(a) equation of ellipse is x7 + 2y” = 2 
(b) the foci of ellipse are (+1, 0) 
(c) equation of ellipse is x7 + 2y” = 4 


: wg ; : d) the foci of elli +/2,0 
12. Ife, is the eccentricity of the ellipse - + - =lande,is iG) he foe oF elnbag ats (220) 
the eccentricity of the hyperbola passing through the Analytical & Descriptive Question 
foci of the ellipse and e¢,=1, then equation of the 17. A variable straight line of slope 4 intersects the 
hyperbola is ; (2006, 3M) hyperbola xy=1 at two points. Find the locus of the 
2 2 2 2 : : - : 
(a) %- 2 =1 (b)* =2_==1 point which divides the line segment between these two 
9 16 16 9 points in the ratio 1: 2. (1997, 5M) 
2 9 
()%-2 =1 (d) None of these . 
9 25 Match the List 
x y ge 
13. For hyperbola a> 7 a7 = 1 which of the 18. letH:~. "= 1, where a > b>0, be a hyperbola in the 
cos*® sin*o a be 


following remains constant with change in ‘a’? (2003, 1M) 
(a) Abscissae of vertices (b) Abscissae of foci 


XY-plane whose conjugate axis LM subtends an angle 
of 60° at one of its vertices N. Let the area of the ALMN 


(c) Eccentricity (d) Directrix be 4V3. 
2 2 
14. The equation a 1,|r|<1 represents ° ° 
_ jar Ler P saan List-I List-II 
(a) an ellipse (b) a hyperbola Pp The length of the 1 8 
(c) a circle (d) None of these * conjugate axis of H is 
4 
Objective Questions II Q. The eccentricity of His 2. 5 
One or more than one correct option 
( P ) The distance between the 2) 
7 eg R. foci of Hi 3. 3 
15. Let the eccentricity of the hyperbola —;-=,;=1 be DCL Obit 18 
: . 2 - 2 b The length of the latus 
reciprocal to that of the ellipse «“+4y°=4. If the S. en ee 4. 4 
hyperbola passes through a focus of the ellipse, then 
2 2 ho 
(a) the equation of the hyperbola is * Ya (2011) The correct option is Ghent 
3. (2 (a) P> 4;Q>2;R>1;533 


(b) Pa 4;Q>3;R>51;832 
(c) P> 4;Q71;R53;8S>5 2 
(d) P> 3;Q7>4;R>52;S1 


(b) a focus of the hyperbola is (2, 0) 
(c) the eccentricity of the hyperbola is fe 


(d) the equation of the hyperbola is x” — 3y” = 3 


Topic 2 Equation of Tangent and Normal 


Objective Questions I (Only one correct option) 3. If the eccentricity of the standard hyperbola passing 
through the point (4,6) is 2, then the equation of the 
tangent to the hyperbola at (4,6) is (2019 Main, 8 April II) 
(a) 3x- 2y=0 (b) x- 2yV+ 8=0 


(c) 2x- y-2=0 (d) 2x- 3y+ 10=0 


1. The equation of a common tangent to the curves, 
y? =16x and xy =—4, is (2019 Main, 12 April Il) 
(a)x-y+4=0 (b)x+ y+ 4=0 
(c)x- 2y+16=0 (d) 2x- y+ 2=0 


2. If the line y=mx+ 73 is normal to the hyperbola 4. The equation of a tangent to the hyperbola 
ey 4x” — 5 y* = 20 parallel to the line x— y=2is 
— —+—=1, then a value of m is (2019 Main, 10 Jan 1) 
24 18 (2019 Main, 9 April 1) 
3 Vis 9 JB (a) x- y-3=0 (b) x- y+ 9=0 
(a) — (b) —— (c) =~ d) — c) x-y+1=0 d) x-y+7=0 
) Ts ) 5 ) TE (d) 5 (c) x-y (d) x-y 
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5. Tangents are drawn to the hyperbola 4x’ — y? = 36 at the 
points P and Q. If these tangents intersect at the 
point 7(0, 3), then the area (in sq units) of APTQ is 
(a) 45V5 (b) 54V3 (2018 Main) 
(c) 60/3 (d) 365 

6. Ifa hyperbola passes through the point P(v2, V3) and 
has foci at (+ 2,0), then the tangent to this hyperbola at 


P also passes through the point (2017 Main) 
(a) (8V2, 2V3) (b) (2V2, 3V3) 
() (V3, V2) (d) - V2, - V3) 
2 2 
7. Let P@,3)be a point on the hyperbola = - a =1. Ifthe 
a 


normal at the point P intersects the X-axis at (9, 0), then 
the eccentricity of the hyperbola is (2011) 


(a) & (b) AB (©) v2 (@ V3 


8. If the line 2x+ V6y =2 touches the hyperbola 
(2004, 1M) 


(a) (- 2, (6) b) (-5, Wé) ©) fed (a) (4, - V6) 


x” —2y" =4, then the point of contact is 


V6 


9. Let P(asec0,btan®) and Q(a seco, btano), where 
4 


2 y? 


0+O0= > , be two points on the hyperbola = 32 =1, 


If (h, k)is the point of the intersection of the normals at 


P and Q, then k is equal to (1999, 2M) 
2, 722 2 2 2, 22 2 2 
(a) % +8 (b) a+b 2 +b (a) a+b 
a a b b 


Objective Questions II 


(One or more than one correct option) 
e x 
10. If2x- y+1=Oisa tangent to the hyperbola — — ie 1 
a 
then which of the following CANNOT be sides of a right 
angled triangle? (2017 Adv.) 


(a) a, 4,1 (b) 2a, 4,1 (c) a, 4, 2 (d) 2a, 8,1 


11. Consider the hyperbola H: x” — y* =1andacircle S with 
centre N (x,,0). Suppose that H and S touch each other 
at a point P(x, y,) with x, >1 and y, >0. The common 
tangent to H andS at Pintersects the X-axis at point M. 
If (l,m) is the centroid of APMN, then the correct 


expression(s) is/are (2015 Adv.) 
dl 1 dm x, 

(a) — =1-—~forx,>1 (b) — =——+— forx,>1 
dx, Bx2 dx, 3¢/x? - 1) 

(¢) ! =14 + torn, >1 (2 = te 0 
dx, 3x7 dy, 3 

eg 
12. Tangents are drawn to the hyperbola oe 1, 


parallel to the straight line 2x-— y=1. The points of 


contacts of the tangents on the hyperbola are (2012) 
9 1 9 1 

© (Sava) © (saz) 

@ 3,-2.9) (a) (— 3V8, 2V2) 
Passage Based Problems 

x? oy? 

The circle x? + y?—8x=0 and hyperbola a a =a 
intersect at the points A and B. (2010) 


13. Equation of the circle with AB as its diameter is 
(a) x7 + y2-12%+24=0 (b) x74 y2412x4+ 24=0 
(c) x7 + y74+24x-12=0 (a) x7 + y?-24x-12=0 


14. Equation of a common tangent with positive slope to the 
circle as well as to the hyperbola is 
(a) 2x-5,/y -20=0 (b) 2x-V5y+4=0 
(c) 8x-4y+ 8=0 (d) 4x-3y+4=0 


Integer Answer Type Question 


15. The line 2x+y=1 
2 2 
aa eek If this line passes through the point of 
a 
intersection of the nearest directrix and the X-axis, 
then the eccentricity of the hyperbola is...... (2010) 


is tangent to the hyperbola 


Topic 3 Equation of Chord of Contact, Chord Bisected Diameter, 
Asymptote and Rectangular Hyperbola 


Objective Question I (Only one correct option) 


1. If x=9 
x” — y* =9, then the equation of the corresponding pair 
of tangents is (1999, 2M) 
(a) 9x — 8y? + 18x-9=0 (b) 9x? - 8y? -18x+ 9=0 
(c) 9x” — 8y? -18x-9=0 (d) 9x? - 8y?+18x+ 9=0 


is the chord of contact of the hyperbola 


Objective Question II 


(Only one or more than one correct option) 


2. Ifthe circle x? + y* =a’ intersects the hyperbola xy = c* 


in four points P(x%,.%), Q(Xo; Yo), R (x3, 93), S (x4, 94), 
then (1998, 2M) 


(a) 4 + %) + % +x, =0 
(b) 9, + Yn + 3 + ¥4 = 0 
(C) % X_.%3 Xy = ct 
GB) 4909394 = C8 


Analytical & Descriptive Question 


3. Tangents are drawn from any point on the hyperbola 
2 2 
= == =1 to the circle x? + y*=9. Find the locus of 


mid-point of the chord of contact. (2005, 4M) 
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. x oy _ (x+y) 
Topic 2 "Oo 4” Bi 
ares 2. (c) 8. (c) 440) 


Hints & Solutions 


Topic 1 Equation of Hyperbola and 


Focal Chord 
1 Equation of given parabola y” = 12x (i) 
and hyperbola 8x" — y? =8 .». (il) 


Now, equation of tangent to parabola y” = 12x having 


slope ‘m’ is y=mx + — ... (iil) 
m 
and equation of tangent to hyperbola 
2 2 
Bee = = Lhaving slope ‘m is 


1 
y=mx+ 12m? -8 ..-(v) 


Since, tangents (iii) and (iv) represent the same line 
2 


a3) 


=> m‘ —8m?-9=0 
=> (m? -9) (m7 + 1) =0 
=> m=23. 


Now, equation of common tangents to the parabola (i) 
and hyperbola (ii) are y=3x+ land y=-38x-1 

+: Point ‘P’ is point of intersection of above common 
tangents, 

.. P@1/3,0) 

and focus of hyperbola S(, 0) and S’ (— 3, 0). 

PS _3+1/3 10 5 

PS 3-1/3 8 4 


Thus, the required ratio = 


Equation of given hyperbola is 
16x” —9y? =144 
2 
> —-+-=1 wel 
9 16 @ 
So, the eccentricity of Eq. (i) 


goes 
9 
2 2 


[.: the eccentricity (e) of the hyperbola 2 - a =1lis 


1+ (b/a)"] 


cw] ot 


and given directrix is 5x+9=0=5 x=-9/5 


So, corresponding focus is (- 3 (?), 0| = (- 5,0) 


. Let the equation of hyperbola is 
2 2 


x yy 


—-+5=1 ..-(i) 
a’ be 
Since, equation of given directrix is 5x =4V/5 
so a(<] =4J/5  [-- equation of directrix is x= kad 
e e 
a 4 sid 
=> = .-- (il) 
e V5 
and hyperbola (i) passes through point (4,-2V3) 
16 12 oe 
so, sz=- a1 ... (111) 
ab? 
b2 
The eccentricity e=,/1 + 
a 
2 
= alt = 
a 
=> a’e — a7 =? Gv) 


From Eqs. (ii) and (iv), we get 


16 4 _ 16 9 _ p2 ..(V) 
5 5 
From Kgs. (ii) and (iii), we get 
161? 4 5 184 
16 2 bP eb” 
5 
125 12 5-& 
= be a e 
2 
=> pate ...(vi) 
5-e& 


From Eqs. (v) and (vi), we get 


2 
16e* — 16e” = (25) => 16(e’ - 1)6 - e”) =60 
—e 


=> 4(6e—e1 -5 + &)=15 
= det —24e7 + 35 =0 
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4. The vertices of hyperbola are given as (+ 2,0) and one of 
its foci is at (— 3, 0). 
-. (a, 0) = 2,0) and © ae, 0), = (— 3, 0) 
On comparing x-coordinates both sides, we get 
=> a=2 and-ae=-3 


=> 2e=38 > eee 
2 


2 2 
Also, a ey tice | 
a4 ene] 
So, equation of the hyperbola is 
ex? 
—-—=1 coal 
is () 


The point (6,5V2) from the given options does not 
satisfy the above equation of hyperbola. 
2 2 


5. We know that in = - 7 = 1, where b? = a7(e” — 1), the 
a 


length of conjugate axis is 2b and distance between the 


foci is 2ae. 
..According the problem, 26 =5 and 2ae=13 
Now, b? =a7(e -1) 
5)? 
> (3) =a’e?- a? 
2 
2 
=5 25 = Qae) a: 
4 4 
=> 2b POT e [.. 2ae = 13] 
4 4 
a g_ 169-25 _144_ 4. 
4 4 
=> a=6 
Now, 2ae=138 
=> 2x6xe=18 
13 
> e=— 
12 
2 2 
6. Given, S =4(x, y) € R”: y ed 
l+r l1-r 
2 2 
y x 
=4(x, R’: — 
\ » Lr rail 
yr x2 
For r > 1, + —— = 1, represents a vertical ellipse. 
l+r r-l 
[. for r>1,r-l1<r+landr-1>0] 
Now, eccentricity (e) = ,/1 -— 
+ 


r 2 2 | 
i For -;+2;=1,a<b,e= ad 
Re 


b? 
_ /r+1)-(r-1) 
- r+1 


2 
r+1 


Equation of hyperbola is given by 
ey 
aca =4 
ab 
‘+: Length of transverse axis = 2a =4 
: a=2 
2 ¥ 
Thus, aR = 1is the equation of hyperbola 
- It passes through (4, 2). 
16 = 1>4 = iy : 
4b b 3 V3 


Now, eccentricity, 


; 
| 3_f,.1_2 
e=,{14 14 1l+i= 
a’ 4 3 V3 
2) a 


x 
For the hyperbola — - ~; =1, 
ab 


b? 
e=,1+-— 
a? 


.. For the given hyperbola, 


(¢ a? = cos” and b? = sin6) 
=> 1+tan?0>4 
=> tan?6>3 
= tan0 € (-~, — V3) U (V3, ~) 
[x2 >3>|x1>V3 > xe -~, -V3)U WB, ©) 


But 0 e€ (0,2) = tan0 € (3, ~) 


Now, length of latusrectum 
ae F sin’ 


=2sin6 tan0 
a cos 


Since, both sin@ and tan®@ are increasing functions in 


.. Least value of latusrectum is 
tM T 3 
=2sin —-tan— =2.- V3 =3 
3 3 2 


oo) 


and greatest value of latusrectum is < © 


Hence, latusrectum length € (8, ~) 
2 


We have, a =8 and 2b = ae 

= b” =4a and 2b =ae 

Consider, 2b=ae 

= Ab? = ae? 

> 4a*(e -1)=a’e? 

=> 4e?-4=e [. a #0] 

=> 3e=4 

=> e= Zz [. e>0] 
3 


10. 


11. 


12. 


13. 


Given equation can be rewritten as focal chord 


(x- V2)" (y+ v2)" _| 
4 2 
For point A(x, y), e= fre? = 2 
4 2 
=> eH V2 = 2 
> x=2+ 2 
y 
Conjugate 
axis 
a transverse 
. e | axis 
X’< 7 aR : >X 
a ; NN 


For point C(x, y),x—- v2 =ae=V6 => x=V6+ V2 


Now, AC= 6+ VJ2-2-VJ2=V6-2 
b? 2 

and BC =—=—=1 
a 2 


-. Area of AABC = 5x (6-2) x1 = (3-159 unit 


The given ellipse is 


, 1 > a=2, b= V3 


3=4(1-e) = a=" 
2 
1 
So, ae=2x—=1 
2 


Hence, the eccentricity e, of the hyperbola is given by 


e, = cosec 8 [. ae = esin@] 
> b? =sin6 (cosec’® — 1) = cos” 
Hence, equation of hyperbola is 

Pe ye 


= oR Oe x” cosec’® — y’sec’® =1, 
sin“6@ cos°@ 
2 2 


The eccentricity of © 421 ig 
16 25 


16 3 
q =,jl-— == 
25 5 


5 
ey = 3 [.° ee, =1] 
= Foci of ellipse ©, + 8) 
2 

= Equation of hyperbola is ae 

16 9 

2 y? 
Given equation of hyperbola is —,—-—~,— =1 
cos" sin“ 
Here, a’? =cos*a@ and 6? =sin?a 
@ ¥ 

[i.e. comparing with standard equation a = Pu =1] 


We know that, foci = ¢ ae,0) 


where, ae= a? +0 = cosa +sin’o =1 


14. 


15. 


16. 
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= Foci = (+ 1,0) 
where, vertices are (+ cosa, 0). 


Eccentricity, ae=lore= 


cosa 
Hence, foci remains constant with change in a. 
2 2 


__y 
—-r l4r 


Given equation is ; =1,where|r|<1 
=>1-risG@ve) and 1+ris(+ve) 
2 2 
..Given equation is of the form le Sih 
a 6? 
Hence, it represents a hyperbola when |r|<1. 
x2 2 
Here, equation of ellipse is a + a =) 
2 
1 
= Ce er 


a 4 4 
e= and focus (tae,0) = (+ V3,0) 


2 2 b? 


x 
For hyperbola 


where, 


(i) 


and hyperbola passes through (+ sity 0) 


=> caer => a?=3 ... (ii) 
a 

From Eqs. (i) and (ii), b? =1 ... (iii) 

x y? 

“aie 


. Equation of hyperbola is = =1 


Focus is (tae,,0) > (415. 0} = (+ 2,0) 


J3 ? 
Hence, (b) and (d) are correct answers. 
Given, 2x7 -2y7 =1 

2 2 


2 2 
Eccentricity of hyperbola = V2 


So, eccentricity of ellipse = 1/V2 
Let equation of ellipse be 


2 2 
tel [where a > b] 
2 
Ele a 
V2 a 
2 
=> oe >a’=2b" 
a” 2 
=> x7 +27 =2b7 ... Gi) 
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Let ellipse and hyperbola intersect at 


1 1 
A| — secé, —=tan0@ 
(zs J2 


On differentiating Eq. (i), we get 


dy ee 
atA 2y 


Since, ellipse and hyperbola are orthogonal. 


1 
= cosec 0 
2 


~5 cosec@ =-1= cosec?9=2 => g=+4 


af) (3) 


2 
. i ae 
Form Eq. (ii), 1+2|—]| =2b 
— (3) 
> b?=1 
Equation of ellipse is x7 +2? =2. 
Coordinates of foci (+ ae, 0) = (+ 2 ; 0| = (+1, 0) 


If major axis is along Y-axis, then 


il a” 2 2 
=,/1-—~ => b*=2a 
V2 b? 
_ 2x 


2x7 + y2=2a7 => Y’ 


na 
> y ae 
y a8ee 8 75 tan 0 | sin 0 
As ellipse and hyperbola are orthogonal 


-cosec 8 =-1 


sin 
> ease ae > pce” 
2 4 
2x7 + y? =2a? 
=> 245-20" = a? =" 


2x7 + y= , corresponding foci are (0, +1). 


Hence, option (a) and (b) are correct. 


17. Let y=4x+ cmeets xy =1 at two points A and B. 


Ya 
y=4x+c 
2:1 fA 
p. es 
X’< >X 
B 
VW’ 


Le. A (t,, 1/t,), B (tg, 1/te) 


18. 


-. Coordinates of P are 


eee eee 
any, ty ty ee 
24+1 24+1 
Aw ct 8 ong pa eet 
3tyte 
1 eS eee 
Also, | t,, — | and] t,, —| le on y=4x+0e 
t ty 
tot 
ee ee tit, =-1/4 
lg-h tly 


From Eq. (i), 4 =2h + : 


and t sek 
2 
k k 1 
From Eas. (ii) and (ii1),| —h 2h + = 
qs. (ii) ci ai *) Fi 
o- *) a *) 1 
an = 
2 4 4 
> (2h + k) (8h + k)=2 
=> 16h” + k” + 10hk =2 


Hence, required locus is 16x” + y? + 10xy =2. 
We have, 
Equation of hyperbola 


x’ 
It is given, 
Z LNM = 60° 
and Area of ALMN =4J3 


(i) 


. Gi) 


...(iii) 


Now, ALNM is an equilateral triangle whose sides is 2b 
[. ALON =AMOL; .«. ZNLO=ZNMO =60°] 


-. Area of ALMN = = (2b)? 


> 4/3 = (3b? > b =2 
Also, area of ALMN = ; a(2b)=ab 


> 4/3 =a(2) > a=2V3 
(P) Length of conjugate axis = 2b =22 4 


- a ae 
Eccentricity (e) = [1+ — 5 =,/1+— =>== 
(Q) Eccentricity (e) ie 12 23 3 


ee 


(R) Distance between the foci = 2ae =2 x 2V3 x aa 8 
2b? 2(4) 4 
S) The length of latusrectum =—— = —= = —— 
abit a 8 VB 


P34;Q>53;R>51;S32 


Topic 2 Equation of Tangent and Normal 


Key Idea An equation of tangent having slope 


a : a 
m’ to parabola y* = 4axis y=mx + —. 
m 


Given equation of curves are 


y” = 16x (parabola) ...(0) 

and xy =— 4 (rectangular hyperbola) .-. (iI) 
Clearly, equation of tangent having slope ‘m’ to parabola 
(i) is y=mx+— ..- (ili) 

m 
Now, eliminating y from Eqs. (ii) and (iii), we get 

x| mx 4 . =-4> mx’ 4 ee 

m m 


which will give the points of intersection of tangent and 
rectangular hyperbola. 
Since, line y=mx+— is also a tangent to the 
m 
rectangular hyperbola. 
Set adit St , , 4 
.. Discriminant of quadratic equation mx” + —x+4=0, 
m 
should be zero. 


[‘.« there will be only one point of intersection] 
2 


= p=(4) -4ma=0 
m 


> m=1>m=1 


So, equation of required tangent is y=x+ 4. 
2 9 
2. Given equation of hyperbola, is ce ie ...(i) 
24 18 
Since, the equation of the normals of slope m to the 
2 2 2, p2 
: = +b 
hyperbola cl - = = 1, are given by y=mx¥ eA AIEEE | 
a” b J a? —b*m? 
.. Equation of normals of slope m, to the hyperbola (i), 
are 


a m(24+ 18) 

~ 4/24—m?(18) 

*: Line y=mx+ 7,/3 is normal to hyperbola (i) 
..On comparing with Eq. (ii), we get 


+ m(42) _ 713 


~ 24—18m? 


...(ii) 


y=mx 


424 —18m? 
36m” . . 
=> ————. =3 [squaring both sides 
24-—18m? Isa ° 
=> 12m? =24-18m? 
> 30m? = 24 
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2 
> 5m? =4>5m=+—— 
V5 
3. Let the equation of standard hyperbola is 
ey ' 
cae eg | wna (dl 
a’ be ¢ 


Now, eccentricity of hyperbola is 


Le 
1+ ce =2 (given) 
> a? +b? =4a? 
=> b? =3a? (ii) 
Since, hyperbola (i) passes through the point (4, 6) 
po) 5 .. (ili) 
a” bo 
On solving Eqs. (ii) and (iii), we get 
a’? =4and b7=12 (iv) 


Now, equation of tangent to hyperbola (i) at point (4, 6), 
is 


4x 6y 
as 
4x 6y : 
> as from Kq. (iv 
aT [ q. (iv)] 
> x-5=1 => 2x-y-2=0 
4, Given equation of hyperbola is 
4x” — 5y" =20 
which can be rewritten as 
2 2 
> ie ae 1 
5 #64 


The line x— y=2 has slope, m=1 


.. Slope of tangent parallel to this line =1 
2 2 


. oe 
We know equation of tangent to hyperbola —, —- =; =1 
a 


having slope m is given by 
y=mx+.fa*m? — b? 
Here, a? =5, b?=4 and m=1 


.. Required equation of tangent is 


=> y=xt/j5-4 


> y=xt1l> x-yt1=0 


5. Tangents are drawn to the hyperbola 4x7 — y” =36 at 
the point P and Q. 


Tangent intersects at point 7'(, 3) 


+X 


P(3V5, -12) 
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6. 


Clearly, PQ is chord of contact. 
.. Equation of PQ is -3y = 36 


=> y=-12 
Solving the curve 4x” — y? =36 and y=-12, 
we get x=+3V5 


Areweat APQT == x PQx ST ==> Gv x 15) = 455 


2 2 


Let the equation of hyperbola be Z = a =, 
ab 
ae=2=>a7e =4 
=> a’ +b? =45)7=4-a" 
2 2 
a, =i 
a’? 4-a 
Since, (/2, V3) lie on hyperbola. 
a | 
a” 4-a? 
8 - 2a” - 3a? = a*(4 - a”) 
8-5a*=4a?-a4 
a‘ -9a7+8=0 
(a* —8)(a* -1)=0 = a’ 
a=1 
2 2 


Now, equation of hyperbola is - - = =1, 


Yuu 


8a‘ 1 


.. Equation of tangent at (V2, /3) is given by 


V3y y 
Vax—-*“=1 => V2« =1 
3 V3 


which passes through the point (2/2 ,3V3 ). 


Equation of normal to hyperbola at (x, ,) is 


2 2 
a“x UY igs 6?) 
% ‘1 
2 2 
ax | b’y 2 2 
At (6, 3) = =(a°+0b 
(6, 3) - 5 ( ) 
a’-9 2 2 
-: It passes through (9, 0). > =a°+b 
2 2 
Fae => o =2 
2 be 
2 
e=1+5=14 as fe 
a 2 2 


The equation of tangent at (4, 7,) is xx, -2yy, =4, 
which is same as 2x+ V6y =2. 


% __ 2 _4 
2 V6 2 
> x, =4 and y, =- 6 


Thus, the point of contact is (4, — V6). 


2 2 
Firstly, we obtain the slope of normal to = - ra =lat 
a 
(asec®, b tan@). On differentiating w.r.t. x, we get 
2 
2x 2y dy _¢ dy _6b x 


a’ bo? dx dx ay 


10. 


11. 


Slope for normal at the point (asecO, b tan 8) will be 
ab tan0 a. 
-———_=-— sin 
b*a sec8 b 
.. Equation of normal at (a sec@, 6 tan 8) is 


y—b tan@ =— "sine (x -— a sec8) 


=> (asin®) x + by = (a? + 6”) tan® 

> ax+ b cosecé = (a? + 6”) secO ...(i) 
ey 

Similarly, equation of normal to — - =, =1at 
a” b 


(asec, b tan o) is ax + b ycosec = (a7 + b?)seco. ...(ii) 
On subtracting Eq. (ii) from Eq. (i), we get 

b (cosec — coseco) y= (a? + b”) GecO — sec) 
att bP secO — seco 


=> 
b cosec8 — cosec 
But sec0 —seco sec0 —sec (1/2 — 0) 
cosec8 —cosecd cosec@ — cosec(m /2 — 0) 
[ ¢6+0=2/2] 
_ secO—cosecO 
sec 8 —sec® 
2, p2 2, p2 
Thus, ge py pee ct 
b b 


Tangent =2x- y+1=0 
2 2 
Hyperbola = = y 
a2 


Bere = 

It point = (a sec8, 4 tan 8), 

xsecO ytan®O _ 
a 4 


1 


tangent = 


On comparing, we get sec0 = —2a 
tan0=-4 = 4a”-16=1 


Equation of family of circles touching hyperbola at 
: 2 

(%, 4) 18 @— 4)" + (y ») + Maxx -— yy, -1)=0 

Now, its centre 1s (x2,0). 


[: (Ax, — 2%; ) (-2y, Ay) | 
9 ? 9 | (x2, 0) 
> 2y,+dAy, =O>A=-2 


and 2%, — AX, = 2%_ => Ky = 2H, 
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9 1 
P(%,Vx7-1) and N(x,0) = 2%,,0) -_ Se ne ena 
2 i 1 2/2 Ral J2 
As tangent intersect X-axis at M [ 0} 2 2 
x 


13. The equation of the hyperbola is a =1 and that of 


Centroid of APMN = (I,m) Oe ee ee 


3x, + = . . ; ; o =8x 
x +040) _ 1 For their points of intersection, — + =] 
=> re (i,m) 9 4 
=> Ax? + 9x" — 72x = 36 
=> 13x” —72x-36 =0 
3x, + — 2 
- ] Xy => 13x° — 78x+ 6x—36 =0 
3 > 13x (x—6) + 6 (x—6) =0 
1 
ai 3 ee => x=6,x=- a 
On differentiating w.r.t. x,, we get — = t 6 
dx, 3 13 
; c= = - not acceptable. 
dl _ 1 yu 7l 
=> mo ae and m= 5 Now rnee yesous 
On differentiating w.r.t. x,, we get Required equation is, (x—6)" + (+23) (y-2 V8) =0 
dm _ 2%, — foe a Sil > x? -12x+ y?+24=0 
3 1 
dx 2x3 )x?-1 322-1 = x + y?-12x+24 =0 
Also mort 14. Equation of tangent to hyperbola having slope m is 


3 y=mx+19m?—4 Gi) 


: Py d 1 
On differentiating w.r.t. y,, we get . = = for y, >0 
1 


Equation of tangent to circle is 
y =m (x—4)+./16m?+16 ii) 


Eas. (i) and (ii) will be identical for m = = satisfy. 


2 2 
. PLAN Equation of tangent to *_- = tis y = mx + Ja’m?—b? 
a’ b® 


Description of Situation If two straight lines V5 
a,x+ b,y+c =0 ». Equation of common tangent is 2x—V/5 y+4=0. 
ae a : 
and agx+ byy+ c,=0 are identical. Then, Oi Bi et 15. On substituting (< ; 0| in y=-—2x+ 1, we get 
apg 9 & 
Equation of tangent, parallel to y=2x-1is 0O=- 2a 44 
y=2x+./9(4)—4 ¢ 
: a l 
y=2xt V32 ses) > Pa: 
Th tion of t tat (x, y,)i 
. ~~ cas el Also, y=— 2x+1is tangent to hyperbola. 
a1 _ vi =] +a 1 
9 4 (a) é 1=4a?-b? = —=4-(-1) 
a 


From Eqs. (i) and (ii), 


> 4-5-2 
> 5 e4+4=0 = (e-4)(e-1)=0 
> e=2,e=1 

C3, 0) O Y 


e=1 gives the conic as parabola. But conic is given as 
hyperbola, hence e=2. 
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Topic 3 Equation of Chord of Contact, 


Chord Bisected Diameter, 
Asymptote and Rectangular 
Hyperbola 


1. Let (h,k) be a point whose chord of contact with respect 


to hyperbola x” - y?=9isx=9. 
We know that, chord of contact of (h, k) with respect to 
hyperbola x” — y?=9is T=0. 
=> h-x+k(Cy)-9=0 
hx-ky-9=0 
But it is the equation of the line x =9. 


This is possible when h=1,k=0 (by comparing both 
equations). 


Again equation of pair of tangents is 
T’ =SS, 
Goo =@ -9" 9)? -0"—9) 
x” — 18x + 81 = (x” — y’ —9) (-8) 
x” —18x+ 81=- 8x" + 8y" + 72 
9x” —8y" -18x+ 9 =0 


YuUY 


. Itis given that, 


x+y =a? i) 
and xy=e ...(ii) 
We obtain x°+c*/x* =a? 
=> xt — ax? + ct =0 ..- (iii) 


Now, %,%5,%3, x, will be roots of Kq. (iii). 


and product of the roots 1x5 3x4 = cl 
M+ Jot Ws + yy =0 
and 4 293 Y= 
Hence, all options are correct. 


Similarly, 


. Let any point on the hyperbola is (@ sec 6, 2 tan 6). 


.. Chord of contact of the circle x” + y” =9 with respect 
to the point @ sec 6, 2 tan®) is, 


(8 sec) x+ (22 tan 8) y=9 .-(i) 
Let (x,, 9,) be the mid-point of the chord of contact. 
= Equation of chord in mid-point form is 
x0 + yy, = ae t+ y? ..-(1i) 
Since, Eqs. (i) and (ii) are identically equal. 
3dsecO 2 tand 


% al 
. 9 
a+ oH 
=> sec0 = aa 3 
(a + 97) 
and tan@ = 291 5 
x + ¥) 
Thus, eliminating ‘0’ from above equation, we get 
81 x 81 y? 


9+ yy 4c + x) 


[ sec?@ — tan76 =1] 


2 y? 7 (x? a yy? 


Therefore, Lx, =% +%,+ % +x, =0 


| Download Chapter Test 
http://tinyurl.com/y2khzcbp 


.. Required locus is = 
9 81 


or ol 
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and Identities 


Topic 1 Based on Trigonometric Formulae 


Objective Questions I (Only one correct option) (a) 13-4cos'@ + 2sin?@cos”6 


2 4 
1. The value of sin 10° sin 30° sin 50° sin 70° is ms . on = pais 29 
(2019 Main, 9 April I!) Rp ho EOS Sr een wens 


1 1 1 1 (d) 13- 4cos®@ 
Ser: OY ae ce iD) tan A cot A 
36 82 16 18 8. The expression can be written as 
2. The value of cos” 10° — cos 10° cos50° + cos”50° is 1-cotA 1-tanA (2013 Main) 
(2019 Main, 9 April |) (a) sinA cosA +1 (b) sec A cosecA + 1 
(a) 3 (1+ cos20°) (b) 3. c0s20° (c) tanA + cotA (d) sec A + cosec A 
2 9. The number of ordered pairs @,B), where a, B € (-7, 7) 
(c) 3/2 (d) 3/4 ae 1. 
3. Ifthe lengths of the sides of a triangle are in AP and the satisfying cos (& — B)=1.andcos (@ + B) = r 8 (2005, 1M) 
greatest angle is double the smallest, then a ratio of (a) 0 (b) 1 () 2 (d) 4 


lengths of the sides of this triangle is (2019 Main, 8 April II) 


(a) Skies ih) 40846. 0 -B<G 719.) cee 7 10. Given both 6 and 0 are acute angles and 


: 1 al 
6 =—,cos @ = —,then the value of 6 + 6 belo to 
A. Tf cost +B) == sinter p)= = ana 0<a8<%, tien ne so : n the valu o ngs 


(2004, 1M) 
tana) is equal to (2019 Main, 8 April) (a) (= a] (b) (3 =) 
6 63 21 ‘ : 
(a) 8 oy ee (a 22 3°6 2°3 
16 52 Qn 5n| 5x _ | 
1 (c) a 6. (d) | 
5. Let f,(x) = - (sin” x + cos’ x) for k=1,2,3.... Then, for 3.6 6 
. . : : 
all x € R, the value of f,(x) — f(a) 18 equal to 11. Which arihe following numbers is eSone (1998, 2M) 
(2019 Main, 11 Jan!) (a) sin 15 (b) cos 15 
je a (b) 5 () =1 (d) 1 (c) sin 15° cos - (d) oor cos i . 
12 12 12 4 12. 3 (sinx—cosx)* + 6 (sinx+ cos x) + 4 (sin’ x+ cos” x) 
6. The value of equals (1995, 2M) 
cos os cos os seas cos a ‘sin o is : (a) 11 (b) 12 (c) 18 (d) 14 
i i i (2019 rt LO Jamil) 13. The value of the expression V3 cosec 20°-sec20° is 
a b) = c) —— Cd). 
(a) 1024 (b) 3 (c) B12 (d) 256 ne to (1988, 2M) 
a 
7. For any@¢ (< 2) the expression (b) 2sin 20°/sin 40° 
(c) 4 
3 (sin 8 — cos 6)! +6 (sin 8 + cos 6)? + 4sin°@ equals (a) 4sin 20°%/sin 40° 


(2019 Main, 9 Jan 1) 
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14. The expression 


3]sin! (= - a) +sin‘ (32 + a) 


al sin’ ( a} +sin® (n =) 
he | 
is equal to (1986, 2M) 
(a) 0 (b) 1 
(c) 3 (d) sin 4a + cos6a 
Tt 3m 51 1%). 
15. |1+4 cos 1+cos 1+ cos — |} 1+ cos —| is 
8 8 8 8 
equal to (1984, 3M) 
il T 
a) — cos— 
(a) 5 (b) - 
1 1+ V2 
c) = d 
(c) ; (d) 2/8 
16. Given A =sin?6 + cos*®, then for all real values of 0 
(1980, 1M) 
(a) 1s A<2 () =< As1 
(ji ewet @ <i” 
16 4 16 
17. Iftan0 = ae ,thensin 0 is 
3 (1978, 2M) 
(a) 2a no (b) Fae 
5 5 5 65 
(c) : but not - (d) None of the above 


Objective Questions II 
(One or more than one correct option) 


18. Let f:(-1,1)— Rbe such that f (cos 46) = ar for 
—se 


Oe (0. *) U ( : =) Then, the value(s) of ie is/are 


= (2012) 
3 3 
(a) 1 IS (b) 1+ IS 
[2 2 
i d) 1+ /4 
(©) 1 = (d) 1+ : 


19. For0<60< “ , the solution(s) of 


6 
y? cosec (0 + mae) cosec (0 + mm) = 4,2 is/are 


a (2009) 
@ 7 o) % 
© = (ay, 2 
12 12 
a r 
20. If sin a cos # then 
2 js 5 (2009) 
= . 
oe cs ») a “+ 7 e ins 
oo : 
(c) ian?” (d) sin" x , cos’ x _ 2 
3 8 27 125 


21. For a positive integer n, let 


f,@) = [tan 4 (1 + sec 6)(1 + sec20) 


(1 + sec276)... (1999, 3M) 


(a) (3) =i 
(0 fy (=) = 
Match the Column 


Match the conditions/expressions in Column I with values 
in Column II. 


22. (sin3a)/(cos2Q) is 


(1 + sec 2”6), then 


(1992, 2M) 
Column I Column IT 
A. positive p. (132/48, 147 / 48) 
B. negative q. (142/48, 182 / 48) 
r. (182/48, 237/48) 
s. (0, 2/2) 
Fill in the Blanks 


23. Ifk= sin( z } sin (=) sin (2) , then the numerical 
18 18 18 


value of kis ...... (1993, 2M) 
24. The value of 


eT ee BM 4. DE oo On . lln . 182 
sin —-sin —- , : : : 
14 14 14 14 14 14 14 


is equal to ...... : (1991, 2M) 


Analytical & Descriptive Questions 


25. Prove that 
tana +2tan2a + 4tan4a + 8cot8a= cota (1988, 2M) 


26. Show that 16 cos (=) cos (=) cos( S) cos =) =1 
15 15 15 15 


(1983, 2M) 
27. Without using tables, prove that 
1 
sin 12°) (sin 48°) (sin 54°) =-. 
( ( )¢ ) 8 (1982, 2M) 
28. Prove that sin?a+sin?B-—sin?y =2sinasinBsin y, 
wherea+B+y=7. (1978, 4M) 


Integer Answer Type Question 
29. The number of all possible values of 6, where 0 <0 < 7z, 

for which the system of equations 

(y¥ + Z)cos 30 = (xyz) sin 30 
2cos 30 2 2 sin 30, 
y z 

and (xyz)sin 30 =(y+2z)cos30 +ysin30 have a 
solution (%), Yo, Zo) With yoZ #0,is...... (2010) 


x sin 30= 
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Topic 2 Graph and Conditional Identities 


Objective Questions I (Only one correct option) 


1. Ifa+P= 5 andp +y=a,thentanaequals (2001, 1M) 
(a) 2 (tanB + tany) (b) tanB + tany 
(c) tanB + 2tany (d) 2tanB + tany 
2. Ifa+B+y=2n,then (1979, 2M) 
(a) tan& t tan? + tan ue tans” teak tae 
2 2 2 2 2 2 
(b) tan& ion? + im tan’ + tan” tan% =1 
2 2 2 2 
(c) tan” 4 ton? + tan! =-tan® fan? ta ¥ 
2 2 2 2 2 
(d) None of the above 
Fill in the Blank 
3. Suppose sin’ xsin 3x= Sy C,, cos nx is an identity in x, 


m=0 
where C,,C\,..., C,, areconstants andC,, #0. Then, the 
value of nis... . (1981, 2M) 


Topic 3 Maxima and Minima 


Objective Question I (Only one correct option) 


1 The maximum value of 


3 cos@ + 5sin (e- *| 


for any real value of 0 is (2019 Main, 12 Jan I) 


@ 2 (b) /34 
(c) V31 (d) V19 


Let 0 € (0. *) and t, = (tan 6)” ®, t, = (tan 6)°"°, 


tz = (cot 0)"° and t, = (cot @)*®, then (2006, 3M) 


Topic 4 Height & Distance 


1. 


2. 


The angle of elevation of the top of a vertical tower 
standing on a horizontal plane is observed to be 45° 
from a point A on the plane. Let B be the point 30 m 
vertically above the point A. If the angle of elevation of 
the top of the tower from B be 30°, then the distance (in 
m) of the foot of the tower from the point A is 

(2019 Main, 12 April II) 


(a) 15 (3+ V3) (b) 15(5 — V3) 
(c) 15(3 - V8) (d) 15 (1+ V3) 
A 2 m ladder leans against a vertical wall. If the top of 
the ladder begins to slide down the wall at the rate 25 
cm/s, then the rate (in cm/s) at which the bottom of the 
ladder slides away from the wall on the horizontal 


True/False 
4. Iftan A=(1-—cos B)/sin B, then tan 2A = tan B. 
(1993, 1M) 
Analytical & Descriptive Questions 
5. In any triangle, prove that 
ee t te + cot ae sok cob 
2 2 2 2 2 2 (2000, 3M) 
6. ABC isa triangle such that 
sin(2A + B)= sin(C — A) =-— sin(B+ 2C) = 1/2. 
If A, B and C are in arithmetic progression, determine 
the values of A , Band C. (1990, 5M) 
7. Givena ++ Y=, prove that 
sin’ + sin’B —- sin? y=2sinasinB cosy. (1980, 3M) 
8. If A+ B+C =180%, then prove that 
tan A+tan B+tanC=tan Atan BtanC. (1979, 3M) 
9. If cos@+BP)= : , sin(@ —$) = = anda, B lie between 0 
and x /4, find tan2a. (1979, 4M) 
(a) t, >t, >t > ty (b) ty >t, >t, >t, 
(c) >t > ty> ty (d) t, >t, >t, >t, 
Fill in the Blank 
3. If A>0,B>0Oand A+ B=7/3, then the maximum value 
of tan A tan Bis ........... (1993) 
Analytical & Descriptive Question 
4. Prove that the values of the function aoe do not 
sin 3x cos x 
lie between 1/3 and 3 for any real x. (1997, 5M) 
ground when the top of the ladder is 1 m above the 
ground is (2019 Main, 12 April |) 
(a) 25/3 (b) 22 (gj 22 (a) 25 
V3 
3. ABC is a triangular park with AB= AC =100 m. A 


vertical tower is situated at the mid-point of BC. If the 
angles of elevation of the top of the tower at A and Bare 
cot! (3V2) and cosec (2/2) respectively, then the 
height of the tower (in m) is (2019 Main, 10 April!) 


(a) 25 (b) 20 
() 10/5 (d) aE 


464 Trigonometrical Ratios and Identities 


4. Two poles standing on a horizontal ground are of 8. PQR is a triangular park with PQ = PR=200 m. A TV 
heights 5 m and 10 m, respectively. The line joining tower stands at the mid-point of QR. If the angles of 
their tops makes _ angle of 15° with the ground. elevation of the top of the tower at P,Q and R are 
Then, the distance (in m) between the poles, 1s . respectively 45°, 30° and 30°, then the height of the 

; (2019) Malny 9 Apel tower (in m) is (2018 Main) 
(a) 5(/3+ 1) b) 5@+ V3) (a) 100 (b) 50 
(©) 100/31 (a) 52+ V3) ore ene 
. Two vertical poles of heights, 20 m and 80 m stand apart 9. Let a vertical tower or have Nur Ae me evel 
: . . . ground. Let C be the mid-point of ABand Pbea point on 
on a horizontal plane. The height (in m) of the point of h dsuch that AP =2AB If “BPC =B th 
intersection of the lines joining the top of each pole to u © nee suc enal ~ : =B, then tanB 
the foot of the other, from this horizontal plane is ca a : 1 (2027 Main) 
(2019 Main, 8 April II) (a) — (b) = 
(a) 15 (b) 16 (c) 12 (d) 18 o ; 
. Ifthe angle of elevation of a cloud from a point P which (©) 9 (d) 9 
is 25 m above a lake be 30° and the angle of depression of : . . : . . 
reflection of the cloud in the lake from P be 60°, then the 10. Aman is walking towards a vertical pillar ae straight 
height of the cloud (in meters) from the surface of the path, at a uniform speed. At a certain point A on the 
lake is (2019 Main, 12 Jan II) dean eae baecec rr oe of ein 
50 b) 60 Fi d) 42 e pillar is 30°. After walking for 10 min from A in the 
(a) } ey ’ Oe ; ( ) same direction, at a point B, he observes that the 
Consider a triangular plot ABC with sides AB=7 m, angle of elevation of the top of the pillar is 60°. Then, the 
BC=5 m and CA=6 m. A vertical lamp-post at the time taken (in minutes) by him, from B to reach the 
mid-point D of AC subtends an angle 30° at B. The pillar, is (2016 Main) 
height (in m) of the lamp-post is (2019 Main, 10 Jan I) (a) 6 (b) 10 
(@) 2V2i) 21 ©) NB (@ V2 (c) 20 (a) 5 
Answers 
Topic 1 6. A= 45°, B=60°,C =75° 

1. (c) 2. (d) 3. (b) 4, (b) 56 

5. (a) 6. (c) 7. (d) 8. (b) 33 

9. (b) 10. (b) LL. (c) 12. (c) Topi 

opic 3 

13. (c) 14. (b) 15. (c) 16. (b) P : 

17. (b) 18. (a, b) 19. (c,d) 20. (a, b) 1. (a) 2. (b) 3.5 

21. (a,b, c, d) 22, A>r; Bop 

a3, + 24, + 29. 3 Topic 4 
8 64 1. (a) 2. (b) 3. (b) 4, (d) 

Topic 2 5. (b) 6. (a) 7. (a) 8. (a) 

1. (c) 2. (a) 3. 6 4, True 9. (c) 10. (d) 

Hints & Solutions 
Topic 1 Based on Trigonometric Formulae ee eee eee 

1. We have, sin 10°sin 30°sin 50°sin 70° . 5.2 16 
= oo )[sin(10° )sin(0° )sin(70° )] 2. We have, cos” 10°— cos 10° cos 50°+ cos?50° 
= — [sin(10°)sin(60° — 10°) sin(60° + 10° 

soe ee i =; [2 cos” 10°—2 cos 10° cos 50°+2 cos” 50° | 
Z a4 sin@(10° » : 
= - [1 + cos 20°—(cos 60°+ cos 40° )+ 1+ cos 100° J 


[.. sin 8 sin(60° — 6)sin(60° + 6) = ; sin 36] 


[.- 2cos? A =1+cos2A and 


2cos Acos B= cos(A + B)+ cos(A — B)] 


ae ls + cos 20° + cos 100°- —cos aor! | cos 60° = 1] 
2[ 2 Li 2 
— z [3 (cos 20°— cos 40° ) + cos 100° | 
2|2° | 
NS ppg EO op atiel 
2|2 2 | 
[as cos C—cos D=-2sin os C-D| 
L 2 | 
= = [3 —2sin 30° sin(-10° ) + cosQ0°+10° ) )| 
2/2 | 
= z [3 +sin 10°-sin 10°! [:.. cos (90°+ 8) = —sin 6] 
2|2 ] 
i 3. 48 
=—-xX-=— 
2 2 4 
3. Let a,b and c be the lengths of sides of a AABC such 
thata<b<c 
Since, sides are in AP. 
a 2b=a+ec sve() 
Let ZA=0 
Then, ZC=20 [according to the question] 
So, ZB=n-30 ... (ii) 


On applying sine rule in Eq. (i), we get 
2sin B=sin A+sinC 

=> 2sin(x —360)=sin0 + sin20 

=> 2sin30 =sin0 + sin20 

=2 [3 sin @ — 4sin® 6] =sin@ + 2sin@ cos0 

=>6 —8sin?6 =1+2cos0 

=6 — 8(1 — cos70) =1 + 2cos0 

=> 8cos’@-2cos@-3=0 

=>(2 cos@ + 1)(4cos0 — 3) =0 


=>cos 0 = a 
4 


orcos@ ae (rejected). 
Clearly, the ratio of sides isa:b:c 
=sin0@:sin30:sin20 
=sin0: Bsin@ —4sin’ 6) :2sin0@ cos 
=1:(8—4sin”6):2cos@ 
=1:(4cos"6 —1):2cos® 
5 6 


=1:—:—=4:5:6 
4 4 


4, Gi = 
iven, sin@ —B) = = 


and cos(@ + B) = 7 where a, B € (0. =) 


Since, 0<a <4 and0<B <4 


[from Eq. (ii)] 


[.:sin 6 can not be zero] 
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O<a+p<~4+2=7 
4 4 2 


ee (0,2) anda 8 (-2.2] 


But sin@ —f) > 0, therefore a —B € (0. =) 


Now, sina —B) = 2 

a iano B)= “ (i) 
anal sg 28) == 

= tan @+p)=5 its 
Now, tan) = tan[(a +B) + @ —B)] 


_ tan@+f)+tan@—-B) _ 3 12 
1-tan(@ + B) tana — 8) 1 se oy 
3 12 
[from Eqs. (i) and (ii)] 


_484+15_ 63 
386-20 16 
5. We have, 


f(x) == (sin® x + cos” x), k =1,2,3, ... 


fy) = ; (sin* x + cos* x) 


= ; ((sin? x+ cos® x)” —2sin” x cos? x) 
as (1 ee (sin 23)°) = 
4 2 


and f,(x) = ; (sin® x + cos® x) 


- - sin? 2x 
8 


Tce 
= 6 {(sin” x+ cos” x) —3sin? xcos’ x 
(sin? x + cos” x)} 


sin? 2x 


ll 
fori 
— 
a 


- : (2sin x cos ay} - 


1 


i a 
6 8 
a 
4 6 12 12 


Now, f, (x) — fe(x) = 
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6. We know that, 


= = ion 
cos: cos (20) cos(27a)...cos (2” 1a) = sua) 
2” sin a 
1 1 1 1 
cos 32 cos 33 .cOS 510 sin 510 
| sin( 2°) | 
gi0 . 0 1 
= sin—=, [‘ here,a =, andn =9] 
9o:,{ 7 2 
2 sin( 3] 
1 


7. Given expression 
= 3(sin@ — cos@)* + 6(sin®@ + cos@)” + 4sin® 6 
= 3((sin @ — cos 6)")? + 6(sin 8 + cos0)” + 4(sin76)* 
= 3(1 —sin 26)” + 6(1 + sin26) + 4(1 — cos”6)* 
[1+ sin 26 = (cos@ + sin@)” 
and 1 —sin26 = (cos@ —sin6)”| 
= 3(1? + sin?26 —2sin26) + 6(1 + sin 26) 
+ 4(1 — cos® 6 —3.cos”6 + 3cos‘ 6) 
[- (a - 6)? =a? + 6? -2ab 
and (a — b)* =a? — b® —3a7b + 3ab"] 
=3+4+ 3sin?20 -6sin20+6+6sin20+4 
—4cos® 6 —12cos”6 + 12 cos*6 
=13 + 3sin?20 —4cos°@ —12cos”@ + 12cos*@ 
=13 + 32sin0 cos8@)? — 4 cos® 0 — 12 cos”@(1 — cos”6) 
= 13+12sin76 cos76 —4 cos® @ — 12 cos”0sin76 
=13-4cos°6 
8. Given expression is 
tanA | cotA 
1-cotA 1-tanA 
_ sin A . sin A _ cos A cos A 


cosA sinA-cosA sinA cosA-sinA 


7 1 ou A-—cos® 4} 


sin A-—cos A cos Asin A 


_ sin? A+sin Acos A+ cos” A 


sin A cos A 
_1+sin Acos A 


sin A cos A 
cos @ —B)=1 


> a-B=2ntn 
But -2n <a-B<2n lasa,B € Cr, 7)] 


a —B=0 (i) 


ae eee 
e 


=1+sec A cosec A 


9. Since, 


Given, 


=> cos2a = Z <1, which is true for four values of a. 
e 
[as -2m < 20 < 27] 


10. Since, sin@ = : 


and cos $ = 


and 0<(coso=2) <3 las bee" 
3) 2 | 3 2 | 


=> 0 =t and cos !(0)>>cos? (5) 


the sign changed as cos x is decreasing between (0. )| 


=> =" and Lar ee we a 
6 3 2 2 3 
o<(2.] 
2 3 


11. Since, sin15°=— 2-8 and cos 15° == 2 + 8 
and sin 15° cos 75° =sin 15°: sin 15°=2 (2 — V3) 


Therefore, all these values are irrational and 
sin 15° cos 15° = 5 2sin 15° cos 15° 


S ; ins0°= ; which is rational. 


12. Given expression = 
3 (sin x — cos x)‘ + 6 (sin x + cos x)” + 4(sin® x + cos® x) 
=3 (1-sin2x)? + 6 (1 + sin2x) + 4 {(sin? x + cos? x)? 
—3 sin” xcos” x (sin? x + cos” x)} 
=3 (1-2sin 2x + sin?2x) + 6 + 6sin 2x 
+4(1—3sin? x cos” x) 


= 3(1—-2sin 2x + sin?2x+2+2sin2x)+4 [1-2-sin’2x] 


=13+3 sin?2x—3sin?2x =13 
13. Given expression = 


V3 cosec20° — sec 20° = tan 60° cosec 20° — sec 20° 
_ sin 60° cos 20° — cos 60°: sin 20° 


cos 60°-sin 20°: cos 20° 
sin (60° — 20°) 
cos60°- sin 20°- cos 20° 


sin 40° 


; -sin 20° cos 20° 


_ 2sin 20° cos 20° a 


; sin 20° cos 20° 


14. Given expression = 


3 sin" (= a) + sin? 82+ a) 2 isin® (= + a_| 


+sin® 6n -a)] 
=3(cos* a + sin* a)—2(cos®° a + sin® a) 
=3 (1-2sin”0 cos?a)—2 (1 —3sin7a cosa) 
=3-6sin’a cos? —2+ 6sin7?o cos?a =1 


15. Given expression = 


[14+ cos 2) [1 + c0s (1 + COS =) (1 + COS ) 
8 8 8 8 
=(14+ c0s = )(1 + COS = (2 cos) (1 cos 4 
8 8 8 8 


“il ptt g)alt 5)*3 


16. Given, A=sin76@ + (1 —sin’6)” 
> A=sin‘6—sin?0+1 
2 
=> A=(sine-3) re 
2 4 
St 
=> O< [sin*o - ) <7 [0 <sin?0 <1] 
a <A<l 
4 
17. Since, tan@ <0. 


18. 


19. 


.. Angle 6 is either in the second or fourth quadrant. 
Then, sin8>Oor <0 


sin 0 way bes or = 
5 5 


2 


cos 48) = ———~— aad! 
f ( ) Paucle (i) 
At er ees 
1 
= 2 cos’28 -1= 2 
> astaee” 
3 
2, fe 
=> cos 20 = 2 .-. (iI) 
2-cos76 
cos 40) = ——.~_—_ 
i ) 2 cos70 -1 
_ 1+ cos 20 
cos 20 
as f(z)=14 f [from Eq. Gi] 
3) V2 ” 
For0<0<= 
2 
< (m-1)% 
» cosec (0 + cosec (0 + mn) =4/2 
meal 
6 1 B 
=> x 4,/2 
m=1 gin C = m) sin (0 + mn 
4 
6 ain) mn (0: mous) 
=> 4/2 
=e ( im) ) sin( }} 
m=! sin sin| 0+ 1 sin | 6 + — 
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6 cot(0+ =D) cot( a+) 
~ XL 1 ff ae 
rat (m-1)" n\| 
t| 0 t| 6 =4 
=> yy bi ( + } Cc ( + ) 


= cot@) cot( 0 1 = t cot( 0 t = 
4 4 


+...4 cot( 9 + 
cot 6 — cot( 940) =4 


cot@+ tan @=4 

tan?6—-4tan0+1=0 

(tan @—-2)?-3 =0 

(tan 6 -2+ J3) (tan @-2- V3) =0 
tan6=2-30r tan0=2+V3 

_%,_5n Re 

~~ fe [" 


U 


YU vu NUS 


-(o.5)| 


ieee 4 +4 ata 2 W\2 
99, SX, £08 x1 sin“ x (1-sin“ x) =! 
2 3 5 2 3 5 
sin* x, 1+sin" x—2sin? x 
2 3 


5 sin‘ x—4sin?x+2= 


1 

5 

6 

5 
25sin* x—-20sin? x+ 

(sin? x- oe: 

2 

5 

34, 

5 


Yuu J 


2 
sin* x= 


2 


2 
cos’x =, tan?x=— 
3 


sin® x | cos® el 
+ 


8 27 125 


21. NOTE Multiplicative loop is very important approach in IIT 
Mathematics. 


[tan Ja + sec0) = 


sin 6/2 [ 1 | 
“14 
cos 0/2 [ cos Q | 
_ (sin@/2)2 cos”6/2 
(cos 8/2) cos® 
_ @sin@/2)cos8/2 _ 
cos® 
f,,®) = (tan 6/2)(1 + sec®) 
(1 +sec26) (1 + sec26)... (1 + sec2”0) 
= (tan @)(1 + sec 26)(1 + sec2”8).... 
= tan20-(1 + sec2’6)...(1+sec2”6) 
= tan 22"6) 


in®@ 
tensa tan@ 


cos8 


(1+sec2”0) 


Now, 


Therefore, (a) is the answer. 


fy (=) = tan(? . =| = tan(2] =1 
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Therefore, (b) is the answer. 
1 4 1 T 
— |= tan| 2*-— |=tan| —|=1 
: (5s) | (3) 


Therefore, (c) is the answer. 


f (<) - tan( 2" ) : tan(™] =i 
128 128 4 
Therefore, (d) is the answer. 
22. In the interval (22 4), cos2a <0 andsin3a >0. 
48 48 
sin3a 


is negative, therefore B > p. 


cos 2a 


Again, in the interval (=2 : 2) both sin3a0 and 
48 48 


is positive, therefore A> r. 


. sin 3a 
cos 20 are negative, so 
cos 2a 


23. Using the relation, 
sin @sin (: 0] sin(2 +9) =5020 
3 3 4 


Taking 6 = eu 
18 


we get 


nm . SU . 70 
n— sin -sin = 
18 18 18 4 8 
Alternative Method 


Given, k=sin 10°-sin 50°- sin 70° 
= cos 80° - cos 40° - cos 20° 
«8 
=cos A: cos2A-cos27A = aie z = 
2° sin A 
where, A = 20° 
= sin 160° _ sin (180°—20° ) _ sin 20° at 
8 sin 20° 8 sin 20° 8sin20° 8 
._ um . 8m. ba. Te . OR . 11m . 13% 
24. sin —-sin —-sin —-sin “sin —-sin -sin 
4 14 14 14 14 14 14 


7 7) 9 
1 on An ) 
= cos cos *COS 
7 L 


bead 2 
_{_ sin2°2/7 
2? .sinn/7 


( 1 i [og OR [ 1 _ 1 
=( ee ‘sin — =sin| 7 + =| =-sin= 
8 sint/7 | 7 7 


=1/64 
25. We know that, 
1-tan76 =9 1-tan760 
2 tan 


cot® — tan8@ = ]=neot2e ..-(i) 


tan@ 
LHS = tana + 2 tan2a+4tan4a+8cot8a 
=-—(cota — tana — 2 tan2a —- 4 tan 4a) 
+ 8 cot8a + cota 
=-— (2 cot2a —-2 tan2a —4 tan4a) 
+ 8cot8a + cota 
[from Eq. (i)] 
— 2 (cot2a —- tan2a) —4 tan4a) 
+ 8 cot8a + cota 
=-(2 2 cot4a) —4 tan4a)+ 8 cot8a + cota 
[from Eq. (i)] 
=-4(cot4a — tan4a)+ 8 cot8a + cota 
=-—8cot8a + 8cot8a + cota [from Eq. (i)] 
=cota =RHS 
26. 16 (cos al “COS a cos Bn cos <n 
15 15 15 15 
= 16(cos A- cos 2A cos 27 A: cos 2° A) 


27. sin 12° sin 48° sin 54° = ; (2 sin 12° sin 48°) sin 54° 


Z ; [cos (36°) — cos (60°)] sin 54° 


a [cos 36° — ;)sin 54° 

2 

=7@ cos 86° sin 54° — sin 54° ) 

=76 in 90° + sin 18° — sin 54°) 
es Pee 

ae 4 

1f, ¥5-1-V5-1 
=-|1+ 

4 4 


-4(1-3)=3 
4\ 2) 8 


28. LHS =sin?a + sin?B —sin?y 


=sin?@ + (sin?B — sin” y) 


=sin?@ + sin (B + y) sin (B — y) 
=sin?a+sin(zt—a)sin@-y) [ea+B+y=7] 
=sin?a + sina sin (B — y) 


=sina [sina + sin (B — y)] 

=sin [sin (t— (B+ y))+ sin (B - y)] 
=sino [sin (6 + y) + sin (6 — y)] 
=sina [2sinB cosy] 

=2sina sin cos y= RHS 


29. Given equations can be written as 


cos30  cos30 _ 


xsin 30 — 0 ...(i) 
y Zz 

wae 2cos380 2sin30 -0 Git) 
y Zz 


and xsin30 : cos 30 : (cos30+sin30)=0 _...(iii) 
y Zz 
Eqs. (ii) and (iii), implies 

2sin 30 =cos36+sin 30 
> sin 30 = cos30 


tan30=1 
ER 39 =, bt On 
4 4 4 
um Sn ON 
or §=—, —, — 
12 12 12 


Topic 2 Graph and Conditional Identities 


1. Given, a+Bp=2/2 
> a = (m/2)-8 
> tana = tan (1/2 —) 
> tana =cotB 
> tana tanB =1 
Again, B+y=a [given] 
= y= @-B) 
> tan y = tan @ —f) 
En age tana —tanB 
1+ tana tanB 
= be pe cis le 
1+1 
2tan y=tano — tan 
> tana =tanB+2tany 
2. Since, $40 -(x-2) 
2 2 2 
tan(& + e) = tan(x -1) 
2 2 
igi tas 
> 2 = tant 
B 2 


1-tan~ tan? 
2 2 


4, Since, tan A= : 
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B 


=> tan e + tan 
2 2 


B 


u = tan” tan 
2 2 


tan u 
2 


+ tan 


n 
3. Given, sin® xsin3x= C,, cosnx is an identity in x, 
0 


me 
where, Cy,C;),...,C,, are constants. 


: : 1 : : ; 
sin? x sin 3x= a {3 sin x — sin 3x}-sin 3x 


=. (3-2 sin x-sin 3x — sin” 2x] 
4\2 


-7(3 (cos 2x — cos x) ; (1 — cos ex} 


=, (cos 6x + 3 cos2x—3 cosx-1) 


.. On comparing both sides, we get n =6 
B 
2 
~cosB_ 2sin 2 


sin B oan coe 
2 2 
tan A= tan B/2 
> tan2A=tanB 
Hence, it is a true statement. 


. Since, A+B+C=nt 
A Bau4uee 
=> ae Cee — saan 
2 2 2 2 
=> cot +3) =cot (3 S| 
2 2 2 
ad ee 1 
=> 2 = tan 
cot — + cot — 
2 2 
=> cot teak eh de ak sent 
2 2 2 
=> FY eae a aie er 
2 2 2 2 2 2 
. Given, in AABC, A, Band C are in an AP. 
A+C=2B 
Also, A+B+C=180° => B=60° 
and sin (2A + B)=sin (C — A) 
=~ sin (B+ 20) => ...(i) 


= sin (2A + 60°) =sin (C - A)=-sin (60° + 20) =5 


= 2A+60° =30°, 150° [neglecting 30°, as not possible] 
=> 2A+60°=150°=> A=45° 
Again, from Eq. (i), 
sin (60° + 2C) =-1/2 

> 60° + 2C =210° , 330° 
> C=75° or 135° 
Also, from Eq. (i), 

sin (C — A)=1/2 

> C -— A=30°,150° 

For A=45°,C = 75° 
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and C=185° [not possible] 
+ C=75° 
Hence, A=45°, B=60°,C = 75° 
7. LHS =sin?a + sin?B —sin” y=sin’a@ + (sin?B — sin” y) 
=sin’o +sin @ + y)sin @-y) 
=sin?a+sin(x-a)sin@-y) [ea+B+y=7] 
=sin’o + sina sin @ — ) 


=sina [sina + sin @- y)] 
=sina [sin(xn- (+ y))+ sin @-y)] 
=sing [sin 6+ y)+sin G-y)] 
=sina [2sinB cosy]=2 sina sinB cos y= RHS 
8. Since, A+ B=180°-C 
: tan(A+ B) = tan(180°-C) 


tan A+ tan B 
=> =-—tanC 
1-tan Atan B 
> tan A+ tan B=-tanC+tan Atan BtanC 


= tan A+tanB+tanC =tan Atan BtanC 


9. Since, cos(@ + B) = 2 


5 
and sin(@ — B) = 
“2 
tan(@ + im 
and  tan(@-f) Se 
Now, tan2a@ =tan[@ + B)+ @ —f)] 
35 
_ tan@+f)+tan@-B) _ 4.12 _ 56 
1-tan@ + B)-tan@ —p) 13.5 33 
4 12 


Topic 3 Maxima and Minima 
1. Given expression 3 cos0+5 sin(o — *) 
=3cos0+ 5(sino cos = ~sin™ c0s0] 
6 6 


=seos0 +5{ sino —Tcoso 


5V3 


<Aandoo” coues Ging 
2 2 


ae 0+2%8 sing 
2 2 


+: The maximum value of a cos0 + bsin®@ is Va7+ b” 


So, maximum value of 2 cos0+ 53 sin @ is 


2 2 
(3-2) 2-E- 
T 


2. As when@€ (0. =) , tan 0 < cot@ 


Since, tan@<1 and cot@>1 
(tan 0)°°°® <1 and (cot 6)*"° >1 
*, t4 >t, which only holds in (b). 


Therefore, (b) is the answer. 
3. Since, A+ B=7 and, we know product of term is 


maximum, when values are equal. 
..(tan A-tan B) is maximum. 


When A= B=7/46 
1 


: T Tt 
1:0; y=tan 6 tan 6 = 


de> xt sep COR tan x 


sin8xcosx tans3x 


_ tanx _tanx(l —3 tan? x) 
tan 3x 3tan x —tan® x 


1-3tan?x 
= “x40 
3-tan’x 
Put tanx=t 
ce ya ide 
5-7" 
=> 38y-t? y=1-38? 
> 8y—-1=t*y-32? 
> 3y-1=t" (y-3) 
+ = + 
1/3 3 
=> gy Tag ay S215 
y-3 y-3 
i? >0 


NOTE = Itis abrilliant technique to convert equation into inequation 
and asked in IIT papers frequently. =>y<1/80ry>3. 
This shows that y cannot lie between 1/3 and 3. 


Topic 4 Height & Distance 


1. According to the question, we have the following figure. 


: 
fs 
SEK 
SN 
See 
%, Te 
xm a 
\ SS 
\ % 
\ ™~ 
| SX. _ 30%. B 
P ~ | 
SS 
wy 30m 
\ 
aon | 
Sx ym 4A 


Now, let distance of foot of the tower from the point Ais 
ym. 

Draw BP LST such that PT =xm. 

Then, in ATPB, we have 


tan 30° =~ 
y 


= wey (i) 
aiid a PSA we hawetnanee 

y 
> y=x+30 ... (11) 


On the elimination of quantity xfrom Eqs. (i) and (ii), we 
get 


rey 


"SB 
> y(1-}=20 
_ 30V3 _ 30V3 (V3 +1) 
V3 -1 3-1 


= + V3 (8 +1)=15 (3+ V3) 


=> 


. Given a ladder of length /=2m leans against a vertical 


wall. Now, the top of ladder begins to slide down the 
wall at the rate 25 cm/s. 


Let the rate at which bottom of the ladder slides away 


from the wall on the horizontal ground is ba cm/s. 


+— wall 


1 
<> Ladder 


«—_< 
ae 


K——— X —— 
Narauid 


[by Pythagoras theorem] 
[.- 1 = 2m]... (i) 
On differentiating both sides of Eq. (i) w.r.t. ‘?, we get 


=> e+ yr a4 


= &--(2)9 ... Gi) 


From Eq. (i), when y=1m, then 
4+ 24527 =385x= 38m [- x>0] 


On substituting x = /3m and y= 1m in Eq. (ii), we get 


Bo (- )inis | civen 2% =—25 sataae! 
dt 3\ 100 L dt ] 
25 
=—cm/s 


V3 


. Given ABC isa triangular park with AB= AC =100m. 
A vertical tower is situated at the mid-point of BC. 
Let the height of the tower is h m. 


Now, according to given information, we have the 
following figure. 
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From the figure and given information, we have 


B = cot + (3v2) 


and a. = cosec | (2V2) 
Now, in AQPA, 
l 
tb =— 
cot B i 
> L= QBV2)h (i) 


and in ABPQ, tana = a2 
BP 


BP (100)-? 


=> cota= 
h h 

[. pis mid-point of isosceles AABC, AP | BC] 
=> h? cot? = (100)? - 2 
= h?(cosec’a — 1) = (100)? — @V2h)? [from Eq. (i)] 
=> h?(8 — 1) = (100)? — 18h? 
=> 25h? = (100)? 

2 
> n? =( 00) => h=20m 


Given heights of two poles are 5 m and 10 m. 


30 


10 


C, d > 


i.e. from figure AC =10m, DE =5m 
AB= AC -DE=10-5=5m 

Let d be the distance between two poles. 

Clearly, AABE ~ AACF 


[by AA- similarity criterion] 


ZAEB=15° 
In AABE, we have 
niseel” _, V3 -1 25 ¥ eT eed 
BE ~ V3+1 d | 3+1| 
= a dW8 +) 


B=), 
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4 gestett veel 
a ar rs 3x 
_ 5 +2V3 +1) 5(2V38 +4) => 3x=504+x 
3-1 2 => 2x=50>x=25m. 
.. Height of cloud from surface 


=x+25=50m. 
7. According to given information, we have the following 


et R508 #2) 662 layin 
2 


5. Let a first pole AB having height 20 m and second pole 
figure. 


PQ having height 80 m 
and ZPBQ =a, ZAQB=B 


P 
wee 80m f fags .- 
AP yy” po 
20m) ra 1 (5-3 2_ 72 
ae h oe Clearly, length of BD=—./2a"+2c —)b’, 
40 Bre. 2 
Ben < y >Q (using Appollonius theorem) 
: : where, c= AB=7,a=BC=5 
and MN =hm is the height of intersection point from and b=CA=6 
the horizontal plane 1 
BD=—.J2x25+2x49-36 
tang = a = 80 [in AMNB and APQB) ...(i) 2 V . ‘ 
x x+y l 1 
h 20 =—V112 ==4V7=2V7 
and tanB =— = 2 2 
yo oerYy Now, let ED =h be the height of the lamp post. 
[in AMN@ and AABQ] .. (ii) E 
From Kgs. (i) and (ii), we get 
Y-4 => y=dx (iii) fj 
x 
From Kgs. (i) and (iii), we get ) 30° 
h_ 80 80 2 
> A 16m h 
x x4 4x 5 Then, in ABDE, tan30° = 
6. According to given information, we have the following 1 h 
figure, = vB QT 
Q Cloud - na2v7 2 oy 
xm V3 8 
1x M 8. 
25m 
tia Surface 
(25 +x)m 
R Image of cloud 
In APQM, tan 30°=~ (i) 
y Let height of tower TM be h. 
». 1M 
In APRM, tan 60° = 25 + 25 + x) ...Gii) In APMT, tan 45° = av 
y 
=> l= he 
PM 


On eliminating ‘y from Eas. (i) and (ii), we get 


=> PM 


=h 
In ATQM, tan 30° = an QM = J3h 


In APMQ, PM? + QM? = PQ? 


h? + (V3hy* 


= (200)? 


=> Ah? = (200) 
= h=100m 


. Let AB=h, then AP = 


and AC = BC =~ 


Again, let ZCPA =a 
B 
is 
h l Cc 
h/2 


2h 


< 


2h 


Now, in AABP, tan @ + B) = 


Also, in AACP, tana = 


AB 


C 


Rel> 


Now, tanf=tan[@ + B)-a] 


_ tan@+ B)-tana _ 


1+ tan@ +B) tano 


Download Chapter Test 
http://tinyurl.com/y4p5yoht 
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figure 


10. According to given information, we have the following 


Now, from AACD and ABCD, we have 
D 


Pillar 


(i) 
...(ii) 


tan 30° = 
+y 
and an eote” 
J 
x+y 
> h= 
V3 
and h=3 y 
: wy KEY 
From Eas. (i) and (ii), = 3 
qs. (i) (ui) 8 y 
=> x+y=3y 
=> x-2y=0 
x 
= = 
2 


+: Speed is uniform 


and distance x covered in 10 min. 


.. Distance F will be cover in 5 min. 


.. Distance y will be cover in 5 min. 


Of Ao| 
or 7 
Ele 


21 


Trigonometrical Equations 


Topic 1 General Solution 


Objective Questions I (Only one correct option) 


1. 


Let S be the set of all a e R such that the equation, 
cos 2x+ asin x = 2a — 7 has a solution. Then, S is equal 


to (2019 Main, 12 April II) 
(a) R (b) [1, 4] 
(c) [8, 7] (d) [2, 6] 
The number of solutions of the equation 
1+sin* x=cos"3x,xe€ [_ 5x 5a]... 
[ 2 2 (2019 Main, 12 April 1) 
(a) 3 (b) 5 
() 7 (d) 4 


Let S ={0 € [-2n, 2m]:2cos70 + 3sin@ =0}, then the 
sum of the elements of S is (2019 Main, 9 April 1) 
(b) x 
o= 

6 
If sin* a + 4cos’B + 2 =4V2 sina cosf; 
a, B € [0, x], then cos@ + B) — cos@ — B) is equal to 

(2019 Main, 12 Jan II) 

(a) -1 (b) V2 
(c) - V2 (a) 0 
Let « and £ be the roots of the quadratic equation 
x” sin 8 — x(sin@ cos@ + 1) + cos® =0 (0 <0 <45°) and 


a <B. Then, . fa" + oo 


n=0 


is equal to 
(2019 Main, 11 Jan Il) 


1 1 1 1 
(a) = : + : 
1-—cos6 1+ sin®@ 1-—cos6 1+ sin®@ 
dl 1 1 1 
(c) (d) + 


1+ cos? 1-—sin@ 1+ cosd 1-sin@ 


The sum of all values of 0 ¢(0,2) satisfying 


sin? 20 + cos‘ 20 = : is 
4 (2019 Main, 10 Jan 1) 


fe (d) x 


3m 51 
oe by 22 ay 
(a) s (b) Fi (c) - 


IfO<x< . then the number of values of x for which 


sin x—sin 2x + sin 3x =0, is 
(a) 2 (b) 3 (c) 1 


(2019 Main, 9 Jan Il) 
(d) 4 


10. 


11. 


12. 


13. 


14. 


If sum of all the solutions of the equation 


Tt Tt il 
8cosx: cos( + 2] -cos{ 5 - x) — 2 =] 
6 6 2 


in [0, t] is km, then kis equal to (2018 Main) 
2 138 8 20 
(a) — (b) — (c) — (d) — 
3 9 9 9 
If 5 (tan? x — cos” x) =2 cos 2x + 9, then the value of 
cos 4x 1s (2017 Main) 
3 1 2 7 
(a) - — (b) = (c) = (d) - — 
5 3 9 9 


If0 <x <2z, then the number of real values of x, which 
satisfy the equation 
cos x+ cos 2x + cos 3x + cos 4x =0, 1s (2016 Main) 


(b) 5 
(a) 9 


(a) 3 
(c) 7 
Let S = {re (-m,m):x#0,+ 4. The sum of all 

distinct solutions of the equation /3secx + cosec x 


+ 2(tan x— cot x) =Oin the set Sis equal to (2016 Adv.) 
7 2 
(a)- = (b) - 
9 9 
By 
c) 0 d 
(c) (d) 5 


If P = {6:sin@ —cos@ = 2 cos6} and 


Q ={0:sin 6 + cos = /2 sin6} be two sets. Then, (2011) 

(a)P CQ@andQ@-P#0 (b)QaP 

()PcQ (d)P=Q 

Let nbe an odd integer. Ifsin n@ = y b, sin’ 0, for every 
r=0 

value of 0, then (1998, 2M) 

(a) & =1,6, =3 (b) & =0,6, =n 


()b =-Lb=n (d) ) = 0,8 =n?-38n+38 


The general value of 0 satisfying the equation 
2sin”6 —3sin@ —2 =0, is (1995,2M) 


(a) ne + CO" ® (b) nx + (-D)" = 
6 2 


(oc) nn + ("5% (@ nn ey 
6 6 


Download More Books: www.crackjee.xyz 


15. In a AABC, angle A is greater than angle B. If the 
measures of angles A and B satisfy the equation 
3sinx—4sin®x — k =0,0<k<1,then the measure of 7C 
is (1990, 2M) 

2 5 

(a) = (b) = ao (dee 

3 2 3 6 

16. The general solution of 
sin x—3sin 2x + sin 3x = cos x—38 cos 2x + cos 3x is 

(5) aia (1989, 2M) 
2 8 


(d) 2nx + cos! - 


(a) nw + = 
8 


nt 
cpr "*.24 
(-)) oe 
17. The general solution of the trigonometric equation 
sin x+ cos x=1is given by (1981, 2M) 
(a) x= 2nnt;n=0,+1,+2,... 
(b) x= 2nt+ 1/2;n=0,+1,+ 2,.... 


()x=nn+ (-1" = - =n =0,414 2... 
4 4 


(d ) None of the above 
18. The equation 2 cos” (| sin?x=x° +x 7% x< * has 
2 9 (1980, 1M) 
(a) no real solution 
(b) one real solution 


(c) more than one real solution 
(d) None of the above 


Objective Questions II 


(One or more than one correct option) 


19. Let a@ and B be non zero real numbers such that 


2(cosB — cosa) + cosa cosB=1. Then which of the 
following is/are true? (2017 Adv.) 


(a) /3 tan 4 ~ tan( 
2 2 


(c) tan($ +3 tan(E =0 


(d) V3 tan <) + tan(5 | =0 


20. The values of 0 lying between 6=0 and 0=7/2 and 


satisfying the equation 


1+sin70 cos’0 4sin 40 
sin70 1+ cos70 4sin46 |=0, is 
- 2 2 . 
sin“ 8 cos’ 8 1+ 4sin 40 (1988, 3M) 
(a) 70/24 (b) 52/24 
(c) 11/24 (d) 2/24 
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Numerical Value 
21. Leta, b, cbe three non-zero real numbers such that the 


T | 


equation V3 acosx+2bsinx=c,xe I- - ; at has two 
distinct real roots a and B with a+B= = Then, the 


Di 
value of — 18 woe ; 
a (2018 Adv.) 


Integer Answer Type Question 


22. The number of distinct solutions of the equation 


5 9 . : : 
4 cos’ 2x + cos? x+sin*x+cos® x+sin®x=2 in the 


interval [0,27] is (2015 Adv.) 
Fill in the Blank 
23. General value of 0 satisfying the equation 
tan”6 + sec20 =1is...... ; (1996, 1M) 


True/False 


24. There exists a value of 0 between 0 and 27 that satisfies 
the equation sin’ 6 —2 sin”6 + 1 =0. (1984, 1M) 


Analytical & Descriptive Questions 


25. Determine the smallest positive value of x (in degrees) 


for which 
tan(x+ 100°) = tan (x+ 50°) tan(x) tan(x—50°). 
(1993, 5M) 
26. If exp {(sin?x+sin‘* x+sin® x+...c) log, 2}, satisfies 
the equation x’-9x+8=0, find the value of 
_ SEE = one ®. (1991, 4M) 
cos x+ sin x Zz 


27. Consider the system of linear equations in x, y, Z 
(sin 30)x-y+z=0, 
(cos 20) x+ 4y + 38z=0, 
2x+ Ty+ 7z=0 


Find the values of 6 for which this system has 
non-trivial solutions. (1986, 4M) 
28. Find the values of x(— 2, 2) which satisfy the equation 
gl + |cosx|+| cos” x] +... =4 


(1984, 2M) 


29. Find all the solutions of 4cos2xsin x—2sin?x=3sin x. 
(1983, 2M) 


30. Solve 2 (cos x+ cos 2x)+ (1+2 cos x)sin 2x 


=2sinx,-™<x<m (1978, 3M) 
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Topic 2 Solving Equations with Graph 


Objective Question I (Only one correct option) 


1. 


All x satisfying the inequality 
(cot”! x)? — 7(cot”! x) + 10 >0, lie in the interval 
(2019 Main, 11 Jan II) 
(a) (— ©, cot 5) U (cot 2, 0) 
(b) (cot 5, cot 4) 
(c) (cot 2, c) 
(d) (— -, cot 5) U (cot 4, cot 2) 


The set of values of @ satisfying the inequation 
2sin"@—5sin0+2>0,where0<@<2m,is (2006, 3M) 


@ (0,2) u(= 2x] 
eo gee 2 
olo tly 2% an! 
ea) ee | 
(d) None of the above 


Objective Question II 
(One or more than one correct option) 
3. Let, 0 € [0,22] be such that 2 cos 6 (1 —sin @) =sin70 


[tan $+ cot 4 cos @ — 1, tan 2a —6)>0 


and-1<sin0<-— aid . Then, » cannot satisfy (2012) 


T T 4 
(a) a ae ra ae 
(@ Beg< () “Fe g<2n 


Analytical & Descriptive Question 


4. Find all values of @ in the interval (- ; : z) satisfying 


the equation (1 — tan 6)(1 + tan @) sec” 6 + gtan” ® _¢, 
(1996, 2M) 


Topic3 Problems Based on Maximum and Minimum 


Objective Questions I (Only one correct option) 


1. 


For x € (0,7), the equation sin x+ 2sin 2x—sin 3x =3has 


(a) infinitely many solutions (2014 Adv.) 
(b) three solutions 
(c) one solution 


(d) no solution 


The number of solutions of the pair of equations 


2sin70—cos20=0 and 2cos?0—-3sin6=0 in the 
interval [0, 27] is (2007, 3M) 
(a) 0 (b) 1 
(c) 2 (d) 4 


The number of integral values of k for which the 
equation 7 cos x+ 5sinx=2k+ 1 has a solution, is 

(a) 4 (b) 8 (2002, 1M) 
(c) 10 (d) 12 

The number of values of x in the interval [0,57] 
satisfying the equation 3 sin? x«-— 7sinx+2=0is 


(a) 0 (b) 5 (1998, 2M) 
(c) 6 (d) 10 

Number of solutions of the equation 
tan x + sec x =2.cos x lying in the interval [0, 27] is 

(a) 0 (b) 1 (1993, 1M) 
(c) 2 (d) 3 

The number of solutions of the equation 
sin (e") =5" +5 is (1991, 2M) 
(a) 0 (b) 1 

(c) 2 (d) infinitely many 


7. The equation (cos p— 1)x’+ (cos p)x+ sin p= 0 in the 


variable x, has real roots. Then, p can take any value in 


the interval (1990, 2M) 
(a) (0, 27) (b) (— &, 0) 
qt 
c)}-=, — d) (0, 
@(-4,4) (A) (0, x) 
8. The smallest positive root of the equation tan x- x =0 
lies in (1987, 2M) 
T T 30 3 
a) | 0, — —; 7% c).. | 1; —— d)| —, 22 
o(03) (4) (628) oa 
9. The number of all possible triplets (a,, a, a3) such that 
a, + a2 cos (2x) + as sin” (x) =0,V x is (1987, 2M) 
(a) 0 (b)1 (c) 3 (d) 
Objective Questions II 
(One or more than one correct option) 
10. sec”6 = Any z is true if and only if 
(x+ y) (1996, 1M) 
(a)x=y#0 (b) x= 9,x#40 
(c)x=y (d)x#0, y#0 


11. 


co 


For0<o<72/2, ifx= y" cos” o,y= y sin®” 9, 
n=0 n=0 


z= Dy cos”” @ sin?” , then 
n=0 


(1993, 2M) 


(a) xyz=xz+y 
(c)ayz=x+yt2 


(b) xyz = xy + z 
(d) xyz = yz+x 
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Integer Answer Type Questions 16. The larger of cos (log @) and log (cos) if a <0< > 
12. The positive integer value of n>38 satisfying the Ga: ; (1983, 1M) 
equation : === oo va IS gciese (2011) Analvt} ae 2 
ith (=) Sin (==) ain (==) ytical & Descriptive Questions 
= 7 = 17. Find the smallest positive number p for which the 
13. The number of values of 6 in the interval (-2 : z) such equation cos(psinx)=sin(pcosx) has a_ solution 


x € [0,27]. (1995, 5M) 


that 0 # bd for n =0, +1, +2 and tan = cot 50 as well as . awe . RE 
5 18. Show that the equation e*"* —e —4=0 has no real 


sin 20 = cos 40 TS swiieee (2010) solution. (1982, 2M) 
Era 19. Find the coordinates of the points of intersection of the 
Fill in the Blanks a: T 
curves y=cos x, y=sin 3x,if-—<x<_—. 
14. The set of all x in the interval [0,2] for which 2 2 _Alese eM) 
Sei a= Sein 4 150. feu (1987, 2M) 20. For all6 in (0, x/2], show that cos (sin®) > sin(cos8). 
15. Th luti f th f (1981, 4M) 
. ‘ ea a : ee Seen ah Seas 21. Prove that 5cos0@ +3 cos (0 + *) +3 lies between —4 and 
x+ y= at cos x+ cos y= 5 where x and y are real, 10. 3 (1979, 3M) 
ISsassve F 
Answers 
Topic 1 Se weg og 
1. (a) 2. (b) 3. (a) 4, (c) a a 8 
5. (b) 6. (c) 7. (a) 8. (b) Topic 2 
9. (d) 10. (c) 1. (0) 12. (d) 
1. 2. 3. (a,c,d 4,0=+ 3 
13. (b) 14. (d) 15. (c) 16. (b) (©) (a) Bee) me 
17. (c) 18. (a) 19. (b,c) 20. (a,c) Topic 3 
21. (0.5) 22. (8) 23, 6 = mn, nt 2 1. (d) 2. (c) 3. (b) 4. (c) 
5. (c) 6. (a) 7. (d) 8. (c) 
V3 -1 9. (d) 10. (a, b) 11. (b, c) 12. 7 
24, False 25. x =30° 26. [2] - [sx] 
— 13. 3 14. x joe jus Ug | 
27. @=nn ornn + cor() 28. ee + 2m 
6 3 3 15. No solution 
29. (rsx=nmjufesx=an + co" 2} 16. cos (log9) 
T 
17. Smallest positi alue of p =—= 
males Pp sitive value Pp 2/2 


ufrxann cyt (2)} 1 


6 


(: = ( 2) ( 3m =) 
, COS , COS ,COS 
8 8 4 4 8 8 


Hints & Solutions 


Topic 1 General Solution = (sinx-2)@sinx+4-a)=0 
1. The given trigonometric equation is -. 2snx+4-a=0 [.. sinx-2 #0] 
cos 2x + sin x= 2a — 7 a—4 : 
> 1-2sin’x+ asin x=20-7 = lar ae ae) 
, [- cos 2x =1-2sin” a] Now, as we know -1 <sinx <1 
=> 2sin°x-asinx+2a—8=0 7 age tot 24 (from Bg.) 


= 2(sin? x—4) —a (sin x—2)=0 


=> -2<a-4<2>5 2<a<6>0a€ [2,6] 


=> 2(sinx—2) (sin x+2)-a (sin x—2)=0 
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2. Given equation is 1 + sin* x = cos”(x) 
Since, range of (1 + sin‘ x) = [1, 2] 
and range of cos”(3x) = [0, 1] 
So, the given equation holds if 
1+sin* x=1=cos7(x) 

=> sin‘ x=Oand cos*3x=1 
Since, x € [_ ud , 5] 

Le 2. 


x=-2n, -7, 0, 1,27. 


Thus, there are five different values of xis possible. 


3. We have, 6 € [-27, 27] 


and 2.cos?6+3sin0 =0 
2 (1—sin”6)+3sin6 =0 


=> 
=> 2-2sin70+3 sin 6 =0 
=> 2sin76—3sin@—2=0 
=> 2sin?0@-4sin0+sin0—-2=0 
= 2sin0 (sin@ —2)+ 1(sin6—-2) =0 
> (sin 6 —2) 2sin6+1)=0 
. sind =— [- Gin 6-2) #0] 
0 =2n on n+_, E gee [- 8 € [-2n, 2n]] 
6 6 6 6 
Now, sum of all solutions 
1 ~ 1 
=2n T+ + +—=27 
6 6 6 6 


4. By applying AM > GM inequality, on the numbers 
sin‘a,4 cos‘B , 1 and 1, we get 
sint‘a+4cos*B+2 
4 
=sin*a+4cos*B+2>4V2 sina cosB 
But, it is given that 
rere! 4 : 
sin’a +4cos*B+2 =4vV2 sina cosB 
So, sin‘a =4cos* B=1 


> ((sin* a) (4cos*B)-1-1)"4 


[. In AM > GM, equality holds when all given 
positive quantities are equal.] 


=> sina =1 andsinB = — 


Be 


[.. a, B € [0, 2] 


Now, cos @ + 8)—cos @ —B) =-2sina sinB 
C+D. D 


le cos C—cos D =2sin 5 sin 


1 
=-2x1x—— 
J2 
=—/2 


5. Given, 
x’ sin@ — xsin@ cos@ — x + cos® =0, 
where 0 <6 < 45° 
=> xsin 0(x—cos®@)—1(x—cos80) =0 
> (x — cos) (xsin 8 — 1) =0 


2 
[from Eq. (i) 


> x= cos6, x = cosecO 
> a =cos@ and B = cosec® 


G3 Rord 2a eah*. ems <1 andy Seance Se 


V2 
= cos@ < cos ecé) 
4 [a ae ty Py” 
ow, consi er, "| a —— =)Ya ey . 
n=0 B n=0 n=0 
=(140+07+0° +....00) 


1 1 1 
+(1-5+ 5-3] 
B B B 
1 1 1 1 
= = + i 
l-a 1-(-4) 1-a ,,! 
B B 
1 ol 1 : 
= : - ‘*"—=sin0 
1-cosO 1+sin®@ B 
Given, sin?20+cos*26 -* 
= (1—cos?26)+ cos'20 =" (¢. sin? x = 1 - cos? x) 
= 4cos*20-—4cos?26+1=0 
=> (2 cos?20 — 1)? =0 
=> 2 cos*26 -1=0=>c0s"20 = 5 
1 
> cos28 =+ — 
a 2 
IfOe (o. ) then 26 € (0, 2) 
1 
. cos26=+ — 
V2 
5. o§o% 3 
4.4 
[ cos (2) = cos {x )- cos — = L| 
L 4 V2 
> oa 
8 8 
Sum of valicestes = 
8 8 2 


We have, sin x—sin 2x + sin 3x=0 


=> (sin x+ sin 3x) — sin 2x =0 
= 2sin (=) cos (: =) sin 2x =0 


Pao °3?) 


[:.. cos (— 8) = cos 6] 


[sinc +sin D=2sin(< 


=> 2sin 2x cos x-sin2x=0 
> sin 2x(2 cosx-—1)=0 
=> sin 2x=Oor2cosx—-1=0 


1 

> 2x =0, 7, ... or cos a 
> (20... cbf” 
2 3 


In the interval 0°. =) only two values satisfy, namely 


x=Oand z=”, 
3 


8. Key idea Apply the identity 


cos(x + y) cos(x — y) = cos?x —sin? y 
and cos 3x =4cos* x—3cosx 
We have, 8 cos o{cos{ + x] cos{ 2 - 
( 27 - 2 | 
= 8cos x cos’ — —sin°x-—]=1 
6 2 
> 8.cos{ > —sin?x— 3) =1 
4 2 


=> Bcosa{ 3-5 -1+ cos?) =1 
4 2 


-3 + 4cos? 
=> Boose 2+ Aen =) 4 


> 2(4 cos® x —3cosx)=1 
> 2cos38x=1 > cos 3x= 5 
ay 3 -.,7,2 [0 <3x<3n] 
9°9°9 
Sg Pm _ in _ 130 es 132 
9° 9 9 9 9 
Hence, foe” 
9 


. Given, 5 (tan? x—- cos? x) =2cos2x+9 


- 2 
> 5 (28, cont] Roose 9 


2 cos” x 
+ 5 1l—cos2x 1+ cos2x a ee 
1+ cos2x 2 


Put cos 2x = y, we have 


[totes 


=2y+9 
1l+y 2 ) if 


=> 5(2-2y-1-y?-2y)=20 + y)Qy4 9) 
5(1—4y— y*) =22y+9+ 257+ 9y) 
5 -20y—5y7=22y+184+4y" 
9y? + 42y+13=0 
Oy? + 3y+39y+13=0 
8y8y+1)+188y+1)=0 
y+ 1)8y+ 13) =0 


UuUuUYUOY 


cos 2x = — 


cos 4x =2.cos*2x—-1 


2 
-2/ ;| go 1= { 
3 9 9 


Now, 


10. Given equation is cos x+ cos 2x + cos 8x + cos 4x =0 


=> (cos x+ cos 8x) + (cos 2x + cos 4x) =0 


13] 


E cos 2x # —— 


3 | 


11. 
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> 2 cos 2x cos x + 2 cos 8x cos x=0 
> 2 cos x (cos 2x + cos 3x) =0 
> 2 cos x(2.c0s = cos =| =0 
2 2 
5x x 
> cos x- cos —- cos —=0 
2 2 
=> cos x=0 
or ee 
2 
or cos ~ =0 
2 
Now, cos x =0 
=> yon se [. O<x< 27] 
2 2 
ee ah 
2 
a 5x _ nm 3m 5n Tx On 1ln 
ee i ey ie ea 
=> af oY a ae [. O<x<2n] 
5 5 DD 
and cos ~ =0 
2 
x nm 38m 5 
> sere eared 
2 2 2° 2 
=> x=1 [. O<x<2n] 
TN 30 nm 3x Tu On 
Hence, x=—, »,—, , , 
2 2 db bb 


Given, V3 sec x + cosec x + 2(tan x — cot x) =0, 


(-1 < 
=> 
> 


x<m)— {0,4 2/2} 
V/3 sinx+ cosx+2 (sin? x — cos” x) =0 
V3 sinx + cosx—2 cos2x=0 


Multiplying and dividing by Va7+ 67,ie. V3+1=2, 
we get 


or 


or 


2 99 ie ana 2 cos2x=0 
2 2 
[cos x: cos F +sin x: sin =) —cos2x=0 


cos (x — =) = cos 2x 
3 


[ since, cos@ = cosa | 


Tt 
ax=2nn+(x—*) [>0=2nn+4 | 


Qx=2nn +x—~ 
3 
Qx=2nn —x+ = 
3 
x=2nt a or 8xr=2nn + 2 
x=2nn—= 
3 
2Qnk 7 
= —. + 
3 9 
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12. 


13. 


14, 


15. 


—5n 71 
9° 9 


1 a 

3 9 
Now, sum of all distinct solutions 

—r nm On 70 

_ ¢ = 

3.9 9 9 
P ={6 : sin 0—cos6 = V2 cos6} 
= cosd (v2 +1)=sin@ 
=> tand= 241 
=> 
=> 
=> 


0 


Q ={0 :sin® + cos6} = V2 sin® 
sin 0(/2 - 1) =cos0 

i N24 
V2-1 24 
P=Q 


Given, sinn0= » b, sin” 6 
r=0 


6 =0, we get0= by 


tan @ = 


= 2 +1) 


Now, put 
n 
sin n0 = y? b, sin’ 
r=1 


sin n0 


=) 6, Gin g)'-+ 
rel 


sin@ 


Taking limit as 8 > 0 


=lim Y' 6,Gin gy"! 


8-0 a= 


sa iw sin n@ 
®>0 sin® 
sin n@ 
nO 
sin 6 
() 
[.: other values becomes zero for higher powers of sin 0 | 
n-1 
=> —=b), 
1 
> b, =n 
Given, 2sin”6 —3sin 6 —2=0 
=> (2sin@+1)(sin@-2)=0 
=> sin 6 =-1/2 


n@- 


=> lm 
850 


=b,+0+0+0+... 


0. 


[neglecting sin 6 = 2, as |sin 6| <1] 
6=nn + (-1)"(71/6) 
Given, 3sinx-4 sin® x= k,0<k<1 which can also be 
written as sin 3x = k. 


It is given that A and B are solutions of this equation. 
Therefore, 


sin3A=kandsin3B=k, where0<k<1 


= 0<38A<n and 0<3B<nm 
Now, singA=kand sin8B=k 
> sin3A-—sin3B=0 
> 2 cos (A + B)sin= (A B)=0 


16. 


17. 


18. 


19. 


= cos3 (4+) —o, sina (44) =0 


But it is given that, A> Band0<38A<17,0<3B<n1. 


Therefore, sin 3 (= 5 2) #0 
Hence, cos3 (4 7 2) =0 
s 3(42)-2 
2 2 
=> Axpe” 
3 
> C=n-(A+ B= 


Given, sin 8x+sin x— 3 sin 2x = cos3x+ cosx—8 cos2x 


=> 2sin2x cos x—3sin2x=2 cos2x cos x—3 cos 2x 


> sin 2x (2 cos x — 3) = cos 2x (2 cos x — 3) 
[." 2cosx—3 +40] 
> sin 2x = cos 2x 
=> tan2x=1 
I nh 
> 2x=nt 4 SxS + 
4 2 8 


Given, sinx+ cosx=1 


On dividing and multiplying each terms by V2, we get 


: 1 1 
sin x4 cos x= 
Pr aaa eae 
> sin xcos ~ = cosx sin ~ =—~— 
4 4 2 
: I . (1 
=> sin | x+ —]=sl1n |] — 
[++ Z)=sin() 
> et aan 2 Cyr 
4 4 
= xennt (rns nel 
4 4 
: : : 2{x) . 2 2 =9 Tl 
Given equation is 2 cos (Z) sin” x=x° +x aa 
LHS = 2 cos'{ 3) sin? x <2 and RHS = x? + as >2 
x 


-. The equation has no real solution. 
We have, 2(cosB — cosa) + cosa cosB = 1 


or 4(cosB — cosa) + 2 cosa cosB = 2 


= 1-cosa + cosB — cosa cosB 


=3+38cosa —8cosB —3cosa cosh 

=> (1-cosa)(1 + cosf)=3(1 + cosa)(1 — cos) 
(1—cosa) _3(1 — cos) 
(1+cosa) 1+ cosB 


=> 


> tan? ™ = 3tan2? 
2 2 


fon Satin 30 
2, 2 


20. 


21, 


22. 


1+sin70 cos“0 4sin4 0 
Given,| sin?6@ 1+ cos7@ 4sin40 |=0 
sin” 6 cos” 6 1+4sin 40 


Applying R, > R, — R, and R, > R, - R,, we get 
1+sin?0 cos7@ 4sin46 

-1 1 0 =0 

-1 0 1 


Applying C, > C, + Co, we get 
2 cos’@ 4sin40 


0 1 0 =0 
-1 0 1 
> 2+4sin40=0 
> sin46= = 
2 
> 40=nn+ cy{- =) 
6 
=> oe cay (=) 
4 24 
Clearly, 6 = cs : = are two values of 6 lying between 


O and x /2. 


We have, a ,B are the roots of 

J3acosx+2bsinx=c 

J3 acoso + 2bsina =c be(1) 
and /3 a cosB + 2b sinB =c (ii) 
On subtracting Eq. (ii) from Eq. (i), we get 

3a (cosa — cosB) + 2b(sina — sinB) =0 


a o(-2n(28) oP 
oo) (38) 


= v3asin (<2) =2b cos (“22) 


(2s) 2b 
=> tan = 
2 3a 
T 2b [ mr. | 
=> tan = Satp=—, en 
(5) 3a [ B 3 a ] 
= 1 2b = b 1 
J3 Ba a 2 
=> ? 05 
a 


5 ; . 
Here, — cos?2x + (cos*x + sin’ x) + (Cos®x + sin® x) =2 
4 
5 : : 
=> ri cot 2x + [(cos? x + sin? x)” —2sin? x cos” x] 


+ (cos?x + sin? x)[(cos? x + sin? x)? — 3sin? x cos? x] =2 


=> > cos? 2x + (1—-2sin? x cos” x)+ (1 —3 cos”? xsin? x) =2 


5 . 
> A cos”2x —5 sin? xcos” x =0 


23. 


. Given, 
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> D sie oy antag b 
4 4 


2 cos” 2x =0 


=> 2 cos” 2x | 
4 4 


u cos” 2x = 5 = cos? 2x = : 
4 2 


2cos?2x=1 

1+ cos4x=1 

cos4x=QasO<x<2n 
ax= {2 3x 5n Tn On 11m 132 I 


Yuu ov 


> > ? > > ? 


OPO oF eo? Bet oe ao 


as 0<4x <8r 
-(2 38n 5x Tx On 11x 132 =) 


=> 


8° 6° 8’ 8° 8’ 8” Ss? 8 
Hence, the total number of solutions is 8. 


Given, tan?0+sec20=1 


=> tan7’0+ = 
cos 20 


1+ tan76 _ 
1—tan?0 — 

tan76 (1 — tan76) + (1 + tan”6) =1—-tan76 

3 tan76 — tan*@ =0 
tan”6 (8 — tan?0) =0 

tan 8 =0 

or tanO=+ 3 
Now, tanO8=0 = 0@=mrm, where mis an integer. 


tan@ = 48 =tan[# =| 


=> tan70+ 


=> 
=> 
=> 
=> 


and 
T 
=> 8@=nn + — 
3 
T F 
- O=mn,ntt 3° where m and n are integers. 


sin’ @ —2sin?@+1=2 
=> (sin?@-1)?=2 = sin?o=+ 241 
which is not possible. Hence, given statement is false. 
tan (x + 100°) = tan (x + 50°) tan x tan(x — 50°) 
ae 2 tan (x + 50°) tan(x — 50°). 

tan x 
sin(x+ 100°) cosx_ sin(x+ 50°) sin(x — 50°) 
cos(x+ 100°) sinx cos(x+ 50°) cos (x - 50°) 
_ sin2x + 100°) +sin 100° _ cos 100° — cos 2x 

sin(2x + 100°)-—sin 100° cos 100° + cos 2x 


=  [sin(@x+ 100°) + sin 100°] [cos 100° + cos 2x] 
= [cos 100° — cos 2x] x [sin@x + 100°) —sin 100° | 
=> sin(2x + 100°)-cos 100° + sin@x + 100°)- cos 2x 
+ sin 100° cos 100° + sin 100° cos 2x 
= cos 100° sin(2x + 100°) — cos 100° sin 100° 
— cos 2x sin (2x + 100°) + cos 2x sin 100° 
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26. 


27, 


= 2sin@x+ 100°) cos 2x + 2 sin 100° cos 100° =0 


=> 


=> 


=> 


'euvuud 


sin(4x + 100°) + sin 100° + sin 200° =0 
sin(4x + 100°) + 2sin 150° cos 50° =0 


sin(4x + 100°) 4 2-5 sin(90° — 50°) =0 


sin(4x + 100°) + sin 40° =0 


sin(4x + 100°) =sin( 40°) 


4x + 100° = nz + (—1)" (40°) 
4x = n(180°) + (- 1)” (— 40°) — 100° 


x=7 [n(180°) + (- 1)” (40°) — 100°] 


The smallest positive value of x is obtained 


when n = 1. 


Therefore, x= , (180° + 40° — 100°) 


=> 


1 
== (120°) = 30° 
cue) 


exp sin? x + sin* x+ sin® x + ... 00) log, 2} 
€ 


=> 


a) a) 
al % loge 2 log, 2 SS 
=e 1-sin* x =e cos” x 


2 
g'an"* satisfies x” —9x+ 8 =0 


x=1,8 
gtan” x = and gtan” x = 8 


tan? x =0 and tan?x=3 


2 
Tt 
x=nnm and tan?x= (tan) 


T 
x=nn and alae 


Neglecting x=nnt as0<x< “ 


yee (0.2) 
3 2, 
1 
cos x 2 1 Apeal 
—= = x 
cosx+sin x 1, v3 1+V3 8 -1 
2 2 
cos x _V3-1 
cosx+sin x 2 


Since, the given system has non-trivial solution. 


sin30@ -1 1 
cos20 4 38/=0 
2 T 


=> sin 30 28-21)+4+1 (7 cos 26 —6) 


=> 


=> 


+ 1 (7 cos 26 —8)=0 
7s1in30+ 14 cos20-14=0 
sin30 + 2 cos20-2=0 


=> 3sin0 —4sin’ 6 +2 (1—-2sin76) -2=0 


28. 


29. 


x=nn,nn + (-1)" =, nn + ( 1 (=) 


=> sin@ (4sin?6 + 4sin@ —3)=0 

> sin 8 =0 

=> 6 =nn ...(i) 

or 4sin?0 + 4sin@ -3=0 

= (2sin@ —1) (2sin@ + 3) =0 

> sin§ = ; [sin 6 = = is not possible] 
@=nn + (-1)” (=) (ii) 


.. From Eqs. (i) and (ii), we get 


6 = nt or na + (-1)” (=) 
Given g, 1+ | cos x| + cos” x| + |oos® x| tin 
1 
=> gi —leos x] =9? 
1 —_— 
1-|cosx| 
1 
= |cosx|=— 
2 
1 
= cosx=+— 
2; 
mn 2n nun 20 
3°37 8° 8 


Thus, the solution set is {t ; oe =} 


Given, 4 cos? xsinx—2sin?x=3sinx 

=> 4 (1—sin’ x) sin x-2 sin? x—3sinx=0 
=> 4sinx—4sin® x-2sin?x-3sinx=0 
> —Asin®? x-2sin7x+sinx=0 
> —sin x (4sin? x+2sinx—1)=0 


=>sinx=0 or 4sin?x+2sinx—1=0 


—2+4 /4+16 


=>sinx=sinO or sinx= 


2 (4) 
-1 +5 
> x=nt or —— 
: . 7 
=> x=ntT orsinx=sin — 
10 
or sinx=sin (-=) 


10 


.. General solution set is 


T 
{x:x=nt}Usx: x=nn + (-1)” — 
(2: x=nn} { n cay 5 


U {¥ x= nt + (-1)” (="}} 


30. Given that, 
2cosx+2cos2x+sin2x+sin3x+sin x—-2sinx=0 


2cosx+2cos2x+2sin xcos x+ (sin 3x—sin x) =0 


=> 2cosx+2cos2x+2sin xcos x+2cos2xsin x =0 
> 2 cos x(1 + sin x) + 2 cos 2x(1+ sin x) =0 
> 2 (1+sin x)(cos x+ cos 2x) =0 
> 4(1+sin x) cos( =) cos ~ =0 
2 2 
1+sinx=0 
or gee = or cos~ =0 
2 2, 


If 1+sinx=0, thensinx=-1 


x=2nn+ ws(1) 


If cos = =o, then “* = (2n +1) 
x=(Qnt1)o (ii) 


And if cos~ =0, then (Gna 1j" 
2 2 2 


x=(2n+ x _..(iii) 


But given interval is [-7, 7]. 


Put n=-1in Eq. (i, nat 


Put n =0,1,-1,-2in Eq. (ii), natn set 
Hence, the solution in [— 2, 1] are —- 71, — = - = ; = 1. 
2 3.3 
Topic 2 Solving Equations with Graph 
1. Given, (cot! x)? — 7(cot! x) + 10>0 
=> (cot! x-2)(cot7! x-5) >0 (by factorisation) 


= cot bx<2orcot !x>5 
By wavy curve method, 
+, - + 


T T 
cot"! x =2 cot-! x =5 


cot? x € (-ce, 2) U (6, ©) 
cot! x € (0,2) 
x € (cot 2, ©) 


2. Since, 2sin?6-5sin0+2>0 

=> (2sin@-1)(sin@-2)>0 
[where, (sin 6 — 2) <0, V6 € R] 

(2sin @-1)<0 


[.- Range of cot”! xis (0, 2)] 
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=> sin6< . 
2 
-. From the graph, 0 € (0. *) Ss (= : an] 
6 6 
3. PLAN It is based on range ofsinx, i.e. 


[-1,1] and the internal for a< x<b. 
Description of Situation As6@, €[0,27] and 


tan (2m —0)>0, -1 <sin0 < _ x8 
tan (2m —8)>0 
=> —tan6>0 
-. 6 ell or IV quadrant. 
Also, -1<sine <-“> 
Y 
x = Ra 
ee Re 
1 ne A 
R of 
a >X 
O i 1/20 3 
Wes See eee ec pt ae ee geen e »y=- 
me poaesenes esses Ree see ase r~y=- 2 
=> & <6<* but ell or IV quadrant 
=> 2 eae” sea(1) 
2 3 


Here, 2cos@(1-—sin 6) =sin”6@ [tan : + cot >) cos ¢-1 


_ 20 29 
sin“ — + cos“ — 
= 2cos@—2 cos@ sing =sin76 cos o-1 


sin — cos — 
2 2 


= 2cos0-2 cosdsin ¢ =2sin*o[ A | cos g-1 


sin 
> 2cos8+1=2sin $cos8+2sin0 cos > 
=> 2cos0+1=2sin 0+ 6) .. (iI) 
From Eq. (i), se <O0< = 


=> 2cos0+1e (1,2) 
1<2sin @+6)<2 


> 5 <sin@ +9) <1 ... (111) 
=> T Gago" 
6 6 
or TOT 3G egeae™ 
6 6 
PE pag cok 
6 6 
or Mt -9<o<(42)-o 
6 6 


( 3m =) & i) (= =) 
> oe : or : , ase} — ,— 
2 3 3. 66 2° 3 
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2 
4, Given, (1 —tan6)(1 + tan @) sec”? +2" ° =0 For x= . ; 
> (1 —tan?@)- (1 + tan2@) + 2% ® =0 we 482 f 1 
2 RHS = 4 | cos sin—=4 1) =1+40 
=> 1-tan*6+2"" ° =0 2 5] 2 (}@ 
Put tan?0=x .. No solution of the equation exists. 
1-2 +2*=0 2, 2sin?0—cos 20 =0 
os x? -1=27 ee | 
NOTE 2* and x* — 1 are uncompatible functions, therefore we = Ge 4 
have to consider range of both functions. Also, 2cos2@ =3sin®@ 


Curves =x"-1 and =o 
7 : + pin @=5 E-sin@+2 #0] 


awe > Two solutions exist in the interval [0, 2z]. 
ye ry 3. We know that, 
7 a 1 —Ja7+ b? <asinx+ bcosx<Ja7+ b? 


i 2; —-V74 <7cosx+5sinx<V74 
1e. —V74<2k+1<V74 


Since, k is integer, -9<2k+1<9 


It is clear from the graph that two curves intersect at 
one point at x=3, y=8. 


Therefore, tan?6 =3 


=> -10<2k<8 => -5<k<4 
=> tano =+ V3 : : 
#e = Number of possible integer values of k = 8. 
an ee 
= ° ~ 3 4, Given, 3sin? x—7sinx+2=0 


> 3sin?x—6sin x—sinx+2=0 


Topic3 Problems Based on 5, al lainey A tain eo 9) 6 
Maximum and Minimum > (3 sin x — 1) (sin x-2) =0 
=> 


1. PLAN For solving this type of questions, obtain the LHS and RHS in aie [-: sin x =2 is rejected] 
equation and examine, the two are equal or not for a given 3 
interval. 
: ; : ‘ Ft lk 
Given, trigonometrical equation > x=nt + (-1)" sin 3° nel 
eee ene ox (<n2e-ee0.Sn] 
EO aren One There are six values of xe [0,5] which satisfy the 
= . De eS . = 
[vsin€ ~sin D=2.cos{“*?) sin( =?) pad equation 3sin* x— 7sin x+2=0. 


T 
: ; 5B. ot + =2 9n+1)— 
sin 20 = 2sin 8 cos6] sa a cd GSR we tan 3 


> 2 sin x (2 cos x— cos 2x) =3 > sinx + 1=2cos?x 
= 2sin x (2 cos x-2 cos?x+ 1) =3 = sinx+1=2(1-sin’x) 
[3 1 2] => 2sin?x+sinx-1=0 
> 2sin x] 2 s2—) |=3 => (2sinx-1) (sinx+1)=0 
2 > = eS 
, 1)". 2 
=> 3sin x~3=4(cos x- =] sin x 
2 nT 5 
=> x=—,——_ 
Asxe(,n)  LHS<0 and RHS>0 6 6 
For solution to exist, LHS = RHS =0 or x= 
Now, LHS =0 ; 
=> 38sin x— 3=0 but ee nA 
=> sinx=1 nm 5 
=> eo 6’ 6 
2 


Hence, number of solutions are two. 


6. 


Given equation is sin (e") =5* + 5~ is 
LHS =sin (e*)<1,VxeR 
RHS =5* +5 ~* >2 

sin (e“) =5* +5 ~ has no solution. 


and 


Since, the given quadratic equation 
(cos p—1) x7 + (cos p)x+ sin p=0 

has real roots. 
.. Discriminant, cos” p —4 sin p (cos p— 1) 0 
=> (cos p-2 sin p)” —4 sin? p+ 4sin p>0 
=> (cos p—2sin p)*? + 4 sin p (1 —sin p) =0 
“ 4sin p (1-sin p)>O for 0< p< 
and (cos p—2 sin p)* >0 
Thus, (cos p —2 sin p)* + 4sin p (1—sin p)>0 
for O< p<t. 
Hence, the equation has real roots for0O< p<7. 
Let f @&~)=tanx-<x 
We know, for 0 <x < . 
> tanx>x 

f(x) =tanx-—xhas no root in (0, 7/2) 
For 1/2 <x<7, tan x is negative. 

f (~)=tanx-x<0 


So, f (x) =O has no root in (5 F n), 
= <x<2n,tanx is negative. 

f (~)=tanx-x<0 

So, f (x) =0 has no root in (= ; an 


We have, f (t1)=0-2 <0 


and f (=) =tan at oon >0 
Z 2 Z 


-. f (x) =O0has at least one root between m and : : 


Given, a, + a, cos2x + az sin? x=0, Vx 


=> da, + Gy cos2x+ ay (7 sia =0, V x 


=> (a, “a (a, “| cos2a=0, vx 


2 
=> a,+—=0 and a,- 2 =0 
=> Ge ays eke BER 


Hence, the solutions, are (-£.5.2) where k is any 


real number. 
Thus, the number of triplets is infinite. 


10. 


11. 


12. 
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We know that, sec” 6 >1 


> any 21 
(«+ 9) 

> Axy > (x+y) 

> (x+y)? —4xy <0 

=> (x- y)? <0 

> x-y=0 

> x=y 


[add x both sides] 
But «+ y #0 since it lies in the denominator, 


Therefore, x+ y=2x 


> 2x #0 
> x #0 
Hence, x= y, x #0 is the answer. 


Therefore, (a) and (b) are the answers. 


For 0 < 0 </1/2, we have 


x= y" cos” g =1 + cos? @ + cos’ + cos? +... 
n=0 


It is clearly a GP with common ratio of cos? @ which is 
<1. 


1 1 
Hence, x = a = lg. = ut : pened 
1—cos* o ura Law | 
Similarly, y=, 
cos” @ 
1 
and = = > 
1-sin* 6 cos” 6 
1 1 
Now, x+ y=— . 5 
sin“ o cos” 
_ cos’ + sin? o | 1 
cos? sin? cos? dsin? 
: 1 : 1 
Again, —=1-sin?$cos?o=1-— 
z xy 
1 xy-1 
> - => xy=xyz-zZ 
Zz xy 
> xt+z=xyz ...(i) 


Therefore, (b) is the answer from Kq. (i). 

[putting the value of xy] 
> xyz=xtytzZ 
Therefore, (c) is also the answer. 


Given, n >3 € Integer 


and : = a } 
. (20 } 
sin: | — sin | — sin | —— 
_ 1 1 1 
Tt . 38h 21 
sin sin sin 
n n 
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13. 


14, 


15. 


. on i JG 
sin — —sin — 
s n n_ 1 
._ Tw . 38n . 20 
sin ‘sin sin 
n n n 
. dt 
on sin —-sin — 
=> 2 cos ( )-sin = 7 it 
ne fe sin — 
n 
2 21 = Ot 
> 2 sin cos =sin 
n n n 
. AT 3m 
=> sin — =sl1n — 
n n 
An 3n 
=> —_ =7T — — 
n n 
70 
> —=—=1 > 7H 7 
n 
Given, tan0@=cot50 
Tt 
> tan@ = tan ( -50 
= = _569=nn+0 
2 
T 
> 60 =—-nt 
2 
12 6 


Also, cos40=sin20 = cos( 20 


=> 49 -2nn (2-20) 
Taking positive sign, 
60 =2nn+—~ 
2 
=> 8 oe 
3 12 


Taking negative sign, 


20=2nn s+ fog 


Above values of 8 suggest that there are only 3 common 


solutions. 
Given, 2sin?x-3sinx+1>0 


=> 2sin?x-2sinx—sinx+12>0 


> (2 sin x— 1) (sinx-1) 20 
> 2sinx-1<0 or sinx21 
> sinx<— or sinx=1 
> vef0, 2 fufel ule a 
el tal Lee") 
Given, eke 
3 
3 
and cosx+ cos y= a 


16. 


17. 


2 


=> cosxt+ ae ape ste a 
2 2 


2 
. 3 
sin x=— 
2 


1 
> cos x + 
2 


=> sin (z x} 7 ; , which is never possible. 


Hence, no solution exists. 
Since, cos@ <1 = log (cos @) <0 
and cos (log 6) >0 

cos (log @) > log (cos @) 

Given, cos (psin x) =sin (pcosx), Vx e [0,27] 


: 1 
> cos (psin x) = cos (5 — pcos x) 


=> psina=2nn £(%—peosx},nel 
[..cos®@ =cosa>0=2nt ta,nel] 
=> psinx+ pcosx=2nna + 1/2 
or psinx- peosx=2nn -1/2,nel 
=> p (sinx+ cosx)=2nn + 1/2 
or p (sinx-—cosx)=2nn —-1/2,nelI 


= pv2 (cos 7 sin x+ sin 7 cosa) =2nn+ 7 


or pr2 {cos Ein x sin 4 cosx)=2nn 2 n eT 


4 pv2 [sin (x + 2 /4)] ane 

or pv2 [sin (e—/4)]=(4n-1) nel 
Now, —1<sin (x+ 7/4) <1 

=> — pV2 < pV2 sin (x + 1/4) < pV2 

ss pis SPO <p Bnel 
or pros UF ec pBnel 


Second inequality is always a subset of first, therefore 
we have to consider only first. 


It is sufficient to consider n >0, because for n >0, the 
solution will be same for n = 0. 


If n>0, ~J2p<(4n+1)12/2 
=> (4n+1)2/2<-J2p 
For p to be least, n should be least. 


=> n=0 
T 
> V2p>n/2 => > 
p p >) 2 
T 
Therefore, least value of p = —= 
P* 2 


18. Given, guns : =4 
esnx 
= (e8*)? — 4 (e*) -1=0 
: + 
_ gine 42-1844 ig 
2 


sin x 


But since, e ~2.72 and we know, 0 <e <e 
e*™* _92 + /5 is not possible. 


Hence, it does not exist any solution. 


19. The point of intersection is given by 


: -.i{ 
sin 8x = cos x = sin a 


=> 3x= nn + (-1)" (= -2} 


2 


(i) Let n be eveni.e.n=2m 


=> Bx =2mn + 7 — x 21. 
mn 1 ‘ 
=> = +4 = mal 
aera (i) 


(11) Let n be odd i.e. n = (2m + 1) 
x= (2m+1)n-(2- 


=> 38x =2mt + “ +x 
= ee ii) 
Now, —epe™ 
2 2 
= == EL a [from Eqs. (i) and Gi)] 


Thus, points of intersection are 


(3 = (3 *) =) 
s s , COS 
8 8) \4 4 8 8 


, cO , CO 


il 1 
20. We have, cos@ + sin0 = V2 (+5 cos@ + ——sin 0] 
2 2 


=/2 (sin. cos0 + cos™.sin] 
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= v2 sin [E +0] 
4 
=> cos0+sind <v2< 2 


5 V2 =14141, ; = 1,57 (appro) 


=> cos@ + sin6 < 7 
: rT 
Since, cos@ < a sin®@ 
: Ie 8 
=> sin (cos@) <sin (z —sin 0| 
> sin (cos 8) < cos (sin 8) 
=> cos (sin) > sin (cos 8) 


Let /(@)=5 e050 +3.c05 (042) +3 
=5 «080+ 3{ 050 cos % -sinOsin 2] +3 
3(5) cos8-3 v8 sin6+3 
2 2 


a8 cos 8 sino +3 


=5 cos 8 


=> f@) = (13 cos 8 ~ 33 sin 6) + 3 


Put rcosa =13,rsina = 3v3, then 
r= V169+27 
= 196 =14 


f@)=— (cos a cos 8 —rsing sin®@)+3 


= 570s (+a)+3 


=7cos 0+a)+3 


Now, -l1<cos@+a)<1 
=> -7<7cos@+a)<7 
> —-4< f@)<10 

(Pe 310) 


or 


22 


Inverse Circular Functions 


Topic! Domainand Range 


Objective Question I (Only one correct option) Fill in the Blank 
1. The number of real solutions of 2. The greater of the two angles A =2 tan! QV2 -1) and 
21 dogs Whi ak e _h. ..4(1 . .1(38). 
tan x (x + 1) + sin x +x+1= 2 1s (1999, 2M) B= 3 sin : (5) + sin 7 (2) 1S ssw 2 (1989, 2M) 
(a) zero (b) one (c) two (d) infinite 


Topic2 Properties of Inverse Functions 


Objective Questions II . 4. Ifa =3sin™" (=) andB = 3 cos’ (=) where the inverse 
(One or more than one correct option) ll 9 


: trigonometric functions take only the principal values, 
1. Let f(x)=log,(sinx), O<x<m) and g(x) =sin-1(e~*), e na ata 


then the correct option(s) is/are (2015 Adv.) 
(x>0). If a is a positive real number such that (a) cos B > 0 (b) sin B< 0 
a = (fogy (@) and b = (fog)(@), then (2019 Main, 10 April II) (c) cos (& + B)> 0 (d) cosa< 0 


(a) aa? - ba -a=0 (b) aa? - ba -a=1 
(c) aa? + ba-a=-20” (d) aa? + ba+a=0 


5. If0<x<1, then ,/1 + x7 [{x cos (cot! x) 


1 , + sin (cot! x)}? — 1]}"? is equal to (2008, 3M) 
2. The value of cot » oe + * 2 is (a) —~ (b) x (c)xJjl+x?  (d),/1+ x 
n=1 p=1 1+ x 
2019 Main, 10 Jan II a : 7 
(a) = (b) a A oo ene 6. The value of x for which sin [cot™!(1 + x)] = cos (tan! x) 
22 19 : 
© 22 i (2004, 1M) 
ce) para 
21 23 (a) — (b) 1 (c) 0 (d) -— 
2 3 T 3 = 
3. If cos{ ) cos( 7 (« > } then xis equal to ee xt x8 
3x 4x} 2 4 T.. Ifsin*|x=— 4 — =... |4 cos || = 4+ —=,,, 
(2019 Main, 9 Jan 1) 2 4 2 4 
Gye (by SE =5, for 0 <|x|<-2, then x equals (2001, 1M) 
10 12 
145 145 = = 
©) _ @ 1 (a) 1/2 (b) 1 (c) -1/2 (d) -1 


Download More Books: www.crackjee.xyz 


8. The principal value of sin™{sin =) is (1986, 2M) 


20 
ars 
27 
ary 
() = 
3 
51 
dy 
@= 


Match the Columns 


9. Match List I with List II and select the correct answer 
using the code given below the lists. 


List | List Il 
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function defined by f¢)=I08| and g:E,—> Rbe 
x— 


the function defined by g(x) =sin™ (toe (=}} 


(2018 Adv.) 
List I List II 
1 | | e 
P. The range of f is 1 pore os Lal 
Q. Therangeofgcontains 2. (0,1) 
The domain of f 3. I 1 i 
R. contains 2°2 
S. The domain of gis 4, ©,0)U @,-) 


an 1 {cos(tan” y)+ ysin(tan” y) ; nie k " ae 
G i akes value 2V3 


y* | cot(sin“! y) + tan(sin"! y) 


Q. lIfcosx + cosy + cosz=0=sinx + siny+sinz,then 2. 2 
; x-y. 
possible value of cos E is 


melo 


T . . 
Ifcos (2 - x) cos 2x + sinx sin2x sec x 


F T 
=cCosx sin2x sec x + COs (= + « Joos 2x, then 


possible value of sec x is 


S. Ifcot (sin ./1 — x2) = sin[tan"(xV6)], 4 1 


x = 0. Then, possible value of x is 


Codes 

P Q R S 
(a) 4 3 1 2 
(b) 4 3 2 1 
(c) 3 4 2 1 
(d) 3 4 i 2 


10. Let (x, y) be such that 


sin ‘(ax)+ cos !(y)+ cos !(bxy) = . : (2007) 


Column | Column Il 


lfa=1andb=0,then(x,y) p. lies onthe circlex® + y? =1 


Ifa=tandb=1,then(x,y)  q._ lies on(x?-1)(y?-1)=0 


Ifa = 1and b =2, then (x, y) r. liesony=x 


o|/o|m|> 


lfa=2andb =2,then (x,y) s._ lies on(4x?- 1)(y?- 1)=0 


11. Let £, ={(veR:x# land >0}and 
oo 


[ | 
E,=3x¢€ E,: sin”'| log, —_||isa real number 
( oe J 


1 


(Here, the inverse trigonometric function sin ~ x 


assumes values in | 5% pet f:E,>R be the 


The correct option is 

(a) P>4;Q>52;R>51;S>1 
(b) P> 3; Q>3;R>6;555 
(c) P> 4; Q> 2;R>1;556 
(d) P>4;Q>53;R>6;S>5 


Numerical Value Based 


12. The number of real solutions of the equation 


cin” é ay (3) 


(Here, the inverse trigonometric functions sin! x 


T | 


and cos 'x assume values in [ am and (0, z], 
ees 


respectively.) (2018 Adv.) 


Analytical & Descriptive Question 


2 
_ : = +1 
13. Prove that cos tan” [sin (cot! x)] = i 


x” +2 (2902, 5M) 
14. Find the value of cos (2 cos x + sin! x) at x= > where 

0<cos'x<nand-n/2<sin' x<71/2. (1981, 2M) 
Integer Answer Type Question 


15. If f:[0,42]—> [0,2] be defined by f(x) =cos ‘(cos x). 
Then, the number of points x « [0,47] satisfying the 


ae (2014 Adv.) 
10 


. 1 
equation f (x) = 
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Topic3 Sum and Difference Formulae 


jectiv ions I (Only one corr ion 
Objective Questio (Only one correct option) a ee ee ; 2x } dies tebe 7 
1. The value of sin! (=) —sin (3) is equal to . ia 
13 5 Then, the value of yis 
, : 3 2 
a4 (2019 Main, 12 April 1) (a) 38x — = (b) 38x + = 
(a) m-sin? (=) 1- 8x 1- 3x 
3x — x? 3x + x? 
mn .. 4(56 @ = * (@) =F 
(b) — - sin™ | —_ 1+ 3x” 1+ 3x 
65 
= 9 23 n 
(c) = — cos a 7. The value of cot ¥ cot }1+ VY 2k|$is 
(ah 0 cos(22) n=l eee (2013 Main) 
65 2 2 2 24 
@ = &S © = @ = 
2. If cos 'x-—cos! y =a, where -—1<x<1, -2<y<Q, 
2 8. Ifx, yand zarein AP and tan ! x, tan! yandtan ! zare 
xs - then for all x, y, 4x” — 4xy cosa + y” is equal to also in AP, then (2013 Main) 
(2019 Main, 10 April II) (a) x=y=z (b) 2x= 3y = 6z 
(a) 2sin2o (c) 6x = 8y = 2z (d) 6x = 4y = 82 
(b) 4cos"a + 2x"? 
(©) 4sin2a [af ay 2 
A a4 9. The value of tan} cos | —|+ tan] —]| is (1983, 1M) 
(d) 4sin“a — 2x"y L 5 3 | 
sl) Rectcit l i (a) £ 4 
3. If a =cos (? , B=tan 3} where DSeP ss then in 6 
a —B is equal to (2019 Main, 8 April I) (c) a (d) None of these 
= 9 =i 9 
(a) tan ear (b) cos (as) 
5V10 5V10 “—wWe 
9 ; oy Fill in the Blanks 
(c) tan™ (=) (d) sin™ Ga 
14 5v10 10. The numerical value of tan 2 tan{2) - « is... 
4. Considering only the principal values of inverse 4 | (1984, 2M) 
functions, the set A = {x >0: tan’ 2x) + tan’ (8x) = ‘ 11. Ifa, 6, c are positive real numbers 
_; jalat+b+c¢ 1 /o(at+b+e¢ 
(2019 Main, 12 Jan |) @=tan’ | ( i ) + tan F wan 
(a) is an empty set 
(b) is a singleton tant c(a+ b+ oF 
(c) contains more than two elements ab 
(d) contains two elements Then, tan@ equals ...... ; (1981, 2M) 
. If x=sin‘(sin1 d y=cos ‘(cos 10), th —x i 
° ae ee ane eee 12. Solve the following equation for x. 
equal to (2019 Main, 9 Jan II) + 
(a) 0 (b) 10 (c) Tx (d) x tan”! 2x+ tan” 3x= i (1978, 3M) 
Answers 
Topic 1 = 
p 12. (2) 30 14.22% 15. 3 
1. (c) 2. (A) 5 
Topic 2 Topic 3 
1. (b) 2. (b) 3. (c) 4. (b,c, d) 1. (b) 2. (c) 3. (d) 4. (b) 
5. (c) 6. (d) 7. (b) 8. (c) 5. (d) 6. (a) 7. (b) 8. (a) 
. P34; 3; R72; S 1 
ee teas Soon Re ee 9. (b) 10. (-2) 11. 0 gee 
10. A>p; Boq Cop; Dos 11. (a) 17 6 


Hints & Solutions 


Topic 1 Domainand Range 


1. Given function is 
E i 1 
tan) /x(v+1)+ sin? x?+ x41 ae 


Function is defined, if 


(i) x («+ 1) >0, since domain of square root function. 
(ii) x7 + x + 1 >0, since domain of square root function. 


(ii) {x7 + «+1 <1, since domain of sin” function. 


From (ii) and (iii), O< «7+ x+1<10x7+x20 


=> O<x°+xe41S19x°4+x4121 
2 

> x+x+1=1 

=> + x=0 

> x(x+1)=0 

> x=0, x=-1 


2. Given, A=2 tan”! (2V2 -1) 


and B=3 sin™() +sin7! (2) 
3 5 


Here, A =2 tan! (2V2 -1) 
=2 tan! (2x1.414-1) 
=2 tan! (1.828) 


Atte a 

3.63 

To find the value of B, we first say 
: 11 > 1 1 
sin — <sin7 —~=— 
2 6 
so that ee es 
38. 2 


=sin 1(0.851)< sin 3 = 


sin {2} =sin 106) <sin! v3 ae 
5 2 3 
20 


3 


2 
3 


pe a = 
3 3 
Thus, A >= and B<= 


Hence, greater angle is A. 


Topic2 Properties of Inverse Functions 


1. Given functions, f(x)=log,(sinx), @O<x<a) and 


g(x) =sin 1(€*), x20. 


Now, fog(x) = f(g@)) = f(sin"(€*)) 
= log, (sin(sin” '(e€ *))) 


= log,(€ *) ¢<sin(sin™! x) = x, ifx € [- 1, 1}} 

=-Xx sae (i) 

and (fogy (x) = i (-x)=-1 see (ii) 
dx 

According to the question, 

. a=(fogy @)=-1 [from Eq. (ii)] 

and b = (fog) @) =- @) [from Eq. (i)] 


for a positive real value ‘o’. 
Since, the value of a=-1 and b=-a, satisfy the 
quadratic equation (from the given options) 

aa” —ba-a=1. 


19 7 
2. Consider, cot s cot {1 +> 2 
p=1 


n=1 


2 f 19 ] 
= cot! De co ne) i | 


n=1 


9 
=cot|)° cot (1+n+ ”) 


7 1 
= cot » tan”! ———____ 
a 1l+n(n+1) 


= aq os 
[cot + x=tan!—,if x>0] 
x 


19 
= cot s wo) [put 1 =(n+1)—n] 


l+n(n+1) 


=cot (tan-'(n+1)-tan! n) 
n=1 


le tan? ea 
[ 1l+xy 


=tan? x—tan + 7| 


= cot [(tan-+ 2—tan 1)+ (tan7! 3-tan 2)+ 
seaake +(tan + 20-tan!19)] 
= cot (tan! 20-tan 1) 


= cot (z —cott 20) - ( —cot! 1) 


f- tan} x+cot x=n/2] 
= cot (cot + 1—cot + 20) 
_ cot (cot! 1) cot (cot? 20) +1 
cot (cot! 20) — cot (cot! 1) 


i ange py = cot AcotB+1) 
Acad : cot B—cot A | 
= ~— [- cot (cot! x) = 4] 
- 


19 
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Key Idea Use the formula, 


cos''x+ cos 'y=cos (xy —4/1— x* ji=y) 
We have, cos : } cos gs at 
3x 4x} 2 
= cos} z : 1 . 1 an 
3x 4x 9x7V 16x?) 2 
[cost x+ cos? y =cost(xy—.J1—x? J1- y’)] 

| 1 9x2—4 ee x 

=> cos - =5 


2x" 12x 


= S= 4 Yb = 9 con® 20 
x 
= 9x" -4 16x? -9 =6 


On squaring both sides, 

=> (Qx" —4)(16x7 — 9) =36 

=> 144x*- 81x? - 64x? + 36 =36 
= 144x* — 1457 =0 
= 
=> 


x7(144« — 145) =0 
145 _ | V145 
144. ——«12 


Bal oes 
4 


Here, a=3sin{ ? and B=3 cos""(] as 2 > : 
Ty 9 11 2 


Now, B=3cos" (5) 


4 
= 3eos{4) >T 
B 9 
cosB <0 andsinB <0 
Now, « +f is slightly greater than “ 


cos (a+) >0 


We have, O0<x<l 
Let cot! x=6 


8. 


=> cot@ =x 
: 1 ‘ 2 
> sin 0 = =sin (cot! x) 
1+ x 
and cos 0 = = cos (cot! x) 


x 
afl + x2 


Now, 1/1 + x” [{x cos (cot! x) + sin (cot? x)}? - qr? 
r 2 TT: 
=Jl+x7|)x = 1 
- 2 Wig 
2 
See |= 1 
yl + x 
=V1¢x7 [lt 07-177? =xv14 2" 
Given, sin [cot7! (1 + x)] = cos (tan™! x) .. @) 


and we know that, 


lam 


cot"! 6 =sin™ and tan 16 = co 


a 


From Eq. (i), 
sin a = cos ae 
1+(1+x)? Jl + x 
1 1 
—s _ 
jl+Q+x jl+x 
=> 14 x74+2x41=x741 
1 
=> x=-- 
2 


We know that, sin“! («) + cos! (a) == 


Therefore, @ should be equal in both functions. 


aes — 2 x < 
a * 2° 4 
” x x x x 
142 x 2+% 2497 
2 oe 2 9 
2x 2x7 
=> = - 
2+x 2+x 


Qx (2 + x”) =2x7(2 + x) 
Ax + 29° = 4x? + 238 
x (4 + 2x” — 4x — 2x”) =0 
Eitherx=0 or 4-4x=0 
x=0 or x=1 
0<|xl< V2 
and x#0 


Uueueuy 


eal 


sin™{sin =) =sin | in (x - =) 
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9. P. Here, innermost function is inverse. 10. A. Ifa=1, b=0, thensin™! x+ cos! y=0 
=> sin'x=-cosly => x7+y"=1 
V1 + y? B. If a =1 and b =1, then 
y «1 -1 -1,,,_% 
sin x+cos ~~ y+cos wae 
L cd -1 -1 -1 
e > cos x—cos y=cos. xy 
=] = _ 
Put tan~ y=0 >tanO=y 7 => xy4 hh ae FT y=xy => (x2-1)\(y?-1)=0 
2 
ry _} cos (tan! y)+ ysin(tan! y) m | C.Ifa=1, b=2, then 
3? cot (sin! y) + tan(sin™! y) sin?! «+ cos! y+ cos"! 2xy) = 7 
[ ( ; j 1? i ig > cos + x—cos? y=cos | (2xy) 
y 
ee ae => xytVl-x?Jl-y=2xy => x+y? =1 
1 + 4s 
ales Z ah digit D. Ifa =2and b =2, then 
yy 1- 
eee sin-! 2x) + cos“!(y) + cos"! xy) =~ 
y 1-/ 2 
a => cos! Qx)—cos? (y)=cos! (xy) 
NA ogi 4 = => 2Qxyt+y1—4x? J1—y? =Qxy 
>? | = — @’-1)67-1)=0 
Q. Given, cosx+ cos y=—cosz li, Wahave. 
and sinx+sin y=-—sinz 
. es E,=4,xe R:x#1and = >0 
On squaring and adding, we get Da 
2 2 2 - 2 
cos’ x+ sin“ x+ cos” y+ sin” y+ 2cosxcos y a Be x 50 
+ 2 sinx siny= 1 x-1 
1 + i = i + 
=> 242[cosx—-y)J=1 > CE MRT eS , 0 1 ; 
a{x—-y = 1 E,=xe(—~,0)U (1, ~) 
=> 2 cos (=)-1--4 and 
= 2 eos*(*=9) -7 B= |< E,: sin! og (=) is a real number} 
2 2 a 
= x 
> cos(* ) -* E,=-1< log, <1 > 
9 9 x-1 
a1 x 
es se 
R. cos2( cos (* x) cos ; s)] + 2sin? x x—-1 
, Now, ss >e! : 39 
=2sin x-cosx xa] x=—1 e 
=> cos2x-(/2 sin x) + 2sin? x =2sin x-cosx _, exaxtl _, x(e-l+1 0 
= 2sinx[cos2x+ V2 sin x— V2 cos x] =0 e(x—1) — (x-l)he 
= sinx=0, (cos x—sin x) (cos x+ sin x— V2) =0 ep pr i, 
=> secx=lortanx=1 oa 1 
e=" 
= secx=1or V2 1 
S. cot (sin! ,/1 — x) =sin(tan! (xV6)) eae [- ie 1- | Cae 
- x — x«w6 Also, eg 
Jl-x# {1+ 6x x-1 
(e-1)x-e. 
=> 1+ 6x? =6-6x" a x-1 zt 
=> 12°=5 => 5 _ v5 ome (be eeeeecienee eC DI 
12 23 1 e 
(P) > 4, (Q) > 3, (R) > 2or 4, (8) 91 aa 
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So, By=[--, 53 |-| =| 


.. The domain of f and gare 


eee 


x F 
R*-{1 
mri {hy 


and Range of 
x 


= Range of fis R — {0} or (-c9, 0) U (0, 2) 


Range of gis |-2,2]-10) or|-,0]u (0.| 


Now, P> 4,Q-> 2,R>1,S> 1 
12. We have, 


EE v2 | 
=> sin! - 2| 
1-x i | 
2 
[=e ] 
=—-~ cos! so (x) | 
1+ 5 = 
2. 
a 2] 
~ D xtlogt ag Bagts = | 
i=l 1l=* 
Lusing sum of infinite terms of GP 
; _| x? x? T al x x | 
=> sin - =—- cos - 
l-x 2-x 2 |i+2 2+ x| 
1 x? e | x 
=> sin - = sin - 
l-x 2-x 1+x 24+x 


x x x x 
=> =— = = 
l-x 2-x l+x 24x 
g{ 2-x-1l+x =, 2tx-1-x) 
(1- x)(2- x) (1+ x)(2+ x) 
x 1 
> == 5g OF x=0 
2-3x+%x 24+ 38x+%x 


> 8 + Bx? + Ix = x7 - Bx 42 


=> x° 4+ 2x7 4+ 5x-2=O0o0rx=0 


Let f(x) = x° + 2x? + Bx - 2 
f’ (x) = 8x? + 4x + 5 


f'(x)>0,VxeR 
x° + 2x? + 5x — 2 has only one real roots 


Therefore, total number of real solution is 2. 
13. LHS =cos tan“! [sin (cot x)] 


i | 
ma] 


=cos| tan”! E tee =RHS 
five) Ver? 


14. Let f(x) =cos(2cos +! x+sin! x) 


= cos ee [sn 


bo 


bo 


a 


= cos [cos xt =) .. cos} x+sin 7} x= n| 
zy. I 2 | 


=~—sin (cos ! x) 


=> f(x) =-sin (sin? ,/1 - x”) 


15. PLAN 
(i) Using definition of f(x) =cos7'(x), we trace the curve 
f(x) = cos”'(cos x). 
(i) The number of solutions of equations involving trigonometric 
and algebraic functions and involving both functions are 
found using graphs of the curves. 


(x, if x € [0, x] 
=4 7 2m — x, if x € [n, 27] 
We know that, cos ~ (cos x) = : 
—-2n+x, if xe [27,37] 
4n — x, if x € [Bx, 47] 


y = cos" (cos x) 


; + t + r >X 
k UN 3h 2m SN 3x 10 4 
. ‘ 740 
10-x_4, & 
y="9 =" 40 
i 10-x 
From above graph, it is clear that y= 10 and 


y=cos ‘(cosx) intersect at three distinct points, so 
number of solutions is 3. 


Topic3 Sum and Difference Formulae 


1, | Key Idea Use formulae 


(i)sin’'x —sin”!y 


=sin’ (x,./1— y? — y.{1— x*) ifx? + y?<1 
or if xy> Oand x? + y?>1Vx, ye[-1,1] 


(ii) sin” 'x = cos” |,J1— x? and 


(iii) sin” '8 + cos” '@= - 


5 
2 2 

ayuel 12 i (?} 3 4 (=) 

13 5 5 18 
[- sin’ «—sin™! y=sin l(a/1— y? — »/1- 2’), 
ifx?+ y?<1or ifxy>Oandx7?+ y’?>1Vx, ye [-1,1]] 

fe (= 4 3 >) 
=sin x x 


13 5 5 18 
i a 
=sin 
65 
ee (= 
=smn 
5 
2 
= cos 1-(2) 
5 
=cos_ eee [.sin7} x=cos-} 4/1 — x7] 
4225 
= (=) nm. (3) 
= cos = sin 
65) 2 65 
[ 


2. Given equation is 


iy 


: a ee ee 


cos ~ x— cos 


-2<ys<2 andx< 


2 
cos (x2 + 1-27 J1- 72] =a 
[ cos 1 x—cos+ y=cos 1(xy+4/1—x" 4/1 9”), 


lx, lyls<landx+ y20] 


Styl x” 4/1 — (y/2)? = cosa 
> 41-2 [1 ~ (9/2)? = cosa. - > 


On squaring both sides, we get 


2 2,2 
(l—x")}1—- y =cos?a+ ~2 9 cos a 
4 4 2 
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2 xy? : xy? 
=cos’ a + 


xy COS 


> x? + 2 — xy eosot = 1 — cos” at 
2 2 pain? 
=> 4x" —4xycosa + y" =4sin“ a 


3. Given, a = cos(2) and B = tan”"(=) 


where, 0<a,B < big 
5 
\| 5°- 3 = 4 
a 
3 
44 
Clearly, a = tan — 
aa 
So, a —B = tan”! e tan! es tan! 33 
5 3 (; ;| 
1+]—*x 
3.3 
.. tan! x— tan! y=tan™! aed ,if xy>-1 
| 1+ xy | 
=tan? = tan? 2 
145 18 
9 
= sin! 2 in! 


9 
= sin 
(9? +12? ¥250 


a sin"( 
5V10 
4. Given equation is 
tan! (2x) + tan? (8x) = *, x20 


1 5x Tt 


> tan 5=— 6x7 <1 
1-6x° 4 
f- tant x+ tant y=tanr® (#2) sy] 
— xy 
> Be -=1)0 <= 
1-6x 
1 
> 6x” + 5x-1=0,0<Sx<—~ x20 
7 [ ] 
iL 
= 6x" + 6x—x-1=0, O0<x<— 
V6 
1 
=> 6x (x+ 1)-1 (+ 1)=0, O0<x<— 
(w+ 1)-1@+)) G 
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= (6x-1)(x+1)=0, Gee Let x=tan@ 
V6 1 1 
1 1 > —-—<@0@<— 
> x=—,-1, O0<x<— 6 6 
6 6 tan! y=0+ tan” (tan 20) =6 + 20 =30 
1 
=> x=-, OSx< > y = tan 30 
6 6! 3 
So ‘A’; ak . = _ dtan 6 —tan* 0 
) is oEne tenet . . . {2 tan26 
.. The solution of given differential equation represents 
a circle with centre on the X-axis. = _ Ba — 
2 
5. The graph of y=sin /(sin x) is 1— 3x 
[ 23 n | 
7. We have, cot| )° cot!) 1+ y 2k 
n=1 k=1 
x 23 | 
=> cot] cot }(1+24+4+64+8+4+...4 oa) 
x=sin !(sin 10) =-10+ 32 (i) r 23 7] 
and the graph of y = cos !(cos x) is = cot y cot {1+ n(n+1)} 
Ln 
[ 23 | 
=> cot ¥ tan! —— 
ie l+n(n+1) 
x = 
23 
= cot y tan! (ntil)j-n | 
ee l+n(n+1) 
y=cos !(cos 10) =—-10+ 42 ... (ii) = 1 
Now, from Eqs. (1) and (ii), cis i ; 
t tan +1)-tan~ 1 
pase d+ i= 0s Se reat 2 Some (n+ 1)—tan an 
6. Given, tan? y=tan! x+ tan? ; a 5 = cot [(tan/2- tan! 1)+ (tan? 3- tan 2) 
“ee + (tan! 4 - tan! 3)]+...+ (tan! 24 - tan! 23)] 
pe 2x | => cot (tan! 24 - tan! 1) 
_ 2 
where|x|<—— = tan! y=tan™ 5 = 5 dob ten he cot{ tan”! 72 
V3 tag 2* 1+24-(1) 25 
“ 1- x 25 
[ = cot [cot 2 = 33 
" tan! x+ tan! y= tan? oe } 
1~xy 8. Since, x, y and z are in an AP. 
1 
where i ie ca a 2yH=x+z 
Also, tan”* x, tan”! yand tan’! zare in an AP. 
aot = ze o 2tan-+ y=tan-! x+ tan !(z) 
1— x" - 2x” 
=> tan( 22 ,} tan 2*2| 
_ -¥ — xz 
tant y= tan! Bx x 
1 — 3x2 xX+Z x+2 2 
7 1-y 1-xz oe ei 
=> es x . . : 
1 — 3x2 Since x, y and z are in an AP as well as ina GP. 
x=y=zZ 
|x| < ak 
V3 
1 1 
=> -—<x< 9. tan jeos-"(4) + tan'(2)] = tan jtan™(2) + tan”(2)] 
a as egal a)) | 4 3) | 


E cos | (=) =tan! (3) 


1+ tan tan? (3) ‘en 12. 
PPP ey rd 
5 
ail 
=, 12 aoe 
ier 
12 
11. Given, 
extant [Sr Pr9, sane b(at+b+e) 
bc ac 
+ tan- c(a+b+o) 
ab 
be tan} x+tan 7?) y+tan!z=tan? ( x+ yt —w)] 
| 1—xy- yz-2x. | 


Download Chapter Test 
http://tinyurl.com/y5bu7cjl 
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[ i fe { | 
Jjatb+e + + 
bc ca ab 
Ge ba8 a+b+c 

=tan! abe 

1 aro+o(2 42) 

a be 

7 
[ POPPE bad GAbud at+b+c 
4a! abc abe 
1 (a+ b+ 0) (ab+ bce+ ca) 
abc 
> §@=tan'0=> tand=0 
Given, tan! 2x+ tan) 3x= 7 
=> tan! Byes mel 
1-6x 4 
a ae 
1-6x 

=> 6x" + 5x-1=0 
=> («+ 1) 6x-1)=0 

> x=-1 ae 

6 


But x =-1 does not satisfy the given equation. 


-. We take x= : 


or ol 


23 


Properties of Triangles 


Topic1 Applications of Sine, Cosine, 
Projection and Half Angle Formulae 


Objective Questions I (Only one correct option) 


1. 


The angles A,B and C of a AABC are in AP and 
a:b=1:¥V3. If c=4cm, then the area (in sq em) of 


this triangle is (2019 Main, 10 April I!) 
2 4 
mae b 3 2/3 d) — 

o) V3 O).a3 o ) V3 


OPo 098 Or 5 KABC wah anal 
1 2 13 


cosA_cosB_ cosC 


B 
triad (a,8, y) has a value 
(a) (19, 7, 25) (b) (8, 4, 5) 
(c) (5, 12, 18) (d) (7, 19, 25) 
In a triangle, the sum of lengths of two sides is x and 
the product of the lengths of the same two sides is y. 
If x” — c? = y, where cis the length of the third side of 


the triangle, then the circumradius of the triangle is 
(2019 Main, 11 Jan 1) 


Given, 


notation. If , then the ordered 


(2019 Main, 11 Jan II) 


Cc CG 
3 2» 
(c) 3° (d) ag 


ABCD is a trapezium such that AB and CD are 
parallel and BCLCD, if Z ADB=8, BC= p and 
CD = q, then ABis equal to (2013 Main) 
(p” + q”)sin® 
pcos8+ qsin® 


(a) p+ q'cosé 
pcos8+ qsin®@ 


(c) Pp: + ¢ (a) (p” + 7’) sin@ 


p’cos@+ q’sin@ (pcos 6+ qsin6@)” 


If the angles A, B and C of a triangle are in an 
arithmetic progression and if a, b and c denote the 
lengths of the sides opposite to A, B and C 
respectively, then the value of the expression 


bes sin2C+ sin 2Ais (2010) 
(6 a 
() 5 o 8 (©) 1 (a) V3 


6. 


10. 


11. 


Ina A ABC, among the following which one is true? 
(a) (6 + ©) cos S =asin aes (2005, 1M) 


i wees (7=*)- r sin S 


(c) (b- c) cos (4=°) =acos (5) 


(a) 6-8 cos = ep sit (75) 


If the angles of a triangle are in the ratio 4:1:1, then 
the ratio of the longest side to the perimeter is 


(2003, 1M) 
(a) 3: (2+ V3) (b)1:3:2 
(c) 1:2+ V3 (d)2:3 
Tie AABC: See snl (A-B+ 0) ‘siequalte 
2 (2000, 2M) 
(a)a?+b?-¢ (b) ? + a - B 
(0)? - =a (d) 7? - a? - 3b? 


In a APQR, ZR = 7 if tan (=) and tan (2) are the 


roots of the equation ax” + bx + c= 0(a# 0), then 
(a)a+ b=c (b) b+ c=a (1999, 2M) 
(c)a+tc=b (d) b=c 

If in a APQR, sin P, sin Q, sin R are in AP, then 

(a) the altitudes are in AP (1998, 2M) 
(b) the altitudes are in HP 

(c) the medians are in GP 

(d) the medians are in AP 


In a AABC, <B=" and £C=*. Let D divides BC 
sin ZBAD . 


internally in the ratio 1: 3, then — is equal to 
sin ZCAD 
1 1 (1995, 2M) 
== b) = , 
V6 ©) 3 
1 2 
ak d) |4 
M V3 “ 3 
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Objective Questions II 
(One or more than one correct option) 


12. 


13. 


14. 


15. 


16. 


In a APQR,P is the largest angle and cos P= = 


Further in circle of the triangle touches the sides 
PQ,QR and RP at N,L and M respectively, such 
that the lengths of PN ,Q@L and RM are consecutive 
even integers. Then, possible length(s) of the side(s) 
of the triangle is (are) (2017 Main) 


(a) 16 (b) 18 (d) 22 
Let ABC be a triangle such that ZACB= e If a, b 


(c) 24 


and c denote the lengths of the sides opposite to A, B 
and C respectively. Then, the value(s) of x for which 
a=x7+x+1,b=x"-landc=2x+lis(are) (2010) 
(a) -(2+ V3) (b) 14+ V3 = @) 24+ V3 (a) 4/3 

In a AABC with fixed base BC, the vertex A moves 


such that cos B+ cosC = 4 sin” <f a, b and c denote 


the lengths of the sides of the triangle opposite to the 
angles A, B and C respectively, then (2009) 
(a) 6+ c= 4a (b) 6+ c= 2a 

(c) locus of point A is an ellipse 

(d) locus of point A is a pair of straight line 


Internal bisector of ZA of AABC meets side BC at D. 


A line drawn through D perpendicular to AD 
intersects the side AC at HF and side AB at F. Ifa, b,c 


represent sides of AABC, then (2006, 5M) 
GAnigHMetbende GyAp = 2" ae 
b+e 2 
(Gps gin (a) AAEP is isosceles 
b+e 2 


There exists a AABC satisfying the conditions 


(a) bsin A=a,A< 7 (b) bsin A> a, A> eea66, 2) 


T 


(©) bsin A>a,A< 7 (@) bsinA<aA<,b>a 
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Fill in the Blanks 
17. In a AABC, AD is the altitude from A. Given 
b> c, £C = 28° and AD =" then ZB=..... 
b= & (1994, 2M) 


18. Ifina AABC, 
2cosA , cosB , 2cosC _ a b 


a b Cc be ca 


Then, the value of the ZA is ...... degree. (1993, 2M) 


Analytical & Descriptive Questions 
19. Let A,, Ay, .. 
polygon such that 


., A, be the vertices of an n-sided regular 


= + . Find the 
AA, AA, AA, 
(1994, 4M) 


value of n. 


20. The sides of a triangle are three consecutive natural 
numbers and its largest angle is twice the smallest 
one. Determine the sides of the triangle. (1991, 4M) 


21. In a AABC, the median to the side BC is of length 


aE pl te divides the HAtutoemales 0nd 
{11-63 


45°. Find the length of the side BC. (1985, 5M) 
22. With usual notation, if in a AABC aa = — 
_atb Rise pueve tat cosA_cosB_ cos Cc 
13 7 19 25 
(1984, 4M) 


23. ABCis a triangle. Dis the middle point of BC. If AD 
is perpendicular to AC, then prove that 
2(? — a”) 
3ac (1980, 3M) 
24. If in a triangle ABC, a=1+ V3 em, b=2cm and 


ZC = 60°, then find the other two angles and the 
third side. (1978, 3M) 


cos A cos C = 


Topic2 Applications of Area, Napier’s Analogy 


and Solution of a Triangle 


Objective Questions I (Only one correct option) 


1. 


With the usual notation, in AABC, if 

ZA+ ZB=120°, a= J3+1and b= 3-1, then the 
ratio ZA : ZB, 1s (2019 Main, 10 Jan II) 
(a) 7:1 
(c) 9:7 


(b) 3:1 
(d) 5:3 


If PQR is a triangle of area A with a= 2, b= < and 


c= “. where a, b and care the lengths of the sides of 


the triangle opposite to the angles at P,Q and R, 
2 sin P- sin 2P 
2sin P+ sin 2P 


3 2 
© (a) 


3. In radius of a circle which is inscribed in a isosceles 
triangle one of whose angle is 27/ 3, is af 3, then area 
of triangle (in sq units) is (2006, 2M) 
(a) 4/3 
(c) 12+ 7W3 


respectively. Then, equals 


(2012) 


3 45 
22) b) #2 
@) 4A (b) 4A 


(b) 12 - 7/3 
(d) None of these 
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4. The sides of a triangle are in the ratio 1: 322 , then 


the angles of the triangle are in the ratio (2004, 1M) 
(aj1:3:5 (b)2:3:2 (ce) 38:2:1 (d)1:2:3 
Fill in the Blank 


5. If the angle of a triangle are 30° and 45° and the 
included side is (V3 + 1) cm, then the area of the 
triangle is... . (1988, 2M) 

6. The set of all real numbers a such that a” + 2a, 2a + 3 


and a? + 3a + 8are the sides of a triangle is ...... 
(1985, 2M) 


Analytical & Descriptive Questions 


7. IfA is the area of a triangle with side lengths a, b,c, 
then show that 


asi (a+ b+) abc 


Also, show that the equality occurs in the above 
inequality if and only if a=b=c. (2001, 6M) 
8. Prove that a AABC is equilateral if and only if 
tan A+ tan B+ tanC = 3v3. (1998, 8M) 


9. Show that for any triangle with sides a,b,c 
3(ab + be + ca)< (a+ b+ 0)*< 4ab + bc + ca). 
(1979, 3M) 


10. Let A,B,C be three angles such that A== and 


tan B,tanC = p. Find all positive values of p such 
that A, B,C are the angles of triangle. (1997C, 5M) 


11. Consider the following statements concerning a 
AABC 


(i) The sides a, b, cand area of triangle are rational. 


we B . 
(i) a, tan 3? tan S are rational. 


Gii) a,sin A,sin B,sin C are rational. 
Prove that (i) > (ii) = (iii) = @) (1994, 5M) 
12. Ina triangle of base a, the ratio of the other two sides 
is r(< 1). Show that the altitude of the triangle is less 


than or equal to = a 
i=r (1991, 4m) 
13. IfinaAABC,cos Acos B+ sin Asin Bsin C = 1, then 
show that a:b:c=1:1:¥V2. (1986, 5M) 


14. Fora AABC, it is given that cos A+ cos B+ cos C= . 


Prove that the triangle is equilateral. (1984, 4M) 


15. If p,, p5, p are the altitudes of a triangle from the 
vertices A,B,C and A is the area of the triangle, then 
prove that 

i. i 4 2ab aC 
- cos 
Pi, Po Psy (atb+oA 2 


(1978, 3M) 


16. If p,, p,, p, are the perpendiculars from the vertices 
of a triangle to the opposite sides, then prove that 
272 2 
a“b°c 


y CE 1978, 3M 
P\P2P3 oR ( ) 


Integer Answer Type Question 


17. Let ABC and ABC’ be two non-congruent triangles 
with sides AB=4, AC= AC’=2V2 and angle 
B= 30° .The absolute value of the difference between 
the areas of these triangles is (2009) 


Topic3 Circumcircle, Incircle, Escribed, Orthocentre 


and Centroid of a Triangle 


Objective Questions I (Only one correct option) 


1. Two vertices of a triangle are (0, 2) and 
(4, 3). If its orthocentre is at the origin, then its third 
vertex lies in which quadrant? (2019 Main, 10 Jan Il) 
(a) Fourth (b) Third 
(c) Second (d) First 

2. Let the equations of two sides of a triangle be 
38x-2y+6=0 and 4x+5y-20=0 If the 
orthocentre of this triangle is at (1, 1) then the 
equation of its third side is (2019 Main, 9 Jan II) 
(a) 122y - 26x-1675=0 (b) 26x-122y-1675=0 
(c) 122y + 26x+1675=0 (d) 26x+ 6ly+ 1675=0 


3. In a triangle, the sum of two sides is x and the 
product of the same two sides is y. If x?7-c?=y, 
where c is the third side of the triangle, then the 
ratio of the inradius to the circumradius of the 


triangle is (2014 Adv) 
) 3y () 3y ) 3y 3y 
2x (x + c) 2c(x+ c) 4x(x+ c) 4c(x+ c) 


4. Which of the following pieces of data does not 
uniquely determine an acute angled AABC (R being 
the radius of the circumcircle)? (2002, 1M) 

(b) a, b, ¢ 

(d)a,sin A,R 


(a) a, sin A, sin B 
(c) a, sin B, R 


5. 


InaAABC, let ZC=7/ 2. Ifris the inradius and Ris 
the circumradius of the triangle, then 2(r+ R) is 
equal to (2000, 2M) 
(a)a+b (djda+b+e 


(b) b+ ¢ (c)c+a 


Passage Based Problems 


Consider the circle x? + y2=9 and the parabola 
y” = 8x. They intersect at P and Q in the first and the 
fourth quadrants, respectively. Tangents to the 
circle at P and @Q intersect the X-axis at R and 
tangents to the parabola at P and Q intersect the 


X-axis at S. (2007, 8M) 
The radius of the incircle of APQR is 
(a) 4 (b) 8 Or (a2 


The radius of the circumcircle of the APRS is 
(a) 5 (b) 3V3 (c) 3V2 (d) 2/3 
The ratio of the areas of APQS and APQR is 
(a) 1: V2 (b) 1:2 (c) 1:4 (d) 1:8 


Objective Questions II 
(One or more than one correct option) 


9. 


10. 


11. 


InaA PQR, let ZPQR = 30° and the sides PQ and QR 
have lengths 10/3 and 10, respectively. Then, which 
of the following statement(s) is (are) TRUE? (2018 Adv) 
(a) ZQPR = 45° 

(b) The area of the A PQR is 25V3 and ZQRP = 120° 

(c) The radius of the incircle of the APQR is 10/3 — 15 

(d) The area of the circumcircle of the APQR is 100 1 


Ina AXYZ, let x, y, z be the lengths of sides opposite 
to the angles X,Y, Z respectively and 2s=x+ y+z. 
S-xX S-Y s8-Z 
If - = 
4 3 
AXYZis = then 


and area of incircle of the 


(2016 Adv.) 


(a) area of the AXYZ is 6/6 

(b) the radius of circumcircle of the AXYZ is 16 

Z_A X+ ) 3 
2 


2 35 5 


A straight line through the vertex P of a APQR 
intersects the side QR at the point S and the 
circumcircle of the APQR at the point T. If S is not 
the centre of the circumcircle, then (2008, 4M) 


(c) sin * sin = sin 
2 2 


(d) sin*[ 


texte. 2 o 41,2 
PS ST JQSx SR PS ST JQSx SR 
1 1.4 i..t. 4 


Ce jc eee 
PS ST QR PS ST QR 
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Fill in the Blanks 


12. 


13. 


14. 


Ina AABC, a:b:c=4:5:6. The ratio of radius of the 
circumcircle to that of the incircle is... . (1996, 1M) 
The sides of a triangle inscribed in a given 
circle subtend angles a, B and y at the centre. The 
minimum value of the arithmetic mean of 


1 1 T). 
cos (« + } cos (6 + and cos (y + 1S iss: 
2 2 2 (1987, 2M) 


A polygon of nine sides, each of length 2, is inscribed 
in acircle. The radius of the circle is... . (1987, 2M) 


Analytical & Descriptive Questions 


15. 


16. 


18. 


19. 


Circle with radii 3, 4 and 5 touch each other 
externally, if Pis the point of intersection of tangents 
to these circles at their points of contact. Find the 
distance of P from the point of contact. (2005, 2M) 


I,, 1s the area of n sided regular polygon inscribed in 
a circle of unit radius and O, be the area of the 
polygon circumscribing the given circle, prove that 
"| 
play 1-(22 | 
ai n) | 


(2003, 5M) 


. Let ABC be a triangle with incentre J and inradius r. 


Let D, E, F be the feet of the perpendiculars from J to 
the sides BC, CA and AB, respectively. If7,, r, and 7; 
are the radu of circles inscribed in the quadrilaterals 
AFTE, BDIF and CEID respectively, then prove that 


pe Oat = TS TTo!3 


(r—7) (r-7) (7-3) (20003) 
Let ABC be a triangle having O and I as its 
circumcentre and incentre, respectively. If R and r 
are the circumradius and the inradius respectively, 
then prove that (JO)? = R? — 2Rr. Further show that 
the ABIJO is a right angled triangle if and only if 6 is 
the arithmetic mean of a and c. (1999, 10M) 
The exradii 7, ,7),7 of AABC are in HP, show that its 
sides a, b,c are in AP. (1983, 3M) 


r-h T-m r-hkh 


Integer Answer Type Question 


20. 


Consider a AABC and let a, b and c denote the 
lengths of the sides opposite to vertices A, Band C, 
respectively. a = 6, b=10 and the area of the 
triangle is 15 /3. If ZACBis obtuse and ifr denotes 
the radius of the incircle of the triangle, then ris 
equal to...... 
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Answers 


Topic 1 
1. (c) 2. (d) 3. (b) 4, (a) 
5. (d) 6. (d) 7. (a) 8. (b) 
9. (a) 10. (b) 11. (a) 12. (b, d) 
13. (b) 14. (b, c) 15. (a,b,c, d) 16. (a, d) 
17. 113° 18. 90° 19. n=7 20. 4, 5, 6 units 
21, 2 24, c= 6, ZB = 45° and ZA =75° 
Topic 2 
1. (a) 2. (c) 3. (c) 4. (d) 
5. +N cg om 6. a>5 


10. p €(—~, 0) U[3 + 2v2, &) 
17. 4 sq units 


Topic 3 
1. (c) 2. (b) 3. (b) 
5. (a) 6. (d) 7. (b) 
9. (b,c,d) 10. (a,c,d) — 11. (b, d) 
13. = 14. cosec 20° 15. V5 


Hints & Solutions 


Topic1 Applications of Sine, Cosine, 


Projection and Half Angle 
Formulae 


1. It is given that angles of a AABC are in AP. 


So, ZA+ ZB+ ZC =180° 
=> ZB-d+ ZB+ ZB+d=180° 
fif ZA, ZB and ZC are in AP, then it taken as ZB -d, 


ZB, ZB + d respectively, where d is common difference 
of AP] 


> 3ZB=180° => ZB=60° ss) 
a 1 ; 
and —=— iven 
[given] 
a sin A _ aL 
snB 3 
by sine rule 22 A _ sin B _ sin Cc] 
[ a b Cc 
sinA 1 = : 3 | 
=> ——— +: sin B=sin 60° = — 
BB | 2 | 
2 


> sin A => => ZA =30" 


So, ZC =90° 
.. From sine rule, 
a 6b e¢ 
sinA sinB = sinC 
a 6b 4 
=> — === ~~ c=4cem 
Lt 
2 2 
> a =2cm, b=2V3 cm 


ie Area of AABC = 5 absin C= x2x2V8 x1 


=2/3 sq. cm 


b+e_cta_at+b 


2. Given, =A (sa 
a ap we 
A 
c b 
B a G 


b+c=11A,c+ a=12Aanda+ b=138A 


=> 2(a+b+0=36A 

> at+b+c=18A 

From Kgs. (i) and (ii), we get 
a=7A, b=6A, c=5A 


12. — 


20. 3 


Now, 
b?+C-a* 27[864+25-49] 12 1 
cos A= = > == 
2be 60X27 60 5 
a’?+cC—b? 7[49+ 25-36] 19 
cos B= = — 


2ac 70A2 


35 


a®+b?-¢? _)7[49 + 36-25] 


and cos C= 


2ab 
_60_5 
84 7 
Thus, ee, 
5 35 
ime ests 
35 35 
cosA cosB_cosC_ 1 
7 19 25 = 85 


=> (@,f, y) =(7,19, 25) 


8427 


(i) 


(ii) 


a b c 


3. We know that, = QR 


sinA sinB sinC — 
and given that,a+ b=x,ab=yand eoe=y 
A 


(a+ bY? -c?=ab 


=> a” +b? —c? =- 2ab+ab 
= a’ +b?-c?=-ab 
@+b%-c -—ab 1 
> = es 
2ab 2ab 
“.cosC = -530- 120° 
2. 22 _ 22 
[using cosine rule, cosC = oer es, 
2ab 
Now, = =2R 
sinC 
1 Cc e 2 
> = = 
2 sin(120°) 2/3 
c 
Ra. 
43 


. Applying sine rule in AABD, 


AB _ Vp't+@ 


sind sin{n—@+a)} 


AB _ pete 
sin6 sin@+a) 


fo, 2. [ 
AS p +q sind : q 


| 
“ cosa =——=—— 
sin 8 cosa + cos@ sina Pag | 
- (p+ q”)sin® 
pcos8+qsin@ 
Pp 


and sing = ca 
vp +q 
Alternate Solution 
Let AB=x 
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DB ~—o—>» 


In ADAM, tan(x - 0 - a) = —2— 


x-—q 
> tan@+a)=—?— 
=> q-x= pcot@+a) 
> x=q-pcot@+a) 
ey sot0 cota) r. Sea | 
cota + cot® | | 
4 eot@—1 a 
eee 7 =a ( + 2) 
—+ cot yore oe 
Dp 
cos8— psin@ 
=qd-Pp af sd ) 
qsin8@+ pcos8 


oe q’sin®@+ pq cos®— pg cos0 + p”sin® 


pcos8+qsin#@ 


Ae (p+ q’)sin® 
pcos8+ qsin#@ 


=> 


5. Since, A, B, C are in AP. 


> 2B=A+C ie. ZB=60° 
* @sin C cosC)+© (sin Acos A) 
c a 


=2k(acosC +c cos A) 


[ | 
jusing, Be = 2 = = =; 
sinA sinB sinC k 
=2k(b) 
=2sin B [using b =acosC+ccos A] 
=8 


6. Let a, b, care the sides of AABC. 


b+c_k(sinB+sinC) 


Now, 7 pein A [by sine rule] 
2sin (Fz*) cos 2°) cos [2=°) 
_ 2 2 = b+e_ 2 
2 sin & cos # ¢ sin 2 
2 2 2 
. (2 - °) 
— sin 
Also, = A 
¢ cos — 


2 


504 Properties of Triangles 


7. Given, ratio of angles are 4: 1:1. 


> 4x+x+x=180° 
=> x= 30° 
ZA=120°, ZB=2ZC =380° 

Cc 


Thus, ratio of longest side to perimeter = 


a+bt+ce 

Let b=c=x 
> a? = b+ c’-2becos A [by cosine rule] 
> a? =2x" — 2x? cos A 

=2x7(1 — cos A) 
=> a? =4x" sin? A/2 
=> a=2xsin A/2 
=> a =2x sin 60° = /3x 
Thus, required ratio 

a 

“atbte 

___ Bx 

e+ x04 3x 

2 8 

2448 

= 3:24 3 

8. We know that, A+ B+C=180° 

> A+C-B=180-2B 


Now, 2acsin E (A-B+ | = 2acsin (90° — B) 


2ac: (a? + ce’ — b’) 


[by cosine rule] 
2ac 


=2accos B= 


=a7+- 6? 
9. It is given that, tan (P/2) and tan (Q/2) are the roots of 
the quadratic equation ax? + bx + c=0 
and ZR=n/2 
tan (P/2) + tan (Q/2) =—bla 
and tan (P/2) tan @Q/2)=c/a 


Since, P+Q+ R=180° 
> P+Q=90° 
=> P+Q =45° 
2 
=> tan (722) = tan 45° 


10. 


11. 


tan (P/2)+ tan (@/2) _ 1 
1 - tan (P/2) tan (Q/2) | 


=> 


=> 


By the law of sine rule, 


Similarly, 


—bla _ 
1-cla 
~bla_, 
a-c 
a 
=p 2g 
a-c 
-b=a-c 
at+b=c 
b 


c 


sinP sinQ@ sinR 


P 
CR eNe 
Py 
a R 
—ap,=A 
=P; 
oe 2A 
ksin P 
=——— and 
haw 


~ bain B 


[say] 


Since, sin P, sin @ and sin R are in AP, hence p,, Do, Ds 


are in HP. 


In AABD, applying sine rule, we get 


38x 
AD x 


sint/3 sina 


AD =~ xsina 


and in AACD, applying sine rule, we get 


AD _ 3x 


sinn/4 sin 


3 
AD =—— 
v2 


xsin B 


(i) 


..(ii) 


12. PLAN Whenever cosine of angle and sides are given or to find out, we 


13. 


, 3x 3x 
From Eas. (i) and (ii), a 
ae, 0) @ 2sin a J2sinB 
= sin a _1 
sinB 6 


should always use Cosine law. 
bp? +c? =." a? +c? =p? 
, cosB= 
2bc 2ac 
a’ + b°—c? 


ke. cosA= 


and cosC = 


2ab 
P 
n n 
c b 
(n iy ‘i 4) 


Q R 
“n+” +4)” 
a 
Oe 20 8 
gaps 
2bc 
= 1_ Qn+4)’+ @n+2)?- Qn+ 6) 
3 2Q2n + 4) Qn + 2) 
E cos p= 2. given | 
4n?-16 1 
= = 
8(n+1)(n+2) 8 
n2—4 1 
= _ 
2(n+1)(n+2) 3 
a (n — 2) ae 
2n+1) 8 
> 38n-6=2n+2 53 n=8 
Sides are (Qn + 2), Qn + 4), (2n + 6), i.e. 18, 20, 22. 
2. p22 
Using, cos eae aaa 3 
2ab 
Cc a=x°+x41 B 
5 V3 (x? + x4+1)%+ (x?-1)?- (2x41)? 
2 2 (x? + «+ 1) (x71) 
=> (x+2) (x41) (x-L) xt (27-1)? = VB (x? + x41) (x?-1) 
=> x7 + Qx+ (x7 -1) = V8 (x? + x41) 
> (2-3) x? + 2-38) x- (V3 +1) =0 


14. 


15. 
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=> x=-(2+-8) 
and x=14+ 43 
But x=-(2+-3) 


=> cis negative. 


-. «=1+ V3 is the only solution. 


: 9A 
Given, cos B+ cosC =4sin? 5 


A 


BY =. al 6) 
Fixed base 


= 2cos ea cos (FES) = asin 
2 2 2 


=> 2sin Al aos (F5") 2sin Al _o 
2 | 2 2 | 


> cos (25) 2co (2°) -oassin4 40 
2 2 2 
> ree -3sin sin =0 
> en an = 
2 3 
- (s—a)(s—c) (s—b)(s-a) _1 
s(s—b) °  s(s—o) 3 
=> o=0_* <5, ayaSe 
s 3 
> b+c=2a 


. Locus of A is an ellipse. 
Since, AABC = AABD + AACD 


> | (ee= Aen so ban 
2 2 2 2 2 


A 


Cc 
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16. 


17. 


tom, Apap 
2 bte 


=> AEKFisHMof bandc 
EF = ED + DF =2DE =2AD tan © 


2be A A 4be . A 
2 ta = 
b+e 2 2 bt+e 2 


Since, AD L EF and DE = DF and AD is bisector. 
=> AAEF'is isosceles. 


Hence, (a), (b), (c), (d) are correct answers. 


The sine formula is 
a b 
sin A 


>asinB=bsinA 


sin B 
(a) bsn A=a >asinB=a 


> B=” 
2 


Since, Z A < *, therefore the triangle is possible. 


(b) and (c) bsinA>a 
>asinB>a>sinB>1 
. A ABC is not possible. 

(d) bsinA<a 
>asinB<a> snB<l = ZBexists. 
Now,b>a > BoA 


Since, A < Z 
2 


The triangle is possible. 
Hence, (a) and (d) are the correct answers. 


In AADC, “ =sin 23° 
A 


=> AD = b sin 23° 
abc : 
But AD= Boe [given] 
- ae = bsin 23° 
a sin 23° ; 
=. = Creal 
b?-@ c @ 


Again, in AABC, 
sin A _ sin 23° 


a Cc 
=> a 7 = 3 [from Eq. (i)] 
2: 
> sin A= a 


18. 


19. 


=> sin A= k* sin” A 
k? sin? B- k? sin? C 
2 
= sin A= 4 _ 
sin” B-sin*C 
a} 
= sin A =— uae 
sin (B+ C)sin (B-C) 
a} 
=> ja As— 
sin A-sin (B-C) 
> sin (B-C)=1 [. sin A #0] 
=> sin (B — 23°) =sin 90° 
=> B-28° =90° 
B=1138° 
dima = cosB  2cosC _ a ; b @ 
b c bc ca 
2,2 2 
We know that, cos A = aS 
2bc 
2 2 72 
Pare; ee a a 
2ac 
2, p22 
and cos C = a ee 
2ab 
On putting these values in Eq. (i), we get 
2(b7 + 7a’) +070" 
2abe 2abe 
7 2(a7+b?-c*)_ a. b 
2abe be ca 
2(b° + @-a*)+ 24+ a7-b74+2 (a7 4+ b?-) 
2abe 
_ a’+b? 
abc 
=> 3b74+4+a*=2a7+2b? 
> b?+C=c? 


Hence, the angle A is 90°. 


Let O be the centre and r be the radius of the circle 


passing through the vertices A,, Ag, ..., A,. 
Then, ZA,OA,= ld 

n 
also OA, = OA, =r 


Again, by cos formula, we know that, 
(=) _ OA + OA3 — A, AZ 
2(0A,)(OA,) 


n 


20r)(7) 


> 2r? cos (==) =2r?- A, A? 


n 
2_ 9,2 9,2 2 
> A, Az = 2r° — 2r° cos (=) 
n 
> A, A3 -2r1 — cos (= 
n 
= A, A? =2r?.2 sin? (=) 
n 
=> A, A2 = 4r? sin? (=) 
n 
_ (0 
> A, A, =2rsin (=) 
n 


Similarly, A,A; =2rsin (= 


=) 


n 


[given] 


and A, A, =2rsin (**) 
n 
. 1 1 1 
Since, = + 
A\A, AA, A, Ay 
1 - 1 : 1 
2rsin(t/n) 2rsin @n/n) 2rsin @Br/n) 
1 1 1 
> = 
sin(t/n) sin (z/n)_ sin @2/n) 
: (=) : (==) 
sin | — | + sin | — 
1 n n 
an = 


sin(t/n) sin 22a/n)sin @B1n/n) 


. (==) . (**) : (=) ; (**) 
=> Si | == | +:S1h. |, —— | = sin | = |- Sih: | —— 
n n n n 
T 


=> sin (7) sin(®) sin (*)] = sin(™ 


o() 


n 
=> 2sin( =) cos ( 
n 
> sin (= 
Ant 30 
=> = — — 
n n 
70 
> —=T 
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20. Let ABC be the triangle such that the lengths of its 
sides CA,AB and BC are (x-1), x and (x«+1) 
respectively, where xe N and x>1. Let ZB=a be the 
smallest angle and Z A=2a be the largest angle. 

A 


(x +1) 


Then, by sine rule, we have 
sina  sin2a 
x-1 x+1 


sin2a0 x+1 


> . 
sina <«x-1l 
> goss 
x1 
cosa = on ...(i) 
2 (x«-1) 
2 2 2 
1) == 1 : : 
Also, cosa = ~ gaa [using cosine law] 
2x («+ 1) 
x+4 < 
=> cosa = ... (ii) 
2 («+ 1) 
From Kgs. (i) and (ii), 
x+1 = x+4 
2(«-1) 2(«+1) 
> (x + 1)? = (xt 4) (x«-1) 
> x 4241074 3x-4 
> x=5 


Hence, the lengths of the sides of the triangle are 4, 5 
and 6 units. 


21. Let AD be the median to the base BC =a of AABC 
and let Z ADC =8, then 
(¢ + “| cot 8 = — cot 30° is cot 45° 
2 2 2 


> cot8 = 


30°|45° 


0 
8 a/2 A a/2 ° 
Applying sine rule in AADC, we get 
AD _ DC 
sin (t-@-45°) sin45° 
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AD 
sin @ + 45°) 


a 


=> AD =— 
V2 


> AD 


(sin 45° cos@ + cos45° sin 8) 


a [seen 


~ 2 V2 


1 a 81, 2 
j11-6v3 2\/8-2¥3  /8-2v8 


28-23 2/8 -2V3 


>a 


2,/8 -2V3 


~ Ja+ 23) 11-63) 


2/823 


44-24 /3 +22 /3 -36 


9 V8-2V3 _, 
8-2v3 
,ote_cta_atd_ 
11 12 13 
=> (6+ d=11/A,c+ a=12A,a+ D=18A 
=> 2(a+b+c0=36A 
> at+b+c=18r 


22. Le uy 


On solving Eqs. (i) and (ii), we get 
a=7\,b=6A and c=5A 


cos A= 


5+ 1),/11-6V3 ~ Jea+ iy 1184/3 


b+ c’-a”_ 367+2507-49A7_ 1 


2Qbe 2 (30) A? 


5 


a®+c?—b? 4907+ 252-36A7 19 


cos B= 


2ac 70K? 


cosC = 


35 


a’+b’—c? 4907+ 3607-2547 _ 5 


842? 


: eA ROses = 7:19:25 
5 35 7 


2ab 


23. In AADC, we have 


7 


)-2 (cos@ + sin 8) 


.. (ii) 


1. 


Applying cosine formula in AABC, we have 
b+ c-a? 
2bc 
a®+b?-@ 
2ab 


cos A = 


and cosC = 


From Eqs. (i) and (ii), 
a?+0?-¢e _ 2b 


(ii) 


...(iii) 


*) 


2ab a 
> a? +b?-=4b" 
> a®—  =3b? 
2, 2 2 
Now, mAiees! == = gsr et ce 
2be a 
_b+e-a® 3b7+3(-a’) 
ac 3ac 
_@’-)+38¢-a’) 2(¢-a 
~ 3ac 3ac 
24. Given that, 
a=14+-+43,b=2 and ZC =60° 
We have, c=a’+ b?-2abcosC 
=> c= (14+ V3)? +4-2(1 + V3)-2 cos 60° 
=> =14+2V38 +34+4-2-2V3 
Dre 
Gi) = e=0 
=> c=6 
Using sine rule, 
a 6b e¢ 
sn A sinB sinC 
” 1+V3_ 2 V6 
sin A sinB = sin60° 
‘ V3 
Qsin60° “~~ 5 1 
sin B= = 
V6 46 v2 
=> B=45° 
A =180° — (60°+45°) = 75° 
Topic2 Applications of Area, Napier’s 


Analogy and Solution of a Triangle 


For a AABC, it is given that a = /3 +1, 
b=/3-1and ZA+ ZB=120° 


A 


B 3 c 


Clearly, ZC =60° [. ZA+ ZB+ ZC =180° ] 
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Now, by tangent law, we have 
A-B_a-b C 


tan cot 
2 a+b 2 
_ WB+1)- (3-1) (*2") 
cot 
(W/3+1)+@3-1) \2 
2 
= —— cot (30° 
ofA (80° ) 
1 
aT is V3 =1 ° ° 
V3 = ated = me ate 
= an —tan 
stan( “3 2) =1=tan465° a 
A-B -1+48[ 2) -44 29 
> —o = 465° V3 -1 
5 /A-/B=90° .. Area “7 triangle = 
On solving ZA— ZB =90° and ZA + ZB=120° ,we get = : (4 + 2/3)? (2) = (12+ 7V3) sq units 
ZA =105° and ZB=15° 
So, ZA: ZB=7:1 4, Leta:b:c=1:V¥3:25C =a7+ b? 
2. PLAN If AABC has sides a, b, c. .. Triangle is right angled at C. 
a B 
C b 
Then, tan (A/a |O@- 96-4 
s(s — a) 
where, p= Stott C B A 
F5 or ZC =90° 
aren a1 
> S= 5 = and rs = B 
2sin P-sin2P _ 2sin P (1-cos P) . 4 
2sinP+sin2P 2sin P (1+ cos P) In ABAC, ie 
a) 
= i = tan? (P/2) — A=30° 
pe eee and B=60° [: A+ B=909 
P .. Ratio of angles, A: B:C =30°:60°:90°=1:2:3 
b c 
5. By sine rule, = = 
e=5/2 b=7/2 yee sin A sinB sin 
V34+1 b 
Q R => : = 5 
a=2 sin (105°) sin 30 
ay (s— 6) (s—9 , Gs re 0) A 
s(s—a) (s— is : Cc 105° \b 
7 5 
Aa | dae : , 
je-ore-or| 4 [ 3) _(3/ p30 45° ¢ 
x x 4A ais) 
38. Let AB= AC =aand Z A=120°. b (V3 + 1) sin 30° 
=> = 
Area of triangle = 5 a’ sin 120° sin 105° 
where, a=AD+ BD =¥3 tan 30° + V3 cot 15° ener ee angle Pe ae 
_ V3 a] whsnasen a4 1) £ nea) sin 
2 2 sin 105° 


+ 
tan (45° —- 15°) 
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6. 


8. 


=o (V3 +1) a 4 

2 (sin 45° cos60° + cos45°sin60°) 2 /2 
— 1 (@+14+2V3) — @+2+3) 2/8 
wg 1 5 4/2(1 + 73) 


v2 27 2 2 
_ (1+ v8)" _1+ v8 | a 
“ies; 2 


Since, a7+2a,2a+3 and a7+3a+8 form sides of a 
triangle. 

Now, a7+3a+8<(a7+2a)+ (2a+3) 

=> a74+3a+8<a7+4a+3 


> a>d ...(1) 
Also, (a7+3a+8)+ 2a+3)>a7+2a 
=> 38a >-11 
11 e 
=> a>-— wl 
a (ii) 


Again, (a7 + 3a +8)+ (a7+2a)>2a+3 
> 2a7+3a+5>0 
which is always true. 


Triangle is formed, if a >5 


a<7 a+ b+ c) abc 
1 

> —J(a+b+c)abe21 
4A 


(a+ b+cabe, 


Given, 


= 721 
16A 
2s abc 
> Ee 
164 
= sabe >1 
8-s(s—a) (s— 6b) (s—o) 
am abc Sa 
8 (s—a) (s— b) (s—c) 
= wee > (s—a) (s—b) (8-0) 


Now, put s—-a=x20,s—b=y20,s—c=z20 
s-at+s-—b=x+y 


2s-a-b=x+y 
c=x+y 
Similarly,a=y+z,b=x+z 
(w+y) (y¥+2) @+2) 
2 2 2 


=> 


2 XYZ 


which it true. 

Now, equality will hold, if x= y=z 
=>a=b=c 

=> Triangle is equilateral. 


If the triangle is equilateral, then 
A=B=C=60° 


10. 


= tan A+ tan B+ tan C =3 tan 60° =3V3 
Conversely assume that, 
tan A+ tan B+ tan C =3V3 
But in AABC, A+ B=180°-C 
Taking tan on both sides, we get 
tan (A + B) = tan (180°-C) 
tanA+tanB _ 


=—tanC 
1-tan Atan B 


=> 


=> tan A+tan B =-tan C+ tan A tan BtanC 

=> tan A+ tan B+ tan C =tan A tan B tan C =3 V3 
= None of the tan A, tan B, tan C can be negative 
So, AABC cannot be obtuse angle triangle. 

Also, AM => GM 


=5 [tan A + tan B+ tan C]> [tan A tan B tan C]”? 


ti 5 68) > (33) = 323. 


So, equality can hold if and only if 
tan A=tan B=tanC 
or A= B=C or when the triangle is equilateral. 
By using triangular inequality, 
c<at+b 


=> e<catab 


Similarly, a? < ab+ acand b? < be+ ab 
Be a? + b74+ 0 <2ab+2bc+2ca 
=> (a7+ b? +c”) + 2ab+ 2bc+ 2ca <4(ab+ be+ ca) 


=> (a+ b+ 0)? <4(ab+ be+ ca) .. (i) 


Now, using AM-GM inequality in a, b and c, we get 
2 2 2 2 2 2 
ae ae +a 
2 z 2 ab, e : > bcand : 2 2ca 


=> a*+b74+C>abt bet ca 


=> a+b? + + 2ab+2bc+ 2ca > 3(ab+ be+ ca) 


= (a+ b+ 0? > 3(ab+ bc+ ca) .. (ii) 
From Kgs. (i) and (ii), we get 
3(ab + bc+ ca) < (a+ b+ 0)? <4(ab+ be+ ca) 
Since, A+B+C=n 
=> B+C=n-7/4=30/4 ..-(i) 
[. A=1/4, given] 
0<B,C<3n/4 
Also, given tan B-tanC = p 
sinB-sinC p 
> wee Ee 
cosB-cosC 1 
sin B-sinC + cosBcosC _ p+1 
sin B-sinC-—cosB-cosC p-1 
= cos(B-C) _1+p 


cos(B+C) 1-p 


11. 


(1+ p) “i 
a a—p) aaa) 
[. B+ C=381/4] 


> cos (B-C)= 


Since, B or C can vary from 0 to 32/4 
0<B-C<38n/4 


2 ake (iii) 
From Eqs. (i1) and (iii), — + <Eops 
1 l+p _1+P ¢, 
~~ e <2 py V2 (p-1) 
> 1+Pris0 and ahi Ls V2 pt v2 <4 
p-l V2(p - 1) 
a) [p-242) 
Ey ead Ve 
pail” V2(p-1) 
> am >O and (p-G2+"), 4 
p-l (p-1) 
0 1 1 (241)? 
=> (p <0 or p>1) 
and (p <1lor p> (V2 + 1)”) 


On combining above expressions, we get 
p<0or p> (V2 +1)" 

ie. pé(-~, 0)U [(W2 + 1)”, ) 

or pé& (-~,0) U [3 + 2V2, ~) 


It is given that a, b, cand area of triangle are rational. 


We have, tan B_ |(s—o0 (s—a) 
2 s (s— b) 


_[s (s- a)(s- b)(s- 0) 
s(s—b) 


: . : at+b+ce 
Again, a, b, care rational given, s= —— are 
rational, Also, (s— b) is rational, since triangle is 
rational, therefore we get 


G)- sa 
tan | — |= 
2 s(s—b) 


is rational. 


Similarly, tan c = is rational. 
2 s(s-o 
Therefore a, tan “ , tan . are rational. 


which shows that, (i) => (ii). 
Again, it is given that, 


B ; 
a, tan 3S? tan “ are rational, then 


A ( Bt <) 
tan = tan 
2 2 2 


12. 
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(Fz° 1 
= cot 


: I a(B8) 


ml aS 
tan (2 } + tan (E } 


Since, tan (B/2) and tan (C/2) are rational, hence 
tan (A/2)is a rational. 


2tan A/2 
1+ tan? A/2 


number, sin A is a rational. Similarly, sin B and sin C 
are. Thus, a, sin A, sin B, sin C are rational, therefore 
(ii) > (iii). 


Now, sin A= as tan (A/2) is a rational 


Again, a, sin A, sin B, sin C are rational. 


By the sine rule, 


a b _¢ 

sin A sinB sinC 
= pe ag ge 
sin A sin A 


Since a, sin A, sin B and sin C are rational, 


Hence, 6 and ¢ are also rational. 


Also, A= ; besin A 


As 6, c and sin A are rational, so triangle is rational 
number. Therefore, a, b, cand triangle are rational. 


Therefore, (iii) > (i). 
Let ABC be a triangle with base BC =a and altitude 
AD = p, then 


B D Cc 


< a > 


Area of AABC =; bcsin A 
Also, area of AABC -5 ap 


1 al 
—ap=—bcsin A 
2 e 2 


bcsin A 
= = 
a 

abcsin A 

> =——,— 
a 
abcsin A: (sin? B- sin? C) 

a = 


a*(sin? B-sin?C) 
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13. 


14, 


_ abcsin A-sin (B + C) sin (B-C) 
(b? sin? A — c*sin? A) 
ab _c¢| 

sin A sinB = sin C| 
_abcsin® A-sin(B—C)_ abcsin (B-C) 

(b? — ¢)-sin? A b= 
_ab’rsin(B-C)_ arsin(B-C) 

ee is; 


laa sine rule, 


[sin (B-C) <1] 


Given, cos A cos B+sin Asin BsinC =1 


=> juga os! ...(i) 
sin Asin B 
=> fee? [- sinC <1] 
sin Asin B 
> 1-—cos A cos B<sin Asin B 
=> 1 <cos (A —- B) 
> cos (A- B)>1 
> cos (A- B)=1 [. as cos @) <1] 
> A-B=0 
On putting A = Bin Eq. (i), we get 
nas fed, 
jincs ee _ ci 
sin* A 
> sinC=1 
> C=n/2 
Now, A+B+Ce=n 
= acbelsas® Maepmacs™ 
2 4 | 2 | 
sin A:sin B:sinC =sin ~:sin:sin 
4 4 
i . 3 ill 
> a:b:c=——:— 1 
Peer) 
=1:1:/2 


Let a, b, care the sides of a AABC. 


Given, cos A+ cos B+ cos =5 
b? + -a? a’+c—b? a+b’ _8 
2be 2ac 2ab 2 
=> ab? + ac? — a? + ba? + bc? — B® 
+ca’?+cb?—@ =3abc 
=> a(b-0) + b(c-a)*? + c(a— by” 
= GP OF9 ab) + 0 + €- 0)" 
=>(a+ b-0 (a—b)? + (6+ c—a) (b- 0)” 


+(c+a-—b)(c-ay=0 


[as we know, a+ b-c>0,6+c-a>0,c+a-—b>0O 


15. 


16. 


17. 


.. Each term on the left of equation has positive 
coefficient multiplied by perfect square, each term must 
be separately zero. 


> a=b=c 


-. Triangle is an equilateral. 


: il 1 
Since, A=—ap, > —= 2 
2 Pp, 2A 
b 1 Cc 


St eee ee ee 
Py 2A ps 2A 


(a+ b-c) 
Pi Po ps 2A 
2(s—c) _s—-c _ s(s—c) ab 
2A A ab sA 
ab 9C 
= “COS 
(**) 2 
2 
2ab 2C 


“G@tb+0A 2 


We know that, A= ; ap, 


2A 
> Pp, =— 
a 
Similarly, Po= ls and ps, = cad 
b c 
8a 
Now, P P2 P3 = 
abc 
Since, = me 
4R 
Et ee (abo) _ (abe) 
ree" “abe 64R® 8B 
In AABC, by sine rule, — 7 22 = = 
sin A sin30° sinC 
> C=45°, C’=135° 


When, C=45° = A=180°-(45°+30°) = 105° 
When, C’ =135° = A=180°-(135°+30°) =15° 


Area of AABC = ; ABx ACsin A 


= 5x 4x22 sin (105°) 


_ V3+1 
=e 2/2 


=2 (V3 + 1) sq. units 


Area of AABC’ = F ABxAC sin A 


= 5 x4x242 ain (15°) 


= 2 (/3 -1) sq. units 
Difference of areas of triangle 


=|2 (V3 +1)-2 (V3 -1)|=4 sq units 


Alternate Solution 
Cc’ 


Here, AD=2, DC =2 
Difference of areas of AABC and AABC’ 
= Area of AACC’ 


= 5 ADXCC’ = 5 x2x4-=4 sq units 


Topic3 Circumcircle, Incircle, Escribed, 
Orthocentre and Centroid of a 
Triangle 
1. Let ABC be a given triangle with vertices 
BO, 2), C(4,8) and let third vertex be A(a, b) 


Also, let D,E and F are the foot of perpendiculars 


drawn from A, Band C respectively. 


Then, ADL BC a ee = 
a-0 4-0 


[if two lines having slopes m, and my, are 
perpendicular then mm, = —1] 


=> b+4a =0 

and CFL AB 
b-2 3-0 

=> = Se] 
a-0 4-0 

> 36-6 =-4a 

= 4a+3b=6 


From Eas. (i) and (ii), we get 
-—b+3b=6 => 2b=6 


(i) 


.. (ii) 
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> b=3 


and a=-— [from Eq. (i)] 
So, the third vertex 


(a, b)= (-2 ‘ 3}, which lies in IT quadrant. 


3x-2y +6=0 4x+5y—20=0 


Let equation of AB be 4x+5y-—20=0 and AC be 
38x-27+6=0 
Clearly, slope of AC= 7 


[:. slope of ax + by + c= Ois— | 


.. Slope of altitude BH, which is perpendicular to 
AC = 2 ey ee MBH = : 
3 Mac 


Equation of BH is given by y — y, = m(x- x) 
Here, m=—=,m,=1and y=1 


y-1=-2@-1) 
=> 2x+38y-5=0 
Now, equation of ABis 4x + 5y — 20= 0 and 
equation of BH is 2x + 3y -5=0 
Solving these, we get point of intersection 
(i.e. coordinates of B). 

4x + 5y — 20=0 

re =>y=-10 
4x + 6y -10=0 


On substituting y =— 10in2x + 3y—5 =0, we get 
35 


a( 2-10) 
2 


Solving 4x+5y-20=0 and 3x-2y+6=0, we get 
coordinate of A. 


12x + 15y — 60=0 _ 
12% — 3 BO Ob = 2ay = of 


x= 
2 


=> = — ga" 
7 93 23 
a 
23° 23 
84 | 1] 
y27 MN 23 61 
Now, slope of AH = = = : 
Xy — Xy 10_ 4) -18 
23 


-: BC is perpendicular to AH. 
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.. Slope of BC is Zs Mpc = 7 = 
61 Man 


Now, equation of line BC is given by y- 9, =m(x- 4), 
where (x,, y,) are coordinates of B. 


(10) = 18 (« =) 


61 2 
13 

> +10= 2x — 35 

" 61x 2‘ ) 

> 122y + 1220= 26x — 455 

= 26x — 122 — 1675 = 0 

2 2 2 

S PUN Geosee! ? —-  ijee = ya4 
2ab 4A Ss 


where, R,r,A denote the circumradius, inradius and 
area of triangle, respectively. 


Let the sides of triangle be a, bande. 


Given, x=a+b 
y=ab 
gié=y 
> (a+ b)?-C=y 
=> a?+b?+2ab—-C=ab 
=> a’ + b?-=-ab 
2,72 2 
Gee SE 2 = 6694908 
2ab 2 
=> A" 
3 
2 
R cae A ar 4X 
4A s R_ s(abc) 
2 
afi ab sin (=) 
[2 | 
x+c 
2 
ft ._-8Y 
R 2c(x+ 0) 


4, First solve each option separately. 
(a) If a, sin A, sin B are given, then we can determine 


b=-—* sin B, c= sin. So, all the three 


sin sin 


sides are unique. 
So, option (a) is incorrect. 

(b) The three sides can uniquely make an acute angled 
triangle. So, option (b) is incorrect. 

(c) If a, sin B, R are given, then we can determine 


b=2Rsin B, sin A= a cay So, sin C can be 


determined. 
Hence, side c can also be uniquely determined. 
(d) Ifa, sin A, R are given, then 


?_._©_-oR 
sin B sinC 


But this could not determine the exact values of b 
and c. 


5. Here, R? = MC? = ; (a+ 6”) [by distance from origin] 


= ; Ce [by Pythagoras theorem] 
Y 
A 
: \M(a/2, b/2) 
Cc = B >X 
=> Re" 
2 


Next, r=(s—c)tan (C/2)=(s—o) tann/4=s-c 
2(r+ R)=2r+2R=2s-2c+c 
=at+b+c-c 
=at+b 


; bats : A 
. Radius of incircle is, r= — 
s 


Since, A=16V2 
ee 6V2 +62 +42 


Now, 


. Equation of circumcircle of APRS is 


(x+ 1) (x-9) + y?+ Ay =0 
It will pass through (1,2V2), then 
-16+8+A-2V2 =0 


8 le 
2V2 


-. Equation of circumcircle is 

x7 + y?-8x4+2V2y-9 =0 
Hence, its radius is 3/3. 
Alternate Solution 


Let ZPSR=0 => sin 9-282 
2/3 
Pe 
2R 

=> PR=6,V2 =2R-sin 0 
=> R=3V3 
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8. Coordinates of P and Q are (1, 2V2) and (1, —2V2). 10. Given a AXYZ, where 2s=x+y+2z 
Now, PQ=,/(4v2)? +0? =42 and cir aan 
eax of A PQR = +428 = 1642 Saiauiis % 
Area of A PQS = +-4V2-2.= 42 sq units P y 
Y : Z 
S-X s-y_8-Z 
4 3 2 
spe <i _3s-(xt+yt+Z)_ 8 
4+34+2 9 
~ S-X S-Y s8-z 8 A (let) 
4 3 2 9 
> s=9), s=4A 4+ 4,5=38A4+ 9 
y' and s=2\4+2 
Ratio of areas of APQS and APQR is 1: 4. “ s=9A,x=5A, y=6A, Z=7A 
9. We have, . Now, A =,/s(s— 2)(s— »)(s- 2) 
In APQR [Heron’s formula] 
ae a = /91,-41-3A-22 =6V6X i) 
PQ =10V3 
10/8 2_ 80 
OR =10 Also, tr = : 
x 2_ 8 (i) 
By cosine rule Q 10 R 7 3 ee 
>» _ PQ” + QR* — PR” xyz  (BA)GA)(TA)  35A 
cos 30° = and R= YE = .. (ill 
2PQ -QR 4A 4-6/6.” 4/6 Sa 
J3 _ 300 +100 - PR? 8 A 21624 
= - 2-9 _f _ 
2 2003 NO SS a ea 
> 300 = 300 + 100 — PR” 8 842 ; : 
= pep => 5-4 [from Eq. (ii)] 
Since, PR = QR =10 = i= 
ZQPR = 30° and ZQRP =120° 7 2 
‘ a (a) AXYZ =6V6)" = 6V6 
Area of APQR = ae se .. Option (a) is correct. 
] l . : : 35 35 
=—x10V3 x10 x —= 25V3 Radius of circumcircle (R) = —= A =—= 
5% /3 x 10 x : 53 (b) (R) Le Le 
Radius of incircle of .. Option (b) is incorrect. 
_ Area of APQR xX Y Z 
APQR ‘ - ‘ : 
" Semi - perimetre of APQR (c) Since, r=4Rsin ‘ -sin 5 “sin 5 
ie. poh ~_ 253253 aw? 3 .X.Y.Z 
s 10¥3+10+10 5(V3+ 2) = a ae 2 2S 
2 re. Sart geese 
> r= 5¥3(2- +3) > eps ns 
=10¥3 15 .. Option (c) is correct. 
; : : be _ 10V3 x10 x10 
d radius of le (R) = SS = =10 of X+Y\_ of Z 
and radius of circumcircle (R) mm PETE (d) sin ( } =cos (2 
..Area of circumcircle of X+Y Z ss—z) 9x2 8 
APOR = 2R2= as =90° = = = 
QR = TR" =100 x 2 2 “ BRE SB 


Hence, option (b), (c) and (d) are correct answer. . Option (d) is correct. 
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11. 


12. 


Let a straight line through the vertex P of a given 
A PQR intersects the side QR at the point S and the 
circumcircle of A PQR at the point T. 


Points P,Q, R, T are concyclic, then PS-ST =QS-SR 


Now, FS+S! > PSST [ AM > GM] 
P 
Q awe 
T 
aad Le 2 e 2 = 2 
PS ST JPS:ST  JQS-SR 
Aliza: eee > |SQ-SR 
= oh > \SQ-SR 
=> a ss 
JSQ:SR QR 
> 2 4 
VSQ:SR QR 
i, bs 2 
PS ST” JQS-SR~ QR 
Wehave R= 2" and rad 
4A s 
R_abe s_abe-s 
r 4A A 4x 
_ abc 
4 (s— a) (s— b) (s— 0) 
But a:b:c=4:5:6 [given] 
=> ee eee | [let] 
4 5 6 
> a=4k, b=5k,c=6k 
Now, fee + b+ j= + 5k 4 égeo™ 
2 2 Zz 
R_ (4k) 6k) 6k) 
r (3 an) (23 sh) (+54 sr 
2 2 2 
30k? _ 30-8 _ 16 


eae 75-3 7 
2 2 2 


13. 


14. 


15. 


Since, sides of a triangle subtends a, B, y at the centre. 
A 


a+B+y=2n (1) 


Now, arithmetic mean 


Tt 1 1 
cos [7 +a] + cos{* +) + cos (2 +7] 
7 2 2 2 
3 
As we know that, AM >GM, i.e. 


Cee T 
AM is minimum, when - += 


or ao =B=y=120° 
-. Minimum value of arithmetic mean 


= cos ( +a] = cos e10*)=-8 


Here, central angle = =40° 


Pe sin 20° 
r 


In AACM, 
> r =cosec 20° 
-. Radius of circle = cosec 20° 


Since, the circles with radii 3, 4 and 5 touch each other 
externally and Pis the point of intersection of tangents. 


=> Ps incentre of AC,C.C3. 

Thus, distance of point P from the points of contact 
=inradius (r) of AC,C,C; 

AL ppe-oe- b)(s— 0) 


Ss s 


1.e. 


where, 2s=7+8+9>s=12 


Hence, r= [O22 802-8) = Pes 


16. We know that, J, = FP sin am 
2 n 

[since, J, is area of regular polygon] 

21 


ve, 2M 
= sin — 


> B [ee r=1]...@ 
n n 
and O,,=nr* tan = 
[since, O,, is area of circumscribing polygon] 
Ore sha (di) 
n n 


On dividing Eq. (i) by Eq. (ii), we get 


sin — 
2Ln ai nh 
O, tan” 
n 
21 
1+ cos — 
> J, = cos? = nh 
O,, vy 
dt OR IA 
m 2a EE. beni. 60 


roe 2 
=> 1,=2 a+ fa @l,/n)) 


17. The quadrilateral HEKJ is a square, because all four 
angles are right angles and JK =JH. 


90° 


Therefore, HE=JK=n and JH=r [given] 


> IH =r-17, 
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Now, in right angled AJH.J/, 
Z JSIH =21/2-—A/2 
[. Z [HA =90°, Z JAE = A/2and 7 JIH = 2 AIE| 
In AJTH, 


tan ( *) ire 
2 2 r-h 2 rT-7r 


r. ( I: 
2 and cot — = —3 


Similarly, 
r-T 2 1T-h 


ate 
2 


On adding above results, we get 

cot A/2 + cot B/2 + cotC/2 

=cot A/2 cot B/2 cot C/2 
3 ATs 13 


=> + —=— 4 = 
roh Toh Pr-hm (aH) 4-7) (r-7) 


18. It is clear from the figure that, OA = R 


+: AATF is right angled triangle, so = — 
sin (A/2) 


But r=4Rsin (A/2) sin (B/2) sin (C /2) 
Ee Al =4Rsin (B/2) sin (C/2) 
Again, ZGOA=B > OAG=90°-B 
Therefore, ZIAO = ZIAC —- ZOAC 
= A/2-—(90° —- B) =5 (A+ 2B-180°) 


=5(A+2B A-B C)=58 C) 


In AOAI, OF? = OA” + AI? —2(A)(AD cos (ZIAO) 
= R’ + [4Rsin (B/2) sin (C/2))? 


—2R-[4R sin (B/2) sin (C /2)] cos (- ; c| 


= [R? + 16R? sin?(B/2) sin?(C /2) 


—8R’ sin (B/2) sin (C /2) cos (7 ; <)] 

= R°[1 + 16 sin?(B/2) sin?(C /2) 
B _ 
6 


—8sin (B/2) sin (C/2) cos ( 


Q 
ee 
i 


= R°[1 + 8 sin (B/2) sin (C/2) 


, sin (B/2) sin (C /2) — cos & ; }} 
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_ p2 3 : 2 
= R*[1 + 8sin (B/2) sin (C/2) = AP SaaS 
co cela. + cos ane co B-C)| ° 
7 i ae | => b [b? - (a —0)”] = 8(s— a)(s— b)(s— 0) 
bItb-(a-OHO+ (a- Of] 
B > 
= =Ri1- 8 sin (B/2) sin (C/2) cos ( 3 )} = 8(s— a)(s— b)(s— ¢) 
r ee > b [(6+ c—a)(b+ a-—o] =8(s—a)(s— b)(s— oc) 
= lle 8 sin (B/2) sin (C/2) cos s(- al > b [@s — 2a) 2s — 2c)] = 8(s — a)(s — b)(s— ©) 
> b [2-2 (s—a)(s— c)] =8(s— a)(s— b)(s—) 
Poe eat) > b=2s—2b 
[> 2°22 2| 
= R? in (A/2) sin (B/2) sin (C/2 = ee 
=a 2 — sin ( 7 )sin ( )ame )I which shows that b is arithmetic mean between a 
=Rj1-8( 5) |= marr and c. 
19. Since, r,, 7% and 7, are exradii of AABC are in HP. 
Now, in right angled ABIO, 14 4 
OB? = BI? + 10? i —,—,—are in AP. 
ny “a T3 
=> R? = BI’ + R’-2Rr 6-6 eB) S28 
= 2Rr = BIZ > aa are in AP. 
=> 2 Rr =r? /sin?(B/2) => s—a,s—b,s—care in AP. 
=> 2R = r/sin2(B/2) => —a, —b, -care in AP. 
=> 2Rsin? B/2=r => a,b, care in AP. 
=> R(-cos B)=r 
ae 20. sinC = 3 and C is given to be obtuse. 
=> — Th —cos B)= Ba 
XR = C="F= a’ + 6” -2ab cos C 
> gig wees 5 
s 2 2 1 
=,/6°+ 10°-2x6x10x —=14 
_ ea ie eae =a). ae | ae 
l 2ac 8 i = => rs ia 
[2ac—a?- 4b?) 402 aa ; 
= | ily 2 
2ac Ss 
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Vectors 


Topic 1 Scalar Product of Two Vectors 


Objective Questions I (Only one correct option) 


7. Let a=i+j+k b=i-j+k and c=i-j-k be 
1. Let A(3, 0, -1), B(2,10, 6) and C(1, 2, 1) be the vertices a ms =e 
ae aly ea th tors. A vect the pl f d b, 
of a triangle and M be the mid-point of AC. If G a ins nae ae oa 7 a 7 ‘a os ae y 
divides BM in the ratio 2:1, then cos(ZGOA) O a a orn 
pone the origin) : equal to ; (2019 Main, - April 1) tap = 3} 43k () -3i- 3} =" 
(a) Vis (b) Dis () 730 (d) 6/10 (c) 8i-j+ 3k (d) i+ 3j- 3k 
2. Ifa unit vectora makes angles © with i, ~ with j and Bo ic ascent eine 00 petal aon ate 
3 "4 : 2 4 A iS > ms iS 
ee ; iven byAB= 2i+10j+11kand AD =— i+ 2j+ 2k. 
Oe (0, T) with k, then a value of 0 is (2019 Main, 9 April II) a 5 2 : : n J 
Sa e ~ se The side AD is rotated by an acute angle o in the 
(a) Te (b) i (c) =r (d) 7 plane of the parallelogram so that AD becomes 
. AD’. If AD’ makes a right angle with the side AB, 
3. oe a a eee hae 2, : ors vertices then the cosine of the angle o is given by (2010) 
of a triangle an e the mid-point o : 8 7 1 4B 
If G divides BM in the ratio 2:1, then cos (ZGOA) (a) 9 (b) “ (c) 6 (d) ae 
(O being the origin) is equal to (2019 Main, 10 Jan 1) : 
es 1 (b) 1 9. Let P,Q, R and S be the points on the plane with 
VIB 215 position vectors — 2i-j,4i,3i+ 3j and -3i+ 2j, 
() 1 (d) 1 respectively. The quadrilateral PQRS must be a 
30 6V10 (2010) 
a 4 ss > nN A llel hich i ith homb 
A 1 a=i+j+/2kb=di+d,j+v2k baal (a) acre eal ich is neither a rhombus nor a 
e=5it+jt+ J2k be three vectors such that the (b) square 
projection vector of b on a is a. If a+b is 9) ae etanele Pee none sauere 
; ; (d) rhombus, but not a square 
perpendicular to c, then|b | is equal to : ; . A 
(2019 Main, 9 Jan II) 10. Let two non-collinear unit vectors a and b form an 
(a) 6 (b) 4 (c) ¥22 (d) 32 acute angle. A point a moves, so that at any time t 
5. If lines x= ay+b, z=cy+d and x=a’z+0’, the position vector OP (where, O is the origin) is 
y=c’z+d’ are perpendicular, then(2019 Main, 9 Jan II) given by acost+b sint. When _P is farthest from 
(a) ab’+ bc’'+1= 0 (b) bb’+cc’+1= 0 origin O, let Mbe the length of OP and tbe the unit 
(c) aa’+c+C=0 (d) cc’+a+ a’=0 vector along OP. Then, (2008, 3M) 
6. Let O be the origin and let PQR be an arbitrary ~ a+b _ ~ M19 
triangle. The point S is such that a 
OP-OQ + OR-OS = OR-OP+0Q -OS (b) a = i —» and M= (i4+-a-by” 
=0Q-OR+OP-0S ree . 
z ~ 21/2 
Then the triangle PQR has S as its (2017 Adv.) ()u= eae and M = (1+ 24- b) 
(a) centroid (b) orthocentre . ah n S19 
(c) incentre (d) circumcentre (d) u= (a= bl and M = (1+ 2a-b) 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


Be a OR RO A ee 
Let,a=i+ 2j+k,b=i-j+k,¢ =i+ j-k.A vector 
> 
coplanar to a and b has a projection along ¢ of 


: 1 : 
magnitude —— , then the vector is 


J3 
(a) 4i — j + 4k 
() 2i+ j+k 


(2006, 3M) 


(b) 4i + j-4k 
(d) None of these 


23D OD 
If a,b,c are three non-zero, non-coplanar vectors 


> >» barcp- > b-a 
and b,=b a,b,=b+ a, 
2 
| al lal 
2 FO > 3 —) 32 3S 
> > ear ec:-bv > - @G-an- c-b, P 
c,=c a b,c,=c a is 
mays 2 2 12 
| al | bl la| lb | 
32 FO > = 2 FO 
> >» @e@-ar- cbs > > > Caro 
C3 =C a 25 Cy=a a 
39 > 92 > 12 
| al | b.| lal 


Then, which of the following is a set of mutually 
orthogonal vectors? (2005, 1M) 


(a) fa, b,,¢,} (b) fa, b,c} (c) fa, b,,a,} (a) fa, by, e;} 


> — , > > 
Ifa and b, are two unit vectors such that a + 2b and 


ba- 4b, are perpendicular to each other, then the 


angle between a and bis (2002, 1M) 
(a) 45° (b) 60° 

1f(1 -1 “| 
c) cos | — d) cos "| = 
©) (2) (a) (? 

2 > > ; 
If a,b and ec are unit’ vectors, then 
| A> bl? +| b- el? +| c- al? does not exceed (2001, 2M) 
(a) 4 (b) 9 
(c) 8 (d) 6 


a) > a ee es 
Let u,v and w be vectors such that u+ v+w= 0. If 


= > > > > > > > >. 
|ul=3,| v|=4and|w]|=5,then u v+v- w+w-uis 


(1995, 2M) 
(a) 47 (b) —25 (c) 0 (d) 25 


The number of vectors of unit length perpendicular 
to vectors a =(1,1, 0) and b =(0,1,1)is 


(b) two 
(d) infinite 


(1987, 2M) 


(a) one 
(c) three 


A vector a has components 2 pand 1 with respect toa 
rectangular cartesian system. This system is rotated 
through a certain angle about the origin in the 
counter clockwise sense. If, with respect to the new 
system, a has components p+1 and 1, then (1986, 2M) 


(a) p=0 (0) p= lor p=~= 


(c) p=—lor p= (d) p=lor p=-1 


wle 


18. The points with position vectors 
60i + 3j, 40i — 8j, ai — 52j are collinear, if (1983, 1M) 


(a) a=— 40 (b) a = 40 
(c) a=20 (d) None of these 


Objective Question II 
(One or more than one correct option) 


> A A a> A A A > AU A A 
19. Let a=2i - j+k,b=i+2j—k and c=i+j-—2k be 
three vectors. A vector in the plane of b and c whose 
. . => . . . 
projection on a is of magnitude ¥2/ 3,is 
(a) 2i + 37 - 3k (b) 2i + 3) + 3k 
(0) -2i - j+ 5k (d) 21 + f+ 5k 


(1993, 2M) 


Numerical Value 


20. Leta and bbe two unit vectors such thata - b = 0. For 
some x, ye R, letc=xa + yb+(a x b). If |e] = 2 and 
the vector c is inclined at the same angle o to botha 


and b, then the value of 8 cos” @ is ......... . (2018 Adv.) 
Fill in the Blanks 
aN 
21. The components of a vector a along and perpendicular 
> 
to a non-zero vector b are ...... and...... respectively. 
(1988, 2M) 


22. A, B, Cand D, are four points in a plane with position 


32D OS 2 . 
vectors a,b, c and d respectively such that 


(a — d)-(b- ¢)=(b- d)-(e-a)=0 
The point D, then, is the... of the A ABC. 
23. Let A,B,¢ be vectors of length 3, 4, 5 respectively. 
Let A be perpendicular to B+ G, Bto G+ Aand Cto 


> 3 > 23 2, 
A+B. Then, the length of vector A+ B+ Cis.... 
(1981, 2M) 


(1984, 2M) 


True/False 


24. The points with position vectors a+b, a—b and 


a+ kb are collinear for all real values of k. (1984, 1M) 
Analytical & Descriptive Questions 


a 
25. Find 3-dimensional vectors v,,v5,v3 satisfying 


> > > > > > 
V1 -°V, =4, Vp Vg =—2, V1 + V3 =6, 
> 


> > > 


> > 
Vo" Vo. =2, Vor V3 =—5, V3 - V3 =29 (2001, 5M) 


26. Show, by vector methods, that the angular bisectors 
of a triangle are concurrent and find an expression 
for the position vector of the point of concurrency in 
terms of the position vectors of the vertices. 

(2001, 5M) 


27. 


28. 


29. 


30. 


31. 


In a A ABC, D and E are points on BC and AC 
respectively, such that BD = 2DC and AE = 3EC. Let 
P be the point of intersection of AD and BE. Find 
BP / PE using vector methods. (1993, 5M) 


Determine the value of c, so that for all real x, the 
vector cx i — 6j — 3k and xi+ Qj + 2exk make an 


obtuse angle with each other. (1991, 4M) 


Ina A OAB, Eis the mid-point of BO and Dis a point 
on AB such that AD : DB=2:1. If OD and AE 
intersect at P, determine the ratio OP:PD using 
methods. (1989, 4M) 


Let OACB be a parallelogram with O at the origin 
and OC a diagonal. Let D be the mid-point of OA. 
Using vector methods prove that BD and CO 
intersect in the same ratio. Determine this ratio. 
(1988, 3M) 


=e - é 3B . ‘ 
Let A(t)=f(@Mi+ Aj and B(t)= git g()j, 
€ [0,1], 4, /,.8:82 are continuous functions. If A(t) 
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A(t) and B(2) are non-zero vectors for all ¢ and 
A(0)=2i, A()=6i+23, B(0)=3i+ 2} 


B(1) = 2} +6}. Then, show that A(t) and B(2) are 
parallel for some ¢. 


and 


Integer Answer Type Questions 


32. 


33. 


Topic2 Vector Product of Two Vectors 


Objective Questions I (Only one correct option) 


1. 


Leta = 3i+ Qj + 2kandb =i+ Qj — 2k be two vectors. 
If a vector perpendicular to both the vectors a + b and 


a—b has the magnitude 12, then one such vector is 
(2019 Main, 12 April II) 


(b) 4(2i - 2j- k) 
(d) 4(-2i - 2} + k) 


(a) 4(2i+ 2) + k) 
(c) 4(2i + 2) - k) 
Let o € R and the three vectors 
a=oi+j+ 3k, b = 2i+j-ak 
and c= oi — Qj + 3k. Then, the set 
S ={o:a,b and care coplanar} 
(a) is singleton 

(b) is empty 

(c) contains exactly two positive numbers 


(d) contains exactly two numbers only one of which is 
positive 


(2019 Main, 12 April 11) 


If the length of the perpendicular from the point 


: x yr-l 2t+l1. He 
, 0, # 0) to the line, — = = ; 
(B, 0,8) (B # 0) ine, F227 = =o is 5 


(2019 Main, 10 April +1) 


then B is equal to 


(a) 2 (b) - 2 
(c) -1 (d) 1 


Let & = 31+ jandB = 2i- j+ 3k IfB =f, - 
By i is parallel to a and Boi is perpendicular to a, then 


B 9, where 


B, x Bai is equal to (2019 Main, 9 April 1) 


(a) 5 (3i <9) 4:5E) (b) 58 + 9+ 5k) 


(c) -3i + 9) + 5k (d) 3i — 9 — 5k) 


5. 


Suppose that p,q and r are three non-coplanar 
vectors in R®. Let the components of a vector s along 
p,q and r be 4, 3 and 5, respectively. If the 
components of this vector s along (- p+q+r), 
(p-—q+r)and(- p—q+r)arex, yand z respectively, 


then the value of 2x + y+ zis (2015 Adv.) 
If a, b and ec are unit vectors satisfying 
> > 2 > 2 > > 2 
|la-bl°+|b-el°+|c-al*=9, then 
> > >, 
|2a+5b+5c|is equal to (2012) 


Let a= 3i+ 2}+ xk and b= i= {+ k for some real x. 
(2019 Main, 8 April 11) 


(b) fo<rsale 


Then|a x b| =r is possible if 


3 

(a) o<rs [8 
(c) aS <r<a/e (d) 25/3 
2 2 2 


A tetrahedron has_ vertices P(1,2,1), 
Q(2,1, 3), R(-1,1,2) and O(0,0,0). The angle 
between the faces OPQ and PQR is (2019 Main, 12 Jan 1) 


mani(g}oer (glen (3) eo (5 


Let a=2i+j ok, b=i+ jand c be a vector such 


that |ec-al=3, |(ax b)xel= and the angle 
between c and ax bis 30°. Then, a- cis equal to 
(2017 Main) 
25 1 
ee b) 2 5 d) = 
(a) - (b) (c) ( MG 


=> > > 3 

If a and b are vectors such that |a + b| = J/29 and 
ax (2i + 3j + 4k) = (2i + 3j + 4k) x b, then a possible 
value of (a + b)-(— Ti+ 2) + 3k) is 
(a) 0 (b) 3 (c) 4 


(2012) 
(a) 8 


375 éO . a 
Let a, b, ¢ be unit vectors such that a+ b+ c=0. 
Which one of the following is correct? (2007, 3M) 


wl 
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10. Ifthe vectors a b and c from the sides Passage Based Problems 

BC,CA and AB respectively of a A ABC, then Let O be the origin and OX,OY,OZ be three unit 
(a) a- b+ b- c+ ¢-a=0 (2000, 2M) vectors in the directions of the sides QR, RP, PQ 

Se a ee ' respectively, of a triangle PQR. (2017 Adv.) 
ee oun — se 15. Ifthe triangle PQR varies, then the minimum value of 
()a-b=b-c=c-a cos(P + @)+ cos(Q + R)+ cos(R+ P)is 
(a) Ax Be Bx o4 8x8 =0 @-> + 2 ()-2 

16. |OX x OY|= 


Objective Questions II 
(One or more than one correct option) 


11. Let APQR be a triangle. Let a=QR, b= RP and Soa 
c=PQ. If |al=12,|bl=4V/3 and b-c=24, then Fill in the Blanks 


(a) sin(P + @) (b) sin(P + R) 
(c) sin @ + R) (d) sin2R 


we SE ETO LOW eae wee eernnes 17. Ifband care any two non-collinear unit vectors and a 

(a)! -lal=12 ors lal = 30 is any vector, then 

c)lax b+exal=4 d)a-b=- 72 ee a a adbxe) 2.5 

eee (a-byb+a- core PX Gy ee... aoa 
12. Let A be vector parallel to line of intersection of lb x el 

planes P, and P, through origin. P, is parallel to the ; ; ; 

eats 18. The unit vector perpendicular to the plane determined 


by P(,-1, 2), Q(2, 0-1) and R (0,2,1) is... . (1983, 2M) 
19. The area of the triangle whose vertices are 
A(1,—1, 2), B(2, 1,-1) C(8,-1, 2) is... . (1983, 2M) 


Qj + 3k and 4j ~ 3k and P, is parallel to i= k and 

3i + 3j , then the angle between vector A and 

2i + j- 2k is (2006, 5M) 

@ o)* © : (@ ae True/False 

20. Let A Band C be unit vectors. If A B= A C= 0and 
that the angle between Band Cis x/6. 


13. Let a and b be two non-collinear unit vectors. If 
u=a—(a-b)b and v=axb,then|vlis (1999, 3M) 


Then, A=+ 2(Bx ©) (1981, 2M) 
> = = en, Bar x . , 
(a) |ul (b) |ul+|u-al 
> 2 5 > 72 Pp 2 ‘ ‘ é ; 
()|ul+|u- bl (d) |ul+u-(a+ b) Analytical & Descriptive Questions 
° ey er le ee 2 2 7 7 ‘ 
Assertion and Reason 21. If a,b,c,d are four distinct vectors satisfying the 
For the following question, choose the correct conditions a x b= ¢ x dand ax c=bx d, then prove 
answer from the codes (a), (b), (c) and (d) defined as Bake agony ees 
follows. thata-b +e-d#a-c+b-d. (2004, 2M) 
(a) Statement I is true, Statement II is also true; , 2 
Statement II is the correct explanation of 22. For any two vectors u and v, prove that 
Statement I ee g8 
(b) Statement I is true, Statement II is also true; @)|u-vl°+]ux vl~=|ul*|v| 


Statement II is not the correct explanation of 


+. mane) ma) + 9 > > > 19 
Statement I Gi) 2+ ul*)Q+| vl°)=|1-u-v|>+]/u+v+ (ux v)| 


(c) Statement I is true; Statement II is false (1998, 8M) 
(d) Statement I is false; Statement IT is true 23. If A,B,C,D are any four points in space, then prove 
5 > > 5 5 > 

14. Let the vectors PQ, OR, RS, ST, TU and UP that | AB x CD + BC x AD+CA x BD| 
represent the sides of a regular hexagon. =4(area of AABC). (1987, 2M) 
Statement I PQx (RS + ST) # 0. 24. If A, Ay, ..., A, are the vertices of a regular plane 
because polygon with n sides and O is its centre. Then, show 

that 
Statement II PQx RS = 0 and PQx ST z 6. net 
> > > 
(2007, 3M) ¥ OA; x OA;,;)= (1-1) OA, x OA)). 


i=l (1982, 2M) 
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Topic3 Scalar Triple Product/Dot Product/Mixed Product 


Objective Questions I (Only one correct option) 


1. The sum of the distinct real values of LL, for which 
the vectors, uit j+k, itpjitk i+ jtuk are 
coplanar, is (2019 Main, 12 Jan 1) 
(a) 2 (b) 0 ()1 (a) -1 

2. Let a=i+2j+ 4k b=i+dj+ 4k and 
c= 2i+ 4j $C? =1) k be coplanar vectors. Then, 
the non-zero vector a X Cis (2019 Main, 11 Jan 1) 
(a) —10i + 5j (b) — 104 — 5j 
(c:) — 144 - 5j (d) - 141 + 5j 


a 2 : 
3. If a,b,c and d are the unit vectors such that 
) 


> 38 


a ee 
aCe Tene a CS sae (2009) 


(a) a, b, care non-coplanar 
> 
(b) a,b 


(c) b } b, d are non-parallel 


= 
3 b, d are non- coplanar 


(d) a ; dare parallel and db, Gare parallel 


4. The edges of a parallelopiped are of unit length and 
are parallel to non-coplanar unit vector a, b, ¢ such 


that 4- b= b-e=@- a=. Then, the volume of the 


parallelopiped is (2008, 3M) 
1 1 : 
(a) — cu unit (b) —— cu unit 
V2 2/2 
V3 


F al : 
(c) — cu unit (d) — cu unit 
2 V3 


5. The number of distinct real values of A, for which 
the 


vectors — A7i + j+ k, i=) jek andi+j- 0? k are 
coplanar, is (2007, 3M) 
(a) 0 (b) 1 (c) 2 (d) 3 
6. The value of a, so that the volume of parallelopiped 
formed by i+ aj + k,j +ak and ai+k become 
(2003, 1M) 
(c) 1/V3 (d) V3 
7. If V=2i+j—-k and W=i+3k. If U is a unit 
vector, then the maximum value of the scalar triple 


minimum, is 
(a) -3 (b) 8 


product [U Vv Ww] is (2002, 1M) 
(a) -1 (b) ¥10 + V6 
(c) V59 (d) 60 


8. Ifa=i-k,b=xit+ j+(1-x) k and 


~ a a A 33S 
c=yit+xj+(1+x-y) k.Then, [a b c] depends on 
(b) only y (2001, 2M) 
(d) both x and y 


(a) only x 
(c) neither x nor y 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


If a b and c are unit coplanar vectors, then the scalar 


triple product [2 a—b 2b-c 2e- a] is 
(a) 0 (b) 1 (c) -V3 (a) V3 


32 Fé . . 
For three vectors u,v,w which of the following 


expressions is not equal to any of the remaining 
three? 


(a) u-(vx w) 


(2000, 2M) 


(b) (Vx w)-U 
(d) @ x Vv) -w 


(1998, 2M) 
(c) v-(ax w) 


> AU A a > A A A > A A A 
If a=i+j+k,b=4i+3j+4k and c=i+aj+Bk 


are linearly dependent vectors and | d = 73, thes>s, 2m) 
(a)a=1B=- (b)a=1LB=+1 
()a=-1Bp=+1 (ja=+1,p=1 


a 
If a,b and c are three non-coplanar vectors, then 


(a+b+c):-[(a+b)x (a+ e)] equals (1995, 2M) 
(a) 0 (b)[ebe]  (c) 2-[e be] (d) [a be] 


Let a=i j, b= j k,c=k i. If dis a unit vector 

such that a- d= 0= [be d] , then d equals (1995, 2M) 
i 2k i+j-k 

Gia JS (b)+ 1 t JO * 

@ei (a) +k 


Let a,b,c be distinct non-negative numbers. If the 
vectors aitaj+ck, i+k and cit cj+ bk lie in a 
plane, then c is (1993, 1M) 
(a) the arithmetic mean of a and b 

(b) the geometric mean of a and b 

(c) the harmonic mean of a and b 

(d) equal to zero 


Let a=aitayj + a,k,a=bi+ bj + bk and 


35 «x ‘ js 
a=ci+t Cc. j+ cs k be three non-zero vectors such that 


¢ isa unit vector perpendicular to both the vectors rs 
and b. If the angle between aand b is = then 


2 


a ag a3 

b, by bs} is equal to 

CG Cg & (1986, 2M) 
(a) 0 
(b) 1 


(©) <(a? + a2 + a2)(b2 + b2 + b2) 


Saf + of + aoe + Wf + BHP + +) 
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16. 


17. 


18. 


The volume of the parallelopiped whose sides are 


A 


. > 7 71D 8 
given by OA = 2i — 3j,OB =i+ j-—k, 


> “ “ . 
OC= 3i —k,1is 


(1983, 1M) 
4 
(a) — (b) 4 
13 
(c) = (d) None of these 
> * > > > 
For non-zero vectors a,b, c|,(a x b)-e| 
23D 3S . . 
=|a||b|| c| holds, if and only if (1982, 2M) 
(a) a- b=0,b-¢ =0 (b) b-¢=0,e-a=0 
(c) ¢:a=0,a-b=0 (d) a-b=b-c=c-a=0 


> 23> 3 > 27> 2 
The scalar A-[(B + C)x(A + B+ C)] equals 


(1981, 2M) 
(a) 0 
ee ae 
(b) [A B C]+[B C A] 
233 
(c) [A B C] 


Objective Questions II 
(One or more than one correct option) 


19. Let u=u,i+ u,j+ ugk be a unit vector in R’ and 
w= ie (i + cc 2k). Given that there exists a vector v 
in R®, such that |u+ vi=1and w-(u + v) =1.(2016 Adv.) 
Which of the following statement(s) is/are correct? 

(a) There is exactly one choice for such v 

(b) There are infinitely many choices for such v 
(c) If w lies in the XY-plane, then | u,| =| wz, 

(d) If u lies in the XY-plane, then 2|u,| =|us| 

20. Which of the following expressions are meaningfull 
operations? (1998, 2M) 
(a) u- (v x w) (b) (U-v)-w 
() (av) w (d) ux (v-w) 

Fill in the Blanks 
> > > > > > 

21. Let OA=a,OB=10a+2b and OC=b, where O, A 
and C are non-collinear points. Let p denotes the 
area of the quadrilateral OABC and let q denotes, 
the area of the parallelogram with OA and OC as 
adjacent sides. If p= kq, then k=...... . (1997, 2M) 

22. If — the vectors ai + j +k,it bj +k and 


i+ j + ck (a # 6#c#1) are coplanar, then the value 
i 1 1 


of + + = 
(l=a) (l=6) (=¢) 


(1987, 2M) 


os 
23. If A,B,C are three non-coplanar vectors, then 
>> 3 >> > 
A-(BxC) B-(AxC) 
+ Fives (1985, 2M) 
1 oo oe 
(CxA)B C-(AxB) 
eo lew 
24. If|b 6b? 1+6°|=Oand the vectors 
li ce i+¢ | 
> > > 
A =(1,aya"), B = (1, 6,6"), CO,c,c*) 
are non-coplanar, then the product abc = ..(1985, 2M) 
True/False 
2 > > 
25. For any three vectors a,b and c¢, 
(a —b)-{(b — c)x(e- a)} = 2a-(b x c) (1983, 1M) 
. > > 
26. If X-A=6 X-B=0, X-C =0 for some non-zero 


23> 


- 
vector X, then [A B C]=0. (1983, 1M) 


Analytical & Descriptive Questions 


27. 


28. 


29. 


30. 


a . 
If u,v,w are three non-coplanar unit vectors and 


> > > > > 

o,B8,y are the angles between u and v,v and w,w 
> . a . 

and u respectively and x,y, z are unit vectors along 


the bisectors of the angles a, B,y respectively. Prove 
that 


> >> >> > 1 p> > .2 2 0 of 27 

xX X xXZZ24xXxX|]}=—|uU V w] sec —sec —sec — 

Ixxyy ] ie. ] po ge 
(2003, 4M) 


Let V be the volume of the parallelopiped formed by 
the vectors 
> A A a> A a A 
a =aqit+ajt+ ask, b=bi+ b,j+ bk 

and c= qi + Coj + Cqk 
If a,,6,,c,, where r=1,2,3 are non-negative real 

3 

numbers and VG +b, +¢,)=8L.Show that V < L’. 
r=1 (2002, 5M)) 


= > : >, 
Let u and v be unit vectors. If w is a vector such 


> a ee’ 
that w+(w X U)=V, then prove that 


a 1 : ‘ 
|(u x ww end that the equality holds if and 


only if vis perpendicular to v. Se 


The position vectors of the points A, B,C and D are 

3i — 2j)-k,2i+ 3j—- 4k,—i+ j+ 2k and 4i+ 5j+Ak, 

respectively. If the points A,B,C and D lie on a 

plane, find the value of ) . (1986, 2! m) 
2 


Topic4 Vector Triple Product 


Objective Questions I (Only one correct option) 


1. Leta=i- ib =i+ j+ kand cbe a vector such that 
axc+b=0anda-c=4, then|c|? is equal to 

(2019 Main, 9 Jan I) 

19 17 

a) 8 b) = c) 9 dy = 

(a) (b) 5 (c) (d) 5 
2. Let a, b and c be three unit vectors, out of which 
vectors b and c are non-parallel. If m and B are the 
angles which vector a makes with vectors b and c 


respectively and ax(bx c)= 7 b, then |a- 68] is 


equal to (2019 Main, 12 Jan II) 


(a) 30° (b) 45° (d) 60° 


3. Let a, b and é be three unit vectors such that 


(c) 90° 


a x (b xé)= aT +6). If b is not parallel to é, then 


the angle between 4 and b is (2016 Main) 
3 
Cs (b) = 
4 2 
2m 51 
() eee ay 
(c) - (d) : 


4. Let a, band cbe three non-zero vectors such that no 


two of them are collinear and (ax b) xe= = bl| c| as 


> > 
If 8 is the angle between vectors b and c, thena 
value of sin@ is 


(a) ae ) “ 


(c) = (d) 
3 


8 “03 
3 3 
5. The unit vector which is orthogonal to the vector 
3i + Qj +6k and is coplanar with the vectors 


2i+j+k andi-j+kis (2004, 1M) 
2i -6j+k 21-3; 
4). 
er OB 
3j-k 4i+ 3j-3k 
qe ee 
0 Samer 
=> A OA a 73> > pa A >. 
6. If a=(it+ j+k),a-b=1 and a x b=j-k, then b is 
equal to (2003, 1M) 
(a)i-j+k (b) 2j--k 


(@)i (d) 2i 
2 3D 3O 3 
7. Let the vectors a,b,c and d be such that 


> 3 > 83 = 
(axb)x(cxd)= 0. If BR and P, are planes 


. : 23> 2 fF 
determined by the pairs of vectors a, b, and c,d 


respectively, then the angle between P, and P, is 
(2000, 2M) 

(a) 0 (b) m/4 

(c) x/3 (d) n/2 
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ae oe A > A AL, 
8. Leta=2i+ j- 2k andb=i+j.If ¢ isa vector such 


that a-c=| c|,|c—al= 2-2 and the angle between 
—> > =. > 3S ae 
(a x b)and c is 30°, then|(a x b) x ec] is equal to 


(a)? 2 
3 2 
(©) 2 (d) 3 


(1999, 2M) 


9. If a,b,c are non-coplanar unit vectors such that 


> 5 
ax (b x = (bt a then the angle between a and 
a2 
1995, 2M 
Db is , 
@°?* One (d) x 
4 4 2 


Objective Question II 
(One or more than one correct option) 

10. The vector(s) which is/are coplanar with vectors 
i+ i¢ 2k and i¢ Qj + k, are perpendicular to the 
yestor' i+ j + kis/are (2011) 

(a) j-k 
(c) = 


(b) -i+j 
(@) -j+k 


Numerical Value 


11. Consider the cube in the first octant with sides OP, 
O@ and OR of length 1, along the X-axis, Y-axis and 
Z-axis, respectively, where O(0, 0, 0)is the origin. Let 


(5. 7 ;) be the centre of the cube and T be the 


vertex of the cube opposite to the origin O such that S 
les on the diagonal OT. If p = SP,q =SQ, r=SR and 
t= ST, then the value of|(p x q) x (rx t)|1s..... : 


Fill in the Blank 


12. Leta b and cbe three vectors having magnitudes 1, 


1 and 2, respectively. If a x (a x c) +b= 0, then the 


> >, 
actue angle between a and Cis...... ; (1997, 2M) 


Analytical & Descriptive Questions 
2 > = > 2 
13. If A, Band C are vectors such that| B|=| C|. Prove 
> > > > > > > > > 
that [((A+ B)x(A+C)]x(Bx C)-(B+C)= 0 
(1997, 5M) 


14. If the vectors b,c,d are not coplanar, then prove 


> 


that the vector (a x b) x (e x d)+ (a x e) x (d x b) 


> ~ (lR =, Sees > 
+(a x d) x (bx c)is parallel to a. (1994, 4m) 
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; ' : > > : components of A in the new coordinate system, in 
15. (i) If Cisa given non-zero scalar and A and B be given . - 


pega terms of A,, Ay, As. (1983, 2M) 

non-zero vectors such that A 1B, then find the : 
ee - ks Integer Answer Type Question 
vector X which satisfies the equations A-X=c and 2_ 93 
> = > _ 
2 ‘ X -B. (1983, 2M) 16. Ifaandb are vectors in space given by a = a 
aL > 21+j+3k 
(ii) A vector A has components A,, Aj, A, in a and b= aa then the value of 
’ : ; v14 

right-handed rectangular cartesian coordinate : 6 oe : 
system OXYZ. The coordinate system is rotated (2a+b)-[(ax b)x(a- 2b)]is.... (2010) 


about the X-axis through an angle “ Find the 


Topic5 Solving Equations and Reciprocal of Vectors 
Fill in the Blanks 


5. A non-zero vector a is parallel to the line of 


Objective Questions I (Only one correct option) 
1. Let a=(A-2)a+ b and B =(4A — 2)a+ 3b be two 


given vectors where vectorsa and b are non-collinear. 
The value of A for which vectors a and B are collinear, 
is (2019 Main, 10 Jan Il) 
(a) 4 (b) -3 (c) 38 (d) -4 

. Let a=2i+),j+3k , b=4i+(3-2,)}+6k and 
c= 3i+ 6j +(A3 —-1)k be three vectors such that 


intersection 
of the plane determined by the vectors i, i+j and 
the plane determined by the vectors i= j, i+k. The 


angle between a and the vector i — Qj + 2k is... : 
(1996, 2M) 


b = 2a and a is perpendicular to ce. Then a possible 6. A unit vector coplanar with i + re: 2k andi + Qj +k 
value of (A,, 9, A3) 1s (2019 Main, 10 Jan 1) ‘ BR A 
2 and perpendicular toi+ j+kis...... ‘ (1992, 2M) 
(a) (1, 3, 1) (b) (1, 5, 1) , 
1 1 x ra 
(c) (-+ 4, 0) (d) (5. 4 2) 7. Letb=4i+ 3j and c be two vectors perpendicular to 
3 5 5 each other in the XY-plane. All vectors in the same 
Let a=2i+ j+k,b=i+ 2j-k anda unit vector c be plane having projections 1 and 2 along b and ¢, 
coplanar. Ifcis perpendicular to a, then cis equal to respectively are given by.... . Geer. aM 
eee on 8. If A (1, 1,1) Cc (0, 1,- 1) tors, th 
pe & 1,5 4 8 : =(1,1,1), C =(0,1,- 1) are given vectors, then 
(a) i+ k) 6) i -j-k) ‘ 
¥ A tor B satisfying the equations A x B = C and 
Leow Leo. 0 a vector B satisfying the equations A x B=C an 
() 2 - 2) @—0-j-& a 
V5 V5 


. Let par be three mutually perpendicular vectors of 


the same magnitude. If a vector x satisfies the 


> 2 : 
A-B=8is.... (1985, 91, 2M) 


Analytical & Descriptive Questions 


equation 9. Incident ray is along the unit vector v and the 
> , > reflected ray is along the unit vector w. The normal 

PX) (k-q)x p|+q x | (K-r) xq is along unit vector 4 outwards. Express w in terms 
a ee of A and v. (2005, 4M) 

wee | =B)% :|- Oy Shen A ae erven Dy 10. Let ABC and PQR be any two triangles in the same 


(1997C, 2M) 
LSS > lps 3 
i) (pra 2e) ae r) 


() ; (p+ q+r) (a) 5 2b+4-¥) 


plane. Assume that the perpendiculars from the 
points A,B,C to the sides QR,RP, PQ respectively 
are concurrent. Using vector methods or otherwise, 
prove that the perpendiculars from P,Q@,R to 
BC,CA, AB respectively are also concurrent. 

(2000, 4M) 
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11. The position vectors of the vertices A, B and C of a > - a~ADdaana > 2-4 
tetrahedron ABCD are i+j+k,i and 3i, 14, If A=2i+k,B=it+tj+k and C=4i-3j+7k 
. . > a 
respectively. The altitude from vertex D to the Determine a vector R satisfyingR x B= Cx B and 
opposite face ABC meets the median line through A ak 
of the A ABC at a point E. If the length of the side AD R-A=0. (1990, 3M) 
is 4 and the volume of the tetrahedron is awe , then Ss yey 
3 15. If vectors a,b,c are coplanar, then show that 
find the position vector of the point E for all its s as 7 
possible positions. (1996, 5M) a b c 
12. Prove, by vector methods or otherwise, that the point a aa b a “Cc l= 0 
of intersection of the diagonals of a trapezium lies on ‘ ay ae 
the line passing through the mid-points of the b-a b-b b-ec 
: : (1989, 2M) 
parallel sides. (vou may assume that the trapezium 
is nota parallelogram). (1998, 8M) 16. Find all values of nr, such that x,9,2 # (0, 0, 0) and 
, fey - (i+ jt+ 3k)x+(8i - 3j+k)y 
3. Let a,b and c be non-coplanar unit vectors, equally 2 Abs spe -h ae iy is ke), suene Lik event 
inclined to one another at an angle 0. If ; 
te ee cs s s : vectors along the coordinate axes. (1982, 2M) 
axb+bx c=pa+qb+re, then find scalars p, q 
and r in terms of 0. (1997C, 5M) 
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Hints & Solutions 


Topic 1 Scalar Product of Two Vectors 


1. Key Idea Use the angle between two non-zero vectors a and b 


is given by cos0 = | 7 i and coordinates of the centroid i.e. 
a 


X, + Xp + Xz Vit Wot V3 2,424,423 
3 3 3 
with vertices; (xX, Yq, Z,), (Xo, Yo. Za) and (x3, V3, Z3). 


) of a triangle formed 


Given vertices of a AABC are A@, 0, —1), B@, 10,6) and 
C(1, 2,1) and a point M is mid-point of AC. An another 
point G divides BM in ratio 2: 1, so G is the centroid of 


AABC. 
7 G(22322 Cee? 8st) -@.4,.2) 
3 3 3 
Now, cos (Z GOA) = BUHAY , where O is the origin. 
| OG||OA| 


OG =2i+ 4j+ 2k >|OG|=./44+ 16 +4 = 24 
and =- | OA |= 3i-k >| OA|= 9 +1 = 10 
and OG: OA =6-2=4 
«. cos (Z GOA) = 


4 1 
v24J10 15 


2. Given unit vector a makes an angle - with i, 7 with j 


and @ € (0, x) with k. 

Now, we know that cos*a + cos”B + cos*y=1, where 
a.,B, y are angles made by the vectors 

with respectively i, j and k. 


eB cos'(*] + cos'(*] + cos’0=1 
3 4 


1 #1 1 1 
=> —+—+4+c0s"6@=1> cos*6 =—=>cos0 =+ 
21 


T 2m Tv 
= cos@=cos 3 or cos 3 => 0=—or 


3 3 


. 20 ; : 
So, 0 is = according to options. 


3. Key Idea Use the angle between two non-zero vectors a and b 
a 


is given by cos0 = T i and coordinates of the centroid i.e. 


|a|| b| 
Xpt Xt Xz Vit Vot Y3 Zy+Zy4 
( 3 ‘ 3 ‘ 3 
with vertices; (x1, V4, Z),(X2, Yor Z>) aNd (X3, V3, Z3)- 
Given vertices of a AABC are A@, 0, —1), B2, 10,6) and 
C(1, 2,1) and a point M is mid-point of AC. An another 
point G divides BM in ratio 2: 1, so G is the centroid of 


23 Jor a triangle formed 


AABC. 
g(222et Ce teee sts *)=@,4,2 
3 3 3 
Now, cos (Z GOA) Ga 0A , where O is the origin. 
OG =2i+ 4j+2k = |OG|=./44+ 16 +4 = /24 
and | OA |=3i-k 


>|OA|=,/9+1= 10 and OG. OA =6-2=4 


cos (Z GOA) SORT = 


4, According to given information, we have the following 


figure. 
zatb 


ae b- 
Clearly, projection of bon a= it 
a 


_ (i + by + V2K) G+ j+ VOR) 
12 +174 (V2)? 
b+ bg+2_ b+ bg+2 
V4 2 
But projection of bon a=|a| 


b+ bet 2 Ray ae 
2 


x ee => by + by =2 li) 


Now, a+ b=(i+ j + V2k) + (bi + b,j + V2k) 
= (b, + 1)it (by + 1)j + 2V2k 
++ (a+ b) Lc, therefore (a + b)-c =0 
=> {(b, + lit ()+ 1)j+ 2V2k Git j + V2k) =0 
= 5(b, +1)+1(b, +1) + 2V2(V2) =0 
=> 5b, + by =-10 (ii) 
From Eqs. (i) and (ii), 6, =-8 and b, =5 
=> b=-3i+5j+V2k 
= |bl=/(-3)' + ©) + 2)’ = 36 =6 


Let 1“ line is x= ay+ b,z=cy+d. 


x-b z-d x-b z-d 
=, =y=> =ys 
a c a c 


=> 


The direction vector of this line is b, = ai + j + ck. 
Let 2 line isx=a’ z+ 0, y=dz+d. 

x-—b' y-d x-b' y-d 
> =4, 2=> 

a’ of a (of 

The direction vector of this line is b, =a’ i+d¢ j +k, 
‘: The two lines are perpendicular, therefore, b, - b, =0. 
=>(ai+ j+ck)-(’i+ ¢j+hk=0 


>aa’+¢é+c=0 >aa’+c+d¢=0 


6. OP-0Q+ OR-OS=OR-OP+ O0Q:.0S 


=> OP(OQ- OR) + OS(OR - OQ) =0 
=> (OP-OS)(OQ-OR)=0 
=> SP-RQ=0 

Similarly SR: PQ =0 and SQ: PR=0 
.. Sis orthocentre. 


10. 


11. 


Let v=atAb 


V=(1+d)i+(1-A)j Q+a)k 


Sa > 3 1 vee 1 
Projection of von = => 7 
rojection of von c B 2 B 
(1+A)-(1-A)-(1+A) ai 
V3 V3 


14+A-1+A-1-A=1 
A-1=1> A=2 


4 or a 
v=3i-j+3k 


> 
> 


—_ A A A — A A A 
AB=2i+10j+11k, AD=-i+2j+2k 


—5 — 
Angle ‘8’ between ABand ADis 


—- ll > 
_| AB- AD | _|-2+20+22) 8 
cos@) = es (15)@) | 
| AB|| AD 
> sin @=i 
Since, a@+0=90° 
cos @) = cos 90° —8) = sin (@) = “i 
D GC 
Xd / 
‘A 
A B 
1 1 
Mpg ~ a> Mer = Mra = 3, Msp =—3 
$(¢-3,2) R (3,3) 
P(-2,-1) Q (4,0) 


= Parallelogram, but neither PR=SQ nor PR 1 SQ. 


-. So, it is a parallelogram, which is neither a 
rhombus nor a rectangle. 


> a 
Given, OP=acost+ bsint 


x" KA a 9 BS ET Pa 
= | OP| = /(@-4) cos t+ (b- b) sin” t + 2a- bsin ¢ cos ¢ 
= |OP|= 1+ a- bsin 21 


3 5 
=> |OPlmx=M=1+4-batsin2t¢=1 > t=7 


At ¢=" sop=—G4 fh 
4’ V2 
Unit vector along OP at (:-#)- aac 
4) |a+bl 


Let vector r be coplanar to aand b. 
[32 FS > 
r=a+tb 


> y=(@4+2j+k)+t@-j+k) 


12. 


13. 


14, 


15. 


16. 


17. 


18. 
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=i(l++j@-)+kQ+d 
1 


2 > 
The projection of r on e=—- [given] 
13 
caaiiend 
= sete 
i) ¥8 
}1-Q+é)+1-@-t)-1-d+d|_ 1 
V3 WB 
=> 2-t)=+1 => t=1 or 3 
When, t = 1, we have ¥ =2i + j + 2k 
When, ¢ =3, we have ¥ =4i — j + 4k 
rp 7 > O° 
. b- b- 
Since, b, =b #3, b,=b+—_—_a 
Ale Pls 
a a 
* * ca c-b >> > CoA > ¢-b, 2 
and c,=c a ae =e> sa ht 
la bl la Ib! 
3 F 27 > Ses 
> >? C:ar cb, > > > e@-arn- 
C3 = a by, ¢, =a- a 
3/2 > 12 32) 
lal | b,| lgl 


- > > 3 > > 
which shows a:b, =O=a-c,=b, - Cy 


So, fa, b,, >} are mutually orthogonal vectors. 


Since, (a+2b)-(a—4a)=0 

= 5lal?+6a-b-8| bP? =0 

ay 6a-b=3 [--|al=|bl=1] 
=> cos = => 6=60° 
Now, @+B+e2=Ee +228 - B20 

=> 20 a-b>-3 [/al=|bl =| el=1] 


Now, Zla—-bl?=22a2-22a-b <2 (8)+3=9 


: > > > > 19 
Since, u+vt+w=0 => |u+vt+wl|'=0 


> > > > > 

=> |uP+|vP+|wP+2@ V+ vewt wu)=0 
aioe aie tien aon tied 

> 94+16+25+2(uv+vew+w-u)=0 


> > > > > > 
> u-vtvewtw-u=-25 


73> 3S 
. : x 
A vector perpendicular to aand bis+ (CEN 


Here, a=(2p)i + j, when a system is rotated, the new 
component of a are (p+1)and 1. 

‘ > a 4 > 12 7 12 

i.e. b =(p+1l)i+j = lal =lbl 

or Ap? +1=(p+1)*?+1 = 4p?=p"+2p4+1 
=> 3p*-2p-1=0 => @pt1)(p-1)=0 

=> p=1,-1/3 


> x a 
Three points A, B,C arecollinear,if AB=-—20i -11j 


> a A > 35 
and AC=(a-—60)i —55j, then AB || AC 


a-60_-55 
220 i 


=> a=-40 
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19. Given vectors are a=2i- i+ k, b=i+ 2j-k and 


20. 


21, 


22. 


exit j -2k. Any vector r in the plane of band ¢ is 
Y=b+t(e)= i+2j-k +¢(i+ j-2k) 
= (1+fi+ 2+Hj-(+2t)k ...(i) 


: eee: te 
Since, projection of Y onais fe ; 


2 OG 


ra_f 
lap 
2(1 + t)- 2+ t)— (1 +28) -,2 
V6 3 
=> |-(+t)|=2 =t=lor-3 


On putting t = 1, —-3 in Eq. (i) respectively, we get 


= 


=2i + 3j-3k 


c=xatybt+axb and a-6=0 
> > > 
|a |=| 6 |=land|c|=2 


: >... = >. 
Also, given cis inclined on a and 6 with same anglea. 


> > > 19 > > > > > 
a-c=x|a|~+y(a-b)+a-(ax b) 
So 38S 
|al| c|cosa=x+0+0 
x= 2cosa 
Similarly, 
> SF 
| b|| clcosa=0+ y+0 
=> y=2cosa 
> > 2 
le |? =x74+ y? +lax b/? 
_ 2 2) pi2 otn2ano 
4=8cos'a+|a|*| b|~ sin” 90 


4=8cos°-a+1 3 8 cos" a = 3 


Vector component of a along and perpendicular to bare 


ab dD and a- a:b D 

pl? bl? 
As, (a—d )-(b- ¢) = (b—d)- (ce — a) =0 
=> AD1LBC and BDILCA 


which clearly represents from figure that Dis 
orthocentre of AABC. 


A(a) 


23, 


24, 


25. 


26. 


> > > 
| A|=3,| B|=4,| C|=5 


Given, 


Since, A:(B+ @)=B-(C+ A)=@(A+B)=0_ .... () 


[A+ B+ CP=|Al+|/ BP +1 CP 


+2(A-B +B. C4 C.4) 


=9+16+25+0 


[from Eq. (i), A- B+ B- C+ GA =O] 


> 2 > 
|A+B+C/?=50 


= [A+ B+ Cl=52 


Let position vectors of points A, BandC be a+ b, a-b 
anda+kb , respectively. 


(a—b)- (a+ b)=(a+k b)—-(a— b) 


=> 2b=(k+1)b 
> k+1=-2 
> k=-3 


Hence, it is false statement. 


We have, | v;|=2,|Vo|=~2 and |v, |=V/29 


If@ is the angle between v; and V>, then 


2V2 cos0 =—2 

1 

> cos@ =——— 
V2 
> 6 =135° 


Since, any two vectors are always coplanar and data is 


not sufficient, so we can assume v, and vy in x— y 


plane. 
V, =2i [let] 
Sees 
Vo=-it+j > 
> a a a“ = 
and v; =ai+Pj+yk Vv, 


‘ ae) 
Since, vs:v,=6=20 > a=3 


Also,  Vy-V)=-5=-a+B > B=+2 
and Va Vy =29=07 +874 > y=t4 


a ee x 
Hence, v3 =38i + 2j+ 4k 


Let AD be the angular bisector of angle A. Let BC, AC 


and AB area,f and j, respectively. Then, ca me 


DC 8B 


27, 


> > 
ye+Bpb On AD, there 
y+B 


les a point I which divides it in ratio y + B: a. 


Hence, position vector of D= 


atBb+ c 
Now, position vector of I = bad sh aasidt Bo 
a+B+y 


which is symmetric in a,b, c,o, 8 and y. 


Hence J lies on every angle bisector and angle 
bisectors are concurrent. 


> 5 73> OF > 3S 
Here, a=|b-cl, B=la—cl, y=la—bl. 


> 


Let the position vectors of 
A,Band C are a,b and ¢ 3 
respectively, since the point 

D divides BC in the ratio of 7 


2:1, the position vector of D P\Y 
will be B Cc 


and the point E divides AC in the ratio 3: 1, 


3 > " > 
therefore E = 2 


Now, let P divides BE in the ratio /:m and AD in the 
ratio x: y. 


Hence, the position vector of P getting from BE and 
AD must be the same. 


Hence, we have 


ied 
1 8ct+a ane 2c+b > 
3 

l+m x+y 

3le la > 2ex bx 
—+—+mb ——+—+ya 

= 4 4 3 3 

l+m x+y 

31 ee 1 2, mb 

4 (1+ m) 4 (1+ m) l+m 

ox = x = yoo 


— c+ + a 
3(x+y) 38@ty) (x+y) 


28, 


29. 
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Now, comparing the coefficients, we get 


al x (i) 
4(l+m) 3(x+) ” 
pe eee ee ...(ii) 
4(l+m) x+y 

and Ls .. (iii) 

l+m 3(x+ 4) 

On dividing Eq. (i) by Eq. (iii), we get 

31 2x 
4(l+m) _ 3(x+ y) 

m x 

l+m 3 (x+ 9) 
3.4 1 8 BP 
> -—=2> =—= 
4m m 3 PE 


Let a=cxi — 6j + 3k and b=xi + 2j + Qexk. Since, aand 
b makes an obtuse angle. 


o> 2 
= a-b<0O => cx’ -12+6cx<0 


> c <0 and_ discriminant <0 

=> c<O and 36c?—4-(-12)c<0 

=> c<O and 12c(c+4)<0 

> c<0O and c>-4/3 
ce(—4/3,0) 


= 
Let O be origin and OA -a,0B =b 


> = 
OE= [since FE being mid-point of OB] 


wl or 


+ 21452 


OD= 
14+2 


(since, D divides AB in the ratio of 2 : 1) 


> > 
=> Equation of OD is r =t uae 


‘I 


3 
—-a 


5 pee Ae Se) 
and equation of AKis r=a+s . 


If OD and AE intersect at P, then there must be some 


YF for which they are equal. 
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pl 
+ 
ol 


*. Point Pis 


Since, P divides oD in the ratio of A: 1. 


a+2b 
py seas Mae 
é _[a+2b 
AN+1 ~ 5 
From Eqs. (i) and (ii), 
-_ 
8(A+1) 5 
> 5A =38A 43 
> n=3 
2 
OP _3 
PD 2 


.. (ii) 


30. OACBis a parallelogram with O as origin. Let 


OA =a, OB=b,OC=a+b 


— 
and ob== 


CO and BD meets at P. 
> 3 
op_0+ lat b) 
A+1 


= ope ath 
A+1 


a = 
“141 
a ae 


Again, OP = 
util 


_pat2b 
2q+4+1) 


[along Oc] 


(i) 


[along BD] 


.. (ii) 


31. 


32. 


33. 


From Eqs. (i) and (ii), 


°> 3D aca > 

a+b wa+2a ab W 1 1 
= > = and = 

A+1 2(u+1) A+1 2(u+1) A+1 utl 


On solving, we get U=A =2 
Thus, required ratio is 2: 1. 
A(t) is parallel to B(¢) for some ¢ € [0, 1], if and only if 
fi @) _ fi) 
&() god) 
or f, (@)- go(t) = f,(- g,@) for some ¢ € [0, 1] 
Let A(t) = f, ©): got) - hos © 

h(Q) =2x2-3x3=-5 <0 
and A(1) = f,(1): 89) = fol) 8, 2) 
=6x6-2x2=32>0 


Since, / is a continuous function and h(0)- h(1) <0, 
Therefore, here is some ¢ € [0, 1] for which A(¢) =0, 


1.e. A(t) and BY) are parallel vectors for this t. 


for some t ¢€ [0,1] 


Here, s =4p+3q+5r vae(1) 


and s=(-p+q+r)x+(p—qtr)y +(-p-q+r)z_ ...(ii) 
-. 4p+3q+5r = p(-x+ y—-z)+ q(x—- y-z) +r (e+ y+ 2) 


On comparing both sides, we get 


x+y-z=4,x-y-z=s8andx+ y+z=5 
On solving above equations, we get 


PLAN If a, b,c are any three vectors 
Then | a+ b+ e|°20 


=> ja|?+|b/?+/¢|?+2(a- b+ b- c+ e-a)20 


a- b+ be+ ce az =a |b |? +/¢|*) 


. > > > > > > 
Given, |a—b/?+|b-—e[?+|c-a[?=9 


> > > > > > > > 
= lal’?+|biP?-2a-b+|bP?+leP?-2b-c+leP+lal’ 


~2¢-a=9 
= 6-2(a-b+b-e+ ea) =9 [-lal=|bl=le|=1] 
= a-btb-e+e a--5 (i) 
Also, a-b+b é+e-a2—(laP+lbP+ler) 


2-5 ii) 


From Eqs. (i) and (ii), |a+ b+ ¢|=0 


Se i ee ee — > D> SF 
as a‘ b+b-c+c-ais minimum when|a+b+c|/=0 


> 23> OF 
> a+b+c=0 
2a+5b+5c|=|2a+5(b+ c)|=|2a—5al=3 


Topic 2 Vector Product of Two Vectors 
1. Given vectors are 
a =3i+2j+2kand b=i+2j-2k 
Now, vectors a+ b =4i+ 4j and a-b=2i+ 4k 


.. A vector which is perpendicular to both the vectors 
a+banda-bis 


(a+ b)x(a-b)= 


wo _ me 
Co fF} ee 
LO > 


= i(16) — j(16) + k(-8) =8(2i -2j-k) 
Then, the required vector along (a + b) x (a — b) having 
magnitude 12 is 
: 8(2i — 23 — k) 
8xj4+44+1 


2. Given three vectors are _ 
a=oi+ j+3k 


+12 =+4(2i-2j-k) 


b=2i+ j-ok 
and e=oi -2j+3k 
a 1 38 
Clearly, [abc]=|2 1 -a 
a -2 3 


=o @-2a)-16+07) 43 -4-«) 
=—3a07-18=-—3 @?+6) 
‘: There is no value of « for which —3(@” + 6) becomes 


a 1 3 
zero,so=|2 1 -a|[abe] #0 
a —-2 3 
= vectors a, b and ¢ are not coplanar for any value 


aeR. 
So, the set S = {a : a, band care coplanar} is empty set. 


3. Equation of given line is 
x y-1_zt+l1 


1 0 -1 


Now, one of the point on line is P(@, 1, -1) and the given 


point is Q@, 0, B). 


(i) 


228.0, B) 
i 
pia h 
P(0, 1, -1) M xX_yA_2+1 
1 0 -1 
From the figure, the length of the perpendicular 
QM =l= fe (given) 
P PM 
is [PQ x PM| _ fe ...(ii) 
|PM| 2 


PQ=fi-j+ G6+Dk 
and PM =a vector along given line (1) = i-k 


Vectors 533 


ij k 
So, PQx PM=/8 -1 B+1 
1 0 -1 


=i-j(-B-B-1)+k=i+ 2B+li+k 
|PQx PM|_ 1+ @B+1)?+1 (ii) 

|PM| V2 ~ 
From Kgs. (ii) and (iii), we get 


j1+ @B+1)?+1 Se 3 
2 2 2 2 
[ 


squaring both sides] 
=> (2B+1)?=1 >2B4+1=41 
> 2B+1=1or2B+1=-1>B8=Oorp=-1 


Now, 


. Given vectors 0 =3i+ j and B =2i- j +3k and 


B=8,-B, such that B, is parallel to a and B, is 
perpendicular to o 


So, B, =Au =A@Bi+ 5) 
Now, B, =B,-B =A@i+ j)-@i-j+ 3k) 


= (3A -2)i+ A+1)j—-3k 


i B, is perpendicular to a, so B,- a =0 


[since if non-zero vectors a and b are perpendicular to 
each other, then a- b =0] 
(BA —2)(8) + (A +1)(1) =0 


> 9X1 -64+4+1=0 
= 10A =5 =h=5 
ales 
So, —i+—j 
0,8, = 81+ 43 
2 3 ra ae a 
anaB,=(3 2\ix(S+1)5 3k = i+—j-3k 
: k 9 9 1 
BPBinl oS 0 Fi 7 i 2 } (; Al 
aL 272 
2 2 
3: 9. Be los 4 oe 
=--i+—j+—k=—(8i+ 9j+5k 
2° 2? 2 2 | : 4 ) 


5. Given vectors are a =3i+2j+ xk 


andb=i-j+k 
ij k 
vs axb=/38 2 «x 
1-1 1 


=i2+x)-j@-x)+ k-3-2) 


=(x+2)i+ (x-3)j-5k 


= lax bl= (e+ 2)? + (x3)? + 25 


= 2x? 224449425 


2 
= of xt A] ate of - 2) es 
4) 2 2 2 
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So, Jax bl2 J 
2 
> ray? 
2 


6. The given vertices of tetrahedron PQRO are P(1, 2,1), 
Q 2, 1,3), R 1, 1,2) and O (0,0, 0). 
The normal vector to the face OPQ 
=OP xO0Q = (i+ 21+ k)x @i+ j+3k) 


1 : a 
[at x= 7 |a x b|is minimum] 


ij k 
=|1 2 1/=5i-j-3k 
213 


and the normal vector to the face PQR 
=PQ x PR=(i- j+2k)x(-2i1-j + 


ij k 
=| 1 -1 2 
-2 -1 1 


=i (-1+2)-j0+4)+k(C1-2)=i-5j-3k 
Now, the angle between the faces OPQ and PQR is the 
angle between their normals 
<i (22) 
= cos 
35 


“1 |5+5+9| 


~ OOS e+ 149 Jt + 2549 


7. We have, a=2i+ j-2k 


> jal/=,/4+1+4=8 
and b=i+j 

=> lb} =,/1+1= V2 

Now, |e-al=3>le-a|?=9 


=> (c-a):(ec-a)=9 


= |eP+laP?-2e-a=9 iti) 
Again, |\(axb)xel=3 
=> \|axb|| ¢ |sin30°=3 
= le|=—* 
Jjaxb| 
ij k 
Butaxb=|2 1 -2/)=2i-2j+k 
11 0 
idja-—" 29 (ii) 


J4+44+1 


From Eqs. (i) and (ii), we get 
2)? + 8)? -2e-a=9 

=> 44+9-2¢-a=9 

> c-a=2 


8. Plan Ifax b=axe 


10. 


11. 


=> axb-axe=05 ax(b c) =0 


ie. al|(b-corb-c=ha 
Here, a x (21+ 3] + 4k) = (21+ 3] + 4k) xb 
=> ax (2i+ 3] + 4k) - (21+ 3] + 4k) x b=0 
= (a+b) x (21+ 3] + 4k) =0 
=> a+b=) (214+ 3] + 4k) (i) 


Since, la+ bl= 29 


+1 JF+94 16 = 29 
=> 


Natl 
a+b=+ (21+ 3] + 4k) 
Now, (a+ b)-(- 7i+2j+3k)=4(-14+6+12)=+4 


: > DO : > 2p FP 8 
Since, a, b, c are unit vectors and a+b+c=0,then 


2 DO : 
a, b, ce represent an equilateral triangle. 


> > > 
axb=bxc=cxa £0. 


By triangle law, a+b rd =0 


OL 


ony 


mL 


. 2a F3RéF ‘ 
Taking cross product by a, b, ¢ respectively, 


ax (at+b+c)=ax 0-0 


> > 
=> axataxbitiaxe 


> DPOF 3D > F272 8 
> axb=cxa [-axa=0] 
a > Dp DP OF 
Similarly, axb=bxa 


Given, |a|=12,|b|=4V3 R 
a+b+c=0 

> a=-(b+c) 

We have, lal? =|b+ ef? b A 

=> lal? =|bl? + |e?+2b-¢ 

=> 144 =48 + |e|?+ 48 - 4 0 

> |c|? =48 

=> |c| =4V3 

Also, lc? =lal?+|bi?+2a-b 

=> 48 =1444+48+2a-b 

=> a- b=- 72 


.. Option (d) is correct. 


12. 


13. 


Also, 
>axbticxa=2axb 


=> jax b+exal=2lax bl =2,/al"| b? - (a- by)” 


ax b=cxa 


=2 /(144) (48) - - 72)? 
=2 (12) ,/48 — 36 =48)3 


Option (c) is correct. 


2 
lel 


Also, 5 —laj=24-12=12 


Option (a) is correct. 


2, 
lel 


and oh ene ee 


“. Option (b) is not correct. 


Let vector AO be parallel to line of intersection of planes 
P, and P, through origin. 
Normal to plane p, is 
n, = [2@j + 3k) x 4j -3k)] =-18i 
Normal to plane p, is 
n> = (j-k) x 81 + 3j) =3i-3j-3k 
ee > = nN ~ 
So, OA is parallel to + (n, x ng) =54 j—54k. 
“. Angle between 54 (j - k) and (Qi + j - 2k) is 
54+ 108 1 
cos8=+ =t 
(; 54-2 V2 
gam an 
4°54 
Hence, (b) and (d) are correct answers. 
Let 8 be the angle between a and b. Since, a and aare 
non-collinear vectors, then 8 #0 and@ #7. 
72D DD 
We have, a-b=|/alla| cos@ 
=cos0 [:|al=1,1b|=1, given] 
Now, u=a-(a-b)b => |ul=la—(ab)bl 
= Jul’=la—(a- b) bP 
> |ul?=|a—cos0 bl? 
> |u[?=| al?+ cos?@|b|?—2 cos (a:b) 
= |u|2=1+ cos?6 —2 cos? 
> |u/?=1-cos26 > |ul?=sin26 
Also, v=axb [given] 
> IvP=laxbP? => |vP=laPlbP-sin2e 
= |vi?= sino JuP=lvP 
Now, u-a=[a—(a-b)b] -a=a-a-—(a-b)(b-a) 


= (a)? — cos? =1- cos” =sin’0 
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> 32 FG ‘ 2 > 
Jju|+|u-al= sin@ + sin“0 #|v| 


EY 
1 
<u 


> > 
jul+|u-b]=|ul+0=| 


> > > > > > > 
u-(a+b)=u-at+u-b= 


ol 
ml 


Also, 


> > > > > 
> |ul+u-(a+b)=|ul+u-azlv| 


14, Since, PQ is not parallel to TR. 


=> > > a S 
- TR is resultant of RS and ST 
vectors. > PQ x(RS + ST) #0. U R 
But for Statement II, we have 6 
=> > => e 
PQ xRS=0 


which is not possible as PQ not parallel to RS. 
Hence, Statement I is true and Statement II is false. 
15. cos(P + Q)+ cos@ + R)+ cos(R+ P) 


=-(cosR+ cos P+ cosQ) 
Max. of cos P + cosQ + cos R= 5 
Min. of cos(P + Q) + cos@ + R) + cos(R+ P)is = = 
16. sin R=sin(P + Q) 


17. Let i be a unit vector in the direction of b, j in the 
direction of ¢ . Note that ¢ = j 
and bx ¢)=|bll clsina k =sinak 


where, k is a unit vector perpendicular to b ande. 


- > 
=> = 6 “~ xe 
= |bxcl=sna => k= 
= 
|bx el 
> “ a a 
Let a =qQi + aaj + agk 
22> >> 4 a a a 
Now, a-b = a-i =i-(qji+ a,j + ask) =a, 
ia OE z 4 * 
and a-c =a-j=j-(a,i+ a.jt+ask)=a, 
> 3 
> bxe 3. 
and a =a-k=a, 
> 
|b x e| 
20 @) 
a aa a ee ee 2 a: XC) > 9 
(a-b)b +(a-c)e + (bx c) 
J 72 
|bx el 
> 9 
(bx c) * a => 
=a, b+a,c¢+ a3 =ait+ajta,k=a 
> 3 
|bxe| 
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18. A unit vector perpendicular to the plane determined by 


hoe _ , Qx PR) 
? bf —_ + ay 

| PQx PRI 

> = 


Unit vector = + (PQ) (PR) 


and PR =-i+ 3j-k 
i jk 
> ~ 
PQxPR=|1 1 -3 
ae ae 
=i(-149)-—jC1-3)+k641) 
=8i+4j+4k 
=> |PQx PRI=4/44141 =4/6 
> ~ a AA 
PQxPR  , 4@i+j+k) 
4 
PQ x PR| 
7 (i+ j+k) 
~ V6 
19. Area of ABC == |ABxAC| 


i j ok 
ABxAG=|1 2 -3)=2(-3}-2k) 
20 0 
= Area of triangle == AB x AG 
=52 9+4 = 13 sq units 


20. Given, A-B=A-C=0 
> > > 
= A is perpendicular to both Band C. 
> > 3 
=> A=) (BxC) 
|Al= nr IIB x CG , where A, B, Care unit vectors. 


- 1 
1-sin 30° 


> |r| > |A|=2 => A=42 


> > 32 
A=+2 (Bx C) 
Hence, given statement is true. 


> 


21. Given, axb=exd and axe=bxd 


= axb-axe=exd-bxd 


22. 


23. 


=> ax (b-e)=(e-b)xd 


= ax(b-c)-(e-b)xd=0 


> a x (b—¢)-d x (b-€)=0 
= (a-d)x(b-¢)=0 = (a-d)||(b-e) 


a > > > > 
> a-bt+d-c¢d-bta-c 
: 7 i i ee 
(i) Since, u-v=l|ul|v|cos® 

See a ee ee x 
and uXv=l|ul||visinén 


where, 0 is the angle between u and vand nis unit 


vector perpendicular to the plane of wand v. 
Again, |Ju-vP?=lulP| vi? cos? and 


> 3 => => : => => . 
lu x vi?=l/ul?| vl?sin76=|ul? | vl?sin76 


>> > > > > . 
ju-viP?+luxv— =|ul? | vi? (cos?6+sin76) 
2 7a 2 . 
=|ul? |v .-(1) 


aie cee > UD 
(i) |ut+ v+ (ux v)/? 


> > > > > > > > 
=|u+vP?+lux vl?+2 (a+ v): (ux Vv) 


+ > > > > 
=|ul’+|vP+2u-v+luxvl?+0 

> 3. 7 > >. 
[.. u X vis perpendicular to the plane of u and v] 


73> O° > 3 2S 
. lutv+(uxv)P?+l[1-u-vP 


> > >= > > 2 FSF 4 2 
=/ul?+|vP?4+2u-v+luxvP?41-2u-v+ luv?’ 


=|uP+|ve+1+lur ive [from Eq. (i)] 
=|uPQ+lvP?)+04+IvP)=G4IvP?)d+luP) 

Let the position vectors of points A, B, C, Dbe a,b,e and 

d, respectively. 


Then, AB=b-a,BC=c-b,AD=d-a, 


> > > * > > > cd > 
BD=d-b,CA=a-c,CD=d-c 


> > > > > > 
Now, | AB x CD+ BC x AD+CA x BD| 


=|(b—a) x d—c)+ (e-b) x d—a)+ (a—c) x d-b)| 


=-|bxd-axd-bxc+ax e+exd-exa -bxd 


> > > dl > > > > 
+bxa +axd-axb-exd+exb| 


=2|axb+bxet+exa) ..-(i) 


Also, area of AABC 


= => 1 
= AB «AC| =the) X(e- al 
2 2 
1s > > > > > > > 
= ieee bxa-axctaxal 
lo > > > > > sds 
ee ar ee .. (ii) 


From Kgs. (i) and (ii), 


|AB x CD+ BC x AD+CA x BD| 2 @ area of AABC) 
= 4 (area of AABC) 


24. Since, OK, ,OA,,...,0An are all vectors of same 


magnitude and angle between any two consecutive 
vectors is same 1.e. (21 /n). 


OR 80k 2 ons (i) 
n 


where, pis perpendicular to plane of polygon. 
a = py Qn 
Q 5 A 
Now, > OA, xOA,_,)= ps a sin ~~ P 
i=1 i=l 


=(n aa teie™: p 
n 

=(n—1)[OA, xOA,] 

=(1—n) [OA, x O&,]=RHS 


Topic 3 Scalar Triple Product/Dot 
Product/Mixed Product 


1. Given vectors, uit j+k i+pj+k i+ j+pk will be 
coplanar, if 


we L .2 
1 uw 1;=0 
1 iu 


=>  pw’-1)-1q@-1)+10-p)=0 
> (uw -1)[uq@+1)-1-1]=0 
3 (i-1) [W? +p -2]=0 
=> (u-1) [@ +2) uU-D]=0 
=> u=lor-2 
So, sum of the distinct real values of 
w=1-2=-1. 
2. We know that, if a,b,c are coplanar vectors, then 

[a b c]=0 

1 2 4 

1A 4 |=0 

2 4 W-1 


=> 1{A(A2 — 1) — 16} —2((7 — 1) -8) + 4 (4-20) =0 
=>? —-2 -16-247+18+16-8A =0 

= 2? -227 -91 +18 =0 

=> 7(A —2)-9 (A -2) =0 
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= (A -2)(A? -9) =0 

= (A —2) (A +3) (A-3)=0 
. N=2,3 0r-3 

If =2, then 


ij k 
axc=|l 2 4/=i6-16)- j@-8)+k (4-4) 
24 3 


j 
IfAX =+3,thenaxc=|l 2 
2 4 


(because last two rows are proportional). 


. Let angle between a and bbe 6,, ¢ andd be 05 andaxb 


and bxd be 9. 
Since, (a xb) . (e xd) =1 
=  sin@,-sin@,-cos® =1 


> 0, =90° ,8, =90° ,6 =0° 


> aLb,eld, (axb)||(exd) 


So, axb=k(exd) and axb=k(exd) 


> (axb)-e=k(exd)-¢ 


and (axb)-d =k(exd)-d 


=  fabe]=0 and [abd]=0 


> > > > dl 
=> a,b,canda,b, d are coplanar vectors, so 
options (a) and (b) are incorrect. 


Let b||d >= b=+d 


As (axb): (¢xd)=1 > (axb): (¢xb)=+1 


which is a contradiction, so b 
option (c) is correct. 


Let option (d) is correct. 


> d=+a a a 
60° 

and c=tb 

As (axb)-(exd) =1 q ¢ 


= (axb): (bx a) =£1 
which is a contradiction, so option (d) is incorrect. 


Alternatively, options (c) and (d) may be observed 
from the given figure. 
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4, The volume of the parallelopiped with coterminus edges 


8. 


as a, b, Gis given by [ab ¢] = a: (bx ¢) 
Zi 


ba 7" 
x 
aa ab aé 1 1/2 1/2 
Now, [abéP=|b-4 bb b-é/=|1/2 1 1/2 
¢-a @b @é 1/2 178: 1 


- faba =a1(1 | =(3 J+3(% s)=3 
4} 2\2 4) 2\4. 2) 2 


Thus, the required volume of the parallelopiped 


= + cu unit 
Since, given vectors are coplanar 
2 
1 - 1 |=0 
nee Eg 


=> 1°-34?-2=0 = (1447)? (7-2) =0 = AH=tV2 
We know that, volume of parallelopiped whose edges 


ad a 
are a,b,c =[abe]. 


Let f(a)=a? -a+1 
> f’ @) =3a?-1 
> f’’ (a) =6a 


For maximum or minimum, put f’ (a) =0 


1 
=> a =+-~, which shows f(a) is minimum at a = — 
- f(a) 8 
; 1 
and maximum at a =- —. 
V3 
. a aa 
Given, V= 21+ j-k and W=i+3k 
Sa ie oe ee? 
[UVW]=U.- [(2i + j-k)x (i+ 3k)] 
a ne 
= U- Gi — 7j —k) =| U||3i - 7j -k|cos® 
=> A A A 
which is maximum, if angle between U and 3i —- 7j-k 


is 0 and maximum value 


=|3i — 7j-k|=59 
1 Oo = 

fabe] =|x 1 1-x 
y x 1lt+x-y 


10. 


11. 


12. 


13. 


Applying C, > C, + Cs, 


10 0 
eT 2 jel 
y ew 


Therefore, it neither depends on x nor y. 


If a,b, © are coplanar vectors, then Qa _b, 2b-—c and 
2¢—aare also coplanar vectors. 
ie. [2a-b 2b-e 2e-a]=0 
[uvwl=lv w ul=[wu v]=-[vuw] 
Therefore, (c) is the answer. 
Since, a,b, care linearly dependent vectors. 
=> [a b c]=0 
111 
> 4 3 4/=0 
1a B 
Applying Cz C,-C,,C3 > C3 -C, 
1 0 0 
4 -1 0 |=0 > -@-1)=0 >f=1 
1 e=i 6-4 
Also, le |=V3 [given] 
=> 1+07+B?=3 [given, c=i + oj + BK 
=> 1+40741=3 => o=l>a=tl 
(a+b+c)-[(a+b) x (a+ 0) 
=(at+b+e) laxat+axec+bxa+bx ce] 
={a- (ax ¢)+a (bx a)+a (bx e)} + {b: (Jax e) 
+b (bxa)+ b (bx e)} +{e (axe) + & (bx a) + © (bx e)} 
= [abe]+(bac]+[eba] = [abc] 
Let d=xi + yj+ zk 
where, x7+ y?+27=1 .-(1) 
ies d being unit vector] 
Since, a-d=0 
> x-y=0 => x=y .-. (11) 
Also, (b cd]= 
Oo 1 -i1 
> -1 0 1 )=0 > xt+y+z=0 
x YyY Z 
sy Qx+2=0 [from Eq. (ii)] ...Gii) 


From Eqs. (i), (ii) and (iii), 


e444 =1> x= al 


Fe 


d=4 2 aj 


16 


14, 


15. 


16. 


17. 


18. 


19. 


Since, three vectors are coplanar. 


aac 
1 0 1/=0 
c c b 


Oae 
Applying C,; > C,-C,,]/1 0 1]=0 
0c b 


=>-l(ab-)=0 => ab=c 


Since, (a xb) =lal|blsin £ A 
> »~ > Loewe A. 5 

(ach) re= Lalla c 

[ab e]=—lallbl COR 


** his perpendicular to both a, band cis also a unit 
vector perpendicular to both aand b. 


2-3 0 
The volume of parallelopiped = [a b ce] = 1 1 -1 
a oh <i 
=2 (-1)+3(¢-14+3)=-24+6=4 
Given, \(axb)-el=lal|blle| 
= |lallblsinda-cl=lallblle| 
= |allbl/ellsin@-cosa|=|allbl|¢| 
= |sin@ |-|cosa|=1 =0=% and o=0 


albande||a 


ie.albande perpendicular to both aandb. 


A((B+ © x A+ B+ OF ae 
[.: it is a scalar triple product of three ! 
vectors of the form A, B+ G, A+B+ Cj 


=A. (Bx A+BxB ° 
+Bx+@xA+6xB+ x Q 
= A (Bx A)+A (Bx @C+A (Cx B) 


=[ABA]-[ABC]=0 


= 
Let 0 be the angle between w and v. 
= > 

juxvl=1 > |ulvlisind=1 


[| ul=1] ...@) 


= . 
| vlsin@=1 


20. 
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el 


O QT 


— 
Clearly, there may be infinite vectors OP = v, such that 
Pis always 1 unit distance from w. 
*, Option (b) is correct. 


= 
Again, let @ be the angle between ww and u x v. 


> > 
w-(uxv)=1 => I|willuxvicosd=1 


=> cosd=1>0=0 
> 
Thus, w=uxv 
Now, if w lies in XY-plane, then 
ij k 
> A A 
uxv=|u, Us OO} or U=Ui+t Uj 


Ue Ug Wy 


W = (503) i (uy 03 )j + (Uy Us U,Us)k 


qr; 
by =o uty = 
2 V6’ 1U3 V6 
=> 42% __dor|u,|=| us| 
U,V; 


“. Option (c) is correct. 
Now, if w lies in XZ-plane, then u = wi + ugk 


ij k 
uxXv=|u, O ws 
Uy Ug Us 


Us U;) j + (U4 U9) k 


=> w=( Vola) i (u,v; 


a las a 
=> k=—~(i+ j+2k 
Te j ) 

> tithe Se annie 

ee 12" 

6 V6 


| Ug |=2| Ug | 
.. Option (d) is wrong. 


(a) u- v x w) is a meaningful operation. 
Therefore, (a) is the answer. 

(b) U (v- w) is not meaningful, since V-w is a scalar 
quantity and for dot product both quantities should 


be vector. 
Therefore, (b) is not the answer. 
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21. 


22. 


23, 


24, 


233, ; , ie ; 
(c) (u'v)w is meaningful, since it is a simple 


multiplication of vector and scalar quantity. 
Therefore, (c) is the answer. 


> en : ‘ 37 OF. 
(d) u x (v- w) is not meaningful, since v- w is a scalar 


quantity and for cross product, both quantities 
should be vector. 


Therefore, (d) is not the answer. 


’ oS _ 

Since, g= area of parallelogram with OA and OC as 
> fF 

adjacent sides =|OA xOC|=|a xbl 


and p= area of quadrilateral OABC 


1 > > 1 > > 
Oe eon 


=Slaxaoa +2b)+5100a+2b) xb 


=|axbl+5/axbl=6laxbl 
p=6q > k=6 


Since, vectors are coplanar. 
all 
1 b 1\=0 
1 le 
Applying R, > R,- Rh, Ry > Ry - RR, 


l-a 0 c-1 
a/(l-a) 1/Q-6b) 1/Q-o) 


=> 1 -1 0 =0 
1 0 -1 
a ul ul 
1 1)+ 1)=0 
> ae a ) ra 
= a 1 1 -0 
l-a 1-6 Il-e 
> 14 : + : + s 0 
l-a 1-b 1-c 
= a ee ee 
l-a 1-6 I1-e 
A.(Bx€) , B(Ax6) 


(CxA)-B G(AxB) 


_ [ABQ | [BAC] [ABC]- [ABC] _, 
[CAB] [CAB] [CAB] 


aa’ 1+a° 
Since,)b 6? 146° =0 


c eC 14é 


a 

(l+abo)|1 b b7/=0 
Cc ro 
la a? 


= Either (1+ abc)=0 or |1 6 b7/=0 


lee 


But (1, a, a’), (1, b, b’), (1,c, c”) are non-coplanar. 


laa 

1 b b*|#0 

lee 
abc=-1 


25. (a—b)-{(b—e) x (c—a)}= (a—b)- (bx C-bxat+exa) 


=a (bx e)-b (ex a)=[abc]+ [abe] 


=2[abc]=2a:(bxc) 


Hence, it is a true statement. 


i 
26. Since, X-A =X-B=X-C=0 


28. 


> Xis perpendicular to A,B, Co therefore [A BC] =0 


Hence, given statement is true. 


rl 
+ 
ck 


al 
+ 
<l 


= 5 sock + W) ..-(i) 


sec (w+ u) 


| 


alia) su 


>> * >. > 


Since, [x xy yXz zxxl=[xyz]’ [from Eq. (i)] 


1 fe 
ec? & ae? geet fu+v viw wt ul? ..- (il) 
64 2 2 2 
[u+v v+w wt+ul=2[uvwl ... (iii) 
Se a ie 
[xX y yXZ ZXx| 
1 
— sec? wade? weet 4[uvwl)? 
64 2 2 2 
1 


a 
V =|a-(bx ©)|<.Ja?+ ab+ a? 


ject re dex ee ...() 


29. 


(a, + dg + dg) + (b, + bg + b3)+ (GQ + + G) 
3 
2 [(a, + dy + ag) (b, + by + bg) (G + Og + G) 
[using AM > GM] 
> LE? > [(a, tag + ag) (6, + bp + b3) (GQ +Q+q)] ... (il) 
Now, (a, + @)+ a) 


Now, L= 
8 


= a? + ae + tie + 2a,d9 + 2a,a3 + 2aoaz = aes ae + az 


= (a, + dat a5)2 Ja? + a2 + a? 
Similarly, (b; + by + b3)>4/b2 + b2 + b2 


and GQ+to+q)2(G+G+¢ 

D> [(ay + a3 + a3) bf + 3 + BS) (i+ a+q)y” 
=> L>Vv [from Eq. (i)] 
Given equation is wt (w x u) =¥v ..-(i) 


Taking cross product with u, we get 


ux([w+ (wxu)J=uxv 


> > > > 5 > > 
> uxwtux(wxu)=uxv 


> > * > > > > > > 
=> uxw+(u-u)w-(u-w)u=uxv 


-> > > a8 
> u Xwt+w-(u-w)u=uxv ... (il) 
Now, taking dot product of Eq. (i) with u, we get 
u-w+u-(wxu)=u-v 
> > > > > see 
> uwe=u-v [.u-(wxu)=0]_ ...(ii) 


Now, taking dot product of Eq. (i) with u, we get 


> > > > > + 
Viewive(wxu)=v-v 


> Vewtl[vwul=l> vw+[vwul]-1=0 
=> -(uxv)-w-v-wt1=0 
= l-v-w=(ux v)-w ...(iv) 
Taking dot product of Eq. (ii) with w, we get 
(u x Ww) w+ w-w-(u-w)(u-w) =(uxv)wo...(v) 
=> 0+|wl-(-w)?=(ux v)-w 
= (a xv): w=|wl?-(u-w)? 
Taking dot product of Eq. (i) with w, we get 

w-w+(w xu) w=vew 
= lw?+0 =v-w (vi) 
=> lwP=1-(axv)-w [from Eq. (iv)] 


Again, from Eq. (v), we get 


(u x Vv): w+ wl?-(a- w)? =1-(u x v) -w-(a-w)” 


= 2(ux Vv): w=1-(u-v)? [from Eq. (iii)] 


30. 


2. 
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(u x Vv): w - ;| 1-(a-vy 


<5 [- (uv)? >0] 


The equality holds if and only if u-v=0 or iff u is 
perpendicular to v. 


=> ~ A A 
Here, AB=—i+5j-—3k 


> ee > 3s ~ 
AC=-4i+3j+3kand AD=i+7j+(A+1)k 


tee a 
We know that, A, B,C, D lie in a plane if AB, AC, AD 
are coplanar i.e. 


-1 5 -8 
a 
[AB AC AD]=0 = |-4 3. 3 |=0 
1 7 A+1 
=> -1(6A+3-21)-5 (-44 -4-8)-3 (-28-3)=0 
= -17A + 146 =0 
, 146 
17 


Topic 4 Vector Triple Product 
1. 


We have, (a xc) + b=0 


=> ax(axc)+axb=0 
(taking cross product with a on both sides) 


ij k 
=>(a-c)a-(a-a)c+ {1 -1 O/=0 
t 2 2 


[a x (bx c) = (a. c)b — (a: b)e] 
=>4( - j)-2c+ (i-j+2k)=0 
[:a-a=(i-j)G- j)=1+1=2anda-c=4] 


= 2c =4i-4j-i-j+2k 
9 94+25+4 19 
Ic?==-—** = 


8-5) ok 
=> c= =“ 
2 4 2 


Given, ax (bxe)=5b= (a: o)b-(a-be=>b 


[.. ax (bx ce) = (a-c)b—-(a-b)e] 
On comparing both sides, we get 


1 : 
gr .-(1) 
and a-b=0 ... (il) 


--a, band care unit vectors, and angle between aand b 
isa and angle between a and cis 8, so 


lalate [from Eq. ()] 


2 
=> cosB => [-lal=1=Icl] 
T way (1 
=> Pas ... (ii) : as ;| 
and |al|b| cosa =0 [from Eq. (ii)] 


> a =e ... (iv) 
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From Kgs. (iii) and (iv), we get 


x ut 
o-pl=— - ==" =30° 
la —Bl ha as 
3. Given, |4|=|b|=|é|=1 
and ax (bx a-3 (b+ 0 
Now, consider axbx9=3 + C) 
=> @-Ob-@ he-B b+ Be 
On comparing, we get 
==? So Aihiesee 
2, 2 
= cos = [- 1al=|b]= 1] 
=> cos 8 = cos x2) ag" 
6 6 
4. Given, @xb)xe==Ibllela 
= -¢x@xb)=<[bllela 


> —~(eb)-at (@a)b=_ Ibllela 


= [£Bldl+€B)a-@aB 


Since, a and b are not collinear. 


: eb + (Bi jelGasde a <6 


>> 
= [Bllé| cose + + 1Bllé|=0= bl le| cose +4} =0 


=> cos + 5 =0 [. |b|#0,|c]40] 
1 V8 22 
=> cos — => sind 
3 3 3 


5. As we know that, a vector coplanar to a,b and 


orthogonal to cish f(a x b) x ct : 
.. A vector coplanar to (i + j ~ k), (i - j + k) and 
orthogonal to 3i + Qj + 6k 
=) [{2i+ j+k)x@—-j+k} x Git 2j+ 6k)] 
=) [Qi - j-3k) x Gi + 2j+ 6k)] 
=) (21j — 7k) 
Q1j-7k) _, @j-k) 
Jenr+( — 10 


.. Unit vector =+ 


6. We know that, a x (ax b)=(a: b)a—(a-a)b 
G+j+k)x G-k)=G+ j+ k)- (3)b 


=> -21+ j+k=i+j+k-—-3b > 3b=+3i 


aL 
ll 
me> 


7. If@is the angle between P, and P,, then normal to the 


planes are 
N, = axb, 
Ny = exd 
aE N, xN,=0 
Then, |N,| x|N.|sin@ =0 
=> sin0=0 => 6=0 


8. NOTE In this question, vector Cis not given, therefore, we 
cannot apply the formulae ofaxb xe (vector triple 


product). 
Now, | (a x b) x e|=/a x ble] sin 30° vad) 
i jk 
Again, |laxbl=|2 1 -2|/=2i-2j+k 
11 0 


> lax bl=/224+ (2)?+1 =./4+44+1= 9 =3 


Since, |e-al=2 V2 [given] 
=> |c-alP’=8 

ay (e-a)-(e-a)=8 

=> ¢-e-¢-a—-a-cta-a=8 

= le? +laP-2a-c=8 

> le?+9-2|el=8 

=> |e [?-2/e|+1=0 

= (le|-1)?=0 >| el=1 


From Eq. (i), |(a x b) x €| =() (1): (3)-2 


2 
ban 
> > 3 
9. Since, ax (bx ¢)= 
> — > + => > 1 1 
> a-c)b-(a-b) c=—b+—~—e 
(ac) b—(a-b) aa) 
On equating the coefficient of c we get 
a ge i 
al 
= faipiest= = 
2 
adie > ga! 
2 4 


10. Let a=i+ j+2k, b=i+2j+k 
and ¢=i+ j+k 
> > : > 
.. Avector coplanar to a and b, and perpendicular to c 
=A (axb)xe¢ =A{(a-c) v-(b-e)a} 


=.1+144) G49)4 )-0 4494 G+ j 229k} 
=A {6i+12j +6k-6i-6j-12k} 
=1{(6j-6h= or{j -k 


1 : ‘ 
For A = 6 = Option (a) is correct. 


and for 4 =- : = Option (d) is correct. 


11. (0.5) Here, P(1, 0,0), @ ©, 1,0), R 0,0, 1), T = (1,1, 1) and 


a. 
22 2 


it 
(0, 1,0) Q 
Sra) 
(5218) 
O a 
(1, 0, 0) 
R (0, 0, 1) 
Z 
Now, p= SP =OP-OS 
Le ee ae 1 
= ] k\j=—(i k 
(; 54 =) ra j-R) 
> lO A 
gq =SQ=—(-i+Jj-k) 
> lO A A 
r=. =—(-i-jth) 
> —~ 1 A A A 
and t=ST=—(i+j+k) 
> => , J k 1 A A 
pXq= 1 1 = ire) 
-1 1 -1 
i j k 
ed 1 . : 
and | 1 -1 1)/=—(-2i + 2)) 
1 2 J 
i j k 
a? > Ul€G 1 
NOW CP eg HENS a 2 2 0 
—-2 2 0 
1 A 1s 
=—(8k)=—k 
16‘ ) 2, 
“Ioxgx@xt)l=|tk|=t=08 
Be qd 5 ao 


12. Given, 


ax(a xe)+b=0 
b= 


= (a-e)a—(a-a)e+b=0 
> (2cos@)a—c+b=0 
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=> 
=> 4cos?@-|al?+|e|?-2-2cos0 a: c=|b? 
> 4cos?6@ —4—8 cos70 =1 
=> 4cos76 =3 
> er 
2 

3 Tt 

For @ to be acute, cos@ a. >0 a 


13. Now, (A+B)x (A+ ©) 


=AxA+BxA+AxC+Bx€ 


=BxA+AxG+Bx@ PAX A =0] 
. [A+B)x A+] x Bx® 
= [BxA+Ax G+Bx €] x (Bx ©) 


= (Bx A)x (Bx €)+ Ax @x (Bx ® 
={(Bx A). @ B-((Bx A)-B}C 
+{((Ax @)-@B-(Ax ®- BC 
[- (ax b) x ¢=(a-e)b-(b-c)al 
= (BA C]B- [A CBC 
[ie [abe] =0, if any two of a,b, c are equal] 


=[A CB] (B-O 


> > > 


[(A+B)x (A+ ©] x Bx ©- (B+ © 


Now, 


=({A CB]{B-@). (B+ ©) 


= (A CB(B- ©): (B+ ©} 
=[ACB]IBP-|CP}=0  [- |BI=1Cl, given] 
14. Considering first part (a x b) x (e xd) 


Let exd=e 
(ax b)x e=(a-e)b-(b-e)a 
[: (ax b) x c=(a-e)b-(b-e)a] 
={a-(exd)}b-{b-(exd)}d 


=[acd]b-[bed]a i) 
Similarly, 
(ax e)x dxb)=[ad b]c-[edb] a 
=[ad b]e—[b ed]a (ii) 


Also, (axd) x (bx ¢)=— (bx e) x (a xd) 
=(bxe)x@ xa)=[bda]le—[edal]b 


> 


=[adblc-[acd]b __ ...(iii) 
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15. 


From Eqs. (i), (ii) and (iii), 


(axB) x (ex dye (ax e)x xb) + (axd) x (bx C) 


=[acd|b—[bed]a+ [ad b]c—[bcd]la—[adb]c 
_facd]b=-2[bed]la 


-. Parallel to a. 


() Given, ALB = A-B=0 i) 
and AxX=B = &-B=0and&.B=0 (ii) 
Now, [XAAxB]=X-{A x (Ax B)} 

=X.{(A-B)A-(A-A)B} 
= (A. B)(X- A) - (A-A)(X: B) =0 


ee eed 
= X,A,A x Bare coplanar. 


> > 

So, X can be represented as a linear combination of A 
> 3 ‘ > > > 3 

and A x B. Let us consider, X=/A+m(AxB) 


> > 


Since, A-X=c 
- AflA+m(AxB)}=c 


= 1|A?+ O0=c 


Cc 


IAP 


> l= 


> > > 


Also, AxX=B => Ax{lA+m(AxB)}=B 


= 1(AxA)+m{A x (Ax B}=B 

= 0—-m|APB=B 
1 

> i =—>—— 
IAP 

> Cc > 1 > 3 
~ X= A-|—|(AxB) 
IAI IAI? 


(ii) Since, vector A has components A,, Aj, A, in the 
coordinate system OXYZ. 
A=Aji+ A,j+ Ajk 
When the given system is rotated about an angle of 
m/2, the new X-axis is along old Y-axis and new 
Y-axis is along the old negative X-axis , whereas 
z remains same. 


Hence, the components of A in the new system are 
(Ag, ~ A,, As ). 


A becomes (Agi — A,j + Ask). 


16. From the given information, it is clear that 


> 94 
a=—! 


> > 2 > 
> Jal=1,|/b|=1,a-b=0 
V5 


Now, @a+b):[(axb) x (a-2b)] 


=(2a+b)-[a2b—(a-b)-a+2 b?-a—2(b-a)-b] 


=2a+b]-[b+2a]=4a%+ b? 


=4-14+1=5 [as a-b = 0] 


Topic5 Solving Equations and 


Reciprocal of Vectors 


1. Two vectors ¢ and d are said to be collinear if we can 


write c= Ab for some non-zero scalar i. 
Let the vectors a = (A -2)a+b 
and B = (44 -2)a+3b are 
collinear, where a and bare non-collinear. 
.. We can write 
a. = kB, for some k « R-{0} 
= (A -2)at+ b=R[GA-2)a+ 3b] 
> [(A -2)—k (44 —2)] a+(1-3k)b =0 
Now, as a and b are non-collinear, therefore they are 
linearly independent and hence (A —-2)—k (4A —-2)=0 
and 1-—38k=0 
=> -2=k(4)-2)and3k=1 


«i 2= =n 2) 


| 3k=1>8=5| 
3 


=> 8\-6=4)-2 


=> N=-4 
. We have, a=2i+2,j+ 3k b=4i+ @-A,)j+ 6k 
and c=3i+ 6j+ (Ag - 1k, 
such that b=2a 
Now, b=2a 


= 4i+ @-A,)j+ 6k =2 @i+ 4,5 + 3k) 

=> 41+ (8-A,)j+6k =4i + 24,j+ 6k 

=>  (@-2i,-2,)j=0 

=> 3-24, -A,=0 

=> 20, +A,=8 . Gi) 
Also, asa is perpendicular to ¢, therefore a.c=0 

=> 2i+ A,j+ 3k): Bi+ 6j+ (A, —- 1k) =0 

=> 6+ 6A, + 3(A3 — 1) =0 

=> 6A, + 3A, +3 =0 


=> 24, + Ag =-1 ... (ii) 
Now, from Eq. (i), 4, =3 — 2A, and from Eq. (ii) 
Ag =—-2A, -1 
(Az, Ao, Ag) = (Ay, 38 — 2A,,- 2A, -1) 
If MM =- : then 


A. =4, and As, =0 


Thus, a possible value of (A,, A», As) = (-3 : 4.0] 


It is given that cis coplanar with aand b, we take 
c=pat+qb (i) 
where, p and q are scalars. 
. ed 2 FD 
Since, cla => c-a=0 


Taking dot product of ain Eq. (i), we get 


C-a=pa-atqb-a > 0= plal?+ q\b-al 


oy ae ay. 
a=2i+ j+k 


lal=./2?+1+1=V6. 


a b=@i+ j+k)-G@+2j—-k) 


=24+2-1=8 
—} O=p-6+q:3 > q=-2p 
On putting in Eq. (i), we get 
c=patb(-2p) 
=> C=pa-2pb > c=p(a-2b) 
=> e=plQi + j+k)-24 +2j-b)] 
=> c=p(-3j+3k) = lel=p/(-3)?+3? 
S |e? =p?(/18)? > |eP=p?-18 
oy 1=p?-18 [-lel=1] 
1 1 
=> 25 => p=t 
P18 pe 32 
a Left 
V2 


P Seed F 
Since, p,q,r are mutually perpendicular vectors of 
same magnitude, so let us consider 


> > > 
Ipl=lql=Irl=A a (i) 
272797 97979 38 oO 
pq=qr=r-p=-0 


Given, px {(K-q) x p}+q x {(K-r) xq} 


+r x{(x—p)x ri=0 


= (pp)(«-q)-{p &-q)} p+ @-q) («-7r) 


~{q:(«-r)}q + (rr) (&-p)-{r-&-p)}r=0 


= x{(p -p)+ @-q)+(@-r)}-(@-p)q 


-@-q)r-(@-r)p=(@p)p+@qqt«r)r 


> 8x/AP-G+ G+ P)AP=@ PP 


+(%- Gf) q+(®-P)F © ...(ii) 
Taking dot of Eq. (ii) with p, we get 


3@p)|AP-|Alt=@p lar = 
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Similarly, taking dot of Eq. (ii) with q and r 
respectively, we get 
=—> |AP 
xq= oS 
.. Eq. (1) becomes 


2S 
=x r 


2 
3¥1AP-G+ q+ PARSE B+ G+?) 


Equation of the plane containing iandi+ j is 
[(r-i) i G+) =0 
@ -i)-[ix@+ j)] =0 
{(xi+ y j+ zk) —-i}- [ixitix j]=0 
{(x—1)i+ yj+ zk} - [k] =0 
(x-1)i-k+ yj-k+ zk-k =0 
z=0 ..-(i) 
Equation of the plane containing i= j andi+kis 


YuUduud 


[@-G-})) G-p) G+ WI] =0 


=> (r-i+j)-(@-px@+ k)] =0 
=>{(xi + yj+ zk) -G-p}-[ixitixk-jxi-j xk]=0 
= {(-li+ (y+) j+ zk} [-j+k-i] =0 
> —(x-1)-(y+1)+ z=0 eae(1) 


Let a= ai + Aj + ask 
Since, a is parallel to Eqs. (i) and (ii), we obtain 
a, =0 


and a,+@,-a3;=0 => a, =-4d9,a3 =0 


. . . Sa oe ee 
Thus, a vector in the direction aisi—j. 


If@ is the angle between aandi-— 2] + 2k, then 


MO+CDC2_, 3 


@=+ 
shal Jl+1j1+4+4 ~ V2-3 


T 
=> @=— or 


1 
V2 4 4 


Any vector coplanar with jee j +2k and i+ Qj +k is 


> cos§@=+ 


given by 
a=x(i+ j+2k)+ y@i+2j+k) 


=(x+ y) iz (a+ 2y)j+ (2x+ y) k 
This vector is perpendicular to i+ j + k, if 
(c+ y)1+ (w+ 2y)1+ Q@x+ y)1=0 


> 4x+4y=0 > -x=y 
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V2 |x| 


-(-j+k) 


> a a aA > 
a=-xj+xk=x-jt+tk) => is 


Hence, the required unit vector is a = 


— 

Let c=ait+bj 

Since, band care perpendiculars to each other. Then, 
b-c=0 => (41+3})-@i+5)=0 

=> 4a+3b=0 => a:b=3:-4 


« @eh Bi = 4), where A is constant of ratio. 


Let the required vectors be a= pi + qj 


223 
a : 
Projection of aon bis*— 
- 
|b | 
4pt+ ; 
1= SPA => 4p+3q=5 .. @ 
2FD 
> > . 
Also, projection of a on c is ax. 
> 
lel 
-A4 
=> UND OEM os gp A = iG 
5A 
On solving above equations, we get p=2,q=-1 
C=2i-j 
— A A a 
Let B=xi + yjt+ zk 
Given, A=i+jt+k, G=j-k 


Also, given AxB=6 


=> (e-y)i-(-x 5+ (y-xk=j-k 


=> zZ-y 


0,x-z=l,y-x 1 


23 
Also, AB=3 > x+yt+z=38 
On solving above equations, we get 
5 2 
x=- > = =_— 
3 3 


Be (23.23 25 2 ?i| 
3 = 3 
Since, Vis unit vector along the incident ray and wis the 


unit vector along the reflected ray. 


Hence, a is a unit vector along the external bisector of 
vand w. 


w-v=hAa 
S. 90°- a4 ae 
A %. L7n 
VON A Ue Ww 
“sh 79 8 
4 
8 Mirror 
a 


10. 


On squaring both sides, we get 
>1+1-Wtv= > 2-2cos2=27 
> A =2sin 0 

where, 20 is the angle between v and w. 
Hence, w— V=2sin0-a=2 cos 90°-0)a=-(@a-v)a 
> w=v-2(a-vja 

Let the position vectors of A,B,C be a, b and c 
respectively and that of P,Q,R be P.q and Yr, 
respectively. Let h be the position vector of the 
orthocentre H of the APQR. We have, HP LQR. 
Equation of straight line passing through A and 
perpendicular to QR i.e. parallel to HP= P- h is 


r=a+t, (p—h) (i) 
where, ¢,is a parameter. 
Similarly, equation of straight line through B and 
perpendicular to RP is r=b+ ty @-h) ... (ii) 
Again, equation of straight line through C and 


perpendicular to PQ is r=¢ + tj (r—h) .. (iii) 
If the lines (i), (ii) and (iii) are concurrent, then there 
exists a point D with position vector d which lies on 
all of them, that is for some values of t, ,¢, and fs, 


which implies that 


tas aepeb ...(iv) 
t ty 
Ja! pig hk 6 
ty i) 
cos care a it) 
ts ts 
From Eqs. (iv) and (v) 
1 1 a 11> loo 3 a 
=—a b+ .. (Vil 
(: | th 2) ae Si 
and from Eas. (v) and (vi), 
aren | tee See ee me kei) 
. o) & & 


era 
Eliminating d from Eas. (vii) and (viii), we get 


1 1 1= lo Se 8 
= b c+q-r 
th bg) L bg ts 


> > 
=> (t3 — ty) [te a- t b+ tt. (p—q)] 
> > 
= (ty — t}) [ts b—t, € + tots @-4)] 
{multiplying both sides by ¢, tg ts] 
ty (t; -t3) b 


tiie -ort, Gl —% 


=> ty (t,-t.)at 
a 
2) P 


2G -4)q +h G-i) t<0 


11. 


Thus, lines (i), (i), and (111) are concurrent is equivalent 
to say that there exist scalars ¢,, t, and t; such that 


(=t a4 yh - Bib t+ Q-the +h = G)n 
+ te (fy -t) 0+ ty (,-t) P= 0 
On dividing by ¢, t, t,, we get 
Qo=Aglpt Og q+ Oy =Ayr 
+ Ay Ag—Ag)at Ag Ag —A,)b + Ag (Ay —Ag)e=0 


where, A; = : for i =1,2,3 

So, this is the condition that the lines from P 
perpendicular to BC, from Q, perpendicular to CA and 
from R perpendicular to AB are concurrent 

(by changing ABC and PQR simultaneously). 


F is mid-point of BC ie. pat 2i and AE | DE 


[given] 


\ 
. 


in 


Bil) F (21) C(3i) 


Let E divides AF in X:1. The position vector of E is 
given by 
suatiajok (RA, 1 


1 t 
A+1 Lei) ha 


IS, a 


Now, volume of the tetrahedron 
= ; (area of the base) (height) 


242 


= = ; (area of the A ABC) (DE) 


Lo SD 

But area of the A ABC = gee x BA| 
= 512i x G+ W)=lix f+ i xk =lk -jl=2 
202 =} (5) (De) => DE=2 


Since, AADE is a right angle triangle, then 
AD? = AE? + DE” 


=> (4)?=AE7+Q)? = AE*=12 
bu - ae aa jek) 
A+1 A+1 A+1 
A> Ae ho 
= i j k 
A+1 A+1 A+1 
2 
= japPs—*_ pts n24 a= 3h 
(A +1) (A +1) 


12. 
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2 
Therefore, 12 = Bh 
(A +1)? 
=> A(V+1)2=202 = 4074448 =22 
=> 347 + 8244=0 = 3074+ 604+244+4=0 


=> 8A (A+ 2)+2 (A+ 2)=0 
=> CLenGg22s0 S Ls=2/6,he=a 
When A =-—2/3, position vector of E is given by 


2X4+1)- 1 1 « 
i+ j+ k 
(A) A+1 A+1 


2-(-2/3)+1>; 1 nN 1 a 
= i jt+ k 
-2/34+1 -2/34+1 -2/34+1 

_w4/8t+1s 1 a 1 i 
fag * ea" 948 
3 3 3 
-44+3 
a a ee eee eee ee 


1/3 1/3 1/3 


and when A = -—2, position vector of E is given by, 
2x(-2)+15 1 j+ 1 Katt; ; k 
—2+1 2+1 2+1 1 


Therefore, =i4 3j + 3k and +3i— j —k are the answer. 


Let O be the origin of reference. Let the position vectors 
of A and Bbe a and B respectively. 


Bib) N C(b + 0a) 
“Pl 
ee 
Mal2) 


‘ => => > 
Since, BC||OA, BC=a OA=ca a for some constant a. 
> 


= 


Equation of OCis r=t(b+a a) and 


equation of AB is T=ath (b-a) 


Let P be the point of intersection of OC and AB. Then, 


at point P,t (b+ a a) ee) (b- a) for some values of t 
anda. 


= (ta -1+A)a=(Q-1)b 


Since, a and bare non-parallel vectors, we must have 
tao-1+A=0 and A=t > t=1/Q@+1) 


ios : 1 
Thus, position vector of P is r, se (b +0 a) 
a+ 


Bquation of MN is ¥=5a+ k]B+>(a.-1)a| i) 
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13. 


For k=1/(@ + 1) {which is the coefficient of bin ri}, we 
get 


eae : [B (a a 

2 atl 
ee eee 
(a + 1) 2 +1 2 
a b+ : (© l+at+la 
(a +1) 2( +1) 

ul 


aa (b+ a)=r1 > Plies on MN. 
OL. + 

Since, a, dD, © are non-coplanar vectors. 

= [abc] 40 

Also, 


axb+bx c=patqbtr e 

: aoe > : 
Taking dot product with a, b and ¢ respectively both 
sides, we get 


p+qcos0+rcos0 = [abe] ... (i) 
pcos8+q+rcos8=0 . (il) 
and pcos0 + qcos0 + r=[abc] ... (ili) 
On adding above equations, 
2labe] 
abe . 
ptqt ar er re ..-(1v) 


On multiplying Eq. (iv) by cos® and subtracting 
Eq. (i), we get 


2 [abe] cos@ = 


cos@ -1)= abe 
a ) 2cos0+1 
= ge [abe] 


(1 — cos®) (2 cos® + 1) 


2fabe rf) 
Similarly, q= —2 [abc] cos 
(1 + 2 cos®) (1 — cos@) 


7D. 


[abe] 

and = 

(1 + 2 cos6) (1 — cos®) 

aie > 20D 

aa ab ac 1  cos@ cos®@ 
Now, [abe]2= ba bb b-e|=|cos 1 cos®@ 

See ee teed 

ca eb ee cos@ cos@ 1 


Applying R, > R, + R,+ R, 
1 ali alt 


= (1+ 2cos8@)| cos0 1 
cos@ cos@ 1 


cos8 


Applying C, > C,-C,,C, > Cy -C, 
1 0 0 
=(1+2cos@)-/cos@ 1-cos@ 0 
cos® 0 1—cos@ 


14, 


15. 


16. 
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= (1 + 2cos6)- (1 — cos@)” 


> 


> [ab c] =(/1 + 2cos8)- (1 — cos6) 
oye 1 es —2 cos0 deine 1 
“* f1+2cos@’ ~ J1+2cos0 1+ 2cos0 


Let R=xi + yj + 2k 
RxB=CxB 
Pip el) |e 
> x y zl=|4 -8 7 
111 1 1 1 
> (y—z)i -(x-2) j+ (x- y) k =-10i -3j+ 7k 
> y-z=-10,z2-x=-3,x-y=7 
and R.A=0 > 2x+2=0 


On solving above equations, x=-—1, y=-8 and z=2 
R=-i -8]+2k 
J 
Given that, abcare coplanar vectors. 


.. There exists scalars x, y, z not all zero, such that 
xat+yb+ze=0 ..-(1) 


Taking dot with aandb respectively, we get 
x (a-a)+ y(a-b)+z(a-e)=0 ...ii) 
x(a: b) + y (bb) +z (eb) =0 ..- (iii) 


Since, Eqs. (i), (ii) and (iii) represent homogeneous 
equations with (x, y, z) # 0,0,0). 


and 


= Non-trivial solutions 


+ 


A=0 > aa 
b-b 


Since, (i } j : 3k) x4 Gi 3 } k)y + ( Ai 4 5i)z 
=A(ix+ jytk2 

=> x+38y-4z=Ax,x-8y+4+ B2Z=Ay,8x+ ytOz=dAz 

=> (1-A)x+8y-4z=0,x-(84+A)y+5z=0, 

8x+ y-hz=0 

(x, ¥, 2) # 0,0, 0) 


*. Non-trivial solution. 


Since, 


> A=0 
1-A 68-4 
= 1 -@+A) 5 |=0 
3 1 =’ 
=> (1-A)(@A+A7-5)-3 (-A-15) -4 (1+ 9+ 3A) =0 


= -)? -221?-21 =0=5 1(A+1)?=0 
4 =0,-1 
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3D Geometry 


Topic 1 Direction Cosines and Direction Ratios of a Line 


Objective Question I (Only one correct option) 5. Ifthelines 272-273 =2 = aad - Lg=4 28 
1. The angle between the lines whose direction cosines 7 2 7 
satisfy the equations 1+m+n=Oand P=m?+ n2, is are coplanar, then k can have (2012 Main) 
(2014 Main) (a) any value (b) exactly one value 
(a) 7 (b) Tn (c) 7 (a) 7 (c) exactly two values (d) exactly three values 
7 7 6 Pid ings ea a 
3 4 1 2 1 
Topic 2 Straight Line in Space and es ae merece ; ene 
° a)— _ c) -—— a 
Shortest Distance oe Mee ae wn 
Objective Questions I (Only one correct option) Objective Questions II 
1. The distance of the point having position vector (One or more than one correct option) 
~ : + 2j + 6k from the straight line pare een gh s De 7. From a point P(A,A,A), perpendiculars PQ and PR are 
point (22,3, — 4) and parallel to the vector, 61 + 3j- 4k 1s drawn respectively on the lines y=x,z=1 and 
(2019 Main, 10 April I!) y=-x,z=—1.If P is such that ZQPR is a right angle, 
(a) 2V18 (b) 4/3 (c) 6 (d) 7 then the possible value(s) of A is (are) (2014 Adv.) 
2. [ vertices B and C of a AABC lie on the line, (a) /2 (b) 1 (c) -1 (d) -J2 
xt+2 y-1_z _ . 
ae ca such that BC =5 units. Then, the area 8. Two lines L,:x=5, 78 aiid 
. ; : : : F 38-a -2 
(in sq units) of this triangle, given that the point 
A(1, -1, 2) is (2019 Main, 9 April I!) Loix=a, » -_* are coplanar. Then, @ can take 
(a) J34 (b) 2/34 -1 2-a 
(c) 5V17 (d) 6 value(s) (2013 Adv.) 
3. Let V3i+ j, i+ V3 jandBi+ (1 —f)j respectively be the (a) 1 (b) 2 () 3 (d) 4 
position vectors of the points A, Band C with respect to 
the origin O. If the distance of C from the bisector of the 9. A line 1 passing through the origin is perpendicular to 
acute angle between OA and OBis a then the sum of the lines . . . (20a Adv) 
2 Litb+ O14 1420} 444 20k wct<e 
all possible values of B is (2019 Main, 11 Jan Il) . 7 7 
(a) 1 (b) 3 1,:(8+ 2s)it+ 8+ 2s)j+ @+s)k,-0<s<o 
() 4 (d) 2 Then, the coordinate(s) of the point(s) on J, at a 
4. If the line, x-3 yt2 z2+4 lies in the plane, distance of J17 from the point of intersection of J and 
-1 3 l, is (are) 
Ix + my — z=9, then [” + m? is equal to (2016 Main) (a) (z cs ;) (b) (-1,-1,0) 
(a) 26 (b) 18 3.3 3 
(c) 5 (d) 2 (c) 0,1, (d) (Z eg | 
9 9 9 
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Topic 3 Equation of a Plane 


Objective Questions I (Only one correct option) 


1. 


The distance of the point (1, —5, 9) from the plane 
x—y+z=5 measured along the line x= y= zis 


(2016 Main) 
wigs 
ia qd) 7 
(c) B (d) F 


The length of the perpendicular drawn from the point 
(2, 1, 4) to the plane containing the | lines 
r=(i+ j)+A(i+ 2j-k) and r=(i+ j)+p (i+ j-2k) 


is (2019 Main, 12 April II) 
1 1 
b) — J d)— 
(a) 3 (b) : (©) v3 ( oF 


A plane which bisects the angle between the two given 
planes 2x- y+ 2z-4=0 and x+2y+2z-2=0, passes 
through the point (2019 Main, 12 April II) 


(a) (1, ~ 4, 1) (b) (1, 4, a 1) 
(c) (2, 4, 1) (d) 2, ~ 4, 1) 
If the line 7— ae ae cat intersects the plane 


2 -1 
2x+3y—-z+13=0 at a poimt P and the plane 
3x+ y+ 4z=16 at a point Q, then PQ is equal to 
(2019 Main, 12 April I) 
(a) 14 (b) J14 (c) 2V7 (d) 2/14 
A perpendicular is drawn from a point on the line 


4 = 2 * = to the plane x+ y+ z=8 such that the 


foot of the perpendicular Q also lies on the plane 
x— y+ z=38. Then, the coordinates of Q are 

(2019 Main, 10 April I) 
(b) (4, 0, ~ 1) 
(d) (1, 0, 2) 


(a) (10, 4) 
(c) (2, 0, 1) 


If the plane 2x — y + 2z + 3 =Ohas the distances ; and 7 


units from the planes 4x-2y+4z+A=0 and 
2x-y+2z+u=0, respectively, then the maximum 
value of A + is equal to (2019 Main, 10 April II) 
(a) 13 (b) 15 

(c) 5 (d) 9 


If QO, —1, —3) is the image of the point P in the plane 


3x-y+4z=2 and Ris the point (8,-1,-2) , then the 
area (in sq units) of APQR is (2019 Main, 10 April |) 


(a) wi (b) 213 
oA @ B 


Let P be the plane, which contains the line of 
intersection of the planes, x+y+z-6=0 and 
2x+3y+z+5=0 and it is perpendicular to the 
XY-plane. Then, the distance of the point (0, 0, 256) 
from P is equal to (2019 Main, 9 April I!) 
(a) 63V5 (b) 205V5 


11 17 
ae dy o£ 
© la: 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


AT 


A plane passing through the points (0, —1,0) and (0, 0, 1) 
and making an angle . with the plane y — z+ 5 =0, also 


passes through the point (2019 Main, 9 April 1) 


(a) (V2, 1, 4) (b) (-V2,1,- 4) 
(c) (-V2,-1,-4) (d) (/2,-1, 4) 
If the line ee meets the plane, 


3 
x+2y+3z=15ata point P, then the distance of P from 
the origin is (2019 Main, 9 April |) 
(a) 7/2 (b) 9/2 (c) V5/2 (d) 2/5 


The vector equation of the plane through the line of 
intersection of the planes x+y+z=1 and 
2x+3y+4z=5, which is perpendicular to the plane 
x-y+z=0is (2019 Main, 8 April II) 
(a) r-G—k)-2=0 (b) rx i+ k) + 2=0 

(:) rx (i-k)+ 2=0 (a) r-G-k)+2=0 


The length of the perpendicular from the point 2, —1, 4) 

on the straight line, acti — yee afi 
10 -7 1 

(a) greater than 3 but less than 4 

(b) less than 2 

(c) greater than 2 but less than 3 

(d) greater than 4 


iS) 
(2019 Main, 8 April 1) 


The magnitude of the projection of the vector 25+ 3] +k 


on the vector perpendicular to the plane containing the 
vectors i+ j +kandi+ 2j + 3k, is (2019 Main, 8 April 1) 


@ = ve (a) ie 
2 2 


The equation of a plane containing the line of 
intersection of the planes 2x — y—4=Oand y+ 2z—-4=0 
and passing through the point (1, 1, 0) is 

(2019 Main, 8 April I) 


(c) 3V6 


(a) x-38y-2z=-2 (b) 2x-z=2 

(c) x- y-—z=0 (d) x+ 3y+ z=4 

x+1 y-2 2-3 
al -2 


and 


If an angle between the line, 


the plane, (2019 Main, 12 Jan II) 
x-2y-—kz=3is cos’! 2v2 , then value of kis 
(a) A (b) Ae 623 ay =? 

o 5 5 3 


Let S be the set of all real values of 4 such that a plane 
passing through the points (—A’,1,1), (1,- 47,1) and 
(1,1,-4”) also passes through the point (-1,-1,1). 
Then, S is equal to (2019 Main, 12 Jan II) 
(a) (/3,- V3} (b) {3,- 3} © &-3 (d) {V3} 


The perpendicular distance from the origin to the plane 
x+2 y-2 245 


containing the two lines, 


5 v4 
ana _y-4_2+4 " 
1 4 7? (2019 Main, 12 Jan 1) 
(@@)1Wwé &) a () 11 (a) 6/11 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


x-3_yt1 _ 2-6 Sd x+5_y-2_ 2-38 
3 -1 7 -6 4 

intersect at the point R. The reflection of R in the 

xy-plane has coordinates (2019 Main, 11 Jan II) 

(a) (2, ~ 4, an 7) (b) (2, ~ 4, 7) 

(c) © 2,4,7) (d) (2, 4, 7) 

If the point (2,a,f8) lies on the plane which passes 

through the points (8, 4, 2) and 

(7, 0, 6) and is perpendicular to the plane 2x —5y=15, 

then 2a — 388 is equal to (2019 Main, 11 Jan Il) 


Two lines 


(a) 17 (b) 7 (c) 5 (d) 12 
The plane containing the line oes S = A : and 
also containing its projection on the _ plane 


2x+8y-—z=5, contains which one of the following 
points? (2019 Main, 11 Jan!) 
(a) (-2, 2, 2) (b) (2, 2, 0) (c) (2, 0, - 2) (d) (0,— 2,2) 


The direction ratios of normal to the plane through the 
points (0,-1,0) and (0, 0, 1) and making an angle 7/4 
with the plane y—z+5=Oare (2019 Main, 11 Jan I) 
(a) 2,-1.1 (b) J2,1,-1 
(c) 9 JD 3/9, (d) 2V3, 1-1 
The plane which bisects the line segment joining the 
points (-3,-38,4) and (8, 7,6) at right angles, passes 
through which one of the following points ? 

(2019 Main, 10 Jan II) 
(a) (4, = L 7) (b) (2, L 8) (c) (-2, 3, 5) (d) (4, 1 ma 2) 
On which of the following lines lies the point of 
a2 and the 


(2019 Main, 10 Jan II) 
x+3_ 4-y_z4+1 


intersection of the line, 


plane, x+ y+ z=2? 
x-4 y-5_z-5 


a 

vy 1 1 -1 " 3 3 —2 

(222205828 (a) x-1l_ y-3_2+4 
2 2 3 1 2 -5 


The plane passing through the point (4,-1,2) and 
x+2 y-2 2z+1 
-1 2 


parallel to the lines 


x-2 y-3_ 2-4 


and i 5 also passes through the point 
(2019 Main, 10 Jan 1) 

(a) -1 a 1 ~ J) (b) (1, 1 = J) 

() Gd, 1,1) (d) (-1,-1,)) 

Let A be a point on the line 


r=(1—3u)i+ U-LDj+@+5u)k and BG,2,6) be a 
point in the space. Then, the value of u for which the 
vector AB is parallel to the plane x -—4y + 3z=1is 
(2019 Main, 10 Jan 1) 
1 1 1 1 
a) — b) -— Cc d) = 
(a) ; (b) : (c) - (d) i 
The equation of the plane containing the straight line 
ee ae and perpendicular to the plane containing the 


2 3 4 
straight lines > =2 =2 and*=2 =~is 
8 4 2 4 2 83 (2019 Main, 9 Jan II) 
(b) x + 2y- 2z=0 
(d)x-2y+z=0 


(a) 5x + 2y - 4z=0 
(c) 8x + 2y - 8z=0 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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The plane through the intersection of the planes 
x+y+z=1 and 2x+3y-—z2+4=0 and parallel to 
Y-axis also passes through the point (2019 Main, 9 Jan!) 
(a) (8, 3, -}) (b) (-3, al, 1) 

(c) (8, 2, 1) (d) (-3, 0, -}) 

The equation of the line passing through 

(-4, 3, 1), parallel to the plane x+2y—z-5=0 and 
intersecting the line (2019 Main, 9 Jan 1) 
x+1_y-3 _272, 

-3 2 -1 


S 


+4 y-3_z-1 x+4 y-38_ 2-1 
(a) “7*= 2" = (b) “=*= 2" * = 

3 =1 1 -1 1 1 
() x+4 y-3_2z-1 (d) x-4 yt3_z4+1 

al 1 3 2 1 4 


If £, is the line of intersection of the planes 
2x -2y+3z-2=0,x-y+z+1=0and Ly is the line of 
intersection of the planes x+2y—z-3=0, 
38x —- y+2z-1=0, then the distance of the origin from 


the plane, containing the lines L, and Lyis (2018 Main) 
—- (by 
4/2 3v2 
1 1 
c) —— d) — 
FR ae: 


The length of the projection of the line segment joining 
the points (5, -1, 4) and (4,-1,3) on the plane, 


x+y+z=7Tis (2018 Main) 
2 2 
1 2 
A a) {2 
(c) = (d) Z 


Let u be a vector coplanar with the vectors 
a=2i+ 3j—k and b=j+k. If u is perpendicular to a 


and u-b = 24, then | ul’ is equal to (2018 Main) 
(a) 336 (b) 315 
(c) 256 (d) 84 


If the image of the point P(1,—2,3) in the plane 
2x+3y—-4z+22=0 measured parallel to the line 


x y Z@. ; 

* 2-7 isQ then P It 

La ph hem PQ is equal to (2017 Main) 
(a) 3vB (b) 2/42 

(c) 42 (d) 65 


The distance of the point (1,3, —-7) from the 
plane passing through the point (1, —1,-1) 
having normal perpendicular to both the lines 
x-1l yt2 2-4 w-2_ytl_zt7, 


and ,1s 
1 -2 3 2 -1 -1 
20 : 10 : 
(a) —— units (b) — units 
V74 V83 (2017 Main) 
5 . 10 : 
(c) —— units (d) —— units 
Js3 Via 


The equation of the plane passing through the point 
(1,1,1) and perpendicular to the planes 2x+ y-—2z=5 
and 38x -—6y—2z=7is (2017 Adv.) 
(a) 14x + 2y -15z=1 (b) — 14x + 2y + 15z=38 
(c) 14x — 2y + 15z = 27 (d) 14x + 2y + 15z= 31 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


Let P be the image of the point (8, 1, 7) with respect to the 
plane x- y+z=8. Then, the equation of the plane 


passing through P and containing the straight line 
x y 2 


oe tad (2016 Adv.) 
1 2 1 

(a)x+ y- 8z=0 (b) 8x+ z=0 

(c)x-4y+ 7z=0 (d) 2x- y=0 


The equation of the plane containing the lines 
2x-5y+ z=38, x+ y+4z=5 and parallel to the plane 
x+8y+6z=1is (2015 Main) 
(a) 2x+ 6y + 12z=13 (b)x+ 8y+ 6Z2=-7 

(c)x+ 38y+ 6Z=7 (d) 2x+ 6y + 12x=-13 


The distance of the point (1,0,2) from the point of 


x-2 ytl_z-2 


intersection of the line ; and the plane 


4 

x-y+z=16is (2015 Main) 
(a) 2/14 (b) 8 (c) 83V21 (d) 13 
The image of the line uate 2 = a in the plane 
2x- y+ z+3=0is the line (2014 Main) 
(ate oe e.272 ioe a2 es 

3 1 -5 -3 -1 5 
i eee eee (jeota tte 2-2 

3 iL. 5 -3 -1 D 


Perpendicular are drawn from points on the line 


wee te to the plane x+ y+ z=3. The feet of 


perpendiculars lie on the line (2013 Adv.) 
(a) ©-2=1_ 2-2 oy) = 2=1_2-2 

5 8 -13 2 3 -5 
yee ae cad ja hee 

4 3 -7 2 -7 5 


Distance between two parallel planes 2x+ y+ 2z=8and 
4xn+ 2y+4z+5=0Ois (2013 Main) 
3 5 7 9 
(a) — (b):.= c) — d) 2 
) : ) . () . (d) ; 
The equation of a plane passing through the line of 
intersection of the planes x+ 2y + 38z=2andx-y+z=3 
and at a distance 2/V3 from the point (8,1,-1)is (2012) 
(a) bx-lly+z=17 (b) V2x+ y=3V/2-1 
() x+ y+ z=V3 (d) x-J2y=1- V2 
The point P is the intersection of the straight line joining 
the points Q(2, 3, 5) and R (1, -1, 4) with the plane 
5x-4y—z=1.IfS is the foot of the perpendicular drawn 
from the point T (2, 1, 4) to QR, then the length of the line 
segment PS is (2012) 


1 
a) —— V2 
(a) a (b) 
If the distance of the point P(1,—2,1) from the plane 


x+2y-2z=a, where a>0, is 5, then the foot of the 
perpendicular form P to the plane is (2010) 


84 = 7 441 
(53-3) (533) 


(2.2.29) (2,45) 
3.3 °=3 3.3 2 


(c) 2 (d) 2/2 


44. 


45. 


46. 


47. 


48. 


49. 


Equation of the plane containing the straight line 


Fit ae and perpendicular to the plane containing 


23 4 
the staight lines ~ =” =* and* = =7is 
3.4 2 4 2 3 


(b) 8x + 2y-2z=0 


(2010) 
(a)x+ 2y-2z=0 


(d) 5x+ 2y-4z=0 
A line with positive direction cosines passes through 
the point P (2, —1, 2) and makes equal angles with the 
coordinate axes. The line meets the plane 2x+ y+ z=9 
at point Q. The length of the line segment PQ equals 
(2009) 
(a) 1 (b) V2 (c) V3 (d) 2 
If Pis (8, 2, 6) is a point in space and Q be a point on the 
line r = (i-j+2k)+u (-3i+j+5k). Then, the value 
of u for which the vector PQ is parallel to the plane 
x-4y+3z=1,1s (2009) 


(a) + (oe (a) -4 
4 4 8 


A plane passes through (1, — 2, 1) and is perpendicular 


(c)x-2y+z=0 


@ + 
8 


to two planes 2x-—2y+ z=0 and x- y+ 2z=4, then 
the distance of the plane from the point (1, 2, 2) is 


(2006, 3M) 
(c) V2 (d) 2/2 

A variable plane 2% ; Ta at a unit distance from 

a 


c 
origin cuts the coordinate axes at A, Band C. Centroid 


(a) 0 (b) 1 


ee : 1 1 1 
(x, y, 2) satisfies the equation = +—,+=K. The 
x Zz 


2 
value of K is (2005, 2M) 
(a) 9 (b) 3 

(c) 1/9 (d) 1/3 

The value of k such that aes 7 Be 5 f lies in the 
plane 2x-4y+ z=7, is (2003, 1M) 
(a) 7 (b)-7 

(c) No real value (d) 4 


Objective Question II 
(One or more than one correct option) 


50. 


Consider a pyramid OPQRS located in the first octant 
(x20, y20,z20) with O as origin, and OP and OR 
along the X-axis and the Y-axis, respectively. The base 
OPQR of the pyramid is a square with OP =3. The 
point S is directly above the mid-point 7 of diagonal 
O@ such that T'S = 3. Then, (2016 Adv.) 


(a) the acute angle between O@ and OS is = 


(b) the equation of the plane containing the AOQS is 
x-y=0 
(c) the length of the perpendicular from P to the plane 
ae : 3 
containing the AOQS is — 
: ae 
(d) the perpendicular distance from O to the straight 


line containing RS is . 


51. 


52. 


53. 


54. 


In R’, consider the planes P, : y=Oand Py: x+ z=1. Let 
P, be a plane, different from P, and P,, which passes 
through the intersection of P, and P,. If the distance of 
the point (0, 1, 0) from P, is 1 and the distance of a point 
@,8,y) from P, is 2, then which of the following 
relation(s) is/are true? (2015 Adv.) 
(a) 20+B+ 2y+2=0 (b) 20 -B + 2y+ 4=0 

(c) 20 + B - 2y-10=0 (d) 2a —B + 2y- 8=0 

In R’, let L be a straight line passing through the 
origin. Suppose that all the points on L are at a 
constant distance from the two planes 
Pixt+2y-—z2+1=O0and P,:2x-y+z-1=0. Let Mbe 
the locus of the foot of the perpendiculars drawn from 
the points on L to the plane B.. Which of the following 
point(s) lie(s) on M? (2015 Adv.) 

w(-2-2.4 
6 3.6 


@(0,-2,-2) 
6 3 
@(-3.0.4] @(-5,0,4] 

6 6 3 3 


Let PB :2x+y-—z=3 and Py:x+2y+z=2 be two 

planes. Then, which of the following statement(s) is 

(are) TRUE? (2018 Adv.) 

(a) The line of intersection of PR, and P, has direction ratios 
1, 2,-1 


(b) The line 2X4 = 1" 89 _2 


3 5 is perpendicular to the line 
of intersection of P, and P, 
(c) The acute angle between P, and P, is 60° 
(d) If P, is the plane passing through the point (4, 2, — 2) 
and perpendicular to the line of intersection of P, and 
P,, then the distance of the point (2,1,1) from the 


plane P, is = 


V3 


iP phe seine nes = 


yd 2 


=—and 
Ke 2 

¥t1l yl 2 

= =— are coplanar, 

5 2 k 

containing these two lines is/are 
(a) y+ 2z=-1 
(b) y+ z=-1 
() y-z=-1 
(dq) y-2z=-1 


then the plane(s) 


(2012) 


Numerical Value 


55. 


Let P be a point in the first octant, whose image Qin the 
plane x+y=8 (that is, the line segment PQ is 
perpendicular to the plane x+ y=3 and the mid-point of 
PQ lies in the plane x+ y=8) lies on the Z-axis. Let the 
distance of P from the X-axis be 5. If Ris the image of P 


in the XY-plane, then the length of PRis ......... : 
(2018 Adv.) 


Passage Based Problems 


Read the following passage and answer the questions. 
Consider the lines 


x+1_y+2 241 
L,: gg 


x-2 yt+2 2-8 
, Le: = = 
2 5 1 2 3 
(2008, 12M) 


56. 


57. 


58. 
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The distance of the point (1, 1, 1) from the plane passing 
through the point (—1,-—2,-1) and whose normal is 
perpendicular to both the lines L, and Ly, is 

(a) 24/75 unit (b) 7/75 unit 

(c) 13/75 units (d) 234/75 units 


The shortest distance between L, and Lz is 


(a) Ounit (b) 17//3 units 
(c) 41/5V3 unit (d) 1753 units 


The unit vector perpendicular to both L, and Lz, is 


(gaa ace 
99 5V3 

~i+ 7j+ 5k a Ti - 7i-k 

a or ac ae 


Assertion and Reason 


For the following questions, choose the correct answer 
from the codes (a), (b), (c) and (d) defined as follows. 


(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation of 
Statement I 


(b) Statement I is true, Statement II is also true; 
Statement II is not the correct explanation of 
Statement I 


(c) Statement I is true; Statement II is false 
(d) Statement I is false; Statement II is true 


59. Consider three planes P, :x-y+z=1 
Pyixt+ y-z=-1 
and Pi: x-38y+3z=2 
Let L,, L,, L; be the lines of intersection of the planes 
P,and P;, P, and B,, P, and P,, respectively. 
Statement I Atleast two of the lines L,, L, and L, are 
non-parallel. 
Statement II The three planes do not have a common 
point. (2008, 3M) 
60. Consider the planes 3x-6y—2z =15 and 2x+ y—2z=5. 
Statement I The parametric equations of the line of 
intersection of the given planes are x=3+ 14t, 
y=14+2t, z=15t. 
Statement II The vectors 141 +2 j +15k is parallel to 
the line of intersection of the given planes. (2007, 3M) 
Match the Columns 
Match the conditions/expressions in Column I with 
values statements in Column II. 
61. Consider the lines 


ie = y o00 8 gg ee ee 
2 -1 1 1 1 

planes Po: 7x+y+2z=3, Py:38x+5y-6z=4. Let 

ax+by+cz=d the equation of the plane passing 

through the point of intersection of lines L, and L, and 

perpendicular to planes P, and P,. 


and the 
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Match List I with List IT and select the correct answer 


using the code given below the lists. (2013 Adv.) 
List | List Il 
P. a= 1. 13 
Q. b= 2. a3 
R. C= 3. 1 
S. (ope 4. -2 
Codes 
P Q R P Q RS 
(a) 3 2 4 (b) 1 3 4 2 
(c) 38 2 1 (d) 2 4 1 38 


62. Consider the following linear equations 


ax+ by+ cz=0, 


bx + cy+ az=0, 


cx + ay + bz=0 


Analytical & Descriptive Questions 


63. 


64. 


65. 


Find the equations of the plane containing the line 


: 1 
2x-yt+z2-3=0,3x+ y+ z=5 and at a distance eG 
from the point (2,1, -1). (2005, 2M) 


A plane is parallel to two lines whose direction ratios 
are (1, 0, -1) and (-1, 1, 0 ) and it contains the point 
(1,1, 1). If it cuts coordinate axes at A,B,C. Then find the 
volume of the tetrahedron OABC. (2004, 2M) 


T isaparallelopiped in which A,B,C and D are vertices 
of one face and the face just above it has corresponding 
vertices A’ , B’,C’, D’, T is now compressed to S with 
face ABCD remaining same and A’,B’,C’,D’ 

shifted to A’,B”’, C”’,D’ in S. The volume of 


(IIT 2007, 6M) parallelopiped S is reduced to 90 % of T. Prove that 
locus of A’’ is a plane. (2004, 2M) 
Column | Column I 66. (i) Find the equation of the plane passing through the 
A. at+b+c#0Oand p. The equations represen points (2,1,0), (5,0,1) and (4,1,1). 
24 b? 4c? planes meeting only at (ii) If Pis the point (2, 1, 6), then the point @ such that 
ab + bc +ca a single point PQ is perpendicular to the plane in (a) and the 
B b+c =Oand q. The equations represen mid-point of P@ lies on it. (2003, 4M) 
24 6740? the linex =y=2Z 7 
ae ae Integer Answer Type Question 
C b+c #0Oand r. The equations represen 67. If the distance between the plane Ax-2y+z=d and 
“+ b*+0° ene Piles the plane containing the lines ian ee a and 
ab + bc +ca 3 4 
D b+c =Oand s. The equations represen ale ens as = = is V6, then |d|is equal to.... 
24 6240? the whole of the 3 4 5 (2010) 
ab + bo +ca three-dimensional space 
Answers 
Topic 1 29. (b) 30. (d) 81. (a) 32. (b) 
1. (a) 33. (b) 34, (d) 35. (c) 36. (c) 
‘ 37. (d) 38. (a) 39. (d) 40. (c) 
ORE? 41. (a) 42. (a) 43. (a) 44, (c) 
1. (d) 2. (a) 3. (a) 4. (d) 45. (c) 46. (a) 47. (d) 48. (a) 
5. (c) 6. (b) 7. (©) 8. (a, d) 49. (a) 50. (b,c,d) 51. (b, d) 52. (a,b) 
9. (b, d) 53. (c, d) 54. (b,c) 55. (8) 56. (c) 
Topic 3 57. (d) 58. (b) 59. (d) 60. (4) 
1. (b) 2. (c) 3. (d) 4, (d) 61. (a) 62. A>rBo g;C7> p,D7>s 
5. (c) 6. (a) 7. (a) 8. (c) 63. 2x-y+z-3=0; 62x+29y + 19z-105 =0 
9. (a) 10. (b) 11. (d) 12. (a) 9 ; 
13. (d) 14. (c) 15. (a) 16. (a) eee 
17. (b) 18. (a) 19. (b) 20. (c) 66. (i) x+y—2z =3 (ii) O6,5,-2) 
21. (b,c) 22. (d) 23. (d) 24. (c) mia 
25. (a) 26. (d) 27. (c) 28. (a) . ~ 


Hints & Solutions 


Topic1 Direction Cosines and Direction _ {& + 230449 _ pa 


Ratios of a Line 36+9+16 61 
1. We know that, angle between two lines is = 49 = 7 units 
a,a,+ b,b,+ Gc 
cos0 = Ue AM art 3 os x+2  y-1_z 
je +B+e je +B+e 2. Given line is eee ea 
l+m+n=0 Vector along line is, a =3i+4k 
> l=-(m+n) => (m4 n=l and vector joining the points (1,—1,2) to (-2,1,0) is 
=> m+n?+2mn=m?+n? fs 2 =m" +n’, given] b=(1+2)i+ -1-)j+ @—-O)k 
=> 2mn=0 =3j-2j+2k 
When m=0 and |BC|=5 units 
= l=-n Now, area of required AABC 
H , 7,m, n) is (1,0, -1). : i 
ence, ans nse ) = BCI] b| [sina (ii) 
When n=0, then/=—-—m 2 
Hence, (/,m, n) is (1, 0, -1). [where 8 is angle between vectors a and b] 
1+0+0 1 1 : |axb| 
cos@ = ————_=- >  0= 1 6= ; 
J2xy2 2 3 eee | al 
; . eae i j k 
Topic2 Straight Line in Space and * laxbiels o 4l=sie6j-6k 
Shortest Distance 3 2 2 
1. Let point P whose position vector is (— i+ 2j + 6k) anda + |axbl=./644 36+ 36 
straight line passing through Q@, 3, — 4) parallel to the _ Per. 
vector n =6i+ 3j—4k. = 1136 =2V34 
A PCA.2.8) and JaJ=V9+16 =5 
a ». |bising = 2%84 
na d 5 
7 
“ On substituting these values in Eq. (i), we get 
7 
a 
Q(2,3,-4) noes pat Required area = = x5x _ = /34 sq units 
‘-: Required distance d = Projection of line segment PQ Alternate Method 
perpendicular to vector n. F ts ke Od ee ' 
_ IPQxn| Given line is ' 5 ri A (let) sais(1) 
|n| A(t, -1, 2) 
Now, PQ=3i+ j-—10k, so 
ij k 
PQxn=|3 1 -10|=26i-48j+3k ; , 
- B D C x42 yt z 
oe ; BE NO aE 
_ 26)? + (48)? + 8)” Since, point D lies on the line BC. 
So, d Jo? +) + 4 ..Coordinates of D = GA — 2,1, 4A) 
Now, DR of BC > a, =3, b, =0, ¢ =4 
esa and DR of AD> a, =3) —3, by =2, G =4A -2 
aa Since, AD LBC, a,ay + b,bo + GC =0 
3 x (A —3)+ 02) + 44A —2)=0 
> 9X -9+0+16A-8=0 
< > => 25’-17=0 
B D C x42 yt 
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=> X= Af 
25 
..Coordinates of D = (= 5 Ls} 
25° 25 


2 2 
Now, a=. =| +(-1 1 +(2 =| 
25 25 

_ 24) oe, (-18) 

(2) oe (Fe) 


_ [576 |, , 824 _2 By 
625 625 5 


eer a cm 5 BC gAD 


1 2 
=—x5x—v34 
2 5 


= 34 sq units 


3. According to given information, we have the following 


figure. 


Clearly, angle bisector divides the sides AB in OA : OB, 
1e.,2:2=1:1 
So, Dis the mid-point of AB and hence coordinates of D 


Gee Be 
are 


[using angle bisector theorem] 


? 


2 2 


Now, equation of bisector OD is 


a 
0)= x-O)=S>y=x 
ame all OE (x-O)=> y 
-0 
2 
> x-y=0 
According to the problem, 
3 B-@—p) 
2 V2 
[Distance of a point P(x,, y,) from the line 
ax + by+c=0Ois tase 
Va" +b? 
= I2B-1|=3 =32B=+34+1 
> 28 =4,-2 => B=2,-1 


Sum of 2 and—-1lis 1. 


x-3 yt2 Zt 


. Since, the line : oe . lies in the plane 


Sul 
Ix+ my — z=9, therefore we have 21-m-—3=0 
[.; normal will be perpendicular to the line] 


> 2l-m=3 2) 
and 3l1-2m+4=9 

[.. point (8, — 2, — 4) les on the plane] 
> 31-2m =5 ... (ii) 


On solving Eqs. (i) and (ii), we get 
l=land m=-1 
174+ m7 =2 


. Condition for two lines are coplanar. 


% —X. M-I2 4 2 
h m ny =0 
ly mM, No 
where, (x1, 1, 2) and (%, yo, Z.) are the points lie on 
lines (i) and (ii) respectively and < 1,,m,,n, >and 
< lj, Mg, Nz > are the direction cosines of the lines (i) 
and (ii), respectively. 


2-1 3-4 4-5 
1 1 -k/=0 
k 2 1 
1 =% =1 
> 1 1 -—k|/=0 
k 2 1 
=> 1(+2k)+ (1+ k’)-2-k)=0 
> k?+2k+k=0 
> kh? + 3k=0 
=> k=0,-3 


If 0 appears in the denominator, then the correct way 
of representing the equation of straight line is 
x-2 y-3 
“A "a 


;Z=4 


. Since, the lines intersect, therefore they must have a 


point in common, 1.e. 
x-1l_yt+l1_z-1 


2 go ae 
nad ice Bacay 
1 2 1 
> x=2X4+1,y=8A-1 
z=4r +1 
and x=y+3,y=2u+hk,z=wu are same. 
> 244+41=n4+3 
3A -1=2u+k 
4X4+1=u 


On solving Ist and IIIrd terms, we get, 


3 
A=-— and p=-5 
2 ub 


k=8i -2p-1 


7, Key Idea 


(i) Direction ratios of a line joining two points (x4, ¥;,Z;) and 
(Xp, Yo, Z2) ALE Xp — X41, Yo — Vs Zo — J. 
(ii) If the two lines with direction ratios a;,6,,C;;@5,b2,C2 are 
perpendicular, then a; a+ b,b9+C,C2=0 
Line L, is given by y=x;z=1can be expressed 
x y_ z-1_ 


Lae of 
i141 (0 [say] 


> x=0,y=Q0,zZ=1 
Let the coordinates of Q on L, be @,«@,1). 
Line Ly given by y =—x,z =—1 can be expressed as 
gta Ft top [say] 
1 =l 0 
> x=8,y=-B,z=-1 
Let the coordinates of Ron L,be (B,—f,-1). 
Direction ratios of PQ are A-a, A-a, A-1. 
Now, PQ 1 L, 
OG.% 1) 


P (A, A, A) R (0, 0, -1) 


1A-a)+1-A-a)+0-A-1)=0 > A= 
Hence, Q (A,A,1) 
Direction ratios of PR are’ —B,A+B,A +1. 


Now, PRLL» 
1A -B8)+ C1)A+8)+0A+4+1)=0 
X-B-A-B=0 
> B=0 


Hence, R (0,0,—1) 
Now, as ZQPR = 90° 
[as a,da9+ b,bo+ Gc, =0, if two lines with DR’s 
a1, 01,6349, bo, c are perpendicular] 


wv (A-A)A-0)+ A-A)(A—0)+ A-1)(A+1) =0 


=> (A-1) (A+1)=0 
=> yall 
or X=-1 


A’ =1,rejected as Pand Q are different points. 
=> h=-1 


Key Idea If two straight lines are coplanar, 
ie. x-—% _ VON _ 274A 
ay by Cy 
and “%~%2 = Y7 Ye ~ 27 % are coplanar 


ap bo Co 


« Key Idea Equation of straight line is / : = 
a 
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A (x4, V4, 21) 


—>— 


(a1,b1,c1) DR's 


B 
(2,Y2,25) 
(a2,b2,¢2) ~DR's 
Then, (%2 — %4, Yo — Yi, Zo — %), (@, By,C1) and (az, bz,C2) are 
coplanar, 


Xo—X, Yo MW 427 4 


i.e ay b, Cy =:0 
Ap bp Co 
Here, x=65, ee 
38-a -2 
= x-5 y-0 z-0 @ 
0 -@-3) -2 
and x=0,2-= as 
-1 2-a 
=> le Cm da ea la ... ii) 
0 -1 2-a 
5-a 0 0 
> 0 8-a -2 |=0 
0 -1 2-a 
> (6 -—a) [8-a) @-a) -2] =0 
=> 6 -«a) [a7 -5a +4] =0 
> ( -a) @-1)@-4)=0 
G=1;4.5 
X _ YN _ 27-4 


Since, / is perpendicular to /, and /p . 
So, its DR’s are cross-product of /, and /5. 


Now, to find a point on /, whose distance is given, assume a point 
and find its distance to obtain point. 


Let g AN aw eek 
a b Cc 


which is perpendicular to 
1: @i-j+4k)+ t(i+2j+2k) 
1, : (Bi 3j 2k) s(2i 2] k) 


ij k 
. DRsoflis|1 2 2/=-21+3j-2k 
29 4 
x y 2 
I; =2=* =k, k 
a ee Pye 


Now, A(-2k, , 3k,, -2k,) and B(-2kp, 3ky, —2hp). 
Since, A lies on J,. 
(2k, )i+ @h,)j- Qk, k= (8+ Hit+ C14+20)j 
+442 tk 
=> $84+¢=-2k,-14+2t=3k,,4+2t=-2k, 
kh, =-1 
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=> A(, —38, 2) 
Let any point on /, (8+ 2s,3+2s,2+ s) 
(OH 80s) 4 30s" 4 C0 8" S17 


=> 9s" + 288+ 37=17 
=> 9s" + 28s + 20=0 
=> 9s" + 188+ 10s + 20=0 
> (9s + 10) (s+ 2)=0 
ee ea 
9 


Hence, (—1, —-1,0) and ( ; : ; 5) are required points. 


Topic 3 Equation of a Plane 
1. Equation of line passing through the point (1, — 5,9) and 
parallel tox= y=zis 


x-1l yo. - 2-9 
= = =i a 
1 1 1 (ay) 


Thus, any point on this line is of the form 
(A+1,A—-5,4 +9). 
Now, if P(A + 1,4 —5,A + 9) is the point of intersection 
of line and plane, then 
(A+1)-(A-5)+A4+9=5 

> A4+15=5>5A=-10 
.. Coordinates of point P are (—-9,-15,-1). 
Hence, required distance 

= +9)? + (54+ 15)?+@+1" 


= {107+ 107 + 10? 
=10v3 


Key Idea -.. Length of the perpendicular drawn from point 
(Xy YZ, to the plane ax + by + cz+ d= Ois 
_ lax, + by, + cz,+ d| 


Ja? + b*% 4+ ¢? 


q, 


Given line vectors 


r=(i+ j)+4 @+2j—-k)and ist) 
r=(i+ j)+u Cit j—-2k) ... (di) 
Now, a vector perpendicular to the given vectors (i) and 
(ii) is so 2 
ij k 
n=|1 2 -1 
-1 1 -2 
=i (-4+1)- jC 2-1)+k0+2) 
=—3i+ 3] +3k 
.. The equation of plane containing given vectors (i) and 
(ii) is 
—38 (w-1)+ 3(y-1) +8 (€-0) =0 
> 3x +387 + 38z=0 
=> x-y-z=0 .-.(i11) 


Now, the length of perpendicular drawn from the point 
(2,1, 4) to the plane x-— y- z=0, 1s 
d= |2-1-4| 


eed 
a" 2.8 


Key Idea Equation of planes bisecting the angles between the 
planes 


a,x+ by + z+ d,= Oand 


a,X+ by + cz+ d, = 0,are 


a,x+ byt az+ d,_ 


jor e be 4a 


a,X+ by + z+ dy 


jal+ +c 


+ 


Equation of given planes are 
2x-y+2z-4=0 se(1) 
and x+2y+2z-2=0 .. (il) 


Now, equation of planes bisecting the angles between 
the planes (i) and (ii) are 


2x—-—yt2z2-4 4 Xt 2y+2z-2 
J4+14+4 J1+4+4 
=> 2x-yt+2z-4=4 (x+ 2y4+ 2z-2) 
On taking (+ve) sign, we get a plane 
x—-38y=2 ... (ili) 
On taking (- ve) sign, we get a plane 
38x+ y+4z=6 ..-(1v) 


Now from the given options, the point @, — 4,1) satisfy 
the plane of angle bisector 3x + y+ 4z=6 
4, Equation of given line is 
x-2 ytl1l_z- 
3 2 -1 


i r (let) ..-(i) 


Now, coordinates of a general point over given 
line is R@r+ 2,2r—1,-r+1) 


Let the coordinates of point P are (7, + 2,27, -1,7% +1) 
and Q are G7, + 2,27 -1,-~%+ 1). 


Since, P is the point of intersection of line (i) and the 
plane 2x + 8y—z+13=0, so 


287, + 2)+ 8@7, -l)-Cr74+1)4+13=0 
=> 67+4+67-3+7-1+13=0 
=> 1387,4+138=057,=-1 
So, point P- 1, -3, 2) 
And, similarly for point ‘Q’, we get 
3887 + 2)+ @rm-1)+4- m+ 1)=16 


=> 7%g=TS>Mm=1 
So, point is Q (5, 1, 0) 
Now, PQ=/6+1)?+ 0 +3)?+2? 


=,/86+16+4 
= /56 =2V14 


Key Idea Use the foot of perpendicular Q(x,, y> ,Z) drawn from 
point P(x, Y;,Z,) to the plane ax + by + cz+ d=0,is 
given by P(K1.Y1:24 ) 
X27 X_ V2 TM TA 
a b é 


|___, 
Q(\2,2,Z2) 
axt+by+z+d=0 


ax,+ by,+cz,+d 


a+ b*+c? 


Let a general point on the given line 
eal ytd oe 
2 -1 1 

is P@r+1,-1-r,r). 

Now, let foot of perpendicular Q(x, 9,, z,) to be drawn 
from point P2r+1,-—1-r,r)tothe planex+ y+ z=8, 
then 

x, -2r-l1_y+lt+r_z-r 


(say) 


1 1 dl 
2r+1-1l-r+r-838 
1+141 
=>  -2r-l=ytrt+l 
ese a 2r)=1 a. 
3 3 
=> x 327 ye aad z=1+2 
3 3 3 
So, point ae(2 : > 14 } lies on the plane 
x-y+z=8also. 
So, gut GUE oe re cs Gay 
3 3 3 


Therefore, the coordinates of point Q are (2, 0, 1). 


6. Equation of given planes are 


2x-yt+2z+3=0 ...(1) 
4x-2y+4z+2X=0 .-- (11) 
and 2x-y+2z+u=0 ... (iil) 


‘+: Distance between two parallel planes 


ax+ by+cz+d,=0 
and ax+ by+cz+d,=Ois 
dite! eal 
a+ b+? 


.. Distance between planes (1) and (11) is 
|A-2@)| _1 


16+4+16 3 as 
=> |A-6|=2 => A-6=4+2>5A=80r4 
and distance between planes (i) and (iii) is 
erg xiven 
> lu-—3|=2 
=> uw-3=t2 > w=d5orl 


So, maximum value of (A + 1) at A =8andu =5 and itis 
equal to 13. 


7. 
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Given, equation of plane 3x-—y+4z=2 ...(i) and the 
point QQ, —1, —3) is the image of point Pin the plane (i), 
so point P is also image of point Q w.r.t. plane (i). 
Let the coordinates of point P is (x,, 9,, Z,), then 
x4 -O y4+1 = 4,48 
-1 4 
[3@) —1¢1) + 4-8) - 2] 
2 2 2: 5542 
3° + C1)°+4 
[-. image of the point (%,7,,%) in the plane 
ax+ by+ cz+d=0Ois (%, y, Zz), where 
X-% YM 2-4 _—2 (ax, + by, + cz, + d) 
a b c a+b? 4+¢ 
x -O y+1 24,48 
3 -1 4 
= (1-12-2) 26 
26 26 
= P(%,%45%) = 8,-2,1) 


Now, area of APQR, where point R(8,-1,-2) 


> 


1 


‘ —_ —_—+ 1 he « ai ry A A 
5] Pox PR = 5|(C8i + j-4b)x Oi + 7-3h)| 


=5|i-9j-38| 


sq units 


= ; V¥1+814+9= v91 
Equation of plane, which contains the line of 
intersection of the planes 
x+y+z-6=O0and2x+ 3y+ z+5=0, is 
(x+ y+ z-6)+AQx+ 8y+ 2+5)=0 
=> (14+ 2A)x+ (1+ 3A)y+ (14+ A)z+ 6A -6) =0 iQ) 
-: The plane (i) is perpendicular to XY -plane 
(as DR’s of normal to XY-plane is (0, 0, 1)). 
“. O(1 + 2A)+001 + 3A)4+10+A) =0 
> A=-1 
On substituting 4 =—1 in Eq. (i), 
we get 
—x-2y-11=0 
> x+2y+11=0 
which is the required equation of the plane. 
Now, the distance of the point (0, 0, 256) from plane Pis 


0+0+11 11 


—fis4 V5 


[.. distance of (x,, »,, 2) from the plane 


.. (ii) 


ax, + by, + cz, -—d 


Jaz + b+ 


ax+ by+ cz-—d=0,is 


| 
Let the equation of plane is 
ax+ by+cz=d ...(i) 
Since plane (i) passes through the points (0,-1,0) and 
(0,0, 1), then -b = d and c=d 
.. Equation of plane becomes ax-—dy+ dz=d 


.. (ii) 
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+: The plane (ii) makes an angle of a with the plane 

y—-z+5=0. 

T -d—d 

a Was ded? A141 
[.. The angle between the two planes 

axtby+qzt+d =Oand agxt byy+ az+d=O0is 


| 


cos 


A, Ag+ b, bg+ G 


5 
aes b2+ efaz+ bs+ 3 


cos0 = 


ote eel >Va7+2d" =|dl 
V2 Ja? 4202/2 
= a?+2d?=4d? 
> a? =2d? >a =+ 2d 
So, the Eq. (ii) becomes 
+J2x-yt+z=1 (i) 
Now, from options (v2, 1, 4) satisfy the plane 
—/2x- y+tz=1 
10. Equation of given plane is 
x+2y+3z=15 ..-(0) 


-1 y+tl 2-2 ae 

3 a r (let) ..- (11) 
So, the coordinates of any point on line (ii) is 
P(+2r,-14+38r,2+4r). 
‘-: Point P is intersecting point of plane (i) and line (ii) 
“(1+ 2r)+2 (-14+38r)+3 @+4r)=15 
>1+2r-2+6r+6+4+12r=15=>20r=10 


[squaring both sides] 


nae 
and line is, 


1 
=>r=— 
2 


.. Coordinates of P -(1 + 1, 145 1242) = (2,54) 


Now, distance of the point P from the origin 


= t+ tei6= port = = 2 units 
4 4 4 2 


11. Since, equation of planes passes through the line of 
intersection of the planes 
xt+y+tz2=1 
and 2x+ 3y+ 4z=5, is 
(x+ y+ Z-1)+AQx+ 8y + 4z-5)=0 
=> (14+ 2A)xn+ (14+ 3A)yt+ 14+ 4A)z-(1+ 5A) =0 ...) 
The plane (i) is perpendicular to the plane 


x—y+z=0. 

(1 + 2A)-(1+ 8A) + (1+ 4A) =0 
[. if plane a,x+ b,y+c¢z+d, =0 is perpendicular to 
plane a,x + boy + cog + d,=0, thena,a, + b,b2 + qc, =0] 
> 3A+1=0 


=> pa” 
3 


.. (ii) 


12. 


13. 


14, 


So, the equation of required plane, is 


peor ate 


=> _Xx z+—=0> x-2z+2=0 
3 3 3 


Now, vector form, is r- (i - k) +2=0 


Equation of given line is 
x+8 y-2 2 : 
= =—=r (let sue 
Ta a 4 (let) () 


Coordinates of a point on line (i) is 
A(lOr —3,-—7r+2,r) 


Now, let the line joining the points P(2,-1,4) and 
A(10r —3,—7r + 2, r) is perpendicular to line (i). Then, 
PA. (10i — 7j + k) =0 

[- vector along line (i) is (10i — 7j + k)] 
=> [(10r —5)i + (-7r + 3)j + (” — 4k] -[10i - 7] + k] =0 
= 10(00r —5) — 78 - 7r) + (r-—4) =0 
= 100r—-50-21+49r+r-—4=0 

> 150r=75 >r : 


So, the foot of perpendicular is Ale, -5 . ;) 


[put r= ; in the coordinates of point A] 


Now, perpendicular distance of point P(, —1, 4) from the 
line (i) is 


eee) 


_ fl i 49 |50 5 
V4 4 V4 2 
which lies in (8, 4). 
The normal vector to the plane containing the vectors 
(i+ j+k)and (i+ 2j + 3k)is 
n= (i+ j + k)x (i+ 2j + 3k) 


ij kl 
-|1 1 1 


| 1 2 8 | 
=i@-2)-j@-1)+ k@-1)=i-2j+k 
Now, magnitude of the projection of vector 2i + 3] +kon 
normal vector n is 
|Qi+3)+k-n|_ |@i+3j+h-d-27+)| 


| n| Jl+4+4+1 


apeord 2 = [2 nits 
V6 V6 V2 
Equations of given planes are 
2x-y-4=0 ...(1) 
and y+2z-4=0 ...(il) 


Now, equation of family of planes passes through the 
line of intersection of given planes (i) and (ii) is 


Qx-y—4)+A(y + 2z-4)=0 ..- (iii) 


According to the question, 

Plane (iii) passes through the point (1, 1, 0), so 
(2-1-4)+A0+0-4)=0 

> —3 - 34 =0 

= A=-1 

Now, equation of required plane can be obtained by 

putting A =—1 in the equation of plane (iii). 


> (Qx-— y—4)-1(y+ 2z-4) =0 
> 2x-y-4-y-2z2+4=0 
> 2x-2y-2z=0 
> x-y-z=0 


15. Clearly, direction ratios of given line are 
2, 1,-2 and direction ratios of normal to the given plane 
are 1, —2, —k. 
As we know angle ® between line and plane can be 


obtained by 
es |a, dg + b, bg + Goal 
az+ b?+ 0 az+ b2+ 2 
So, sin§ = per ee 
44144 V1444+k? 
> sin os" 22 =P piven 8 =cos + 202 | 
3) 3V5+k? l 3 | 
oe an [ os 0 2v2 >sin8 : >§=sin! : 
BV5+k? 3 l 3 3 3 
= cos’ 22 =sin! 1 
3 3 | 
y V32_-(2V2)? =1 
Z\ 
2V2 
> 4k? =54+k? => 8k7=5 


> poe fp 
3 


16. According to the question points (-A?, 1,1), (1,-A?,1) 
and (1, 1, — A”) are coplanar with the point (—1, —1, 1), so 


1-7 2 0 
2 1-4” 0 |=0 
2 2 --1 
[-. condition of coplanarity is | 
X2-~% Yo7 NM FQ Hh 
%3-% Ig- %-%)=0 
ie a 
=> (-1—A7) [4 —A?)?-4] =0 
=(1+ 27) [(1-A?-2) (1-174 2)] =0 
=> (1+ 2)? (8-A7) =0 
=> 7 =3 [f14+242740 VA eR 


=> R=tV3 
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17. Let the equation of plane, containing the two lines 
x+2 y-2 245 w-1_y-4_2+4,. 


and 
3 5 | 1 4 7 
a(x+2)+ b(y—2)+ c(z+5) =0 sse(1) 
.: Plane (i) contain lines, so 
8a+5b+4+ 7c=0 .. (ii) 
and a+4b+7c=0 ... (i) 
From Eqs. (ii) and (iii), we get 
a _b _ e¢ 
385-28 7-21 12-5 
a b ¢c ab 


=> 


> 
7 -14 7 1 -2 1 
So, equation of plane will be 

1(v+ 2) -2(y-2)+ 1(¢+ 5) =0 


> x-2y+z+11=0 ... (iv) 
Now, perpendicular distance from origin to plane is 

-. tt 

~i¢de1 46 


[.: perpendicular distance from origin to the plane 


] 


ax+ by+ cz+d=0,is 


a? +0740 

x-3 ytl_ z- 
3 -1 

this line is of the form P(a + 3,3a —1,-a+6) 

x+5 y-2 2-3 | 
-6 4 

b(say), is of the form Q (7b—-5, —6b + 2,4b + 8) 

Now, if the lines are intersect, then P = Q for some a 


18. Let 


Os a (say). Then, any point on 


Similarly, any point on the line. 


and b. 

> a+3=7b-5 
38a —-1=-6b4+2 

and —-a+6=4b+3 


>a-7b=-8,a+2b=landa+4b=3 
On solving a —- 7) =-8 anda + 2b=1, we get 
b=land a=-1, 
which also satisfy a + 4b =3 

P=Q=(,-4, 7) fora =-landb=1 
Thus, coordinates of point R are 2, —4, 7) 
and reflection of Rin xy-plane is (2, —4, — 7) 


19. According to given information, we have the following 


figure. 
2,-5,0 
< 
n 2x-5y=15 
Ap 
Ae 
(3, 4, 2) -B (7, 0, 6) 
°C (2, a, B) 
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20. 


From figure, it is clear that 
(ABx BC) = pand n =2i —5j+ Ok 


ij k 
.p=|4 -4 4 
-5 a £-6 


[- AB =(7-3)i+ O-4j+ 6-2)k 
=4i —4j+ 4k and BC= 2 — 7)i+ @ -0)j+ @-6Ok 
=-—5i+aj+ @-6)k] 
= i(—48 + 24 - 4a) — j(48 — 24 + 20) + K(40 — 20) 
= p = (24 — 40, — 48)i + j(4 — 48) + K(4a — 20) 
Now,as the planes are perpendicular, therefore p-n =0 
= (24-40 —4B)i+ (4-48)j + (40 —20)k) 
. 2i —5j+ Ok)) =0 
= 2(24 - 40, - 4B) -5(4-48)+0=0 
= 86-a-f)-46-5B)=0 
=> 12-20-28 -5+58=0520-3B=7 


Let the direction vector of the line 
Beh IEE Pei pi ea 
2 -1 
Since, the required plane contains this line and its 


projection along the plane 2x+ 3 y-—z=5, it will also 
contain the normal of the plane 2x + 3y—z=5. 


ie _yt2 _ Z-1 


2 -1 3 


required plane (ABCD) 
P 


> 


: 
D 
L 


| 
Projection of line 


Normal vector of the plane 2x+3y—z=5 is 
n=2i+ 3j-k. 
Now, the required plane contains b= 23 - j + 3k and 
n=2i+3j-k. 


..Normal of the required plane is b x n. 


Since, the plane contains the line 
x-3 yt2 2-1 
2, -1 
a=3i-2j+k. 
Now, the equation of required plane is(r — a) - (b x n) =0 
x-3 yt2 2-1 


, therefore it also contains the point 


2 -1 3 |=0 
2 3 -1 
=> (x - 3) [1 -9] - (y+ 2) [- 2-6] + - 1) [6 +2] =0 


=> —8x+ 8y+ 8z+ 382=0 

=> x-y-g=4 

Note that (2, 0, — 2) is the only point which satisfy above 
equation. 


21. 


22. 


23. 


Let the equation of plane be 
a(x—0)+ b(y+1)+ c(z-0) =0 
[.: Equation of plane passing through a point 
(91,2) 1s given by a(v- 4) + b(y- y,) + ce@-&) =O] 
=> ax+ by+cz+b=0 .. (i) 
Since, it also passes through (0, 0, 1), therefore, we get 


c+b=0 ... (ii) 
Now, as angle between the planes 


ax+ by+cz+b=0 


and y-z+5=0 is ‘ 
os (2) =1m Bal where nm, =ai + b+ ck 
4 |n,I| nol 
and n,=0i+j-k 
= 1 _|@i+ bj+ ck) i+ j-k)| 
2 a4 Pa 04141 
7 |b-d 
Va74+b74 C2 
=> a*+b?4+c'=|b-d?=(b-0* = b?+ &-2be 
> a? =—2bc 
=> a? =2b7 [Using Eq. (ii)] 
> a=+,2b 


= Direction ratios (a, b,¢ = (+ V2,1,-1) 
So, options (b) and (c) are correct because 
2, V2,-v2 and J2,1,-1. are multiple of each other. 
Let the given points be A(- 3, — 3, 4) and B (8, 76). 
Then, mid-point of line joining A, Bis 
p(t 7 44+6 
2 2 2 


? 


}=? 0.2.5) 


-: The required plane is perpendicular 
bisector of line joining A, B, so direction ratios of normal 
to the plane is proportional to the direction ratios of line 
joining A, B. 
So, direction ratios of normal to the plane are 6, 10, 2. 
[.. DR’s of AB are 3 + 3, 7+ 3,6 —4, i.e. 6, 10, 2] 
Now, equation of plane is given by 
a(x-%)+ b(y-y,)+c@-%)=0 
6(« —0) + 10(y — 2) + 2(2 —5) =0 
[.. P(,2,5) line on the plane] 
= 8x+5y-10+2z-5=0 
> 38x+ 5y+ z2=15 ... (i) 


On checking all the options, the option (4, 1, — 2) satisfy 
the equation of plane (i). 
Given equation of line is 
x-4 y-5 z-3 ; 
= = =r (let see 
(let) (i) 
=> x=2r+4;y=2r+5 andz=r+3 
.. General point on the line (i) is 
P@r+4,2r+5,r+8) 


24 


25. 


So, the point of intersection of line Gj) and plane 
x+ y+ z=2 will be of the form P @r+4,2r+5,r+3) for 
somere R. 


=> @r+4)+ @r+5)4+ (r+ 3) =2 
[.. the point will lie on the plane] 
> or 10 > ps2 
So, the point of intersection is P@, 1, 1) 
[putting r =—-2in Qr+4,2r+5,r+93)] 
Now, on checking the options, we get 
x-1l_y-3_2+4 
1 2 -5 


contain the point (0, 1, 1) 


Let a be the position vector of the given point (4, — 1, 2). 
Then, a =4j- j +2k 
The direction vector of the lines 


x+2 y-2 2z+1 x-2 y-3_ 2-4 


3 -1 2 ca 1 2 3 
are respectively a ; 
b, =38i-j+2k 
and b, =i+ 2j+ 3k 


Now, as the plane is parallel to both b, and b, 
[.: plane is parallel to the given lines] 


So, normal vector (n) of the plane is perpendicular to 
both b, and by. 


> n=hb, x b, and 
Required equation of plane is 
(r-—a)-n=0 
=> (r — a): (b, x by) =0 
x-4 y+1 2-2 
> 3 -1 2 |=0 
1 2 3 


[-r—aa(xit yj + zk) -(4i-j+2h | 
=(«-4)i+ (y+ 1)j+ (@-2)k 
and we know that, [a b c] =a-(b x c) 


a Gy as 
=|b, by bg 
L G & & | 
= (x-4) (3 -4)- (y+ 1) 9 -2)+ (@-2) 6+ 1)=0 
> 7 (x-4)-7 (y+ 1)+ 7 (@-2)=0 
> (x—4)+ (y+ 1)-(-2)=0 
> x+y-z-1=0 


(1, 1, 1) is the only point that satisfies. 

Given equation of line is 

r=(1-3p)i+ @—-1)j+(24+5y)k 

Clearly, any point on the above line is of the form 
(1-3p,p —1,2 + 5p) 

Let Abe (-3u+1,u—1,5u + 2) for somep € R. 


26. 


27. 
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Then, AB=(3-(-3n + 1) i+ @--D)j 
+6-(@y+2))k [- AB=OB-OA] 


=(8u + 2)i+(@-p)j+ 4-5y)k td 
Normal vector (n) of the plane x -4y+ 3z=1is 
n=i-4j+3k ... (ii) 


‘: ABis parallel to the plane. 

..nis perpendicular to the AB. 

= AB-n=0 

=>[@Gu + 2)i+ B-p)j+ 4—5y)k] - [i-4j+ 3k] =0 
[From Eggs. (i) and (ii)] 

=> + 2)-48 -p)+ 3 4-5p) =0 


> —8u+2=0 
a =) 
e 4 


Let P, be the plane containing the lines 
e_Y 2g | Fa Rz 
3.4 2 4 2 8 
For these two lines, direction vectors are 
b, =3i+ 4j+ 2k and b, = 4i + 2j+ 3k. 


A vector along the normal to the plane P, is given by 


ij k 
n,=b,xb,=|3 4 2 
4 2 3 

= i(12 — 4) -j@ —8) + k@ - 16) =8i - j- 10k 

Let P, be the plane containing the line ; = = == and 


perpendicular to plane P.. 


x y Z 


For the line ees the direction vector is 


b=2i+ 37 + 4k and it passes through the point with 
position vector a = Oi+ Oj + Ok. 
‘ P,is perpendicular to P,, therefore n, and b lies along 
the plane. 
Also, P, also passes through the point with position 
vector a. 
.. Equation of plane P, is given by 

x-0O y-O z-O 
(r-—a)-(n, xb)=0>5] 8 -1 -10/=0 

2 3 4 

= x(- 4 + 30) — y82 + 20) + 224+ 2) =0 
=>26x -52y + 26z =0 
> x-2y+2z2=0 


Key Idea Equation of plane through the intersection of two 
planes P, andP, is given byP, + AP, =0 


The plane through the intersection of the planes 
x+y+z-1=O0and 2x+ 3y—z+4=0is given by 

(x+ y+ Z2-1)+AQx+ 8y-24+4)=0, 

whereA eR 

=> (1+ 2A)x+ (14+ 3A)y+ 1 -A)z+ GA-1)=0, 
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where rAeER was) 


Since, this plane is parallel to Y-axis, therefore its 
normal is perpendicular to Y-axis. 

= (+ 2a)i+ (1+ 3A)j+ A -A)K}-j=0 

> 1+3A=0 > N= - 


Now, required equation of plane is 


ae oreo 


[substituting A = > in Eq. ()] 


=> x+4z-7=0 

Here, only (38, 2, 1) satisfy the above equation. 
x+1 y-38_ 2z- 
-3 2 -1 

(-8A —-1,24 + 3,-’ +2) 
fakee y-3 2-2 
-3 2 -1 
y=2h+3andz=—-A+2] 


So, the coordinates of point of intersection of two lines 
will be (- 3A —1,21 + 8,-A + 2) for someA € R. 


Let the point A=(—3A-1,2A+3,-A1+2) and 
B= (-4, 3,1) 

Then, AB=OB- OA 

= (-4i + 37+ K)-—{(-30 -Li+ QA +3)j+ CA+2)K} 

= (3A -3)i -2Aj+ (A-Dk 

Now, as the line is parallel to the given plane, therefore 


AB will be parallel to the given plane and so AB will be 
perpendicular to the normal of plane. 


= AB-\ =0, where n = i+ 25 — kis normal to the plane. 
= (8A -3)i-24j+ (A -Dk)- G+ 2j-k) =0 
=> 38(A -1) 42 + 1) =A) =0 : : 

[. Ifa =a,it+ a.j+a,k and b= b,i+ boj+ bsk, 


28. Any point on the line 2 is of the form 


N}>x=-38A-1, 


then a- b= a,b, + ayb, + abs] 
=> 38A-3-44-A4+1=0 
> -2h=2 >r=-1 
Now, the required equation is the equation of line 
joining A, 1,3) and B(-4, 3, 1), which is 
x—-(-4) y-3_ 2-1 
G24) 18° F=1 
[.: Equation of line joining (x, y,, 2) and (x5, yo, Z,) 1s 
X7~% _ V7 NW _ 2z74% 
xy —~% Yo7 NM 427% 
x+4 y-3_z-1 
6 -2 2 
x+4 y-3_ 2-1 


or multiplying by 2 
5 a [ plying by 2] 


29. L, is the line of intersection of the plane 
2x-2y+3z-2=Oand x- y+ z+1=Oand Lois the 
line of intersection of the plane x + 2y-z-3=0Oand 
38x-yt+2z-1=0 


i j «k 
Since L; is parallel tol2 -2 3/=i1+] 
{1 -1 1 
i} 7 ok 
Lois parallel toll 2 -1)/=3i-5j - 7k 
3 -l 2 


Also, L, passes through (3 2 : 0} 


[put z =0 in last two planes] 

So, equation of plane is 
gl yt 
7 7 
1 1 0O|=0 >7x-7y+8z+3=0 
|3 -5 -1| 


Now, perpendicular distance from origin is 


3 3 1 


72+ 7+} 162 ~ 32 


30. Key Idea length of projection of the line segment joining a, and 


a, on the plane r- n= dis (a,—a)xn 


Length of projection the line segment joining the points 
(5, -1, 4) and (4, -1, 3) on the plane x+ y+ z=7is 

B (4, -1, 3) 

(az) 


n=i+j+k 


(5, -1, 4) 
A(a,) C 


Ac |@2za)xa|_IGi-® x G+ 5+ 
| Int | 


li+ j+kl 


li-kl 2 fe 
AC= => AC=*2= 
V3 V3 V3 


Alternative Method 
Clearly, DR’s of AB are 4—5,-1+1,3-—4, i.e. -1,0,-1 


and DR’s of normal to plane are 1, 1, 1. 


Now, let 6 be the angle ais line a plane, 
-1+0-1 


JE eos ret 


then 6 is given by sin@ = 


B (4, -1, 3) 


Plane:x+y+z=7 
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sain Ae edass vl —sin20 = f-2 mar! ..Any vector n perpendicular to both n,, n, is given by 
3 3 V3 n=n,xXny, 
Clearly, length of projection = AB cos@ = rae [. AB = V2] i j k 
5 v7 => n=|1 -2 3 | =5i+ 7j+3k 
3 2 -1 -1 


31. | Keyldea lf any vector x is coplanar with the vector y and z, then .. Equation of a plane passing through (1,—1,-1) and 
x=Ayt+uz perpendicular to n is given by 


5(x-1)+ 7(y +1) 4+ 8(2+1)=0 


Here, u is coplanar with a and b. 


2 i= eb => bx+ Ty + 38z+5=0 
Deep Pveuny Matte Nene: --Required distance = ia ance units 
u-a=A(a-a)+pu(b-a) > O= 140 4+ Qu wee) eee (reas (83 


[-: a=21+3j-k,b=j+k,u-a=0 
Dict product with by, we wat 34, Let the equation of plane be ax + by + cz=1. Then 


u-b=A(a-b)+uU(b- b) at+b+c=1 
24=24+2u (ii) Fs ub = 24] 2a + b-2c=0 
Solving Eas. (i) and (ii), we get 8a-6b-2c=0 => a=7b, c¢ ga 
ae sei 2 14 15 
Dot product with u, we get b=—,a=—,c= 
2 31 31 31 
pel eee) . 14e+2y4152=31 
lu |? =—20) + 1424) > |u|? =336 ae ae 
35. Let image of Q(3, 1, 7) w.r.t.x- y+ z=3 be PG@,B, y). 
32. Any line parallel to a2 2. gud passing through ‘ aX - 8. 
1 4 °5 co Pat 97 <9 C41e7=5) 
P(1,-2,3)is “ 1 -1 1 17+€1)?+ (0)? 
P (1, -2, 3) 
<1,4,5> => a-3=1 B=y7 7=-4 
a=—-1,p=5,y=3 
R 2x + By-4z + 22 =0 ¢Q (3,1,7) 
Q 
TITTTTTPTTTITT 
x-1l yt+2 2-8 
= = =z 
7 7 ; (say) / 
Any point on above line can be written as a daa 
(A+ 1,40 —2,5A + 3). * P(a, B, ¥) 


«Coordinates of Rare (A +1, 4A —2,5A + 3). 


H , thei f Q(B, 1, 7) is P(-1,5, 8). 
Since, point R lies on the above plane. pha tuuaslaie aie oad ) 


To find equation of plane passing through P (—1,5, 8) 


2(A + 1) + 8(4A —2) -—46A + 8)+ 22=0 al entemie x _Y_z 
=> he=l 1 2 1 
So, point R is (2, 2, 8). DR's (1, 2,1) 


Now, PR = /(@-1)? + @+2)?+ @-3)?= 42 
PQ =2PR=2V42 
33. Given, equations of lines are 


x-1l yt2 2-4 


ni -2 3 
nal x-2 ytl_zt+7 fa) Ga eae 
I 29° ai > 1-0 2-0 1-0]/=0 
1-0 5-0 38-0 


Let n, = i-2j+3k andn, =2i-j-k 
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36. 


37. 


38. 


=> x(6-5)-—y@6+1)+26+2)=0 
: x-4y+ 7z=0 
Let equation of plane containing the lines 
2x-—5y+z=8andx+ y+4z=5be 
Qx-5yt+z-38)+A (e+ y+ 4z-5) =0 
=> (2+A)x+ (A-5)yt (444+ 1) 2-38-52 =0 ...(1) 
This plane is parallel to the plane x+ 3y + 6z=1. 
2+hK A-5 4041 


1 3 6 
On taking first two equations, we get 
en en ee, ee ee eee 


On taking last two equations, we get 


6A —-30=34+12A >-6A =383 >A = 


So, the equation of required plane is 


(2 Dee (3 s}y+( ei}e g26x <0 
2 2 2 2 


7 21 42 49 
=> x y z4 =0 


> x+3y+6z-7=0 
Given equation of line is 
x-2 ytl1l_ 2-2 
3 4 12 
and equation of plane is 


=A [say]...() 


x-y+z=16 sa). 
Any point on the line (i) is, (8A + 2,44 —1,12 + 2) 
Let this point of intersection of the line and plane. 
w (GA + 2)—- (44 -1)+ (2A + 2)=16 


= 111 +5=16 
> 11A =11 
=> A=1 


So, the point of intersection is (5, 3, 14). 
Now, distance between the points (1, 0, 2) and (5,3,14) 


= /6-1)+ @-0)?+ 04-2) 
= 16+9+ 144 = 169 =13 


Here, plane, line and its image are parallel to each 
other. So, find any point on the normal to the plane from 
which the image line will be passed and then find 
equation of image line. 
Here, plane and line are parallel to each other. 
Equation of normal to the plane through the point 
(1, 3, 4) is 
x-1l_ y-3_ 2-4 
2 -1 1. 

Any point in this normal is 2k+1,-—k+3,4+k). 

2k+14+1 3-k+3 44+k+4 
Then, ( 


=k 


[say] 


? ’ 


lies on plane. 
; Jlies on p 


39. 


40. 


41. 


= 2(h+1) ($52)+(P24)+3=0 apa 


Hence, point through which this image pass is 
(2k+1,38-k,4+ k) 

le. [2(-2)+1,34+2,4-2] =(-3,5,2) 

x+3 y-5 z-2 
a ag 


Hence, equation of image line is 


Key Idea To find the foot of perpendiculars and find its locus. 
Formula used 
Footof perpendicular from (x4, y;, Z;)to 
ax + by+cz+d =0be (xp, Yo, Zo), then 
X27 %1 _ Yo7 NM _ 2274 (ax, + by, + cz +d) 


a b Cc a’ +b? +c? 
Any point on ene 
2 =1 3 
> x=2) -2,y=-A-1,z=3A 


Let foot of perpendicular from (2A —2,—-A —1, 3A) 
tox+ y+ z=3 be (Xp, Yo, Zo). 


Xy — 2A 2) Ye (A 1) 2 (3A) 
1 1 al 
(2A -2-2-1+32A-8) 
14141 
4d 
=> XxX, -2h4+2=yot+h+1=2,-384 =2 a 
2r 7X 5X 
x >¥g=1 »Zg=24+ 
23 2 3° °2 3 
= X,-O  yo-1l_ 2-2 
2/3 -7/3 5/3 
Hence, foot of perpendicular lie on 
x y-1l z-2 e pod go 
2/3 -7/3 5/3 2 -7 5 


Given planes are 


2x+ y+2z-8=0 and 2x+ y+2z+>=0 


-. Distance between two planes 
5 


la-cl _| ~87g |_212_7 


joebar |geerss| 2 2 


Key Idea 
(i) Equation of plane through intersection of two planes, 


i.e. (ax + by +cyZ+d,)+r 
(€px + Boy + CoZ+Az)=0 
(ii) Distance of a point (x,, y,, Z;) from 
ax + by+cz+d=0 
_ lax, + by, + cz, + d| 
ja? +b? +07 
Equation of plane passing through intersection of two 
planes x+2y+3z=2 and x-y+z=3is 
(n+ 2y+38z-2)+’ («- y+ z-38)=0 
S>(1+A)x+ @-A)yt+ B4+A)Z-@+4+ 8A) =0 


42. 


whose distance from (8,1, —1) is 


V3" 
180+ A)t1 @-A)-1064A)~ 2+ 3A)I_ 2 
Vea Peis Gea v3 
|- 2A | 2 
= = 
\324+4.414 v3 
=> 302 = 347 4+ 40414 
=> jesus 
2 
ol i) a+(2+Z)y+(3 aE (2 2) =0 
2; 2 2 2 
5x 11 1 17 
> + y z4 =0 
2 Z 2 2 
or 5x-lly+z-17=0 


PLAN It is based on two concepts one is intersection of straight line 
and plane and other is the foot of perpendicular from a point 
to the straight line. 


Description of Situation 
(i) If the straight line 
la ee Se 
a b c 


intersects the plane Ax+ By+Cz+d=0. 

Then, (@A+%,,0A1+5,, cA +2) would satisfy 
Ax+By+Cz+d=0 

(ii) If A is the foot of perpendicular from P to 1. 


Then, (DRk’s of PA) is perpendicular to DR’s of 1. 
P 


5 


=> PA-1=0 
Equation of straight line QR, is 
x-2  y-3 2-5 


1-2 -1-3 4-5 
a x-2 y-3_ 2-5 
=i -4 -1 
> cae ae ea 
1 4 1 
v P(A+2,41+3,4 +5) must lie on 5x-4y-z=1. 
> 5 (A+2)-4 (4A +8)-(A4+5)=1 
> 5A +10-16A-12-A-5=1 
=> —7-12XA=1 
pe 
3 


i (4.4.29) 
3°33 


43, 


44, 
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Again, we can assume S from Eq.(i), 
as S (u+2,4N+3,u +5) 
. DR’s of TS=<uw+2-2,44+3-1,u+5-4> 
=<u4ut+2,u+1> 
and DR’s of @R=<1,4,1> 
Since, perpendicular 
1(w)+4(4u+2)4+1(u4+1)=0 


> M=-5 and s(3.1.3] 


2 2 
2 2 2 
3 4 1 9 13 1 
.. Length of PS = ( (1 -( ) = 
: (2 3 3) 2 3) 2 
Distance of point P from plane =5 P (1,-2,1) 
5-prA2o4 
3 | 
rn ee, Atey.2) 
x+2y-2z=a 


Foot of perpendicular 


x-l yt2 2-1 5 
1 2 -2 8 
> oe y=—,Z= i 
a , 3 
d ? 8 4 7 
Thus, the foot of the perpendicular is A ae 
, a4 8 JY _ 2 
The DR’s of normal to the plane containing a = 4 = = 
and~ =~ =”, 
4 z 3 
i jk 
n, =|3 4 2/=(8i-j-10k) 
4 2 8 
. .. KX YY 2 , 
Also, equation of plane containing 5 = = = i and DR’s of 
normal to be n= ai + bj+ ck 
> ax+ by+ cz=0 ves (1) 
where, nj: n, =0 
> 8a —b-10c=0 .. (ii) 
and ny, LQ@i + 3i+ 4k) 
> 2a+3b+4c=0 .. (ili) 
From Eqs (ii) and (iii), 
a b = - "eC 
—-4+30 -20-32 24+2 
a b c 
=> =e SS 
26 -52 26 
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a 6b ¢ : 
> he eet ...(iv) 
From Eqs. (i) and (iv), required equation of plane is 
x-2y+z=0 

1 
45. Since, l=m=n=—— 
ar 
VY 
: : x-2 ytl 2-2 
. Equations of line are = = 
: 1/V¥3 1/V3 1/48 
> x-2=y+1l=z-2=r [say] 
.. Any point on the line is 
Q=(r+2, r-1, r+2) 
+: @ lies on the plane 2x+ y+ z=9 
2(r+2)+ (r-1)4+ (r+2)=9 
=> 4r+5=9>r=1 
> Q(B, 0, 3) 
-, PQ = -2)2+ 0+ 1)? + B-2)?=43 
46. Given, OQ = (1-3u)i+ U—-1) j+ Gy +2)k 
and OP =31+2j+6k [where, O is origin] 


Now, PQ = (1-3 -3)i+(’-1-2)j+ Gu +2-6)k 
= (-2-3p)i+(u—-3)j+ Gn-4)k 
PQ is parallel to the plane x—4y+3z=1. 
2-3u-4u+124+15u-12=0 


1 
Mm ey 


47. Let the equation of plane be 
a (x-1)+ b(y+2)+ c(z-1)=0 
which is perpendicular to 2x-2y+z=Oand 
x-yt2z=4, 
> 2a-2b+c=0 and a-—b+2c=0 
a b c¢ , a bc 
-3 -3 0 1 1 0 


=> 


So, the equation of plane is x-—1+ y+2=0 


or x+y¥+1=0 


Its distance from the point (1, 2, 2) is eed =2J2 


V2 


48, 


49, 


50. 


. x Zz F 
Since, ~,274%=1 cuts the coordinate axes at 


a be 
A (a, 0,0), BO, 6,0), C ©,0, ¢). 


And its distance from origin = 1 
Yy 
Bk (0,b,0) 


1 —_ 
1 1 1 
a b2 2 
or tale | soe (i) 


9 
a BF ee 


where, P is centroid of triangle. 


Pos, y.2)=(S7040 OF 640 04040) 
3 3 3 
a b c - 
=> x=—, =—,Z>-— see 
3 4 3 3 “ 
From Kgs. (i) and (ii), 
ge ge 
9x" 9y" 927 
or eet ee 
x y a 
K=9 


Given equation of straight line 
x-4 y-2 z-k 
1 i 2 


Since, the line lies in the plane 2x -—4y + z= 7. 


Hence, point (4,2, k) must satisfy the plane. 
=> 8-8+k=7T>k=7 
Given, square base OP = OR=3 
P 8,0,0), R= (0,3,0) 
S 


~ 
a 

i 

i} 

| 

iF 

i} 

| 

tL 

T 

| 

iF 

i} 

| 


fo |S R(0,3,0) 
0g £ - >Y¥ 


Q(3,3,0) 


a ee ,0 

2° 2 
Since, S is directly above the mid-point T of diagonalOQ 
and ST =3. 


Also, mid-point of OQ is T (3 } 


51. 


i.e. (2, S 3] 
2 2 
Here, DR’s of OQ (8, 3, 0) and DR’s of os(5. =.3} 
242 
cos 8 = 22 = z = 


.. Option (a) is incorrect. 
Now, equation of the plane containing the AOQS is 


x y 2 xy Z 
3 38 0/=0> |/1 1 O/=0 
3/2 3/2 3 112 

=> x«2-0)-y2@-0)+20-1)=0 

=> 2x-2y=0 or x-y=0 


.. Option (b) is correct. 
Now, length of the perpendicular from P(3,0,0) to the 


plane containing AOQS is ——— = — 


jlei 92 


.. Option (c) is correct. 

Here, equation of RS is 
x-0 y-3_ 2-0 
3/2 -3/2 8 


> Pe ce, ee 
2, 2 


=r 


To find the distance from O(0, 0, 0) to RS. 
Let M be the foot of perpendicular. 


t 0 (0, 0, 0) 
; 7 3 
nfo (as Bal fe 
OM1RS = OM-RS=0 
3 (3-54) 4 s@n)=0 aN 
4 2 2, 3 


-M(25,1) = ome Ess 1 =e [8 
2 2 4 4 4 2 


-, Option (d) is correct. 
Here, P, : (x + z-1)+ Ay=0 
1.e. Py:xtdy+z-1=0 ses(i) 


whose distance from (0, 1, 0) is 1. 
IO+A+0-1| _ 


ft heed 
|n—1]=02 +2 
=> MW-2A41=V7 42 S40 
Equation of P; is 2x- y+ 2z-2=0. 
Distance from (, B, Y) is 2. 


1 


Y 
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|2a-B+2y—2]_, 
VJ4+1+4 
> 2a—-B+2y-2=+6 


=> 20-B+2y=8 and 2a-B8+2y=-4 
52. Since, L is at constant distance from two planes P, and P,. 


Therefore, Lis parallel to the line through intersection 
of P, and P,, 


i jk 
DR’s of L=|1 2 —-1 
2 -l 1 
= i@-1)-j(1+2)+k (1-4) 
=i -3j-5k 
. DR’s of L are (1, —8, —5) passing through (0, 0, 0). 


Now, equation of L is 
x-O0 y-O_z-0 


1 -3 -5 
: x Yy 2 
For any point on L,— = ~~ = —= a 
y poi ea we [say] 
i.e. P(A,-8A,-5A) 


If @, B, y) is foot of perpendicular from P on P, then 
a-A B+3A y+5ar 

1 2 -1 
>a=A+k BP =2k-3A, y=-k -5A 
which satisfy P.: x+2y-—z+1=0 
=> (A+k)+2 Q@k-38A) -(-R-5A)4+1=0 


k [say] 


=> po 
6 
x= Se s.es2 5A 
6 6 
which satisfy options (a) and (b). 
53. We have, 

P.:2x+ y-z=3 
and Pa:xt+2y+z2=2 
Here, n,=2i+j-k 


and No =i+ 2] +k 
(a) Direction ratio of the line of intersection of BR 


: > > 
and P,is@n, X ng 


ij k 
ie. |2 1 -1)=(1+2)i-@+Dj+@-Dk 
to 9 


=3(i-j+h) 


bx-4 1-38y_ 2 


9 3 
1 
oa (»-3] “ 
2s 3 _ 
3 -3 3 


This line is parallel to the line of intersection of P, and 
P,, 
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Hence, statement (b) is false. 
(c) Let acute angle between P, and P, be 8. 
We know that, 


32 }8F 


(2i+ i= k)- (i+ 2j+ k) 


ny: Ny 
cos8 = ~~ - a 
[n, | [n> | | 2i+ j-k | | i+ 2j+k | 
_24+2-1 01 
V6xV6 2 
6 =60° 


Hence, statement (c) is true. 

(d) Equation of plane passing through the point 
(4,2,-2) and perpendicular to the line of 
intersection of P, and P, is 

3 (x- 4) -38(y—-2) + 8 (2+ 2) =0 

> 8x —-38y+ 38z-12+64+6=0 

> x-y+z=0 
Now, distance of the point (2,1, 1) from the plane 
x-y+z=0is 
2-141 
Jlt+1+1 


oe 
V3 


Hence, statement (d) is true. 


54, PLAN If the straight lines are coplanar. They the should lie in same 


plane. 
Description of Situation If straight lines are 
coplanar. 
%y—~% Yea7 NM 227% 
> ay by q |=0 
a> by Co 
Since, sia alk 
2 K 2 
and cade ey ae : == are coplanar. 
5 2 k 
2 0 0 
S (2K 20s k?a4 o Kaeo 
5 2 K 


n, =b, xd, =6j —6k, for k =2 
n,=b,xd,=14j+ 14k, fork=-2 
So, equation of planes are (r—a)-n, =0 
> y-z=-1 and (r-a)-n,=0 
=> ytz=-1 
55. Let P@,B, y) and Ris image of P in the xy-plane. 
. RO, B,-Y) 
Also, @ is the image of Pin the planex+ y=3 
x-a y-B z-y_-2@+6-3) 
ul 1 0 2 
x=3-B, y=38-a,z=Y 
Since, Q is lies on Z-axis 
6B =3,0 =3,z=Y 


. P@,3,y) 
Given, distance of P from X-axis be 5. 


5= 37+ 7" 
25-9=y" 
> y=rt4 


Then, 


56. The equation of the plane passing through the point 
(-1, —2,-1) and whose normal is perpendicular to both 
the given lines L, and L, may be written as 


PR=y=|2x4|=8 


(x+1)4+ 7(y+ 2)-5 (+1) =0 = x4+ Ty-5z4+10=0 
The distance of the point (1, 1, 1) from the plane 
1+7-5+10) 13 ; 
= = units 
J1+494+25| V75 


57. The shortest distance between L, and L, is 

{2-(C1))i + @-2) j+ @- C1) k}- Ci - 7) + 5k) 
5V3 

(3i + 4k)- (i — 7j + 5k) 
5V3 


17 ‘ 
= —— units 


5V3 


58. The equations of given lines in vector form may be 
L,:1 =(i-2j-k) +A Git j+2k) 


written as 

and Ly:r =(i-2j+3k)+p (i+ 2j+ 3k) 

Since, the vector is perpendicular to both L, and L,. 
i jk 
3 1 2\=-i-7j+5k 
12 3 


«. Required unit vector 
CisTjesk) 2 1 ye 


Joo case eT 8 
59. Given three planes are 
Bix=yre=l ...(i) 
Poixty-z=-1 ... (ii) 
and P,:x-8y4+ 8z=2 .. (iii) 
On solving Eqs. (i) and (ii), we get 
x=0,z=lt+y 


which does not satisfy Eq. (iii). 
As x-8y+3z=0-374+3(1+ y=3 2) 
So, Statement II is true. 


Next, since we know that direction ratios of line of 
intersection of planes a,x+ b,y+ qz+d,=0 


and Ay X+ boy + z+ dy, =Ois 

by Cy — boG,, Ag — AyCy, Ay by — Agb, 

Using above result, 

Direction ratios of lines L,, L, and L, are 
0,2,2;0,-4,-4;0,-2,-2 


60. 


61. 


62. 


Since, all the three lines L,, ZL. and Ls are parallel 
pairwise. 


Hence, Statement I is false. 
Given planes are 8x—6y—2z=15 and 2x+ y—2z=5. 
For z =0, we get x=3, y=-1 
Since, direction ratios of planes are 
<3,-6,-2> and <2,1,-2> 

Then the DR’s of line of intersection of planes is 
< 14, 2,15>and line is 

x-3  yt+l1_ 2-0 

14 2 15 

> x=141 +8, y=2A-1, z=15A 


=r [say] 


Hence, Statement I is false. 


But Statement II is true. 
_x-1_y-0_ z-(38) 


L 
- a =I 1 
ij é 
Normal of plane P:n=/ 7 1 2 
3.5 -6 
= i(-16) — j(-42 — 6) + k(32) 


=-161+ 48j+ 32k 
DR’s of normal n = i- 3] ~2k 


Point of intersection of LZ, and Ly. 


> 2K,+1=K,+4 
and —-k, =k, -38 
=> k, =2and ky =1 


.. Point of intersection (6, —2,—-1) 
Now equation of plane, 
1-(v~-5) -8(y+ 2) -2(2+ 1) =0 


> x-3y-2z-13=0 
> x-38y-2z=138 
a>1,b>-38,c3-2,d>5 138 


a be 

LetA=|b ca 
c a b 
il 


(a+ b+0 [(a—b)?+ (b- 0) + (c-a)"] 


2 
A. Ifa+b+c#0and a?+ b? +c’ =ab+ be+ ca 
=> A=0 
and a=b=c#0 
= The equations represent identical planes. 
B. a+b+c=0 and a7+67+e#ab+ be+ca 
=> A=0 
= The equations have infinitely many solutions. 
ax+ by=(a+b)z, bx+cy=(b+0)z 


63. 


64, 


65. 
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=> (b?-ac) y=(b?-adz > y=z 


=> ax+ by+cy=0 > ax=ay > x=y=zZ 
C.a+b+c#O0and a7+ b?+c #ab+ bet ca 

> A#0 

The equations represent planes meeting at 

only one point. 

D. a+b+c=Oand a*+ 67+ =ab+ be+ca 

> a=b=c=0 

= The equations represent whole of the 

three-dimensional space. 

Equation of plane containing the lines 
2x-y+z2-8=0 and 3x+ y+z=5is 
Qx-y+z-3)+A Bxt+ y+ z-5)=0 

=> 2+38A)x+A-1)y+A+1)2-3-54=0 

Since, distance of plane from (2,1, —1) to above plane 


is1/V6. 


— |6A+44+2X-1-A-1-38-5A]_ 1 
[QA +2)?+ A-1)?+A+1)| v6 


=> 6 (A —1)7=11A47 + 120 +6 
=> x =0,-— 


-. Equations of planes are 
2x-y+z-38=0 and 62x+ 29y+ 19z-105=0 


Let the equation of plane through (1, 1, 1) having a, b, c 
as DR’s of normal to plane, 
a (x-1)+ 6(y-1)4+ c(z-1)=0 
and plane is parallel to straight line having DR’s. 
(1,0,-1) and (1,1, 0) 


> a-—c=0 
and -a+b=0 
=> a=b=c 


.. Equation of plane is 


x-1+y-1+z-1=0 or a ae 

3838 8 

Its intercept on coordinate axes are 
A(, 0,0), B ©, 3, 0),C@, 0, 3). 

Hence, the volume of tetrahedron OABC 

3.0 0 
ead 3 Gee? cunnie 
0 0 8 
Let the equation of the plane ABCD be 


ax+ by+cz+d=0, the point A” be @,f,y) and the 
height of the parallelopiped ABCD be h. 


5 Jan + B+ cvy+ dl _ goo 7 


Ja?+b?4+¢ 
=> aa+bB+cy+d=t09h Ja?2+b74+¢ 
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Locus is ax+ by + cz + d=+0.9h,Ja7+ 0? + ¢ 


Hence, locus of A” is a plane parallel to the plane 
ABCD. 
66. (i) Equation of plane passing through (2, 1, 0) is 
a (x-2)+ b(y-1)+ c(z-0) =0 
It also passes through (5, 0, 1) and (4, 1, 1). 
=>8a-6+c=0and2a-0b+c=0 
. a bc 
On solving, we get Kee 
.. Equation of plane is 
(x — 2) — (y-—1) + 2(2-0) =0 
—(x-2)-y+1+2z=0 
> x+ y-2z=3 
(ii) Let the coordinates of Q be @, f, 7). 
x-2 y-1_z-6 
1 1 -2 
Since, mid-point of P and Q 
(* +2 B+1 y+ S) 


Equation of line PQ > 


? ? 


2 2 2 


(222 2)+1 (Pe 1} 2(728 6] 
oe 2 2 5 
1-1+1-1+ €2) (2) 
[ (a+2 B+1 y+6)_,| 
PSA )-4) 
> 6,8 5,Y -2> Q 6,5, —2) 


67. Equation of the plane containing the lines 
x-2 y-3_ 2-4 x-1l_ y-2_ 2-38 


a og eg 
is a(x—2)+ b(y—38)+c(z—-4) =0 ...(1) 
where, 3a + 4b +5c=0 ... (ii) 
2a+3b+4c=0 .. (iii) 
and a(1- 2) + b(2-3) + c(2-3)=0 
1.e. a+b+c=0 ... (iV) 


From Eqs. (ii) and (iii), _ = - = A which satisfy 


Eq. (iv). 
Plane through lines is x-2y+z=0. 
Given plane is Ax-2y+z=dis V6. 


which lies in line PQ. .. Planes must be parallel, so A =1 and then 
a -2 +1 +6 d 
tee, oa l4]_ 6 = |al=6 
= 2, 8 222 V6 
2 1 -2 
Download Chapter Test lie El 


http://tinyurl.com/y3urqwa9 = or ol 


26 


Miscellaneous 


Objective Questions I (Only one correct option) 


1. 


The boolean expression ~ ( p > (~ q))1s equivalent to 
(2019 Main, 12 April II) 


(a)p Aq (b)q>~p 
()pvaq (d) (~p) > 4 
If the data x,, X%9,...,%,9 1s such that the mean of first 
four of these is 11, the mean of the remaining six is 16 
and the sum of squares of all of these is 2000, then the 
standard deviation of this data is (2019 Main, 12 April!) 
(a) 2/2 (b) 2 (c) 4 (d) V2 
If the truth value of the statement p> (~q vr) is 
false (F), then the truth values of the statements p, q¢ 
andr are respectively (2019 Main, 12 April I) 
(a) T, Tand F (b) T, Fand F 
(c) T, Fand T (d) F, Tand T 
The negation of the boolean expression ~ s v(~r A 8) 
is equivalent to (2019 Main, 10 April Il) 
(a) sar (b) ~sa~r 
(c) svr (d) r 
If both the mean and the standard deviation of 50 
observations x1, X9,... ,X5q are equal to 16, then the 
mean of (x, — 4)°,(x_ — 4)”,..., (X59 — 4)” is 

(2019 Main, 10 April Il) 
(a) 480 (b) 400 (c) 380 (d) 525 
Which one of the following Boolean expressions is a 
tautology ? (2019 Main, 10 April |) 
(a) (Pvgv(pv~q) (b) (PAQV(pA~q) 
() (PV@A@WV~q d) (PYaAC~PY~D 
If for some xe R, the frequency distribution of the 
marks obtained by 20 students in a test is 


Marks 2 3 5 7 
(+1)? 2x-5 


Frequency x -38x x 


Then, the mean of the marks is (2019 Main, 10 April I) 


(a) 3.0 (b) 2.8 (c) 2.5 (d) 3.2 

Two newspapers Aand B are published in a city. It is 
known that 25% of the city population reads A and 
20% reads B while 8% reads both A and B. Further, 
30% of those who read A but not B look into 


10. 


11. 


12. 


13. 


14. 


advertisements and 40% of those who read B but not 
A also look into advertisements, while 50% of those 
who read both A and B look into advertisements. 
Then, the percentage of the population who look into 
advertisements is (2019 Main, 9 April II) 
(a) 13.5 (b) 13 

(c) 12.8 (d) 13.9 

The mean and the median of the following ten 
numbers in increasing order 10, 22, 26, 29, 34, x, 42, 


67, 70, y are 42 and 35 respectively, then vis equal to 
% 

(2019 Main, 9 April II) 

(a) 


(c) 


(b) 
(d) 


wlowla 
~Alonwl~»a 


If p>(qvr)is false, then the truth values of p,q,r 
are respectively (2019 Main, 9 April 11) 
(a) T, T, F (b) T, F, F 

(c) F, F, F (d) F, T, T 

For any two statements p and q, the negation of the 
expression p v(~ pAq)is (2019 Main, 9 April I) 
(a) ~pa~q (b) ~pv~q@ 

(c) pA (dd) peg 

If the standard deviation of the numbers —1, 0,1, kis 
V5 where k> 0, then kis equal to (2019 Main, 9 April 1) 


(a) 2/0 (b) 26 
© af? (a) V6 


A student scores the following marks in five tests 45, 
54, 41, 57, 43. His score is not known for the sixth 
test. If the mean score is 48 in the six tests, then the 
standard deviation of the marks in six tests is 


(2019 Main, 8 April Il) 


100 100 


= (©) (Cee 
S 


V3 V3 
Which one of the following statements is not a 
tautology? (2019 Main, 8 April I) 
(a) DA Q>(CpP)vq (b) PA Q>p 

() p> (pvq) d) ~y y> (Pv(-q) 


(aj () 
3 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


The sum of all natural numbers ‘n’ such that 100 <n 
< 200 and HCF (91, n)>1 is (2019 Main, 8 April |) 
(a) 3203 (b) 3303 
(c) 3221 (d) 3121 


The mean and variance of seven observations are 8 
and 16, respectively. If 5 of the observations are 2, 4, 
10, 12, 14, then the product of the remaining two 
observations is (2019 Main, 8 April I) 
(a) 45 
(c) 48 


(b) 49 
(d) 40 
All possible numbers are formed using the digits 1, 1, 
2, 2, 2, 2, 3, 4, 4 taken all at a time. The number of 
such numbers in which the odd digits occupy even 


places is (2019 Main, 8 April I) 
(a) 180 (b) 175 
(c) 160 (d) 162 


The contrapositive of the statement “If you are born 
in India, then you are a citizen of India”, is 
(2019 Main, 8 April I) 
(a) If you are not a citizen of India, then you are not 
born in India. 
(b) If you are a citizen of India, then you are born in 
India. 
(c) If you are born in India, then you are not a citizen of 
India. 
(d) If you are not born in India, then you are not a 
citizen of India. 
The mean and the variance of five observations are 4 
and 5.20, respectively. If three of the observations 
are 3, 4 and 4, then the absolute value of the 


difference of the other two observations, is 
(2019 Main, 12 Jan II) 


(a) 1 (b) 7 (c) 5 (d) 3 

In a class of 60 students, 40 opted for NCC, 30 opted 
for NSS and 20 opted for both NCC and NSS. If one of 
these students is selected at random, then the 
probability that the student selected has opted 
neither for NCC nor for NSS is (2019 Main, 12 Jan Il) 


1 1 2 5 
= b) = = d) — 
oer Sa os a 


Let Z be the set of integers. If 

A={xe Z Qe + (x? 5x + 6) = 1} 

and B={xe Z:- 3< 2x-—1< 9}, then the number of 

subsets of the set A x B, is (2019 Main, 12 Jan Il) 

(a) gl2 (b) 918 (c) glib (d) 910 

The expression ~ (~ p— q) 1s logically equivalent to 
(2019 Main, 12 Jan Il) 

(bl) pAq 

(d) ~pa~q 


(a) pA~q 
(c) ~paq 
The Boolean expression 


(paq)v(pv ~q))A(~ pa~ @) is equivalent to 
(2019 Main, 12 Jan 1) 


(b) pv (~q) 
(d) (~p) ACM 


(a) pAq 
(c) pA~Q 


24. 


25. 


26 


2f. 


28. 


29. 


30. 


If the sum of the deviations of 50 observations from 


30 is 50, then the mean of these observations is 
(2019 Main, 12 Jan 1) 


(a) 50 (b) 30 (c) 51 (d) 31 


Let S = {1, 2, 3,...,100}. The number of non-empty 
subsets A ofS such that the product of elements in A 


is even, is (2019 Main, 12 Jan 1) 
(a) 2° (2° - 1) (b) P° -1 
(c) 2° +1 (d) 210° - 1 


A bag contains 30 white balls and 10 red balls. 16 
balls are drawn one by one randomly from the bag 
with replacement. If X be the number of white balls 
drawn, 


then panies wee is equal to 

standard deviation of xX (2019 Main, 11 Jan Il) 
@ 48 () 4 
(©) 3v2 (d) 4/3 


Contrapositive of the statement “If two numbers are 


not equal, then their squares are not equal” is 
(2019 Main, 11 Jan II) 


(a) If the squares of two numbers are not equal, then the 
numbers are not equal. 


(b) If the squares of two numbers are equal, then the 
numbers are equal. 


(c) If the squares of two numbers are not equal, then the 
numbers are equal. 


(d) If the squares of two numbers are equal, then the 
numbers are not equal. 


If gis false and pA gq <— ris true, then which one of 


the following statements is a tautology? 
(2019 Main, 11 Jan 1) 


(a) pyr (b) (par) (pyr) 
(c) (pyr) (par) (d) par 
The outcome of each of 30 items was observed ; 10 


: 1 : 
items gave an outcome a each, 10 items gave 
outcome ¥ each and the remaining 10 items gave 


1 ; . 
outcome 5 +d each. If the variance of this outcome 


data ;, 4 
a then dl equals (2019 Main, 11 Jan!) 
(a) = (b) 
3 
(c) V2 (d) 2 


Consider the following three statements: 


v5 
2 


P:5isa prime number. 
Q@: 71s a factor of 192. 
R:LCM of 5 and 7 is 35. 


Then, the truth value of which one of the following 
statements is true ? (2019 Main, 10 Jan II) 
(a) (P AQ) v (~ R) (b) PV (~Q A R) 

(c) (~P) v@aR) (d) ~P)a (QAR) 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


The mean of five observations is 5 and their variance 
is 9.20. If three of the given five observations are 1, 3 


and 8, then a ratio of other two observations is 
(2019 Main, 10 Jan 1) 


(a) 4:9 (b) 6:7 (c) 10:3 (d) 5:8 

In aclass of 140 students numbered 1 to 140, all even 
numbered students opted Mathematics course, those 
whose number is divisible by 3 opted Physics course 
and those whose number is divisible by 5 opted 
Chemistry course. Then, the number of students who 


did not opt for any of the three courses is 
(2019 Main, 10 Jan 1) 


(a) 42 (b) 102 
(c) 38 (d) 1 


Consider the statement “P(n):n*—n+41 is 


prime.” Then, which one of the following is true? 
(2019 Main, 10 Jan 1) 
(a) Both P(8) and P(5) are true. 
(b) P(8) is false but P(5) is true. 
(c) Both P(3) and P(5) are false. 
(d) P(5) is false but P(3) is true. 
The logical statement 
~~ PVDVPATIAC} Gar) 
is equivalent to 
(a)~ pyr (b) (PA~Qq)vr 
() (PAr)a~q (d) (~ pa~Qar 
In a group of data, there are 44 observations, 


x, If De, +1)?=9n and Y (, ~1)?=5n, 


(2019 Main, 9 Jan II) 


Masa ae 


the standard ee of the data is (2019 Main, 9 Jan II) 
(a) 2 (b) V7 
(c) 5 (d) V5 
If the Boolean expression 
(p® q)A(~ p- g) 1s equivalent to pa q, where 
®,-€{A,v}, then the ordered pair (®, -) is 

(2019 Main, 9 Jan 1) 
(a) (A y) (b) AA 
(©) WA” (d) (y, v) 
5 students of a class have an average height 150 cm 
and variance 18 cm”. A new student, whose height is 
156 cm, joined them. The variance (in cm”) of the 
height of these six students is (2019 Main, 9 Jan I) 
(a) 16 (b) 22 (c) 20 (d) 18 
Two sets Aand Bare as under 
A={(a, bye RXR:|a-5|< land|b- 5|< 1}; 

={(a,b)eR XR: 4a — 6) + %b- 5)’< 36}. Then, 
(2018 Main) 

(a) BcA (b)AcB 
(c) A B= 6(an empty set)(d) neither Ac BnorBcA 


9 9 
If )'@;-5)=9 and )(@;-5)?=45, then the 
i=l f= 


standard deviation of the 9 items x, X9,...,X%9 is 


(2018 Main) 


(a) 9 (b) 4 (c) 2 (d) 3 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 
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The boolean expression ~(pvq)v(~ pAq) is 


equivalent to (2018 Main) 
(a) ~ p (b) p 
()q (d) ~ 


If S is the set of distinct values of b for which the 
following system of linear equations 
x+y+z2=1, 
xtay+z=1 
and ax+ by+z=0 
has no solution, then S is 
(a) an infinite set 
(b) a finite set containing two or more elements 
(c) singleton set 
(d) an empty set 


(2017 Main) 


The statement (p> q)> [(~p—> q)— q] 1s (2017 Main) 
(a) a tautology (b) equivalent to~ p> q 
(c) equivalent top—>~q _  (d)a fallacy 


If f(x) + 24] = Sp eSitend 
Xx 


S={xe R: f(x) = f(— x)}; then S 
(a) is an empty set 

(b) contains exactly one element 

(c) contains exactly two elements 

(d) contains more than two elements 


(2016 Main) 


If the standard deviation of the numbers 2, 3, a and 


11 is 3.5, then which of the following is true? 
(2016 Main) 


(a) 3a” - 26a + 55=0 (b) 3a” - 32a + 84=0 
(c) 3a” - 34a + 91=0 (d) 3a? - 23a + 44=0 


The Boolean expression (pA ~q)VqvV(~ PAQ) is 


equivalent to (2016 Main) 
(a)~Pagq (b) pAg 

()pvq ()pv~q 

The negation of ~s v(~r As8)1s equivalent to 

(a) sA~r (b) sA(rA~ 8) (2015 Main) 
(c) sA(TV ~ 8) (d) sar 


The mean of the data set comprising of 16 
observations is 16. If one of the observations valued 
16 is deleted and three new observations valued 3,4 
and 5 added to the data, then the mean of the 
resultant data is (2015 Main) 
(a) 16.8 (b) 16.0 (c) 15.8 (d) 14.0 


If A and B are two sets containing four and two 
elements, respectively. Then, the number of subsets 
of the set Ax Beach having atleast three elements 
are (2015 Main) 
(a) 219 (b) 256 (c) 275 (d) 510 


If the angles of elevation of the top of a tower from 
three collinear points. A, Band Con a line leading to 


the foot of the tower are 30°, 45° and 60° 
respectively, then the ratio AB : BC is (2015 Main) 
(a) ¥3:1 (b) V3:V2 

(c) V3 (d) 2:3 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


The statement ~(p© ~ q) 1s 
(a) equivalent to p © q 
(c) a tautology 


(2014 Main) 
(b) equivalent to~ pog 

(d) a fallacy 

A bird is sitting on the top ofa vertical pole 20 m high 
and its elevation from a point O on the ground is 45°. 
It flies off horizontally straight away from the point 
O. After 1 s, the elevation of the bird from O is 
reduced to 30°. Then, the speed (in m/s) of the bird is 
(a) 40(V2 — 1) (b) 40(/3 - 2) (2014 Main) 
(c) 20V2 (d) 20(/3 - 1) 

If X ={4" —- 8n-1:ne N} and 

Y ={9(n-1):ne N}, where N is the set of natural 


numbers, then X U Y is equal to (2014 Main) 

(a) N (b) Y-X (c) X (d) Y 

The variance of first 50 even natural numbers is 
(2014 Main) 

(a) ee (b) 833 (c) 437 (a) ae 


All the students of a class performed poorly in 
Mathematics. The teacher decided to give grace 
marks of 10 to each of the students. Which of the 
following statistical measures will not change even 
after the grace marks were given? (2013 Main) 
(a) Mean (b) Median 

(c) Mode (d) Variance 

If A and B two sets containing 2 elements and 
4 elements, respectively. Then, the number of subsets 
of Ax Bhaving 3 or more elements, is (2013 Main) 
(a) 256 (b) 220 (c) 219 (d) 211 

The number log, 7 is 
(a) an integer 

(c) an irrational number 


(b) a rational number 
(d) a prime number 


Tf logos (x — 1)< logy 99(x — 1), then x lies in the interval 
(a) (2, e) (b) G, 2) (1985, 2M) 
(c) (-2, -1) (d) None of these 

Consider any set of 201 observations x,, X9,..., X09; 


X91. It is given that x, < x <...< Xg99 < X91. Then, the 
mean deviation of this set of observations about a 


point k is minimum, when k equals (1981, 2M) 
(a) (4 + X%y +... + XyqQq + Xgq91)/201 

(b) 

(©) %o4 

(d) x29; 

The least value of the expression 

2 log, x — log,.(0.01), for x > 1, is (1980. 2M) 


(a) 10 
(c) -0.01 


(b) 2 
(d) None of these 


Objective Questions II 
(One or more than one correct option) 


60. Let f : R- (0,1) be a continuous function. Then, 
which of the following function(s) has (have) the 
value zero at some point in the interval (0, 027 Adv.) 
(a) e* - ['#@ sin ¢ de 
(b) f(x) + [2f(@) sint de 
(c) x =|) f (t) cos t dt 
(d) x° — f(x) 

61. If 3% = 4", then xis equal to (2013 Adv.) 
Gy 2log, 2 2 

2log, 2-1 2-log,3 
1 2log,3 
Cc). ——— d 2 
1- log,3 w 2log,3—1 
Numerical Value 
1 1 

62. The value of ((log, 9)7)!82 982 x (/7)%47 is 
ifseaiowets eisai (2018 Adv.) 

63. Let X be the set consisting of the first 2018 terms of 
the arithmetic progression 1, 6, 11, ...., and Y be the 
set consisting of the first 2018 terms of the 
arithmetic progression 9, 16, 23, ...... Then, the 
number of elements in the set X U Y 18 wee 

(2018 Adv.) 

64. Let X bea set with exactly 5 elements and Y bea set 
with exactly 7elements. Ifa is the number of one-one 
functions from X to Y and Bf is the number of onto 
functions from Y to X, then the value of = (B -—a) 

TS essence ‘ (2018 Adv.) 
Assertion /Reason 
65. Consider 


Statement I (pA ~q)A (~pAq)isa fallacy. 


Statement II (p> gq)“ (~q- ~ p)isa tautology. 
(2013 Main) 

(a) Statement I is true, Statement II is true; Statement II 
is a correct explanation for Statement I 

(b) Statement I is true, Statement II is true; Statement II 
is not a correct explanation for Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


Miscellaneous 577 


Match the Columns 


66. 


67. 


68. 


69. 


Directions (Q.Nos. 65-80) by appropriately matching the information given in the three columns of the following 
table. 


Columns 1, 2 and 3 contain conics, equations of tangents to the conics and points of contact, respectively. 


Column-1 Column-2 Column-3 


) x+y =a i) my =mP’x + a P) 


I x° + aby? =a? i) y=mx+ajm? +1 Q) = _ma _ 


-a’m q 
ja’m? +1 am? +1 


V) x* — a®y* =a? iv) y=mx + .fa’m? +4 S) | —a’m 1 | 


For a= 2 , if a tangent is drawn to a suitable conic (Column 1) at the point of contact (—1, 1), then which of the 
following options is the only CORRECT combination for obtaining its equation? (2017 Adv.) 
(a) () Gi) (Q) (b) ED @ () 

(c) (1D @ @) (d) (11) (ii) (Q) 

The tangent to a suitable conic (Column 1) at [v5 ; :) is found to be V3x + 2 y = 4, then which of the following options 
is the only CORRECT combination? (2017 Adv.) 
(a) (IV) Gv) (S) (b) CD) Gv) (R) 

(c) (IV) (i) (S) (d) (11) (ai) (R) 

If a tangent to a suitable conic (Column 1) is found to be y = x + 8and its point of contact is (8, 16), then which of the 
following options is the only CORRECT combination? (2017 Adv.) 
(a) (HD @) (@) (b) Z Gi) (Q) 

(c) (I) Gv) (R) (d) (1D) Gi) (Q) 

Column | Column I 
A. In R®, if the magnitude of the projection vector of the vector ai + Bj on P: 1 


V3i + jis V3 and ifa =2 + V3B, 


then possible value(s) of| a is/are 


Let a and b be real numbers such that the function Q. 2 


= 2 = 
B. f(x) = Bax a x<1 
bx + a% x21 


is differentiable for all «x ¢ R. Then, possible value(s) of a is/are 


CG. Let w (#1) be a complex cube root of unity. If(3 — 30 + 207)'"7*3 + R. 3 
2+ 39 - 3@7)4” +3 


+ (-3 + 2m + 3m)" * 3 = 0, then the possible value(s) of n is/are 


D. Let the harmonic mean of two positive real numbers a and 6 be 4. Ifqisa S. 4 
positive real number such 
hat a, 5, q, bis in arithmetic progression, then the value(s) of|q — 2a| is/are 


(2015 Adv.) 
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70. Column | Column Il 
A. n AXYZ, let a, b and c be the lengths of the sides opposite to the angles X, Y and Z, | p. 1 
respectively. 
2 2 2 sin (X a Y) ; . 
f2(a° — b*)=c* andva= eae then possible value(s) of n for which cos (nA) = 0, 
sin 
is/are 
B. n AXYZ, leta, b andc be the lengths of the sides opposite to the angles X, YandZ, respectively. | q. 2 
f1+ cos 2X —2cos 2Y =2sinX sinY, then possible value(s) of ¢ is/are 
C. nR2 letV3i + j 4 3] andBi + (1- B) j be the position vectors of X, Yand Z with respect | '. 3 
to the 
origin O, respectiveily. If the distance of Z from the bisector of the acute angle of OX with OY is 
~ then possible value(s) of|B| is/are 
D. Suppose that F(a) denotes the area of the region bounded by x = 0, x =2, y* = 4x and | s. 5 
y=|ax — 1] + jax — 2| + ax, wherea € {0, |}. Then, the value(s) of F(a) + =, when a = 0 
and a = 1, is/are 
f 6 
(2015 Adv.) 
71. Match List I with List II and select the correct answer using the codes given below the lists. (2015) 
List | List Il 
P: 2 i 1 
Let yiev=sosGees sy ee a ae then, et gf 5 2 cae 0 
2 y (x) dx? dx 
Q. Let A,,As,...,A,,(7 > 2) be the vertices of a regular polygon of n sides with its centre at the origin. Leta, be (ii) 2 
n-1 n-1 
the position vector of the point A,,k = 1,2,...,n. If ¥ (a,°Axai)| = | y (a,-a,44)), then the minimum 
k=1 k=1 
value of n is 
R. ea Goer ; (iii 8 
If the normal from the point P(A, 1) on the ellipse i + = = lis perpendicular to the line x + y = 8, then 
the value of his 
S. Number of positive solutions satisfying the equation tar J an'( i )- tan”! (2/x?)is (iv) 9 
2x+1 4x +1 
Codes 
P Q R S Pp Q R S 
(a) Gv) (iii) (ii) (i) (b) ai) (iv) (iii) (i) 
(c) Gv) Gu) (i) (i) (d) Gi) (iv) (@) (ait) 
72. Match the statements given in Column I with the intervals/union of intervals given in Column II. (2011) 
Column | Column II 
= [ 2iz \_. 
A. he ae ei zis a complex number, | Z| = 1, z # + 1} p. (-c0, — 1) U (1, &) 
B The domain of the function f(«) = sin”! ae (3 * is 
7 4 — 32-1) q. (-2, 0) U (0, 29) 
| 1 tane 1 | ae 
C: If f@) = |- tane 1 tan@|, then the set {f(8):0< 8< —}is r [2, c) 
| =1 —tane 1 | 2 : 
D. If F(x) = «9/7(3x — 10), x > 0, then f(x) is increasing in s. (-c0, — 1] U [1, ©) 
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73. Match the statements given in Column I with the values given in Column II. (2011) 
Column | Column |! 
A lfa=j+V/3k,b=—-j + V8k andc=2V3 k form a triangle, P: = 
then the internal angle of the triangle betweena andb is 
B. If f° Ife) — 3x]dx = a? — b?, then the value of (=) is q eu 
a 6 3 
= n°? 7 5/6 r. uw 
C. he value of | sec (mx)dx is = 
log 3/76 3 
D. The maximum value of} arg (4) for| z| = 1,2 # lis given by 7 mu 
SZ 
t a 
2 
74. Match the statements of Column I with values of Column II. (2010) 
Column | Column |! 
A. A line from the origin meets the lines = _ = i = < | and Pp. =e 


£-8/3_ y+3_ Zz 


i lat Panda respectively. If length PQ =d, thend? is 


2 -1 
B. The value of x satisfying tan” '(« + 3)—tan™'(x — 3)= sin-'(3/5) is q. 
G: Non-zero vectors a, b andc satisfy a-b =0, (b- a)-(b+ C) = Oand2| B+ C| = |b al. if 


lfa= ub + 4c, then the possible value ofu is 


Ss 5 
D. Let f be the function on [- 2, 1] given by f(0) = 9 and f(x) = sin) /sin( =) for x # 0. 
2 9 
The value of — | f(x)dx is 
u -% 
t 6 
75. Match the statements/expressions given in Column I with the values given in Column II. (2009) 
Column | Column II 
A. Root(s) of the equation2 sin? + sin®26 = 2 p. 7/6 
B. 6x 3x mia 
Points of discontinuity of the function f(x) = [= Joos] | where [y] denotes the largest integer less 
TT TT 
than or equal to y 
C. Volume of the parallelopiped with its edges represented by the vectors i + ji + 2] and i + j + ak [. m/3 
D. Angle between vectors @ and 5, where a, B and are unit vectors satisfying a+b+ 3c =06 S. anne 
t T 


76. Match the statements/expressions given in Column I with the values given in Column II. 


Column | Column II 
; | 
(A) The number of solutions of the equation xe*""* — cos x = Oin the interval ( 2) is (p) 
(B) Value(s) of k for which the planes kx + 4y+ z=0, 4x+ky+2z=Oand2x+2y+z=0 (q) 2 


intersect in a straight line is 
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Column | Column II 
(C) Value(s) of k for which| x — 1| + |x —2| + |x + 1| + |x + 2| = 4k has integer solution(s) is (r) 3 
(D) If y’ = y+ 1and y(0) = 1, then value(s) of y(In 2) is (s) 4 
(t) 5 
(2009) 
77. Match the conics in Column I with the statements/expressions in Column II. 
Column | Column II 
Circle The locus of the point (h, k) for which the line hx + ky = 1 touches the circle x? + y? =4 
B. Parabola Points z is the complex plane satisfying| z+ 2| —|z-2| =+3 
eles x Points of the conic have parametric representation x = Al; =} aa 3 
1+t 1+t 
D. Hyperbola s. The eccentricity of the conic lies in the interval 1< x < oo 
t. Points in the complex plane satisfyingRe (z+ 1)* =| z|?+1 
(2009) 


78. Match the statements/expressions in Column I with the open intervals in Column II. 


Column | Column |! 
A. nterval contained in the domain of definition of non-zero solutions of the differential equation _t 4 
(x -3)?y’+ y=0 P 2'2 
B. nterval containing the value of the integral [ee 1)(x —2)(x -— 3)(x — 4)(x -— 5)dx q [2 *) 
C. nterval in which atleast one of the points of local maximum ofcos* x + sinx lies nm On 
: 8° 4 
D. nterval in which tan”! (sinx + cos.x)is increasing (0 7) 
: 8 
t (- 1, T) 
(2009) 
79. Match the statements/expressions given in Column I with the values given in Column II. 
Column | Column Il 
2 
A. — The minimum value qo is ee 
x+2 
B. Let A and B be 3x 3 matrices of real numbers, where A is symmetric, B is skew-symmetric and q. 1 
(A + B)(A— B)= (A —- B)(A + B). If (AB) = (-1)‘AB, where (ABY is the transpose of the matrix AB, then 
the possible values of k are 
C. Leta = log, log, 2. An integer k satisfying 1< 2°* +") < 2 , must be less than ro 2 
D. — Ifsin®@ =cos 9, then the possible values of [0 to- s| are 7 3 
1 
(2008 6M) 
80. Match the statements/expressions given in Column I with the values given in Column II. 
Column | Column II 
es 2 
- y tan" | \<¢ then tan tis Pos 
im a ’ 
B. Sides a, b,c of aAABC are in AP andcos 6, = a COS 85 = 5 ,COS 03 = = ; gq 4 
b+c atc +b 
then tan? (F} + tan? (*) is 
2 2 
C. Aline is perpendicular to x + 2y + 2z = O and passes through (0, 1, 0). The perpendicular distance of r V5 
this line from the origin is ES 


(2006 6M) 
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81. Match the statements/expressions given in Column I with the values given in Column II. 


Column | Column II 
A. Two rays in | quadrant x + y=|a| and ax — y =1 intersect each other in the interval p. 2 
2a), 
@ €(a, -), then value of (72) is 
ree: weg 2 
. Point (a, B, y) lies on the plane x + y+ z=2. Ifa =ai 4 Bj + yk andk x k xa) = 6, a: 3 
then y is 
C. a 2 Po a2 r 1p 0 
fia Poy|s a noy| Ir 1 xdx +{f° T+ xox 
D. Ifsin A sin BsinC + cos Acos B = 1, then the value ofsin C is s. 1 
(2006, 6M) 
Fill in the Blanks The mean square deviations about —1 and +1 of a set 
a ¥ 1 of observations are 7 and 3, respectively. Find the 
82. Ifx>0,y<0,x+ y+—=— and (x+ y)— =-—, then standard deviation of this set of observations. 
y 2 y 2 (1981, 2M) 
bere ANd Y = sssscsess (1990, 2M) Integer Answer Type Questions 
83. 


The solution of the equation log, logs(Wx + 5 + Jx)=0 
is .. 


Analytical & Descriptive Questions 


84. 


85. 


The marks obtained by 40 students are grouped in a 
frequency table in class intervals of 10 marks each. 
The mean and the variance obtained from this 
distribution are found to be 40 and 49, respectively. It 
was later discovered that two observations belonging 
to the class interval (21 - 30) were included in the class 
interval (31-40) by mistake. Find the mean and the 
variance after correcting the error. 

(1982, 3M) 


The mean square deviations of a set of observations 


. A> p,q,s;B— p,t;C— p,qzr,t; Ds 


86. 


87. 


88. 


The total number of distincts xe [0,1] for which 


(2016 Adv.) 


x P 
| 7 dt = 2x - lis 
Ol+t 


Free 
Let F(x)= | “62cos*tdt for all xeR and 


Fe [o, | — [0, 0) be a continuous function. For 


ae [o, + if F’(a)+2 is the area of the region 


bounded by x=0,y=0, y= f(x) and x =a, then f(0) 
is (2015 Adv.) 


The value of 


X4,%X2,..-,X, about a point c is defined to be 1 1 1 1 
1<¢ 2 6+ logsys 4- 4- 4- ... | is 
. Yi (x; - 0. gv2\¥ av2\ 3av2¥ 32 — 
i=l 
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Hints & Solutions 


1. Given boolean expression is 


~(p>(~q) 
=~((~ p)v ~ g) 
=paq 


[. p> q=~pvq) 


Key Idea Formula of standard deviation (6), for n observations 


n n 


Given 10 observations are %,, X%»,%3,... , X19 
My + Xt % + %X4 _ 44 
4 
=> x + X_ + % + x, =44 (QQ) 
and "2 Tae eo -16 
=> +X tx +X t+ Xy + U%_ =I96 sxei(l) 
So, mean of given 10 observations = == = i? =14 
10 10 
Since, the sum of squares of all the observations = 2000 
xe + xe + ad +... + x2, = 2000 ... Gi) 
2 2 
Now, o” = (standard deviation)” = es (=) 
10 10 
oe (14)? =200-196 =4 
10 
So, o =2 


, | Key Idea Use formula: 
P>qd="PVG 


Given statement is 
pe Favre pvre@vy) 
Now, from the options 
(a) When p=T, gq=Tandr=F 

then ~ pv (~qvr)=FvV(FVF)=F 
(b) When p=T, g=Fandr=F 

then ~ pv (~qvr)=Fv(TvF)=T 
(c) When p=T, q=Fandr=T 

then ~ pv (~qvr)=Fv(TvT)=T 
(d) When p=F, g=Tandr=T 

then ~ pv (~qvr)=Tv(FvT)=T 


Key Idea Use De-morgan’s law, Distributive law and Identity law 
aspvF=p 


The given boolean expression is ~ sv ((~r) A 8) 

Now, the negation of given boolean expression is 
~(~sv((~r)A38)) 

=sa(~((~r)A8)) 


=sa(rv(~s)) 


[. ~DAQ=~pv~q] 
[.~(pvq=~pa~dq] 


=(sar)v(sa(~s)) 


[- PA@vr)=(aqg)v (PAT)] 


= (sar) [. pA ~ p=F] 
. It is given that both mean and standard deviation of 50 
observations x, X, %3,... , %9 are equal to 16, 
So, mean = bal =16 ... (i) 
50 
2 2 
and standard deviation = vas (=) =16 
50 50 
Lay 2 2 
> — — (16)" = (16 
50 (16)" = (16) 
Lax? ss 
=> — =2 x 256 =512 .». (il) 
50 


Now, mean of (x, — 4)”, (%_ — 4)”, ... , (%o — 4)” 
_£(q -4)? _ LQ? - 8x, + 16) 
50 50 
2 
2% (=| gES 4 
50 50 50 


=512-(8x16)+ (z x 50) [from Eqs. (i) and (ii)] 


=512-—128+ 16 =400 


. Option (a) (p v q) v (pv (~ q)) 


= pv (qv ~ @) is tautology, 

[- av (~q)=Tand pv T=T] 
Option (b) 

(pAqgyv (PA (~qg)) =PA GV ~4q) 
not a tautology, 

[qv ~q=Tand pa T= p] 
Option (c) 

(pv ga (Py (~g))=PvY @Ga~q 
not a tautology [-qA~q=Fand pv F=p] 
Option (d) 

PY QA(~P)V ~Q)=PVADACHAYD) 


not a tautology. 


n 
Key Idea Use )" f, = Number of students; 


i=1 


LAX 
Lf 


and Mean (x) = 


The given frequency distribution, for some xe R, of marks 
obtained by 20 students is 


Marks 2 3 5 7 


Frequency (x+1)?) 2x-5 x*-3x x 


‘: Number of students = 20 =  f 

=> («+ 1)? + Qx—5) + (x? -3x) + x=20 

=> (x7 + 2x41) + 2x—-5)+ (x7 - 3x) + x=20 

=> Ix" +2x-24=0>%"4+ x-12=0 

=> (x+4)a-3)=0>x=3 [as x >0] 


10. 


Phx 
Now, mean (x) = Ef 
_ 2x + 1)? + B@x — 5) + B(x” — 8x) + Tx 
20 
_ 2(4)? + 3(1) + 5) + 7@)_82+8+21_56_, . 
20 20 20 


Hence, option (b) is correct. 
Let the population of city is 100. 


Then, n(A) = 25, n(B) =20 and n(An B)=8 
A B U 


f n(U)=100 


Venn diagram 


So, n(A Mn B)=17 and n(A 2 B) =12 
According to the question, Percentage of the population 
who look into advertisement is 
=| xn B)|+] 59 xn B)| 
100 100 


+ Ee xn(An B) 
100 


-( <1) (=a 12) (aa <8) 
100 100 100 


=5.14+ 4.8+ 4= 13.9 


. Given ten numbers are 


10, 22, 26, 29, 34, x, 42, 67, 70, y 


and their mean = 42 
104+ 22+ 264+ 294+ 344+ x+42+674+ 10+ 9 _4o 


10 
300+ x+y = 49 
10 
=> x+y=120 sa+(1) 
and their median (arranged numbers are in increasing 
order) = 35 
sy 344+ x - 35 
2 
=> 34+ x= 70 
=> x=386 
On substituting x = 36 in Eq. (i), we get 
36+ y=120 
> y=84 
y 84 = 7 
x 386 8 


Given statement p > (q v r) is false. 
p> (@Qvr)=pP)vV@vr) 
Now, by trial and error method, if truth value of pis T, qg 
is F and ris F, 
then truth value of (q v r) is F. 
So, truth value of [(~ p) v (¢ v r)] is false. 
Thus, if truth value of p,q,r are T, F, F, then the 
statement p— (q v r)is false. 


11. 


12. 


13. 


14. 


{oreo (1)? + 
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PV (~~ P)AQ) 
=(pv (~ p))A(p vq) [by Distributive law] 
=pvq [pv (~ p) is tautology] 


So negation of pv ((~ p) Aq) 
=~[pv (~ p)Aqg|=~@vq 
=(p)aArqg 


Given observations are —1,0,1 and k. 


[by Demorgan’s law] 


Also, standard deviation of these four observations = /5 


(eth) 


are n observation, then standard 


4 
ce ve ee oreo 


1 n ul n 2] 
deviation = ,/— a(t by *) 
nN i=1 nN i=l 


2+h? k? ; : 
‘ age [squaring both sides] 
= 8+4k*—k? _. _, 843k" _ 5 
16 16 
=> 843k? =80 > 3k" =72 
=> kh? =24>k=2V6 or -2V6 
= pao [- k>0] 


Let the marks in sixth tests is ‘x, so 
414+ 454+ 434544574 x 


mean = = = 48 (given) 
eT de doe eas 
6 
Bs *=8 > x=48 
6 


Now, standard deviation of these marks 


_ [417 + 45? + 487 + 547 +577 + 48” 4s? 
6 


ae yg 2 
[.. standard deviation (SD) = = (x)"] 


(412 — 487) + (45? — 487) + (43? - 487) 
+ (547 — 48”) + (677 — 487) 
6 


(-7 x 89) + (-8 x 98) 4 
+ (6x102)+ 9x 105) 


6 
=f + 612 — 455 — 279 -623 
6 


- [eer er - 2 2 _ 10 
6 6 3 VB 
(PAg—>C~pP)va 


=(~(PAQD) Ve P)Va 
E(~p)ve@)vV(davVa 


(-5 x 91) 


=(~p)v(-qgyq I. (~ p)v(~ p) =~ pl 
=(~p)vT [-~qvq=T] 
=T 


So, it is a tautology [. ((~ qg) v g) is tautology] 
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15. 


16. 


(b) (PAQ—> P=(PAQVP 
=(~p)VCqQ)vP 
l~DagQneerraDvVe”A 
=(~ pv p)v (~ @)is tautology. 
[.~ pv pisa tautology and (~qg)vT=T] 
(©) “p> (pvQM=( P)vV (Pvq 
[. p > qis equivalent to (~ p v q)] 
=(~ pv p) v qis tautology. 
[.. (~ pv p) is tautology and qv T = T] 
(d) (pv g)> (Pv (~ Q) 
=(~@vqQ)v (Pv (~Q) 
=(~ Dp) ACD V@vV(~9) 
=(pv(~ dV (~ PAC g) 
=(pv(~ QV Pp) ARVO DVO) 
= (Tv (~ g)) A(pa(~ Q)) 
= TA(pa(~ Q)) 
= pA(~q), which is not a tautology. 
The natural numbers between 100 and 200 are 101, 
102, 108, ..., 199. 
Since, 91 =13 x 7, so the natural numbers between 100 
and 200 whose HCF with 91 is more than 1 are the 
numbers which are either divisible by 7 or 13. 
So, the required sum of numbers between 100 and 200 = 
(sum of numbers divisible by 7) + (sum of numbers 
divisible by 18) - (sum of numbers divisible by 91) 
= y (98 + Tr) + » (91 + 18r) — (182) 
pai rei 


= @8x14+ (222 ose 


}+@1xs)+13/ : 


= 13872 + 735 + 728 + 468 — 182 
= 3303 —182=3121 


— (182) 


Let the remaining two observations are a and b. 
According to the question, 
Mean ==*“7 eee bs 
=> 42+a+b=56 
> a+b=14 vee) 
and variance 
2 2 
_ a> + b°+4+16+4+ 100+ 144+ 196 82=16 
vi 
2, 72 

_, a + ae 64=16 

2, 22 
an a~ + b° + 460 =80 

7 

=> a” +b” + 460 =560 
=> a” + b7=100 (ii) 


We know that, 
(a + 6)? = (a? + 6”) + 2ab 
(14)? = 100 + 2ab 
196 = 100 + 2ab 
2ab =96 
ab =48 


So, product of remaining two observations is 48. 


[from Eqs. (i) and (ii)] 


=> 
=> 
=> 
=> 


17. 


18. 


19. 


Given digits are 1, 1, 2, 2, 2, 2, 3, 4, 4. 


According to the question, odd numbers 1, 1, 3 should 
occur at even places only. 


Vv 


Even places 


.. The number of ways to arrange odd numbers at even 


3! 
places are “C3 x Bi 


and the number of ways to arrange remaining even 
! 


6! 

numbers are ——. 

4!2! 
So, total number of 9-digit numbers, that can be formed 
using the given digits are 
4 3! «6! 

C, x — x ——=4x3x15=180 

2! 4!2! 


Given statement is “If you are born in India, then you 
are a citizen of India”. 

Now, let statement p: you are born in India 

and q: you are citizen of India. 


Then, given statement, “If you are born in India then 
you are a citizen of India” is equivalent to p> q. 


‘: The contrapositive of statement p> qis ~q=> ~ p. 
.. The contrapositive of the given statement is “If you are 
not a citizen of India, then you are not born in India. 
Given mean x =4 

variance o” = 5.20 
and numbers of observation n =5 
Let x, =3, x, =4,%, =4and x,, x, be the five observations 

5 

So, DE =5-*=5x4=20 

i=1 
=X, + Xy+ Xz +X, + %, =20 
=> 34+44+4+4+%,+% =20 


= X4 + %5 =9 (i) 
o 2 
Now, variance 0” = — ~ (x)? 
tat at arse Asie55 
5 
2 2 
mn oe tes t+ 16 +520 
=> 414 xf +92 =5 x 21.20 
= x2 + x2 =106-41 
= wy + a5 = 65 Gi) 
o Kg +5)? = xg +B + Darga 
“ 81=65 + 2x,%, [from Eqs. (i) and (ii)] 
= 16 = Qx4X%, 
= Xam = 8 ... (iii) 


Now, (| aq — 351)? = xj + a8 — Qaryaxs 
=65 =16 [from Eqs. (ii) and (iii)] 
=49 
> | x4 — xX |= 7 
20. Let C and S represent the set of students who opted for 
NCC and NSS respectively. 
Then, n(C) = 40, n(S) = 30, n(C AS) =20 
and n(U)=60 
Now, n(C US)=nCUS) 
=n(VU)-n(C US) 
=60 - [n(C) + n(S)-n(COS)| 
= 60 — [40 + 30 - 20] =10 
10 1 


So, required probability = — =— 
: . f 60 6 


21. Given, set A={xeZ _ (r+ B(x" 5x46) — 1} 
Consider, g(r+2)(x?-5x+6) _ 1 _ 90 
=> (x+2) (x-3) (x-2) =0 
> x=-2,2,3 
=> A={-2,2,3} 
Also, we have set B={xeZ:-3<2x-1<9} 
Consider, -—38<2x-1<9,xeZ 
>-2<2x<10,xEZ 
> -l<x<ib,xeZ 
> B=({0,1, 2,38, 4} 
So, Ax Bhas 15 elements. 
.. Number of subsets of Ax B=2!. 
[. If n(A) =m, the number of possible subsets = 2”"] 


22. Since, the expression 
p> q>=~pvaq 


So, ~Pp>qd=pPvq 
and therefore ~ (~ p> q) =~ (pv q) 
=(~ p)a(~q) [by De Morgan’s law] 


23. Let the given Boolean expression 
(pA qQ)v (py ~g))A(~ PA~Q=r 
Now, let us construct the following truth table 


P q ~p ~g pag ™™4E ~p~g aan r 
T T FF T T F T F 
T F FT FT F T F 
F T T F -F -F F F F 
F F T T FT T T T 


Clearly, r=~ pa ~q 
24, Let the 50 observations are x, X5, %3,..-, %o- 


Now, deviations of these observations from 30 are 
(% - 30), (x -30), (% —30),..., @%o — 30) 


50 
y (x; -30) =50 (given) 


i=1 
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50 
=) x - 60x50) =50 
i=l 
50 
=) % =50(380+ 1)=50x31 
i=1 50 


i=1 


.. Mean of 50 observations = (x) = 0 


=31 


25. Given, set S ={1,2,3,... 100}. 


Total number of non-empty subsets of ‘S’=21°° -1 


Now, numbers of non-empty subsets of ‘S’ in which 
only odd numbers {1, 3, 5, ... , 99 } 


occurs =2°° —1 


So, the required number of non-empty subsets of ‘S’ 
such that product of elements is even. 


= (2 100 _4)- (2 °° -1) 
= 9100 _ 950 _ 9 50/9 50 _ 4) 
26 Number of white balls =30 
and number of red balls = 10 
Let p = probability of success in a trial = probability of 
getting a white ball in a trial = — = 1 
and q = probability of failure in a trial 
3 441 


4 4 
Here, n = number of trials = 16. 
Clearly, X follows binomial distribution with 


parameter n =16and p= u 


.. Mean of X = np, = 16. =12 


F 1 
and variance of X = npg = 16. : - 3 


mean of X 12 
; 7 =4/3 
a standard deviation of X 3 v8 
[.. SD = Vvariance] 


27. We know that, contrapositive of p— qis ~¢— ~p 


Therefore, the contrapositive of the given statement is 


“If the squares of two numbers are equal, then the 
numbers are equal”. 


28. Given, (pA q) <r is true. This is possible under two 
cases 
Case I When both p A qand,r are true, which is 
not possible because q is false. 
Case II When both (p 4 q) and r are false. 
> p=TorF;q=F,r=F 
In this case, 
(a)pvrisTorF 
(b) (pA r)> (pv r)is F> (Tor F), which always result 
in T. 
(c) (pv r)> (pa r)jis (Tor F)=> F, which may be Tor F. 
(d) par isF. 
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29. We know, Let 2 ay 
2 Ix og x 
c= an H ; : > y= xt 
10 a) ae ba 10} a) Putting y = xt in Eq. (i), we get 
__ \2 4 2 x(1+t)=13 
30 %) 5 sas 
: i : 2 => x (14+ t)°=169 ... (11) 
105 = d) + 10x - + 10 + a) Putting y = xt in Eq. (ii), we get 
30 x°(1 + #7) =97 ... (iv) 
Dividing Eq. (iii) by Eq. (iv), we get 
: w= =) x(1 +t)? _ 169 
n (14 PY OT 
20( +d") +572 : ae ee 
= a (5) => 97(t?+2t+1)=169 (1+ t”) 
1 55 = (169 —97)t? —194t + (169 -97) =0 
a 2 
=2 1_1l 2d) 1_2 2 => 36t?-97¢+ 36=0 
30 44 3 4 8 (4-9) @¢—4)=0 
= 4t- t-4)= 
2 gat ata2sldl= V2 3 
3 3 => i= 4 
30. Since, the statements 4 
P:5is a prime number, is true statement. or t= 5 
Q: 7is a factor of 192, is false statement 
and R: LCM of 5 and 7 is 35, is true statement. 32. 


So, truth value of 


PisT, Qis F, Ris T (SLY 


Now let us check all the options. Ce 
P| -@: | eo | P| S| ae |F AOA ok 


T F T EF T F EF F T Let A be the set of even numbered students then 


n(A) = | = 70 ([.] denotes greatest integer function) 


PADY CR) py (~QAR)|(~P)v QAR) (~P)ACQAR) 


Let B be the set of those students whose number is 


F T F F divisible by 3, 
140 
Clearly, the truth value of Pv (~Q~ BR) is T. then n(B) = | =46 
31. Let 1, 3, 8, xand ybe the five observations. (iT denotes ereatiat inkansr fanetion) 
Then, mean x = mi Let C be the set of those students whose number is 
' 3 ‘ divisible by 5, 
—~ 14+34+8+x+y_ ; 
= a ee (given) then n(C) = =| =28 
Sea Sakae a : ([.] denotes greatest integer function) 
=> x+ y=18 sas(Q) 140 
X(%. — x)” Now, n(AnB) =| 2] =23 
and variance = 0? = =! 6 
n 


(numbers divisible by both 2 and 8) 


/@ 5) + 8-5)" + (B-5)" [140] 
= 7 = 2 = —<——— || 
- + oa 5)” + (y—-5) = 919 (wiven) n(BoC) [ a | 9 
1644494 (x2 —10x +25) + (y?—10y + 25) = 46 (numbers divisible by both 3 and 5) 
=> x + y?-10(x+ y) =46- 79 n(cna)=| 0-14 
=> + y?-10x13=-33 feet y=13] 10 


=> x + y2 =97 (ii) (numbers divisible by both 2 and 5) 


n(AnBno) =|" ]=4 
30 


(numbers divisible by 2, 3 and 5) 
and n(AUBUC) 
= Yn(A) —- Yn(An B)+ n(ANBNC) 
= (70+ 46+ 28)-(23+9+14)+4=102 


.. Number of students who did not opt any of the three 
courses 


= Total students —n (AU BUC) = 140 - 102 =38 
33. Given statement is “P(n):n”— n+ 41 is prime”. 

Clearly P(3):3?-3+41=9-34+41 

= 47 which is a prime number. 

and P(6):57-5 + 41 =25-5+41=61, 

which is also a prime number. 


.. Both P(8) and P(6) are true. 
34, Clearly, [~(~ pv g)v (PAT) A (agar) 


=[(PA~QvV PATI AC |Ar) 

( ~(~ pv gq) =~ p)A~q=pA~q by De Morgan’s 
law) 

=[pra(rqvnr]aAcqanr)| (distributive law) 
BEpalrqvnaCaqan)] (associative law) 
HBpall~qarnya(rqvnr)] (commutative law) 


Bpal-qanaCagqpateqanr)ar|(distributive 


law) 
Hapalerqar)v(e-qgar)| (idempotent law) 
=pal[~qar] (Gdempotent law) 
=PaAr~qar=(pPar)a(~q) (associative law) 
35. We have, 

y (x, + 1)°=9n ...(i) 

i=l 
and Y @-1?=5n wwii) 

i=l 


On subtracting Eq. (ii) from Eq. (i) is, we get 
=Yi@+D?-@-D*}=4n 
i=l 


i=l 
.mean (x) =1 


Now, standard deviation = : = 
= PE oe 
n 
36. Let us check all the options 


(A) Consider, ® = A and: =v. 
In that case, we get 


37. 
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(pAq) 

(B) Consider, ® = A and: =v. 
In that case, we get 

(pAq) A (~ pAq) = null set 

CHB) -(cd 

(C) Consider, ® =v and-=a. 
In that case, we get 

(pyvq) A (~ PAQ) = (pq 


: 


HD 


(D) Consider, ® = v andu =v. 
In that case, we get 


(pv q) A 


Let 4, X2, %;, x1, %, be the heights of five students. Then, 


we have 
5 
Ea x; 5 
Mean, x =— 150 = © = 750 .G) 
5 
Pe 
and variance = —~— - (x)” 
n 
5 
Le 
=> =! _ _ (150)? =18 
5 
> x x? = 112590 sili) 
- 6 
x % 
Now, new mean = e 
5 
ft dca <0 ts 
= = {using Eq. (i)] 
6 6 
=> Xpey =151 
and new variance 
6 2 5 2 7 
x XG x ay + (156)° 
i= 2 i= 2 
= = Xnew = _ 151 
5 (Knew) ; (151) 
2 
see iba [using Eq. (ii) 


6 
= 22821 — 22801 = 20 
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38. We have, 


39. 


40. 


41, 


ja-5|<land|b-5|<1 
-l<a-5<land-1<b-5<1 
>4<a<6and4<b<6 
Now, 4(a — 6)” + 9(b —5)? $ 36 
(=O) Woh 25 
9 
Taking axes as a-axis and b-axis 


=> 


nN 


The set A represents square PQRS inside set B 
representing ellipse and hence A c B. 


Key idea Standard deviation is remain unchanged, if 
observations are added or subtracted by a fixed number 
We have, 

9 


9 
Y @ —5)=9and P° @& -5)*=45 
i=1 i=1 


9 


9 9 ad 
y @ -5)” |} @ -5) 
i=l t=1 
9 9 | 
2 
m sD= | - 4 Sie 516,429 


Key idea Use De-Morgan’s and distributive law. 
We have, ~ (pv q)v (~p Aq) 
=(~PA~DV (PAD 
[.. By De-Morgan’s law ~ (pv q)=(~pA~q)l 


SD= 


= ~patraqvq [By distributive law] 
= ~pat I~av q=t] 
= ~p 


=1(a-b)-1(1-a)+ 1(b-a”) 


bb 
ll 
QR RR 
>. & Fe 
YS BP ee 
bo 


=-(a-1 


=1(a-b)-1()+1(6)=-(a-1) 


=1(0)-1@0-a)+1(@-a)=0 


Bee ee ee 


=1(-b)-1(Ca)+1(b-a’) 


For a=1 
A=A, =A, =A, =0 

Afor b=1only 

x+yt+z=1, 

xt yt zal 
and x+y+z=0 
1.e. no solution 
Hence, for no solution b = 1 only 


(.: RHS is not equal) 


44, 


42. The truth table of the given expression is given below : 
P q X=p>q ~p ~pP>q y=(~p>q)>-q_ xy 
T T T F Tr T T 
TOF F FOOT F 
F T ni T T 
FOF ii F T 

Hence, it is a tautology. 
1 . 

43. We have, fo) +24() = 3x, x #0 os(1) 

x 


; 1. . 
On replacing x by — in the above equation, we get 
x 


(eae 


= 2f (x) + (=) = (ii) 
x) x 

On multiplying Eq. (ii) by 2 and subtracting Eq. (i) from 

Eq. (ii), we get 

a 

x 


apy 24(=] e 


Fe) +247) =e 


af) =2— 3x 
x 
= fa)=7—x 
x 
Now, consider f(x) = fC x) 
2 4 
=> = tx => —=2x 
x x x 
=> Qn =4 = x7 =2 
=> Keay? 


Hence, S contains exactly two elements. 


We know that, if x, x, ..., x, are n observations, then 


their standard deviation is given by 


2 


n n 


2 2 2 2 2 
Weave. asp =£ +3°+4+a°+11°) (Pee) 


4 4 
- 49 44+9+a07+121 (se) 
4 4 4 
_, 49 134+a” 256+a"+32a 
4 4 16 


49 4a” + 536-256 - a” -32a 
4 16 
=> 49 x 4=3a" —32a + 280= 3a” 


=> 


32a + 84=0 


45. Consider, (p\~q)V qv (~paq) 


46. 


47, 


48, 


49, 


=[Da~qQvalvy ~PpaAq) 
=[pvgMACavalvyeprqg 
=[(pvqgatly ~paq) 
=(pv q)v (~paQq) 
=(pVqdvV~pP)A (PV Gv q) 
=(qvt)A (vq) 
=tA (pv M=Pvg 
~(~sV(~TrAs)) =~(~s)A~(~rAs) 
=saA(~(~r)v ~s)=s8A(rv ~s) 


=(SATr)v (SA ~s) 


=(sar)vF [.. sA ~ sis false] 
=SAr 
eisai: M+ yt y+ +6 _ 46 
16 
16 


i= 


=> x, =16x16 
=| 


Sum of new observations 
18 


=-y y, = (16x 16-16)+ (84+4+45) =252 
i=l 
Number of observations = 18 
18 


yx 


ist _ 252 _ 
18 18 
Given, n(A)=4,n(B)=2 = n(AxB)=8 


New mean = 


Total number of subsets of set (A x B) = 2° 
Number of subsets of set AxB having no element 
(i.e. O) =1. 
Number of subsets of set AxB having one element 
=: 
Number of subsets of set A x B having two elements 
= ®C, 
.. Number of subsets having alteast three elements 
= 2° — (1+ §C,+°C,) =2°-1-8-28 
= 2° — 37 =256 —37 =219 


According to the given information, the figure should be 
as follows: 


Let the height of tower =h . 
In AEDA, tan30°= a 
AD 
1 _ED_ ih : 
V3 AD AD 
ZL) °~f) f) 
= AD = hV3 A 8 c¢ D 
In AEDB, tan45°= ae => BD=h 
BD 
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In AEDC, faebeee > Cpe 
CD V3 
AB AD-BD_ AB_hv3-h 
Now, a > = 
BC BD-CD BC ,_h 
3 
- AB _h(W3-1) _, AB_ V3-1 Js 
BC hW3-1) BC (J3-1) 
3 
= AB _ V3 » AB:BC =V3:1 
BC i 
50. p gq ~p ~q peg pe~qg ~peq ~(pe~q) 
ill F F ib F i i F 
F T ili F F T T F 
‘lt il F F T F F i 
EF F F 
Hence, ~ (p © ~ q) is equivalent to (p © q). 
51. In AOA,B,, 
A,B, 20 
tan 45° = — > 1> 0 20 
an OB, OB, By 
Ao 
30° 
O ZX) 30 B, By 
In AOA, By, tan30°=—2 = OB, =20V3 
2 
=> B,B, + OB, =20V3 
=> B,B, = 20V3 -20 
=> B,B, =20 (/3 —1)m 
Distance 


Now, Speed = —— = 20 (3 -1) m/s 
Time 
52. We have, X ={4" -8n-1:neN} 
X ={0,9, 54, 243, ....} 
Y ={9,n-l:neN} 
Y ={0,9, 18, 27,...} 
It is clear that, X cY 
XUY=Y 


VX, 2444+64+8+...4100 50x51 _ 
n 50 50 
[e ) 2n=n(n + D, here n=50] 


[put n = 1, 2,3,...] 


[put n = 1, 2,3,...] 


53. Here, X 51 


Variance, o” = Es » XP 
n 


== + 4? 4... +1002) - 61)2=833 


54. If initially all marks were x , then 
2 = (x; a x) 
o; = ——_—_ 
N 
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55. 


56. 


57. 


58. 


59. 


60. 


Now, each is increased by 10. 
» LV [@+10)-@+1HP 
O2= =6; 
N 
So, variance will not change whereas mean, median and 
mode will increase by 10. 


Given, n(A) =2, n(B)=4 

n(A x B)=8 
The number of subsets of Ax B having 3 or more 
elements = °C, + °C, +...+ °C, 


SCC,3°C 42°C 2° C.4;,a4 ty) 
=(@C,+'C)4*C,) 
MSC 20 4nd" So SOO. "te 
= 256 -1-8-28 = 219 
Let x= log, 7 >2* =7 
which is only possible for irrational number. 


Given, logy 3 (x—-1) < logy g(x-1) 
Here, x-1>0and logig3)(v-1) < log o3)2 (x-1) 


= x>land logy;(x—-1)< ; logy.3 (x-1) 


= x>1land logigs)(e¢-1)<0 => x>landx>2 
x € (2, °°) 

Given, X, < xX) <%3 <...<Xq91 

.. Median of the given observation = (AS item = x19) 

Now, deviations will be minimum, if we taken from the 

median. 


.. Mean deviation will be minimum, if k = x91. 


Here, 2 log,, x— log, (10) =2 log,, x + 2log, 10 


=2{ tos x+ : ) (1) 
logy) x 


=2log;yx+2 


log, x 


Using AM > GM, we get 


1 ‘ae 
0810 * >| logy x 
logyy x 


>2 .. (ii) 
logy) x 


logy  x+ 


2 


=> logy) x+ 


or 2 logyy x — log,.(0.01) 24 


Hence, least value is 4. 


(a). e* € (1, e)in (0, 1) and [ f(t)sin t dt € ©, 1)in (0, 1) 
0 


x 

oO | f(t)sin t dt cannot be zero. 
0 

So, option (a) is incorrect. 


1 


r) 
(b) f (x) + | f(t)sin t dt always positive 
0 
.. Option (b) is incorrect. 


61. 


62. 


63. 


64, 


TT 
aX 


2 
(c) Let h(x) =x— | f(t) cos t dt, 
0 


a 


po | A 


hO)=-f f@cost dt <0-h(1)=1- | f@cost dt >0 
0 0 


.. Option (c) is correct. 
(d) Let g(x) =x° - f(@@) => g@)=-fO<0 
g(l)=1- f@)>0 
.. Option (d) is correct. 
3% = 4r-1 
Taking log, on both sides, we get 


=> xlog33 = (x— I)log;* 
=> x=2 log;2-x— log,4 
=> x(1 —2 log, 2) =—2 logs 2 
4 _ 2logs 2 
2 log, 2-1 
1 il 1 2 
=>x= = = = 
1 1 1 1-log,3 2-log,3 
2 log; 2 logs 4 
1 1 
~ 1, , 1-log,3 
1-5 logs8 ae 


1 


at 
(dogs g)7) !os2(logs 9) x (7) ig 
= (log, 9) 98tes2 9? e732 * E 


= log, a 
log, 6 a 


2 
= (log, 9) 202829 7 97 1872 [- log, b= 6] 
=2?x2=8 
Here X ={1,6,11,..., 10086} 
and Y ={9,16,23,...,14128} 
X OY ={16,51, 86,...} 
t,, of X VY is less than or equal to 10086 
t, =16+ (n-1)35<10086 =n < 288.7 
n=288 
n(X AY)=n(X)+ nYY)-n(X NY) 
n(X AY) =2018 + 2018 — 288 =3748 
Given, X has exactly 5 
elements and Y has exactly 
7 elements. 
n(X)=5 and nYY)=7 
Now, number of one-one 
functions from X to Y is 
a ='P ="C, x5! 
Number of onto functions from 
Y toXisB 


[. a, =at(n-1)d] 


- 
pn = 


0) 2=Eeeeee. 


1,4,1, 1,3 or 1,4, 1,.2,2 
! ! 
cae) ee: 
glal~”* @yyal 


=('C; +3 "C3)5!=4x "C; x5! 


65. 


66. 


67. 


68. 


69. 


B-a (x'C, —"C;)5! 
5! 5! 
=4x 35 -21=140-21=119 


Statement] (PA~Q)A(~PAQ=PA~QA~PAQ 
=pA~paA~qanqg=fafzf 
Hence, it is a fallacy statement. 
So, Statement I is true. 
Statement I] (p> gq) (~q-> ~p) 
=(p> ge (p> q) 
which is always true, so Statement II is true. 
Alternate Solution 
Statement I (pa ~q) aA (~paq) 


Pq ~p ~q pa~q ~paq (A~q)AC~pPaq) 
T T FOF F F F 
T F FT T F F 
F oT TF F T F 
F oF TT F F F 


Hence, it is a fallacy. 

Statement II (p> gq) OG (~q-> ~ p) 

~q- ~ pis contrapositive of p— q. Hence, 

(p> gq) © (p> @q) will be a tautology. 

Either option (a) or (c) is correct. But a = V2 and (-1, 1) 
satisfy x°+ y? =a". 

So, option (a) is correct. 

Hither option (b) or (c) is correct. 


Satisfying the point [v3 5) in (ID, we get 


a? =4, 

. The conic is x7+4y” =4 

: | ee 
Now, equation of tangent at (V3 5) is /3x+2y=4, 
which is the given equation. 
So, option (b) is correct. 
Either option (a), (b) or (c) is correct. 
Satisfying the point (8, 16) in (IID, we get 
. The conic is y” = 32x = 16(2x)4 
Now, equation of tangent at (8, 16) is y-16 = 16(x+ 8) 
= y=x+8, which is the given in equation. 
So, option (a) is correct 
A>P,QB>P,QC>P,Q,8,T; D> Q, T 
A. Projection of @i + Bi) on (V3 i+ i) = 3 


a J3a + B a 
2 
> 30 +B =+2V3 ...(i) 
and a — /3B =2 Gi) 
On solving Eqs. (i) and (ii), we get 
o=2,—1 
joo] = 2,1 
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B. Since, if any function is differentiable, then it is 
continuous for all x. 


By continuity at x=1, 


Be aa (i) 
— 6ax, 1 
By differentiability, f’ (x) = ax, x< 
b, x>1 
Baca ... Gi) 


From Kgs. (i) and (ii), we get 
—38a -2=-6a+a” 
> a*-3a+2=0>a=1,2 
C. (8-30 + 207)1"*? + 2+ 30 —307)1"*? 
+ (-3 +20 + 307)1"*? =0 
=> {(-3 + 20 + 307)o}4"* 3 + {3 + 20 + 307)? }4"* 3 
+{(-3 + 20 + 30”)}4"*3 =0 


= (34 20 + 302)27*3 fot t3 4 ©2443 4 11=0 
> o”"+o0"+1=0 
which is true only when n is not a multiple of 3. 
n=1,2,4,5 
2ab 
D. Here, =4and2(5-a)=b-5 
a+b 
> b=15-2a . (i) 
Now, 2ab=4 (a+ b) 
> 2a(15 —- 2a) =4(a + 15 - 2a) 
= 15a — 2a” = 30 -2a 
=> 2a” -17a + 30 =0 
> a=5/26 


Hence, |q — 2a | =/10 -2a|=5 or 2 
A->P,R,S;B->P;C> P,Q;D—-S, T 
A. Since, 2(a” — 6”) = ¢° 

2(sin? x—sin” y= sin” z 
= 2sin (x— y)-sin(x+ y) =sin? z 


[using sine law] 


> 2sin (x— y)-sinz=sin?z [- x+ y+z=a] 
ne) 
sin z 2 
Also, cos (ntA) =0 
=> cos (=) =0 
2 
n=1, 3,5 


B. 1+ cos 2X —2 cos 2Y =2sin X-sin Y 
=> 14+1-2sin? X-2(1-2sin?Y)=2sin X-sinY 
=> 2a? + 4b? =2ab 


2: 
= a+ ab-2b? 0 (2) (2) 2=0 


= (¢ 2]($—1)=0 ean ee 
b b b 


C. OX=3i+ j,OY=i+ V3 j,OZ= fi + (1-8)j 
Angle bisector of OX and OY is along the line y= x and 
its distance from (6, 1 —§) is 


(se a2 | Oe 
v2 V2 
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> 2B-1=+3 
ss B=2,-1 
or |B|=1,2 
D. Area bounded by x =0, x =2, y? =4« 
aY P 
0.3) ° 
(2, 2N2) 
Xx’ >X 
O (2, 0) 
¥ | x«S2 


When @ = 0, then ‘ 
Area bounded, F(a) =2 x3 - \,v4 x dx 


2.7? 
oe ad 
[3/2 | 
4 53/2 
=6=—.¢@* 0 
3 ¢ ) 
2 -2 2 
Fe + ©? <6 
When a = 1, then 
8x-38, “22 
y=|e-1|+|e-2|+ a=) x41, 1<x<2 
38-4X, x<l1 


x’« d >X 


.. Area bounded, ;: 
F@)=6-1) — [ave dx 
> F@o)=5- ov 


F(a)+ 2v2 =5 


Hence, values of F @) + - V2 are 5 or 6. 


(i) 


.. (1) 


[from Eqs. (i) and (ii)] 


3sin 8 cos! x) 
ri — x? 
Jl—x" ¥ =3sin 3 cos! x) 


71. (P) y=cos@Bcos'x) => ¥= 


eae ee =3 cos (3 cos * x): = 
i-# —- 
=> —xy + (1-2) ¥’ =-9y 
“ [aD y+ af ]=9 


(Q) Plan 
(i) Angle subtended by a side of n sided regular polygon 


at the centre = eh 
n 


(ii) | a x b| =|a]| b| sino 
(iii) | a- b| =|a|| b| cos® 
(iv) tan@ =tana=> 0=nt+a,nEZ 


Consider a polygon(S) of n sides with centre at origin 


A; Ao 


Let |OA, |=|OA,|=...|OA, |=r [say] 


. 27 
la, Xa,4,l=r’sin — 
n 


2 20 
| a, ap. ,l|=r° cos — 
n 
n-1 


yi ap X Any 
h=1 


=> 


n-1 
y Ap Ag+y 
k=l 


=> r(n—1)sin an r?(n —1) cos ae 
n 


> ee => te ae 
n n 4 
2 

> aN niga ¢eZ 
n 4 
2 4t+1 8 

> = =>n= ah 
n 4 4t+1 


. The minimum value of n =8 
(R) PLAN 
Equation of normal at the point 
2 2 
(a cos 8, bsin 8) of ellipse + = lis given by 
a be 
ax sec @ — by cosec 9 = a° — b* 
Equation of normal is 
V6 xsec@ — V3 y cosec8 =3 


Its slope is V6 seco =1 
3 cosec @ 
‘: Slope of normal = Slope of line perpendicular to 
x+y=8 « tan0=— 


V2 
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SND x 
So, oveealinde ee! de xws y=s > - oe > 
V2 G20 =i) 
8x-8y=3 > x-y=l TITTTTT 5 TTT 
1 
As it passes through (h, 1). 
h-1=1 => h=2 and x € (— ©, 0) U [1, ») 
x € (— 0,0] U [2, 00 
(S) Plan tan} x+ tan! y=tan? (2) ¢ Pane 
1l-xy 
; ; 1 tan0 1 
Given equation 
1 1 (C) f@)=|- tan®e 1 tan@ 
tan! + tan! =tan ( } = = 
Ex 7 te 7 x . ree : 
< Applying Rk, > R, +R 
1 i I 0 0 2 
=> tant|_2*ti 4e+1 |_ ( =) f@®)=|-tan6 1 tané@ 
7 -1 -tané@ 1 


a es 
Qxn+1) 4x41 
(2x + 1) 4x + 1) | =2 (tan? + 1)=2 sec”6 >2 


> tan| oes - tan" (5 f®) € 2, %) 
(2x +1) (4x+1)-1] x (D) f(x) = x2? Gx-10);x>0 
38x41 2 3 2 2 3 1 
=> ——- =§ 5 > 38x 44° =8x°4+ 6x "(x)= 32”. 2. yl? = = : = 7 
ar f’' @=#2 lor x? (8x — 10) = 3x" fxs 5 ex 10)} 
=> x (3x" — 7x -6) =0 
( ) 4 = 3 V2 on + 8x —10} 
=> x(x —3) @x+ 2) =0 miicienc a W 


So, only positive solution is x = 3. 
(P) > Gv); (Q) > Gil); (R) > Gi); (S) = @ 
72. (A) Given, |z|=1 


=> zz=1 
2iz iz 27 
l-2* zg-z-2% Z-z 
Let Z=x+ Ly 
eye 2 (i) 
-2 y 
where y= 1-2 
-l<ys<l 
=> -ls<y and y<1l1>-12 and Sa Using cosine law, 
y A 
as cos CaP +IbP-leP_4+4-12 _-4_-1 
R —oo,—] 1, 2 
=> o( 2s] €¢ »,- vf, ~) 2/B IIB 2x2x2 8 2 
4) Se , —y990 = 2% 
(B) f(x) =sin? [Gre } fo domain = ZC =120°= 3! 
x — 2: x— 2 x-2 b ey 
ZO af eget I= 8 Vy (B) fre axa (5) = (a? — b’) 
1 — 32("-D 1 — 32("-D a 2, 3 
0 x—- 2 x x-2 b 3 
g.8 28 ay ee A => [ , f@) dx-= (b- a?) =(a"— 6”) 
1-37 -3-? 1-3%-3*~? ; ‘ bg? 
= _ fy v , 2 2 oO - am 
G+ DE 1) : > | f@ dx=(a b) +50 a”) = 
(8*-~ +1) B* * -1) b 2_ 4? 
> [?4@ax=2 7 
7 7 1 a 7 a 2 
x gx-2 _ a _ Tu 
=> xe (—«,1]U 2, o) and = east f@)=% = #(2} 6 
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C m2 5/6 d 
(C) e,8 J.,,8¢¢ (mx) dx 
n {We |sec tx + tan Tx| 
=> 
log, 38 T 
T | 5n 5n 
=> log, | sec — + tan — 
log, 38 6 6 
— log, 
> = {og |V3|— log, Ze } 
log, 3 V3 
T 
> —— {log, 3}=m 
es tlog, 3} 
(D) arg for |zl=1l => larg (1-2) 4I 
(1-2) 
> |- arg (1 -z)| 
> jarg (1-2)| 


| 6 
76 


71 
sec —— + tan —— 
6 


From figure, arg (zg - 1) is maximum > 7 


(A) Equation of the line passing through origin is 


ad oF 
a be 
2 1 - 
1 -2 =0 
a b c 
=> a (-1)—b()+c(-5) =0 
> -—a-38b-5c=0 
> a+36+5c=0 
— -38 1 
3 
Also, 2 -1 1J= 
a be 
a (-2) oF] +e(2] 0 
3 3 
2b 10c¢ 
=> (gf = S 
3 3 
> 38a+ b-5c=0 
a b 


F Eas. (i) and (ai), =—= 
rom Kas. (i) and (i) 30 80 


c 
ae 
a 0b 
—5 


71 


| 


(i) 


(ii) 


Equation of line is 


x yy 2 ag 
Far =7ayK say]...Q 
eaoee [say]... (ii) 
x-2 y-l_ztl_ ; 
7 = A k, [say]...(iv) 
ye 
3 yt3 z-1_, sa 
a a fsay] ...(v) 


Point on Eq. (iii) is 6A,-5A, + 4A). 
Point on Kq. (iv) is @+ k,,1-2k,,-1+ k,). 


Point on Eq. (v) is (; + 2hg, -3—hkg, 1+ ky 


On solving, 2+k, +1-2k,=0 > -—k,+3=0 


=> 


kh, =3 
P=6, -5, 2) 


Again, for Q, =+ 2k,-3-—k, =0 


1 
> aes 
=> ky = 1/3 
0. -=10.-4 
a=(5 3 a) 
2 2 2 
Now, ro (5) +(5) +(5) =" 
a) aS 3 
=> PQ?=d?=72=6 
(B) tan! tS?) —tanr(2) as 8 
1+ (x?-9) 4 8 4 
=> 3x7 = 48 
=> x=t4 
(eye a) Re 2G 
= (b-a)-(4b +a-pb)=0 
(4-1) b2-a2=0 (i) 
Also, 2|B+2-k® =|b-al 
= gy |S We |g 
4 
(4-n)?b? a? _p2, 32 
4 4 


22 2 
_, 3a _ 4-p)"-4 


4 


4 


-b? > 3a%b2(4-p)?-4b2...(ii) 
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From Eqs. (i) and (ii), 


f @)=-1land f{E)=Fe = One solution 
3 (4—p) =@-p)-4 2) 2 
(4-p)?-3(4-p)-4=0 => p=0,5 k41 
uw =5 is not admissible. (B) Since, 4 k 2\=0 
( 221 
sin Se 
(D) f 0) =9, f (x) = 2 (3 Asin? *) [3 Asin? } =>  k(k-4)-4(0)+1(-2k)=0 
Ae 2 2 2 
a, => k*-6k+8=0 


9 3x > k=2,4 
2 (C) Let y=|x-1|4+|x-2|4+|x+1]4+|x+2| 


=9-12sin” z 12sin” on +16 sin? * sin 
2 2 2 


= 9-6 (1-cos x) —6 (1—-cos 38x) 
+4 (1—cos x) (1 -—cos3x) 


For solutions, 4k>6 => k= : 


=1+6cosx+6cos38x—4 cos x + 
—4 cos 38x+4cos xcos 3x y=-4x y=4x 
9 wii 
Let J= | 2 dx= ae 2 cos x+2 cos 3x +s ae” 
Ty sin— Le Zu 
2 ; *g yl=6_ % : 
Ce ee eee =4 == = l 4 7 
T 
Integer values of k are 2, 3, 4, 5. 
75. (A)2sin26 +sin?26 =2 e pe . 

. D iven, = 1 1 1)|=x+C 
= sin?20=2cos?@ =4sin70 cos”6 =2cos"0 QD) Ges dx a ak 
coes"a0 “ar éalba” = In2=C = Inly+1|=x+lmn2 

’ 1 7 Put x= In2 
et: Be ue ee a «In (y+ 1)=In2+In 2=In4 

=> ytl=4 > y=3 
(B) 0) =|" |cos| >] : ; 
77. (p) =2 => A’+k?= 


Vh2 +k? 


Possible points of discontinuity of =| are 
1 Hence, locus is a circle. 


hg nel se CaN (q) Ilz+2I- |z-2|| =3 and 2-(-2)=4>3 
u 6 6 3 2 Hence, locus is a hyperbola. 
= lim f(x) =0cos0=0 = lim | f (x) =1 cosO0O=1 1-2 oY 
gst x5 Let x= > y= 
"6 (3) ye {5 2 140° 
.. Discontinuous at x= 1/6. Cehian O=t 
Similarly, discontinuous atest. a T Then, x= J3 cos20, y=sin26 
2 
11 0 ” Brea 
H =|/1 2 = it 
mo ere: | =eru Hence, locus is an ellipse. 
eae (s) Eccentricity x=1 = Parabola 
: oo H bol 
(D) Given, a+b+/3e=0 (t) oe re 
>atb=-3e =>la+b? =|V3 cP Since, Re(@+1)*=|z/?)+1 
a a eR 2 2 
=> a7+b?+2a-b=3c? > 24+2cos0 =3 ee a) Se eee 
1 Hence, locus is parabola. 
0 ) 
an aa 78. (A) Given, (x3). + =0 
76. (A) Let f(x) = xe™*—cosx ths dy__ sy = [=| a 
sin xy ean x dx (x = 3)” y (x = 3) 
f w=e cosx+sinx>0 ; 
: F 1 x23 
For interval x€ (0, 2) strictly increasing. > a eae 3) t+ InC => y=Ce*(C#0 
= 
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.. Domain of yis xe R—{3} 


Alternate Solution Given differential equation is 
homogeneous linear differential equation and has x =3 
as a singular point, hence x =3 cannot be in domain of 
solution. 


(B) Let t=[ 1) (x—2) (2-3) @—4) 5) dx 


Let x-3=t 
> dx = dt 
T=[ +2) (t+1)t ¢-1) (t-2) dt 
Q Integrand is an odd function. 
I=0 
Alternate Solution Let 


T=['c 1) (v—2) (x-8) (x—4)(x-5) dx ss (1) 


. b b 
Using, J, f@ dx=[ flat b-—x) dx 


1=[°6 04-9) B-DC-)0-xvde _...fii) 
On adding Eas. (i) and (ii), we get 
21=0 > I=0 
(C) Let f (x) = cos?x+sin x 
f (x) =-2 cos xsin x+ cos x 
= cos x(1—2sin x) =0 [say] 


Sign scheme for first derivative 


f’(x)>-ve +ve -ve +ve —ve 


-m _p p p 5p p 
D) 6 2 6 


Points of local maxima are ; ; =. 


Alternate Solution y=cos?x+sinx 


2 
For y to be maximum. | sin x5] =0 


> sing =— > x=nn+(-1"=, nel 
(D) Let y= tan | (sin x+ cos x) 
dy cosx—sin x 


dx 1+(sinx+cos x)" 


Clearly, by graph cos x > sin xis true for option (s). 


2 
79. (A) tebye ane 


=> «7+ (2-y)x+ 4-29) =0 
=> 2-y)?-4(4-2y)>0 [. D=0] 
=> y+4y-12>0 => ys<-6,y>2 


-. Minimum value of yis 2. 


80. 


(B) Since, (A+ B)(A-B)=(A-B)(A+ B) 
=> A*—AB+ BA-B’=A’*+ AB- BA-B? 


— AB=BA and (AB) =(-1)' AB 

=> B' A‘ =(-1)" AB 

=> B.A=(-1)' AB [. Bo =-B, At = A] 
=> B-A=(-1)'*! AB 

= (-1)" +1 =] 


k+1is even or kis odd. 
iC) tao 29 = 0<=ke3% <1 
Given, a = logs logs 2 


> 3° =log, 2 = 3“%=log.3 ...(i) 
k<log,3 <2 .. (ii) 
and 1+k>log,3>1 > k>0 ... (11) 
From Kgs. (ii) and (iii), 
0<k<2 
=> k=1 [since, k is an integer] 


(D) sin 6 = cos 6 


> cos [F-8] = cos 9 


> 5 OH 2nnto,nel 

> 6+ o0-—=-2nt,nel 

> (0x6 |= 2n,nel 
T 2 


iss 1 = 2 
A) Given, tan! (=) ={= tan7! | —_*__ 
” d ee d Ajai sed 


- : tan Qi + 1) @i- 1) 
= 14+ @i-1) @i +1) 


= (tan! 3-tan 7! 1)+ (tan! 5—tan! 3) 
+...+{tan"! @n + 1)-tan™! 2n-1)} 
t= lim {tan 'Qn+1)—-tan7 1} 


n—-> co 
= lim tan! a ae 
n-> 00 14+2n4+1 4 
=> tant=1 
1—tan? ud o 
(B) We have, cos, = 2 
1+ tan? bt+e 
2 
Applying componendo and dividendo, 
29, b+c-a 
tan* — = ——__— 
2 b+ct+a 
1—tan? 93 “ 
Also, cos 05 = z 7 
ittan?=. @ 


Applying componendo and dividendo, 


pg2 0s 2 OTOH e 
2 at+bt+e 


81. 


82. 


2 9, ee 2b _2b_2 
2 2 at+b+t+e 3b 38 

[.. a, b, care in an AP, so2b=a+c] 

(C) Line through (0, 1, 0) and perpendicular to plane 

x+2y+2z=0is given by 
x-0 y-1_2z-0 
1 2 2 

Any point on the line P(r,2r+1,2r) be the foot of 

perpendicular on the straight line, then 


r-1+ @r+1)-2+ @r)-2=0 


* tan 


= [say] 


2 
=> r=H=—= 
9 
. Coordinates of P (- 2 5 _ *} 
99 9 


Hence, required perpendicular distance 
_ [4425416 _ v5 
81 3° 
(A) On solving the equations, x + y=|a|andax—- y=1, 
we get 
la|-1 


go Ol? Do hand y= >0 
at+l1 a+l 


nit 


Rays intersect each other in Ist quadrant. 
x>0,y>0 
=> a+1>0 
and lal-1>0 
=> a>l 


(B) Given, a =ai+ Bj+ yk =a k=y 
Now, kx (kx &) = (k-&) k- (k-k)2 
> 6 = yk- @i+Bi+ yk 


=> ai + Bj =0 => a=f=0 


Also, a+B+y=2 > y=2 
© |fja-say|+|J} O®-0 dy 


[; Jjl—x dx i Jl+xdx 
=2[- \t-xax=4 


3 


1 4 
=2), d-dy=— 


Also, + 


(D) sin Asin BsinC + cos Acos B 
<sin A sin B+ cos A cos B=cos (A — B) 


> cos (A- B)2>1 
=> cos (A- B)=1 
=> sinC=1 
Since, x>0,y<0 
x 1 
and x+y+—=— 
y 2 
and (x+ y)-~ > ae : 
y 2x 4 2 
Let a 
y 


83. 


84, 
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1 il 
=> -~—4+t== 
2t 2 
> 2t-1=t = 2t?-t-1=0 
1|butx>0and y<0..% <0| 
f#=-— y 
2 | neglecting 1 | 
x 1 x 1 
> - > y 2x =>x+y+—= 
y 2 y 2 
1 1 
=>x-2x - =>x=-1 and y=2 


Given equation is 


log, log, (Vx+5 +Vx)=0= log, /x+5 +Vx)=1 


= Jx+54+Vx =5 = Jx+5 =5-Vx 
=>x+5=25+x-10Vx = 10Vx=20 > Vx =2 
x=4 
Given, n = 40, x =40, var (x) = 49 
—_ LX 
=> L 40 > Lfx, = 1600 
**40 fi 
Also, var (x) =49 
1 2 
=> —2Zf. (x —40)* =49 
iG f, (% — 40) 


49-7 (2x2 ff) 20x, f + 40DF 
= 49 = ” (Sx? f) - 2 (1600) + 40 x 40 


Dx? f, = 1649 x 40 


Let (21-30) and (31-40) denote the kth and (k+1)th 
class intervals, respectively. 


Then, if before correction f, and f, , , are frequencies of 
those intervals, then after correction (2 observations 
are shifted from (31-40) to (21-30)), frequency of kth 
interval becomes fp, and frequency of (k+1)th 
interval becomes f;, ,; —2 
40 
= 1 |) et et tet ha oes 
new i=t 


t#h,k+1 


new ~ 40 4 


i= 


ite 2 
> x ir tah {Oy — Xe 4 Wt 
1 


1 40 1 

= 70 2h ama 10) =39.5 

40 

by f (% — 39.5) f, (%, — 39.5)” 


ee 
40 |*=? P 
| + fest On+1 —395)” where i +k, k+1| 


Xf, 7 - 79, % + (89.5) f)] 


it 
10 | 
1 40 1 40 1 40 

= 2 79 ‘x, + 89.5)?-—V fF 
40%" % 0 Li (89.5) re 


= 1649 — 3160 + 1560.25 = 49.25 


598 Miscellaneous 


85. 


86. 


sate 1 < 
Mean square deviations = — y, (x; — co)”, about c 
i=1 


Also, given that mean square deviation about —1 and +1 
are 7 and 3, respectively. 


ig 3 
=>— -+1)°=7 and 
ne ) 


t a, 
ne 1)"=3 


n=n ond ys 29" % +n-8n 


= i=1 


> ete as 
=> Letabs = =6n and re “25 =2n 
i=1 
ye 


=> E n => X= ——=l1 


.. Standard deviation 


2 
: 7 >9, for all 
x 
xe [0,1] 
.. f(x) is increasing. 
At x=0, f() =0 and at x=1, 
#2 
Because, 0 < T<>s =I, 0- at<f “dtp —-dt 
1+¢* 
1 
=> 0<f(d)< A 
Thus, f(x) can be Rioeied as 
1/2 
; f(x) 
Xx 
O { : 


-. y= f(x) and y =2x-1can be shown as 


(1, 1) 


y =2x-1 
1/2 
: y =f (x) 
> 
O 1 


(0,—1) 


87. 


88. 


From the graph, the total number of distinct solutions 
for xe 0,1] =1 [as they intersect only at one point] 


Since, F’ (a)+2 is the area bounded by x=0, y=0, 
y=f(x) andx=a. 
|, fe) dx =F’ (a) +2 


Using Newton-Leibnitz formula, 


f(a) =F"’’ (a) 
and f0)=F’’ () ..-(i) 
Given, F(x)= [ . an) cos” t dt 


On differentiating, 


F’ (x) =2 cos'( 2 + 4 2x -—2cos? x-1 


Again differentiating, 


F’’ (x)=4 {eos4(2? + ;| —2x cos( 2 + a sin( 2 + 5 ax} 


+ {4 cos x-sin x} 


4 — 4x" cos (2 + 4 sin( x4 + 4 
6 6 6 


fO)=3 


Plan Use of infinite series 


Le. if y= /x./x.J/x...0 => y=xy, 


1 1 1 1 
Given, 6+ lo 4 4 4 ade 
“ «ls | 32 | 3V2 v2 | 


3 


ll 


1 
Let a ee 
i 3/2) 3v2 
1 
= 4 —-—_ 
Bi 3/2” 
> +—_y-4=0 
3v2 


=> 3V2y7+ y-12V2 =0 

-1+17 
6V2 
8 

3V2 


1 
Now, 6+ log, | —=- y|=6+ 
esa 7 


or y= 
=\3V2 3v2 
-2 
=6+ log, (5) =6+ log, (5) 
29 22 


=6-2-logs (5)=4 
a 2 
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(Section 1 (Maximum Marks : 12) | 


e This section contains FOUR (04) questions. 

e Each question has FOUR options. ONLY ONE of these four options is the correct answer. 
e For each question, choose the option corresponding to the correct answer. 

e Answer to each question will be evaluated according to the following marking scheme: 


Full Marks : +3 If ONLY the correct option is chosen. 
Zero Marks : 0 If none of the options is chosen. (i.e. the question is unanswered) 
Negative Marks: —1 Inall other cases. 
1. Let S be the set of all complex numbers z satisfying (a) - ud (b) — vi 
|z-2+i|> 5. If the complex number Zp is such that Ne ae 
(c) - — (da) - = 
is the maximum of the st] IZE | then 16 16 
|% -1| Henge U 7h 3. A line y = mx +1 intersects the circle 
the principal argument of eo is (x —3)* + (y + 2)? =25 at the points P and Q. If the 
0 — Zo 
(a) = (b) 3m midpoint of the line segment PQ has x-coordinate — 7 
7 rt : . then which one of the following options is correct? 
aa ol a)6<m<8 (b) -3<m<-1 
‘ 5 c)4<m<6 (dj2<m<4 
sin’ 0 —1-sin“@ <1 
2. Let M = =o1+BM"!, 24; 
(vost cost | 4, The area of the region {(x, y):xy <8,l<y<x‘}is 
14 
. a) 8log, 2 - — 
where @ = 0 (8) and B = B@) are real numbers, and I is 3 
the 2 x 2 identity matrix. If a is the minimum of the b) 8log, 2 - is 
set {&0):0 €[0,2m)} andB’ is the minimum of the set eee [ 
ie: Be C) 16 10g, & — — 
{B@):6 €[0,27)}, then the value ofa +f is 7 
d) 16 log, 2 - 6 


2 JEE Advanced Solved Paper 2019 


[Section 2 (Maximum Marks : 22 | 


e This section contains EIGHT (08) questions. 

e Each question has FOUR options. ONE OR MORE THAN ONE of these four option(s) is (are) correct answers(s). 
e For each question, choose the option(s) corresponding to (all) the correct answer(s). 

e Answer to each question will be evaluated according to the following marking scheme: 


Full Marks : +4 If only (all) the correct option(s) is (are) chosen. 

Partial Marks : +8 If all the four options are correct but ONLY three options are chosen. 

Partial Marks : +2 If three or more options are correct but ONLY two options are chosen and both of which are correct. 
Partial Marks : +1 If two or more options are correct but ONLY one option is chosen and it is a correct option; 

Zero Marks : 0 If none of the options is chosen (i.e. the question is unanswered); 

Negative Marks : —1 Inall other cases. 


e For example, in a question, if (A), (B) and (D) are the ONLY three options corresponding to correct answers, then 
choosing ONLY (A), (B) and (D) will get + 4 marks 

choosing ONLY (A) and (B) will get + 2 marks 

choosing ONLY (A) and (D) will get + 2 marks 

choosing ONLY (B) and (D) will get + 2 marks 

choosing ONLY (A) will get + 1 mark 

choosing ONLY (B) will get + 1 mark 

choosing ONLY (D) will get + 1 mark 

choosing no option (i.e., the question is unanswered) will get O marks; and 

choosing any other combination of options will get — 1 mark. 


5. Let P denote a curve y = y(x) which is in the first (b) The distance of a focus from the centre in E, is v5. 
quadrant and let the point (1, 0) lie on it. Let the . 
tangent toT at a point P intersect the y-axis at Yp. If (c) Sarea of R,,) < 24, for each positive integer N. 
PY, has length 1 for each point P on, then which of a= 


the following options is/are correct? 
BOP f (d) The length of latusrectum of E, is : 
a) xy’ + J1-x? =0 6 


b) xy’ -,/1- x? =0 7. Ina non-right-angled triangle APQR, let p,q, r denote 
14 foe the lengths of the sides opposite to the angles at P,Q,R 

c) y=log, | ——~—_—_. 1- x? respectively. The median from R meets the side PQ at S, 
| | the perpendicular from P meets the side QR at E, and 


of the circumcircle of the APQR equals 1, then which 


f= 2 RS and PE intersect at O. If p= V3, q =1, and the radius 
d) y ea = } 1- x? 
of the following options is/are correct? 


1 
6. Define the collections {E,,E,,E;,...} of ellipses and a) Length of OE = . 
{R,,R,,R;,...} of rectangles as follows : 7 
x2 Vv b) Length of RS = — 
Bt yal 2 
_ v3 
R, : rectangle of largest area, with sides parallel to the SP RIOE OL OSCE 42 
a eee = d) Radius of incircle of APQR = “ @=.3) 
E,, : ellipse -* + =1of the largest area inscribed in 
An n 8. Leto and f be the roots of x? — x —1=0, witha >B. 
R,-) a>L 


For all positive integers n, define 


n n 
an Bo nl 


R,, : rectangle of largest area, with sides parallel to the 
axes, inscribed inE,,, n >1. a,= 


n , 
a — 

Then which of the following options is/are correct? B 

(a) The eccentricities of E,, and E,, are NOT equal. b, =landb, =a, -; +4n4),n22 
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Then which of the following options is/are correct? (b) Probability that the selected bag is B,, given that 
(a) = b 8 the chosen ball is green, equals 5 
a a i — os 
10” 89 

n=il0 (c) Probability that the chosen ball is green 
(b) b, = a” +B” for alln>1 equals 39 
(C) @ + 42) + Ag +...+ 4, =4,,5 —lforalln21 80 

— 10 (d) Probability that the selected bag is B, and the 
ns 
> ~ G9 chosen ball is green equals —. 
n=1 10” 89 2 q 10 
9. Let L, and L, denote the lines ki : ‘| 


iy 1 =| 

pete Tag aoR) VER 17. LetM=];1 2 3);andadjM=; 8 -6 2 
ee A 3 bil -5 3 -1 
and r=u(21-—j+2k)ueER 
where a and b are real numbers. Which of the 


respectively. If L; is a line which is perpendicular to following options is/are correct? 


both L, and L, and cuts both of them, then which of 


ny 

the following options describe(s) L3? a) det(adj M") = 81 

2i5t 4 ‘ 4 ae a 1 
ae j+2k)+t@i+2j-—k)teER wim lal<lelhenesbeys3 
b)r=oi+ R+tei+2}-kyt er ve 

2 c) adj My"! + adj M71 =—M 
c)r Sais J+ + tei +2) k)t eR dja+b=3 
d)r=t(i+2}-k)teR 12. Let f :R —R be given by 


5 4 3 2 
x? +5x* +10x? +10x* +3x+4+]1, x <0; 
10. There are three bags B,, B, and B;. The bag B, contains 


5 red and 5 green balls, B, contains 3 red and 5 green 3 a Ea 8 Seah 
balls, and B,; contains 5 red and 3 green balls. Bags B,, f(x) = Sx? ody? 7x S, 1<x <3; 
ne a 4 . 3 3 
B, and B; have probabilities —, — and — respectively 10 
10 10 10 au aa ae ees x 23; 


of being chosen. A bag is selected at random and a ball 


is chosen at random from the bag. Then which of the Then which of the following options is/are correct? 


following options is/are correct? (a) fis increasing on (- e, 0) 
(a) Probability that the chosen ball is green, given (b) fis NOT differentiable at x =1 
that the selected bag is B,, equals (c) fis onto 
8 (d) f’ has a local maximum at x = 1 


| Section 3 (Maximum Marks : 18) | 


e This section contains SIX (06) questions. The answer to each question is a NUMERICAL VALUE. 

e For each question, enter the correct numerical value of the answer using the mouse and the on-screen virtual numeric keypad 
in the place designated to enter the answer. If the numerical value has more than two decimal places, truncate/round-off the 
value to TWO decimal places. 

e Answer to each question will be evaluated according to the following marking scheme: 


Full Marks : +3 If ONLY the correct numerical value is entered. 
Zero Marks : 0 Inall other cases. 
13. Let S be the sample space of all 3 x 3 matrices with 14. Let the point B be the reflection of the point A(2, 3) 
entries from the set {0, 1}. Let the events E, and E, be with respect to the line 8x — 6y — 23 =0. Let’, andl, 
given by be circles of radii 2 and 1 with centres A and B 


respectively. Let T be a common tangent to the circles 
I’, and, such that both the circles are on the same 
E, ={AeS: sum of entries of A is 7}. side of T. If Cis the point of intersection of T and the 
line passing through A and B, then the length of the 
line segment ACis ........... 


E, = {A €S:detA =0} and 


If a matrix is chosen at random from S, then the 
conditional probability P(E, | E,) equals ........... 
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15. Let w#1be a cube root of unity. Then the minimum of r=y(i+ )), WER 
the set {Ja + bw+cw |? : a,b,c distinct non-zero and r=v(i+j+h),veR 
integers} equals ............ Let the lines cut the plane x + y + z =1at the points 
a US dx A,B and C respectively. If the area of the triangle ABC is 
16. If! m4 4(+ &X) @ — cos2x) A then the value of (6A)* equals .......... 


then 27I* equals ......... 


17. Three lines are given by 
r=A1,AER 


18. 


Let AP(a ; d) denote the set of all the terms of an 


infinite arithmetic progression with first term a and 
common difference d > 0. If 


AP(L; 3) NAP(2 ; 5) 7 APG; 7) = APaa ; d) 


thena +d equals «0.0... 


Paper (2 


| Section 1 (Maximum Marks : 32) | 


e This section contains EIGHT (08) questions. 


e Each question has FOUR options. ONE OR MORE THAN ONE of these four option(s) is(are) correct answer(s). 
e For each question, choose the options(s) corresponding to (all) the correct answer(s). 
e Answer to each question will be evaluated according to the following marking scheme: 


Full Marks : +4 If only (all) the correct option(s) is (are) chosen. 

Partial Marks : +3 If all the four options are correct but ONLY three options are chosen. 

Partial Marks : +2 If three or more options are correct but ONLY two options are chosen, both of which are correct 
options. 

Partial Marks : +1 If two or more options are correct but ONLY one option is chosen and it is a correct option. 

Zero Marks 0 If none of the options is chosen (i.e. the question is unanswered). 


Negative Marks : —1 Inall other cases. 


e For example: in a question, if (A), (B) and (D) are the ONLY three options corresponding to correct answers, then 


choosing ONLY (A), (B) and (D) will get +4 marks; 
choosing ONLY (A) and (D) will get +2 marks; 
choosing ONLY (A) will get +1 mark; 
choosing ONLY (D) will get +1 mark; 


choosing ONLY (A) and (B) will get +2 marks; 
choosing ONLY (B) and (D) will get +2 marks; 
choosing ONLY (B) will get +1 mark; 


choosing no option (i.e. the question is unanswered) will get 0 marks; and 


choosing any other combination of options will —1 mark. 


1. For non-negative integers n, let 


Assuming cos! x takes values in[0, 2], which of the 
following options is/are correct? 
(a) If « = tan(cos™' f(6)), then a? + 2a—-1=0 


x 
F(x) = ff(tjdt, x > 0 

0 
Then which of the following options is/are correct? 
(a) F(x) # Ofor all x €(0, 5) 
(b) F has a local maximum at x =2 
(c) F has two local maxima and one local minimum in (0, 2) 
(d) F has a local minimum at x = 1 


_ sin 1x 


. Let, f(x)= ,X>0 


x 
Let x; <X,<X3<...<x, <... be all the points of 


(b) f(4) = v3 local maximum off and y,; < y, <y3<...<y, <... be 
si all the points of local minimum of f. 

ke) siN\COs oe = Then which of the following options is/are correct? 

(d) lim #(n) = 5 (a) |X, — Ypl > 1for everyn 


2. Letf:R—-R be given by f(x) = (x — 1)(x — 2)(x -5). 
Define 


(b) X,.4— X, >2 for every n 
(C) x, < y, 


9. 


(d) x, c(2n an+ 5 or every n 


. Three lines 


Lj ¢r=ALAER, L,:r=k+pj,.eRand 


L; -r=i+j+vk,veR 
are given. For which point(s) Q on L, can we find a 


point P on L, and a point R on L; so that P,Q and R are 
collinear? 


(a) k Ole 


a7|—* eg 
[ (an+1)? (an +2)? ~ "Guan? 


Then the possible value(s) of a is/are 
(a) -6 (b) 7 (c) 8 


(b)k + j Ors! 


lim 
neo} 


(d) -9 
Let f :R be a function. We say that f has 
f(h) — £0) 


v{bl 
f(h) —£(0) 
h2 


PROPERTY 1 if lim exists and is finite, and 
>0 


PROPERTY 2 if i exists and is finite. 
>0 


Then which of the following options is/are correct? 
(a) f(x) = sinx has PROPERTY 2 

b) f(x) = x°/5 has PROPERTY 1 

) f(x) =| x| has PROPERTY 1 

) f(x) = x| x] has PROPERTY 2 


: a 


0 JandR =PQP!, 
6 


the which of the following options is/are correct? 
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(a) There exists a real, number x such that PQ = QP 


1 
(ob) Forx=0,ifR})a|}/=6] a}, thena+b=5 
b 


1 


b 


(c) For x =1, there exists a unit vector al + Bj + yk for which 


Oo 0 
RIB |=] 0 
y 0 
2 
(d) det R = det] 0 
Xx 
[1 
Let P, =I=|0 
0 
[Oo 1 
P=) 1.0 
| 0 0 
[Oo 0 
Belt o 
0 1 
45, 
mies 2) 
kT 


Rx 


0/+ 8, forallxeR 


ee 
Oorooo Ff 


oO 


or 
js 


oO 


oO 


oO Fe e 
a | 


where, P; denotes the transpose of the matrix P,. Then 


which of the following option is/are correct? 
(a) X is a symmetric matrix 

(b) The sum of diagonal entries of X is 18 
(c) X — 307 is an invertible matrix 


il 1 


(d) If X}4]= a} 4], then «= 30 


1 1 


[ Section 2 (Maximum Marks : 18 | 


This section contains SIX (06) questions. The answer to each question is a NUMERICAL VALUE. 
For each question, enter the correct numerical value of the answer using the mouse and the on-screen virtual numeric keypad 


in the place designated to enter the answer. If the numerical value has more than two decimal places, truncate/round-off the 


value to TWO decimal places. 


Full Marks 
Zero Marks 


0 In all other cases. 

Leta =2i+j- kK and b=i+2j+ k be two vectors. 
Consider a vector c = aa + Bb, a, 6 € R. If the projection 
of c on the vector (a + b) is 3/2, then the minimum 
value of (c — (a x b))-c equals ......... 


Answer to each question will be evaluated according to the following marking scheme: 
: +3 If ONLY the correct numerical value is entered. 


10. Let|X| denote the number of elements in a set X. Let 


S=({1,2,3,4,5,6} be a sample space, where each element 
is equally likely to occur. If A and B are independent 
events associated with S, then the number of ordered 
pairs (A, B) such that 1 <|B] <|AJ, equals ......... 
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Yk S"Gk? 


11. Suppose det ‘ = oe . =0 holds for some 
S*Gk + 7o3* 
ia” en 
nh 2G 
positive integer n. Then by K equals ......... 
Kook +1 


12. Five persons A,B,C,D and Eare seated in a circular 
arrangement. If each of them is given a hat of one of 
the three colours red, blue and green, then the number 
of ways of distributing the hats such that the persons 
seated in adjacent seats get different coloured hats is 


13. The value of the integral 


i 3 cos 
9 (vcosO + Vsin®)? 


14. The value of 


(Section 3 (Maximum Marks : 12) 


e This section contains TWO (02) List-Match sets. 


e Each List-Match set has TWO (02) Multiple Choice Questions. 


e Each List-Match set has two lists : List-I and List-ll 


e List-I has Four entries (1), (Il), (III) and (IV) and List-Il has Six entries (P), (Q), (R), (S), (T) and (U). 
e FOUR options are given in each Multiple Choice Question based on List-I and List-Il and ONLY ONE of these four options 


satisfies the condition asked in the Multiple Choice Question. 


e Answer to each question will be evaluated according to the following marking scheme : 


Full Marks 
Zero Marks 
Negative Marks —1 In all other cases. 


Answer the following by appropriately matching the lists based on 
the information given in the paragraph. 


15. Let f(x) = sin(mcos x) and g(x) = cos(2msin x) be two 
functions defined for x > 0. Define the following sets 
whose elements are written in the increasing order : 


X = {x :f(x) =0}, Y={x :f’(x) =0} 

Z ={x :g(x) =O}, W={x:g’(x) =0} 
List-I contains the sets X, Y,Z and W. List-II contains 
some information regarding these sets. 


List-I List-Il 
31 
| [= —,4n,7n 
() Xx PF) -2 45's 
(Il) Y Q) — anarithmetic progression 
(Il) Z R) | NOT anarithmetic progression 


n 7m 13K 


vu e (6 | 


T) 2(%.. a} 
3.3 


0 =] 


Which of the following is the only CORRECT combination? 
(a) (IV), (P), (R), (S) (b) (Ill), (P), (Q), (U) 
(c) (III), (R), (U) (d) (IV), (Q), 1) 


: +3 If ONLY the option corresponding to the correct combination is chosen: 
0 If none of the options is chosen (i.e. the question is unanswered). 


16. Let f(x) =sin(mcos x) and g(x) = cos(2msin x) be two 


functions defined for x > 0. Define the following sets 
whose elements are written in the increasing order : 


X = {x :f(x)=0}, Y={x:f’(x) =0} 
Z={x :g(x) =O}, W={x:g’(x) =0} 


List-I contains the sets X, Y,Z and W. List-II contains 
some information regarding these sets. 


List-l List-lIl 
TN 30 
D> 4i—, —, 40,72 
() Xx P 2 {3 2 
(I) Y (Q) — anarithmetic progression 
(Il) = Z (R NOT an arithmetic progression 
2(5 7m 13n\ 
( an | 
0 Ala 


Which of the following is the only CORRECT 
combination? 
(a) (Il), (Q), (1) (6) (tI), (R), (S) 
(c) (I), (P), (R) ( 


17. 


Let the circles C, :x? + y* =9 and 

Cs (x - 3)? + (y — 4)? =16, intersect at the points X and 
Y . Suppose that another circle 

C3 (x - h)* + (y — k)* =r’ satisfies the following 
conditions : 

(i) Centre of C; is collinear with the centres of C, andC,. 
(ii) C, and C, both lie inside C, and 

(iii)C, touches C, at M and C, atN. 

Let the line through X and Y intersect C; at Z and W, 


and let a common tangent of C, and C, be a tangent to 
the parabola x? = 8ay. 


There are some expression given in the List-I whose 
values are given in List-II below. 


List-I List-Il 
() 2h+k P) 6 
(Il) Length of ZW Q) v6 
Length of xY 
(Il) Area of triangle MZN  (R) 5 
Area of triangle ZMW 4 
(IV) © Ss) 2l 
5 
T) 26 
u) 10 
3 


Which of the following is the only INCORRECT 
combination? 

(a) (Ill), (R) (b) (IV), (S) 

(c) (I), (P) 
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18. Let the circle C, :x* + y? =9 and 


Cy (x - 3)? + (y — 4) =16, intersect at the points X and 
Y . Suppose that another circle 

C3 (x - h)* + (y — k)* =r’ satisfies the following 
conditions : 

(i) centre of C; is collinear with the centers of C, andC,. 
(ii) C, and C, both lie inside C,, and 

(iii) C, touches C,; at M and C, at N. 


Let the line through X and Y intersect C; at Z and W, 
and let a common tangent of C, and C; be a tangent to 
the parabola x? = 8ay. 


There are some expression given in the List-I whose 
values are given in List-I below. 


List-I List-Il 
() 2h+k P) 6 
(Il) Length of ZW Q) V6 
Length of xY 
(Ill) Area of triangle MZN R) 5 
Area of triangle ZMW 4 
(IM) o s) 21 
5 
T) «26 
uy 10 
3 


Which of the following is the only CORRECT 
combination? 

(a) (Il), (1) (b) (1), (S) 

(c) (II), (Q) 


Answer with Explanations 


Paper 1 


(c) The complex number z satisfying |z— 2+ i] > /5, which 
represents the region outside the circle (including the 
circumference) having centre (2, —1) and radius V5 units. 


“Y 


Now, for Zz) €S is maximum. 


Zo —1 
When |z) —1|is minimum. And for this it is required that z) €§, 
such that z, is collinear with the points (2, —1) and (1, 0) and lies 
on the circumference of the circle |z— 2+ il= V5. 


So let z) = x + iy, and from the figure 0< x <landy>0. 
So 4-%-Z% _ 4-x-iy x + ly _ A2-x) __; 2-x 
%q — %y + 2i Xt+iy-x+iy+ 2 2i(y+l) ytl 
2-X 
ytl 
4-1) -Z . 5k fi ‘ 
——? —“° js purely negative imaginary number. 
Zo — Z + 2i 


se) =-8 


is a positive real number, so 


= ars| < - 
Zg — Zp + 21 2 


. (d) Itis given that matrix 


4 aia 
mM=| : , mn 8 = 01+ BM!, where 
1+ cos*0 cos’ 6 


a = (8) andB = B(8) are real numbers and1Jis the 2 x 2 identity 
matrix. 


Now, 
det(M) =|M|= sin* @cos* @ + 1+ sin? + cos” + sin? @cos”9 


= sin* @cos* 6+ sin? Ocos76+ 2 
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[ sinta  -1-sin20] _[o 0] 


and (adj M) 
fe cos*@ cos“ 0 o|” in 
ie M7! _ adj M| 
| im | 
[ sin*@ -1-sin?e]_ [a ol, B [ coste@ 1+sin76l 


| 14coste cos*6 iF 0 a| Tm |-1-cos?e sin’ 6 
ag? bl_f¢ ->] 
pale all 
= B =-|Mljanda =sin*6+ cos*® 


=> o=a(6)=1- sin? (29, and 


A 2 
B =B® = -{(sin?0c0s*0 ‘) = 7 _ (2 : : A 
J 


4 2 


37 

16 

**Qis minimum at sin?(26) =land Bis minimum at sin?(26) =1 
»_1_37_ 29 


* 1 * 
Now, @ = Onin = 2 and B = Brin = 


the coordinates of mid point (A), of line segment PQ, since 
AC 1 PQ therefore use (slope of AC) x (slope of PQ) = — 


It is given that points P and Q are intersecting points of 
circle 


(x-—37 + (y+ 2)? =25 ...(i) 
Line y=mx+l ... (il) 


And, the mid-point of PQ is A having x-coordinate a so 
5 
y-coordinate is 1 — : m. 


So, a(-2.1-2m] 
5 5 


From the figure, 
** AC L PQ 


=> (slope of AC) x (slope of PQ) = — 


Ae 
=> 5 xm=-l 
34+ = 
OPO a (a? \m 1 
18/5 18 


=> 3m’? -15m+18=0 
=> m’-5m+6=0 
=> m= 2 or 3 


4. (c) The given region {(x, y): xy < 8,1< y< x7}. 


From the figure, region A and B satisfy the given region, but 
only A is bounded region, so area of bounded region 


[: Points P(l, 1), Q (2, 4)andR(8, 1)] 
= E- «| + [8log|x|-x]; 
1 


3 
8 1 
=($-2-4+1}+ 8log 8- 8- 8log2+2 
3 3 
= aia!" 4 iélog2 iéign 
3 3 


5. (a,c) Let a point P(h, k) on the curve y = y(x), so equation of 
tangent to the curve at point P is 


a= (SY 7 
k () & h) z(i) 


Now, the ae i) intersect the Y-axis at Y,, so coordinates 


(i) 
xh is (o k-h =} where dy ats 
dx dx h,k) 


So, PY, =1 (given) 


dx 
2 
> wy + a {on replacing hby x] 
dx x 
2 
=> dy=+ 1-*" ax 
x 
On putting x = sin®, dx = cos0d9, we get 
Pe 2 
dy =4 1-sin 8 Losed0 4 Cos 9 a9 
sin8 sin8 
= +(cosec6 —sin@)dé 
= y=+[In (cosec — cot®) + cos6]+C 
> al (? ot) cos8)+C 
sin® | 


v1 -sin76 | 


1 
+ 1 ey C 


[x = sin@] 


=> yoafin( Evie loc 


; 
+l | +C_ [onrationalization] 


+ The curve is in the first quadrant so y must be positive, so 


/ 2 
yeni" =| VI-x? +C 


x 


As curve passes through (1, 0), so 
0=0-0+c>c=0, so required curve is 


2 
yonn[!* =] 1-x 


x 


and required differential equation is 


dy __vl-x* 


dx x 
= xy’tvl-x? =0 
Hence, options (a) and (c) are correct. 


(c,d) Given equation of ellipse 


E,:~ +221 (i) 
9 4 


Now, let a vertex of rectangle of largest area with sides parallel 
to the axes, inscribed in E, be (3cos@, 2sin®). 


So, area of rectangle R, = 2(3cos@) x 2 (2sin®) 
= 12sin(20) 
Yu 


pees E\' 


: . . T ; . 
The area of R, will be maximum, if@ = — and maximum area is 
4 


12 square units and length of sides of rectangle R, are 
2acos@ = J2 a = 3V2 = length of major axis of ellipse E, and 
2bsin@ = J2b = 2V2 = length of minor axis of ellipse Ep. 

2 2 


So, E;: = =F Y 5 =] and maximum area of rectangle 
a b 
Ca) Gs) 
a b 
R, = 2] — || — Jand soon 
ABI) 
x2 2 
So, E, = + 5 =1, and maximum area of 
a 
(van 


Now option (a), 


Since, eccentricity of ellipse E, = e, = fl — ( 
(ap) 
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is independent of ‘n’, so eccentricity of E;z and Ej, are equal. 
Option (b), 
Distance between focus and centre of E, = e- ag 
Z = 3 gh NS 
(/2)8 a 3° «16 


unit 


n= 


< 2ab+ 2ab , 2a, eee 
2 


Option (d), 
2 2 
Length of latusrectum E, = 2b5 = 2b , 
ay a (v2) 
2x4 : 
= = —units 
3x16 6 


Hence, options (c) and (d) are correct. 


(a,b,d) Let a non-right angled APQR. 
Now, by sine rule 


R 
< p=\3 > 
ee ene eee 2x circumradius 
sinP sinQ  sinR 
> v3 I 7 2x1 [circumradius = 1 unit] 
sinP sinQ_ sinR 


=> sinP = 3 and sinQ = s 

2 2 
=P =120° and Q = 30° (-« APQR is non-right angled triangle) 
So, R = 30° 
=r =1,so APQR is an isosceles triangle. And, since RS and PE 
are the median of APQR, so ‘O’ is centroid of the APQR. 


Now, 
Option (a), 
From Apollonius theorem, 


APE? + QE!) =PQ?+ PR? = 2(PE*+ 2)=141 
4 


= PE? =1-2 = PE? =! spp =! units 
4 2 
and OE = SE = units [..O divides PE is 2:1] 
Option (b), 
Again from Apollonius theorem, 


QPS? + RS’) = PR? + QR? = {i +Rs') =1+3 
4 


10 


JEE Advanced Solved Paper 2019 


1 27 V7 


>RS’ = 2 >RS? RS units 
4 2 
Option (c), 
Area of ASOE = 508) (ST) 
= ly ZL [(PS)sin 60° ] 
2 6 
alglges 
12.2 2 
v3. Sie 
= “square units 
48 
Option (d), 
1 ‘ 1 1 
‘i —pqsinR =(43)() — 
‘: Inradius of APQR = = = 2 os 2 2 
S  L(pt qtr) —(V3+1+41) 
2 2 
7 x3 (2— V3) units 
2 


Hence, options (a), (b) and (d) are correct. 


(b,c,d) Given quadratic equation x* — x —1 = 0 having roots o 
and B, (a > B) 


so, = 145 nip! 
2 2 
anda+ f =1,a8 =— 
n n 
a, = ore ,n2l 
a—B 
ght! =p? 
SO, Ansy B =a" +a"! B+ a"? B7+...+08"! +p" 
a- 


=o" on? a> B _ po? + pr 


=o" +B"-("? +0" *B+...4B" 7) 


[as of = —-1] 


ont pet a? + ot? BH. +] 


ap 


=> ay, ta_) =a"+P" =b,, Vn2=1 


| aS ay) = 


So, option (b) is correct. 


Now oo Lage ens 
-y a) +7 (8) lie @|<1 analP <a] 
n=l 10 n=l 10 L 10 10 | 
a 8B 
_- 10 , 10 _ @ , B 
1-& ,-B 10-a 10-8 
10 10 
100-08 +10B-o8 10+ 8)— 208 
(l0—«) (0-8) 100—10(a+ 8) + a 
_ 100) = 2-1) “iene 
100-10() -1 ean 
a 
89 


So, option (a) is not correct. 
"e o?=a+1 and B*=R+1 


=> ont? = oft! 4 Om and pot? =p) +p" 


=> (ont? + pe") = on + prt) + 
> Any 2 = Any) + Ay 
Similarly, a,,, =a, + a,_ 


(a” + B") 


a,;=a,+a, 
On adding, we get 
Any? = (ay + Ag) + Ap_at....+az + a,) + a, 
a -p? 


free ttcB ane pei 


SO, a), —1 = a; + a, + a34.....+a, 


So, option (c) is also correct. 


And, now irs oy a 


a 


1 ( o B )- 1 [100-08 -108 +a | 
B\l0-a 10-8 cB | 100-10 (+B) + a8 | 
10(0 8) — 10 _ 10 


(a—B) 1OO-10 (a+) +B] 100-10-1 89 


Hence, options (b), (c) and (d) are correct. 


. (a,b,c) Given lines 


Li r=i+ Mai + 2j+ 2k), AE R and 
Ly:r=p(2i —j + 2k),weR 
and since line L, is perpendicular to both lines L, and L,. 
Then a vector along L; will be, 
i jk 
-l1 2 2/=i(4+2)-j-2-44+ka-4 
2 -1l 2 


= 61+ 6)- 3k = X24 + 27-h) ...(i) 
Now, let a general point on line L,. 
P(.—A, 2A, 2A) and on line L,. 
as Q(2u, —L, 2) and let PandQ 


are point of intersection of lines L,, L; and L,, L;, so direction 
ratio’s of L; 


(QL+ A-1,-p— 2A, 2p — 2A) ...(ii) 
Now, 2+ 4 Bo eeh aah [from Eqs.(i) and (ii) ] 
2 2 -1 
1 2 
=> A=—andp == 
9 3 


so.r(3. 2,2 Jana o(® an *| 
99 9 9. 9° 9 


Now, we can take equation of line L; as 
r=at+ t(2i + 2j- ky, where ais position vector of any point on 
line L, and possible vector of a are 


8e 22. 24 4> 2s 4s 27,12 
( i+ —j+ K or( i j+ i or( i+ k| 
9 9 9 9 9 9 3 3 


Hence, options (a), (b) and (c) are correct. 


10. (a,c) Key Idea: Use conditional probability, 


11. 


total probability and Baye’s theorem. 


It is given that there are three bags B,, B, and B; and 
probabilities of being chosen B,, B, and B; are respectively 


3 3 4 

P(B,) = — P(B;) = — and PB) = —. 
10 10 10 

5S R}|}3 R}|JSR 

5 G/|5 G]|3G 


B, By Bs 


Now, probability that the chosen ball is green, given that 


selected bag is B; = P Elhee 
B,) 8 
Now, probability that the selected bag is B;, given that the 


chosen ball is green = (3 
G 


G G G 
P| ~ [P(@B,) +P} — | PB.) + P| > 
[= pe 7{ Sra +f Sry 
3 ‘) 
ae os 
= 8 10 
(2x2)+ 3x3 \+ (2x4) Lo 220 33 
10 10 8 10 8 10) 2 8 2 


Now, probability that the chosen ball is green 


S) + r.( S| + res( S| 
By B, B, 


[By using theorem of total probability ] 


-(2x2)+ 2x 2)4 (4x2) 
10 10 10 8 10 8 

3 3 3 _124+15+12_ 39 
ee ee = 


20 16 20 80 80 


Now, probability that the selected bag is B, and the chosen ball 
is green = P(B;) x P G ot 3_ 3 
B,) 10 8 20 


[by Baye’s theorem] 


= PG) = PB) 


law] 


Hence, options (a) and (c) are correct. 


fo 1 al] 
(b,c,d) Given square matrix M=|1 2 3 
3 bil 
f-l1 1 -1] 
and adj(M)=| 8 -6 2 
—5 3 =l 
-l1 1 =-1 
* |adj(M)|=|MP=|8 -6 2 
=> Be Sl 
=> |MP = -1(6— 6) —1(-8 + 10) -1(24— 30) 
=-24+6=4 
> |M|= +2 
«det (adj M?) =|M?/? =|MJ* = 16 
As we know A(adj A) =|A|I 
=M = |M| (adj M)* ...(i) 


12. 


13. 
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fo -2 -6]) fo -2 -4] 
(adj M)! = : ae 2 oe ee ee 
gM oe aol Ae ee 
[fo 1 al io <2 =a] 
Sojl 2 3 |M| 2 ay 326 
,h i) eis. SS = 
>|M|=-2,a = 2andb=1 
fo 1 2] 
=Me=]1l 2 3 
3: dk 
fo] [1] 
Now, If M}|B]=]2 
Y 3 
fO 1 2}fa] [1] 
Sl 2 3i/B\=/2 


3 1 fly] [3 
=>B+ 2y=10+ 2B + 3y = 2and 30+B+y=3 
>a=1B=-landy=1 
“a-B+y=3 
And (adj M)7! + adj (M7!) 
= Yadj M)* [adj (M™) = (adj M)"] 
Bent M : 
[- (adj M)! = —— from Eq. (i)] 
|M| 


and:..a=2and b=1,soa+ b= 3 
Hence, options (b), (c) and (d) are correct. 


(b,c,d) Given function f : R——> R is 


[x34 5x4410x34+10x24+3x+1 , x<0 
x?-x4l1 , O<x<l 
f(x) = *x3 — 4x74 7x- , 1S z<3 


(x — 2) log (x — 2)-x 


[5x4 + 20x34 30x24+20x+3 ,  x<0 
_ , exe 
So, f’(x) = ee) 
2x? —8x+7 , 1<x<3 
log .(x — 2) ; x>3 


Atx =1,f” (1) = 2> Oand f” I") =4-8=-4< 0 

..f’(x) is not differentiable at x =1 and 

f’(x) has a local maximum at x = 1. 

For x € (—9, 0) 

f(x) = 5x* + 20x’ + 30x? + 20x + 3 

and since f’(-1) = 5— 20+ 30- 20+ 3=-2<0 

So, f(x) is not increasing on x € (—», 0). 

Now, as the range of function f(x) is R, so f is onto function. 
Hence, options (b), (c) and (d) are correct. 


(0.50) Given sample space (S) of all 3x 3matrices with 
entries from the set {0,1} and events 


E, = {A e€S: det(A) = 0} and 
E, = {Ae€S:sum of entries of A is 7}. 


For event E,, means sum of entries of matrix A is 7, then we 
need seven Is and two 0s. 
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14. 


15. 


| 
«. Number of different possible matrices = a =n(E,) = 36 
7! 2! 


For event E,,|A|=0, both the zeroes must be in same 
row/column. 
.. Number of matrices such that their determinant is zero 


! 
=6x =18= ak, OE;) 
2! 


. Required probability, (2 2 NE NBs) 
E, n(E ) 


(10) According to given informations the figure is as 
following 


\s/ M 


8x-6y—23=0 
From the figure, AC = _s sasi() 
sin® 
gata (from 
CB 
ACPB) ... (ii) 
andsing = 2. =? (from ACQA) ... (iii) 
AC CB+AB 
-*AB = AM+ MB = 2AM [AM = MB] 
= 7 (8 x 2) -(6X 3)-23|_ 2X25 _ so 
V 64+ 36 10 
From Eqs. (ii) and (iii), we get 
sin§ = i = 2 
CB CB+ AB 
ae tee 2 [AB = 5] 
CB CB+5 
=> CB+5=2CB S>CB=5= J 
sin@ 
From the Eq. (i), 
Agen" ay 5=10.00 
sin@ 


(3.00) Given, ® #1 be a cube root of unity, then |a+ ba+ cw*|’ 
= (a+ ba+ cw’) (a+ bw + cw”), (2 2Z = |z)*) 

= (a+ bw+ cw’) (a+ bo + 200”) 
= (a+ bw+ cw’) (a+ bw’ + ca) [- @ = 0? and? =a] 


=a’ + abo” + acw+ abwm+ bw’ 
=a? +b? 4+ c+ abl + @) + be + w*) + aca + w”) 


[as@’ =1] 
=a + b? + @ + ab(-l) + be(-1) + ac(-1) 
[as@+@* =-1,0' =a] 
=a’+b?+c—ab-—bc-ca 
= x(a b)? + (b— 9? + (c—a)7} 


+: a, band care distinct non-zero integers. 
For minimum value a =1, b= 2andc=3 


+ bem? + acm’ + bew! + cw’ 


16. 


17. 


«.[at+ ba+ co a 


2 liew dx 
m 9-7/4 1 + &™%) (2— cos 2x) 


(4.0) Given, I= 
On applying property {f(x x)dx =f a+ b-— x) dx, we get 


[= 


2 ie eX dx 


m 2-7/4 + &™) (2— cos 2x) 


On adding integrals (i A and (ii), we get 
1/4 


a-2f 
w/4 2— cos 2x 
/4 [ ~ tan?x | 
> ee ae 5 asec? =e = 
1 m4 )_1-tan’x 1+ tan°x 
1+ tan’x 
sec” x [ sec? x 


n/4 ‘ ‘ 
a ==} ———_dx |» ————_ is even function 
1+ 3tan?x 1+ 3tan* x 


Put J3tanx =t > J3sec? dx = dt , and at x = 0, t=O and at 


x =3,t= V3 
2 al gal 
So, [tan t] 
ei Valen Jan : 
= 271° = 4.00 


a2 - 2 
V3n (3 3V3 
(0.75) Given three lines 
r-Ai, AER, 
=u(i+ j,peR 
and r=v(i+j+h),veR 


cuts the plane x+y+z=1 at the points A,B and C, 
respectively. So, for point A, put (A, 0, 0) in the plane, we get 
A+0+0=15 A=1>5A =(,0,0). Similarly, for point B, put 


(u,,0) in the plane, we get w+H+0=1 SU=- > 
2 


and for point C, put (v, v, v) in the plane we getv+v+v=1 


1 =(3.2-4] 
=>Vv=— > C=/-,-, 
3 333 


Now, area of AABC = =| ABx AC|=A 


AB = as aly and 
2 
Kea 2 fatale 
3 3 


SABRACS HL 0 


-i(2) i( ~) +k et 2)=li+ i+ 
6 6 6 6 6 


1 1 
=>|AB x AC|=— 3 = —_ 
| | 6 2/3 
1 5 1 3 
>A > (6A) = 0.75 
4/3 16x3 4 


18. (157.00) Given that, AP(a; d) denote the set of all the terms 
of an infinite arithmetic progression with first term ‘a’ and 
common difference d> 0. 

Now, let m" term of first progression 
AP( ; 3) =1+ (m-1)3= 3m-2 (i) 
and n'” term of progression AP(2; 5) = 2+ (n—1)5= 5n- 3 ...(ii) 


th 


andr’ term of third progression AP (3; 7) 


=34+(r-l)7=7r-4 
are equal. Then 
3m-—2=5n-3= 71-4 


... (iii) 


Paper 2 


1. (a, b, c) It is given, that for non-negative integers ‘n’, 


nn. {k+l ._{k+2 
x sin T | sin T 
k=0 n+2 n+2 
f(n) = - = 
y sin?] St* 
k=0 n+2 
n 
x | cos — cos at, 
see n+2 n+ 2 
n 
x |1-— cos Pe 
=0 n+2 


[. 2sin A sinB = cos(A — B) — cos(A + B) and 


2sin? A =1— cos 2A] 


3n 5 7m 
cos + cos + cos 
Tt n n+2 n+2 n+2 
cos L1- 
n+ 2) )jk=0 2n + 3 
+.....+ COS T 
_ n+2 
20 40 6 
cos + cos + cos + 
n n+2 n+2 n+2 
L1l- 
k=0 2n+2 


nt 
sin| 
+2 
(n + 1) cos - 7 cos Be? 
n+2 an Tt n+ 2 
= n+2 


[" cos() + cos(a + B) + cos(a + 2) +... 


sin( 2P | 
+ cos(a + (n—1)B) = 2 cos( 78 = ao 0B 
sin( 5) 2 
2 
: T ) 2. 
sin| ™ — 
T n+2 T 
(n+ 1) cos cos] m+ 
(= ; St T n+ 4 
_ n+2 
; I 
sin} 7 — 
(n+l) - nee cos(7) 
: T 
sin 
& ;) 
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Now, for AP(1 ; 3) A AP(2 ; 5) 7 AP(3; 7), the common terms of 
5Sn-1 


first and second progressions, m = >n=2,5,11,... and 


the common terms of second and the third progressions, 
— 5n+1 


=n=4,11,... 


Now, the first common term of first, second and third 
progressions (when n =11), soa=2+ (11—1)5=52 

and d=LCM(3, 5, 7) =105 

So, AP(L ; 3. A AP(2; 5) AAP(3; 7) = AP(52;105 
So,a=52andd=105 => a+d=157.00 


| 


*: cos cosx = x 


ifxe (0 =) 
2 


‘a = tan(cos7! f((6))) = tan( =] 


=/2-1 


>(4 +1) 2>0°+20+1=2 


V2 =>(a+ 1)? 


>07+ 20-1=0 


Now, f(4) = cos A ) 7 cos 
4+2 


Now, sin(7 cos! f(5)) = in| ro! eo 


-uf(§)ose- 


and Now, lim f(x) = lim cos 
n—- n> oo 


6 


T 
5+ 2 


) 


=cos0=1 
n+2 


Hence, options (a), (b) and (c) are correct. 


(a, b, d) Given, f :R > R and f(x) = (x 


Since, F(x) = [to dt,x>0 


So, F’(x) = f(x) = (x -1)(x - 2)(x - 5) 
According to wavy curve method 


1 2 


14 JEE Advanced Solved Paper 2019 


F’(x) changes, it’s sign from negative to positive at x =] and 5, 

so, F(x) has minima at x =]1and 5 and as F’(x) changes, it’s sign 

from positive to negative at x = 2, soF(x) has maxima at x = 2. 
2 2 

“:F(2) = [ f(t) dt = fe — 87 +17t -10)dt 

0 


So 


2 
3 2 
Yee ai7 in 
3 i; 


=4- + 34 ee eee 
3 5 


* At the point of maxima x=2, the functional value 


F(2) = — Lad is negative for the interval x € (0, 5), so F(x) # 0 for 
3 


any value of x € (0, 5), 
Hence, options (a), (b) and (d) are correct. 


3. (a, b, d) Given, f(x) = ls ,e>0 
x 
2 : 
= f"(x) = b.¢ ae) 
x 


1 


2x costs) - a 
= 4 


x 


[ xm ] 


as i - ia 


x? 


Since, for maxima and minima of f(x), f’(x) = 0 


=> cos(x) = Oor tan(mx) = = (as x > 0) 
2 


** COS(7x) # 0 => tan(7x) = ca 


yr 


.f(P)<0 and f'(P*)>0>x=Pe ( 2) is point of local 
2 
minimum. 


 f(Py)> 0 and f’(P7)<0 >x=Pe (2 2) is point of local 
2 


maximum. 

From the graph, for points of maxima x,, X5, X3...... it is clear 
that 

3 xX, > a aioe Peal Ry verise 

2 2 2 2 

X41 7X > 2VD 

From the graph for points of minima y,, y3, Y3 ....., it is clear 
that 

2 Y,>2 x, >2 me Kb hhiews 

2 2 2 2 


|x, -Y,l>L V nand x, > (y, +1) 


And x, € 22\x,€ 4,2\,x;¢ a tea is 
2 2 2 


axy€ (2, n+ 5) vn 


Hence, options (a), (b) and (d) are correct. 


(c, d) Key Idea Points, A, B, C are collinear > AB, BC are collinear 


vectors => AB = ABC for some non-zero scalar A. 


Given lines, 


L,:r=Ai,AeER ... (i) 
L,:r=pj+k,peR ... (ii) 
and L;:r=i+ j+vk,veR ... (iii) 


Now, let the point P on L, = (A, 0, 0) 
the point Q on L, = (0, u, 1), and 
the point R on L; = (1,1, v) 
For collinearity of points P,Q andR,there should be a non-zero 
scalar ‘m’, such that PQ =m PR 
=> (-Ait+uj+ ky =m[d—-Ai+ j+ vk 
A _p_l 


A-l losyv 


=>y= andi= M 
Ht u-l 


>Q¥¢kandQ¢k+j 


where, #0 andp 41 


Hence, Q can not have coordinater (0, 0, 1) and (0, 1, 1) 
Hence, options (c) and (d) are correct. 


(c, d. ; Since, 


— | 


lim ,aeR, |al>1 
aia (ef 1 1 9. 
(an+1)?_ (an+ 2? (an + n)? 
Fi 1/3 
¥ (rl) y (<) 1 
= lim ed = lim Jo \2 n 
n> 7/3 s 1 n— co y i 1 
r=1 (an+ 1)? ia i 
a+ — 
n 
1 
[x'Pax 
el =54 (given) 
T 
dx 
2 
9 (a+ X) 
3 1x 4/3]! 
> ; =54 
fo o1 | 
| x+al, 
= 3/4 54 
1 
= atte Se? 
a+l a 
=> a A sa? +a=72 
4x54 a(a+l) 
> a* + 9a- 8a— 72=0 
> a(a+ 9) — 8a+ 9) =0 
> (a — 8) (a+ 9) =O0>a= 80r-9 


Hence, options (c) and (d) are correct. 


6. (b, c) It is given, that f:R > R and 


Property 1 : lim A(h) = £(0) exists and finite, and 
h>0 /| hI 
Property 2: lim Sh) exists and finite. 
h> 0 2 
Option a, 
eg ee (=) = doesn’t exist. 
h>0 h2 ho>o0h h 
Option b, 
2/3 _ 
; ma = lim h??7'/? = jimh!/° =0 
h>0 | hj h>0 h>0 


exists and finite. 


Option c, 
h| - : ize 
Pl: | h| = 0, t d finite. 
ue a =e lb] exists and finite 
Option d, 
: + 
re en h{h| - ied lh|_|1, ifhoo 
h>0 h>0 h -1l, ifhoo 
So lim Eh) - £0 does not exist. 
h> 0 


Hence, options (b) and (c) are correct. 


. (b, d) It is given, that matrices 


fl 1 1] [2 x x| 
P=|0 2 2|,Q=/0 4 0 
0 0 3 x xX 6 
po! — adj ®) 
|P| 
[6 o o7 [6 -3 07 
as |P|= 6and adjP=|-3 3 0 eprlel le 33 
0 -2 2 Sle a 2 
[R| = |PQP| [-R =PQP™ (given] 
> IR| = [P| |Q| [P| = [Q| [-(PIIP | ==) 
2 xX x 2 xX -X 2 x O 
=(0 4 O\=|0 4 O+]/0 4 O 
x x 6 Ix x 5) kK x 1 
2 X 
=|0 0) + 2(4—- 0) — x (0- 0) + 0(0 — 4x) 
x 5 
2 x x 
=|0 4 O]+ 8forall xeER 
x x 5 
[ 1]f2 x x] 
PQ =|0 2/10 4 0 
3/|x x 6 


[2+x 4+2x x+6] 


=| 2x 2x4+8 12 
3x 3x 18 
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f2 x x]|fl 1 1] 

and QP=/0 4 O|J0 2 2 
x x 6]|/0 0 3} 

[2 2+2x 24 5x | 

=|0 8 8 

x 3x 3x + 18] 


There is no common value of ‘x’, for which each corresponding 
element of matrices PQ and QP is equal. 


[2 0 0] 
Forx =0,Q=|0 4 0 
0 0 6 
jl] [1] 
then, ifR|a]=6]a 
Bes 
fl] [1] 
=PQP'|al/=6la [RR =PQP"] 
BaD 
fl 1 1]f2 0 olf6 -—3 ojfi] [1] 
ape oe =6/a 
6 0 0 3}/0 0 6 2 ||b b 
[2 4 alk 3 a fi] 
> s 0 8 12 —2|;}a}=6]a 
0 0 18 b| 
nd 6 ee [1] 
> 0 24 8 |jla}/=36}]a 
0 O 36]}|b b 
[12+ 6a+ 4b] | 36] 
> 0+ 24a + 8b|=| 36a 
0+ 0+ 36b 36b 
> 6a+ 4b=24 and 12a= 8b 
> 3a+ 2b=12 and 3a=2b 
=> a= 2and b= 3 
ee 
ja] [0] oo 
Now,R Ojandai + Bj + ykis a unit vector, so det (R) = 0 
Ale 
=det(Q [« R =PQP™! So, 
2: XX 
> 0 4 0=0 
xX xX 6 
=> 2 (24-0) — x (0-0) + x(0— 4x) = 
= 48 — 4x? =0 
= x? =12 5 x=+4 23 
So, for x = 1, there does not exist a unit vector oi + By + vk, for 
fa] [0] 
which R | B | = 
Y 0 


Hence, options (b) and (d) are correct. 


9. (18) Given vectors a=2i + j-k 
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8. (a, b, d) Given matrices, 
fl 0 Oo] fl 0 O 


] fo 1 0] 
P,=I=/0 1 O|,P,=/0 0 11|,P,;=|1 0 O 
001 01 0 001 


b 


fo 1 0] fo 0 1] fo 0 1] 
P,=/0 0 1]|,P;=/1 0 O|R=/0 1 0 
1 00 01 0 1 0 0 
: f2 1 3] 
andX= © PJ1 O 2}Pe 
= , 2 ; 
P|’ =P,,P; =P,,P; =P;,P; =P;,P,; =P, and 
f2 1 3] 
P, =P,and LetQ=|1 0 2{and--Q’ =Q 
321 


Now, X = (P,QP') + (P,QP7) + (P,QP;) + (P,QP7) 
+ P,QP)) + (P,QP;) 
So, X" = (P,QP;')" + (P,QP3)* + (P;QP3)" + (P,QP;)" 
+(P,QP3)" + (P.QP;)" 


=P,QP/ + P,QP; + P,QP; + P,QP; + P.QP; + P,QP, 
[ (ABQ? =C'B'A‘ and (A‘)’ = AandQ’ =Q] 
=X" =X 
=X is a symmetric matrix. 
The sum of diagonal entries of X = Tr(X) 


6 
= = TRQR’) 
6 
= = TQp'R) [- (ABQ = T.(BCA)] 
= E TQ) [“B’s are orthogonal matrices] 
6 
= 2 GS ehOpe onsale 
[1] 
Now, Let R =]1], then 
1 
XR= © @,QP)R= ¥ @.QPIR 
Fest ( «Q K) es ( «Q K ) 
6 
= PQR) [- Px R=R] 
~ Jel . fel [2 2 2Ifel 
6 6} |2 2 2]|/6 


[30] [1] [1] 
=> XR =| 30|=>XR = 30R =X|1|= 30/1 

30 1 1 
= (X — 301) R = 0|X — 301|=0 


So, (X — 30I) is not invertible and value of @ = 30. 
Hence, options (a), (b) and (d) are correct. 


and b=i+2j+k 


10. 


So, a+b=3i+3] => |at+bl=3V2 


Since, it is given that projection of c=aa+ Bb on the vector 
(a + b) is 3V2, then 


(a+ b.c_35 
ja+ Db 
> (a+ b). (aa + Bb) =18 
= a(a.a) + B(a. b) + a (b.a) + B(a.b) =18 
> 64+ 3B + 34+ 6B =18 
> 9a + 98 =18 > (a+ B) =2 ses (1) 


Now, for minimum value of (c — (a x b)).c 
=(aa+ Bb-(ax b)). (aa + Bb) 
= a? (a. a) + aB(a. b) + aB(a. b) + B7(b. b) 
[. (ax b).a=O0=(ax b). b] 
= 607 + 608 + 6B? = 6 (a7 + B? + af) 
= 6[(a + B)’ — af] = 6 [4 - af] = 6 [4-0 (2-0)] 
=6[4-%+a°] 


The minimum value of 6 (4 — 2% + a) = 6(3) =18 


[As minimum value of ax? + bx + c=-— pe ifa> 0] 


(1523) Given sample space S = {1, 2, 3, 4, 5, 6} and let there 
are ielements in set A and j elements in set B. 


Now, according to information! < j<i< 6. So, total number of 
ways of choosing sets A and 


B= 2 


l<j<iso | ? 


_ 3969-—924+1 _ 3046 
2 


=1523 


11. (6.20) It is given that 


n n 
xk Dy 
k =0 k=0 
n 
x 


°o 
~ 


—T 


1 


n 
: YG k=n2"7!, 
k=0 


n 
YG kK =nnt+ 2? and = a Oe ee a 
= <=0 


“ ks0k+41 


4 
n "G _ $< G. 1 4 
k=0k+1 


=! 2-1 
5 


12. (30) Given that, no two persons sitting adjacent in circular 
arrangement, have hats of same colour. So, only possible 
combination due to circular arrangement is 2+ 2+ 1. 


So, there are following three cases of selecting hats are 
2R + 2B + 1G or 2B + 24 + IR or 2G + QR + IB. 


To distribute these 5 hats first we will select a person which we 
can done in °C, ways and distribute that hat which is one of it’s 


colour. And, now the remaining four hats can be distributed in 
two ways. 


So, total ways will be 3x °C, x 2 
=3x5x2=30 


13. (0.5) 


Key Idea Use property [or Xx) dx = [;fla — x) dx 


The given integral 


=f, NGO - dé (i) 
cos8 
=> ff avail f) ... (ii) 
sin8 cos® 


a 
[Using the property a dx = 


Now, on adding integrals (i) and (ii), we get 
n/2 


3 
7 40 
=| (Vsin8 + Vcos0 
#12 35sec" 


= {7 * _ ae 
| (+ Vtan6)* 


Now, let tan@ = t? =>sec’0 dé = 2t dt 


and at@==,t > 
2 


and at0=0,t> 0 


~° 6tdt et+1—l 
So, 21 = =6 d 
‘ Lax J, (t + 1) : 
=> 
1-3) f° dt =i ie Lg A T° 
[Sear air ee xi +1) |, 
2p Ges | 5|=(5)=5 2I=® 
3| 6) 2 
14. (0)- Z. sec + ‘) sec( 7% i *) 


10 J 


x 
k=0 (2 ov (2 “2d 
cos + cos + 
ab] 2 2 
Fal 


(k +1) vn) - (Zz + 
(3 


0 (%, a 7m keD ee, 
cos cos 


[7m , (k +1) x (TEs 
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F (2 ae (7 =) 
sin + cos + 
12 2 12 2 


_ (7m ku 7n (k+l) a 
ie —sin + cos + 
- > 12 2 12 2 
k=0 (2 <) (2 Kade 
cos + cos + 
i) 2 12 2 
10 
_*< tan( 7 , kt) *) ie (ZZ 4 )) 
k=o| (a2 3 | 


2 2 
= tan( E+ 2) tan/™ = tan + cot 
2 2 12 
_ 1 _ 2 a 
T T 
sin—cos— sin— 
12 12 6 
i({1 1° (= <) 7x (k+l) 
So, sec + se + 
4k =0 12 2 12 2 
= sec! (1) =0 


15. (a) For Z= {x : g(x) = 0}, x > 0 


g(x) = cos(2m@sin x) = 0 


=> 2nmsinx = (2n + 1) us ne Integer 
2 
; 2n+1 
=> sinx= 
=> sinx = 3 D2 [. sinx € [-1,1]] 
4 444 

: 2 1 1 3 é 

here values of sinx, -—,-—,—,— are in an A.P. but 
4 444 

corresponding values of x are not in an AP so, (iii) > R. 
For W = {x: g’(x) = 0}, x>0 
so, g’(x) = — 2mcosxsin(2msinx) = 0 


=> either cosx = Oorsin(2msinx) = 0 


: T : 
=> either x = (2n + 1)— or 2msinx = na, ne Integers. 
2 


. 2usinx =nt 


=> sinx = =-1,- O,—.1 {.. sinx € [-1,1)} 
2 


1 1 
2 2 
X = nq, (2n+1) or nat (-1)" (: =) 
2 6 

=>(iv) > P,R,S 


Hence, option (a) is correct. 


16. (a) For, X= {x: f(x) = 0}, x >0 
Now, f(x) = 0 
=>sin(1cosx) =0,x>0 


=> 1cosx = nq, née Integer. 
=> cosx =n 


> cosx =-1,0,1 {..cosx € [-1,1]} 
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=x = nvgor (2n + 1) = nis an integer. so, (i) > (P), (Q) 
2 


For, Y = {x: f(x) = 0}, x >0 
Now, f’(x) =0 
> — Tsinx cos(@cosx) = 0 


=> either sinx = 0=x = nz, nis an integer, or cos(% cos x) = 0 


Ti. 3 : 
=> 1cosx = (2n + 1) —, nis an integer 
2 


2n+1 
=> cosx = 
2 
=cosx =+ a {. cosx € [-1,1]} 
2 


T 21 é 
=x = 2na + — or 2nm + —, nis an integer. 
3 3 


So, (ii) > (Q), (T) 
Hence, option (a) is correct. 


17. (b) It is given that, the centres of circles C, C, and C; are 


co-linear, 
0 01 
3 4 lj=0 
h kl 
> 4h = 3k vee (i) 


and MN is the length of diameter of circle C3, so 
MN = 3+,/(3— 0)? + (4-0)? + 4=34+ 54+ 4=12 
So, radius of circleC;, r = 6 ... (ii) 
Since, the circle C, touches C; at M and C, at N, so 
IC, C3] = |r — 3} 


=> Jb?+k*=3 = h?+k*=9 ... (iii) 


From Eqs. (i) and (iii), we get 


2 
hg ae = o5r Si 
9 
= h=+2 and k=+¥ 
5 5 
So, Hiekae gl Sg 
5 5 

Now, equation common chord XY of circles C, and C, is 

Cc, -C,=0 
> 6x + 8y =18 
> 3x + 4y=9 ... (iv) 
Now, 
CP= 


5 


Now, PY? = GY? — GP? 


ee 
25 29 
=> PY= u 
5 
av ey soy 2" 
5 5 
s)+«()-4 
Now, C3P = ? 2 ae 
5 5 
So, PW? =C;W? —C;P? = 36 a Os f. C;W = 1 = 6} 
25 2 
=> PW. _ 126 
) 
ZW = 2PW = 24V6 
> 
_ length of ZW _ 
, length of XY 


Now, area of triangle MZN = 1 mn) (PZ = t x (12) (5 wz) 
2 2 2 


{.. MN =12} 
~ aw = 3246 _ 726 
> 5 
and area of triangle ZMW = 1 (zw)(MP) 
2 
z “(28) (MG + GP) 


{: MG = 3 andGP = > 
5 


_12V6 (#) _ 288V6 


5 5 25 
72/6 
_ AreaoftriangleMZN _ 5 _5 
“” Area of triangle ZMW 288/64 
25 


«* Common tangent of circles C, and C3; isC,; —C; = 0 
2 


away -9-[(s-2) + (y-2) ~6)=0 


a8. 4 24418 O=>3x+ 4y+15=0 ... (V) 
5 5 


‘: Tangent (v) is also touches the parabola x* = 8ay, 
( Al 15 10 
2-20] - == >05 
4 4 3 


So combination (iv), (S) is only incorrect. 


Hence, option (b) is correct. 
fee length of ZW _ Vé 
length of XY 
So, combination (ii), Q is only correct. 
Hence, option (c) is correct. 


